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1 Set Theory

1.1 Introduction

1. If {z : & # x} # (), then there exists = such that z # z. Contradiction.

2. () C {green-eyed lions}.

3. X x (Y x2) ={{z,(y,2))}, (X xY) x Z ={((z,9), 2) }; (x,(y, 2)) < ((x,9),2) < (z,9,2).

. Suppose P(1) is true and P(n) = P(n+1) for all n. Suppose that {n € N: P(n) is false} # (. Then
it has a smallest element m. In particular, m > 1 and P(m) is false. But P(1) = P(2) = --- = P(m).
Contradiction.

=~

5. Given a nonempty subset S of natural numbers, let P(n) be the proposition that if there exists m € S
with m < n, then S has a smallest element. P(1) is true since 1 will then be the smallest element of
S. Suppose that P(n) is true and that there exists m € S with m < n+ 1. If m < n, then S has a
smallest element by the induction hypothesis. If m = n+ 1, then either m is the smallest element of .S or
there exists m’ € S with m’ < m = n + 1, in which case the induction hypothesis again gives a smallest
element.

1.2 Functions

6. (=) Suppose f is one-to-one. For each y € f[X], there exists a unique x, € X such that f(z,) = y.
Fix zg € X. Define g : Y — X such that g(y) =z, if y € f[X] and g(y) = zo if y € Y\ f[X]. Then g is
a well-defined function and go f =1idx.

(<) Suppose there exists g : Y — X such that go f = idx. If f(z1) = f(22), then g(f(z1)) = g(f(z2)).
i.e. x1 = x9. Thus f is one-to-one.

7. (=) Suppose f is onto. For each y € Y, there exists =, € X such that f(z,) =y. Define g: Y — X
such that ¢g(y) = x, for all y € Y. Then g is a well-defined function and f o g = idy.

(<) Suppose there exists g : Y — X such that fog =1idy. Given y € Y, g(y) € X and f(g(y)) = y.
Thus f is onto.

8. Let P(n) be the proposition that for each n there is a unique finite sequence (3:5”), ., sy with
2\ = q and xfi)l = £\, ... 2{™). Clearly P(1) is true. Given P(n), we see that P(n + 1) is true
by letting xE”H) = xgn) for 1 <1 < n and letting ngfll) = fn(xgnﬂ), . ,x;“”). By letting z,, = 2"
for each n, we get a unique sequence (z;) from X such that 1 = a and x;41 = fi(x1,. .., 2;).

1.3 Unions, intersections and complements

9. ACB=ACANB=ANB=A=AUB=(A\B)U(ANB)U(B\A)=(ANB)U(B\A4)=
B=ACAUB=B.

10. e AN(BUC) e zeAdandz e BorCerxecAandBorze AandC <z € (ANB)U(ANC).
Thus AN(BUC) = (ANB)U(ANC). z € AU(BNC)<axc€ Aorze BandC <z € Aor Band x €
AorCeze(AUB)N(AUC). Thus AU(BNC)=(AUB)N(AUCQ).

11. Suppose A C B. If x ¢ B, then z ¢ A. Thus B® C A°. Conversely, if B¢ C A¢, then A = (4A°)° C
(B°)¢ = B.

12a. AAB=(A\B)U(B\ A)=(B\A)U(A\ B) =BAA.

AA(BAC) = [A\ (BN C)U(C\B)U[((B\ C)U(C\ B))\ Al = [AN((B\ C)U(C\ B))TU[((B\
C)U(C\B)NA ] =[An((BcUC)N(C°UB)U[((BNCHYU(CNB)YNA|=[ANn(B°UC)N(BU
C)NU(A*NBNC)U(A°NBNC)=(ANB°NC)UANBNC)U(A°NBNC)U(A°NB°NC).
(AAB)AC = [((A\ B)U(B\ A))\CJU[C\ ((A\ B)U(B\ A))] = [((A\ B)U(B\A))NCIUCN((A\
BYU(B\A)) ) =[((ANB)U(BNA))NCIUICN((A°UB)N(B°UA))]=(ANB°NC°)U (AN
BNCYU(A°NB°NC)U(ANBNO).

Hence AA(BAC) = (AAB)AC.

12b. AAB=0< (A\B)U(B\A) =0 A\B=0and B\A=0< ACBandBC A< A=B.



12c. AAB=X & (A\B)U(B\A) =X AnB=0and AUB=X & A= B-.

12d. AAD = (A\D)U B\ A) = AUD = A; AAX = (A\ X)U (X \ A) =0 U A° = A°.

12e. (AAB)NE = ((A\B)U(B\A)NE=((A\B)NE)U((B\A)NE)=[(ANE)\(BNE)JU[(BN
EY\(ANE)|=(ANE)A(BNE).

13. 2 € (UyecA) g Aforany AcCoarecAforall AcC & a e (o A

€ (MaecA) S r ¢ NaccAe e A for some A€ C &z €y AC

14. 2 € BN (UpecA) & v € Bandw € Aforsome A €C & v e BNAforsome AeC & x ¢
Usee(BNA). Thus BN (Upee A) = Unec(BNA).

15. (UAte A) N (UB@B B) = UB@B((UAEQ[ A) N B) = UB@B(UAGQK(A N B)) = UAeQ[ UB@B(A N B)~
16a. If x € [JA), then x € Ay, for some A\ and f(z) € f[Ax,] C U f[Ax]. Thus f[UUAx] C U flAxr].
Conversely, if y € |J f[Ax], then y € f[Ax,] for some Ao so y € fJAx]. Thus |J f[Axr] C fIUAA]

16b. If z € [ Ay, then z € A, for all A and f(x) € f[A)] for all A. Thus f(z) € () f[A\] and
FINAN € N fIAA-

16¢. Consider f: {1,2,3} — {1,3} with f(1) = f(2) = 1 and f(3) = 3. Let A; = {1,3} and 45 = {2, 3}.
Then f[A; N Ag] = fI{3}] = {3} but f[A] N flAs] = {1,3}.

17a. If z € f~YU B,], then f(x) € B,, for some A\g so x € f~[By,] C U f7[Bx]- Thus f~1[JB,] C
U fYBx]. Conversely, if x € |J f~![B,], then z € f~1[B,,] for some \g so f(z) € By, C |JBx and
z € f7HU By

17b. If x € f~1 By, then f(x) € By for all X and z € f~![B,] for all A so x € () f~![By]. Thus
YN B\ € N f[By]. Conversely, if x € (| f~1[By], then z € f~1[B,] for all A and f(x) € () B so
z € f7HN Byl

17c. If z € f71[B¢), then f(z) ¢ Bsoz ¢ f~'[B]. ie. z € (f71[B])¢. Thus f~1[B C (f~}[B])".
Conversely, if z € (f~1[B])¢, thenz ¢ f~'[B]so f(z) € B°. i.e. x € f~[B¢]. Thus (f~}[B])¢ C f~'[B9].
18a. If y € f[f~'[B]], then y = f(x) for some z € f~1[B]. Since x € f~'[B], f(z) € B. ie. y € B.
Thus f[f~![B]] C B. If z € A, then f(z) € f[A] so z € f~L[f[A]]. Thus f~1[f[A]] D A.

18b. Consider f : {1,2} — {1,2} with f(1) = f(2) = 1. Let B = {1,2}. Then f[f~![B]] = f[B] =
{1} € B. Let A= {1}. Then f~[f[4]] = f'[{1}] = {1,2} 2 A.

18c. If y € B, then there exists z € X such that f(x) = y. In particular, z € f~*[B] and y € f[f~*[B]].
Thus B C f[f~![B]]. This, together with the inequality in Q18a, gives equality.

1.4 Algebras of sets

19a. P(X) is a o-algebra containing C. Let F be the family of all o-algebras containing C and let
A=({B:B € F}. Then A is a o-algebra containing C. Furthermore, by definition, if B is a o-algebra
containing C, then B D A.

19b. Let B; be the o-algebra generated by C and let By be the o-algebra generated by A. Bi, being
a o-algebra, is also an algebra so By D A. Thus B; D Bs. Conversely, since C C A, B; C Bs. Hence
By = Bs.

20. Let A’ be the union of all g-algebras generated by countable subsets of C. If E € C, then F is in the
o-algebra generated by {E}. Thus C C A'. If Fy, Ey € A’, then Ej is in some o-algebra generated by
some countable subset C; of C and FEs is in some o-algebra generated by some countable subset Cs of C.
Then E; U Es is in the o-algebra generated by the countable subset C; UCy so By UFEy, € A If F e A,
then F is in some o-algebra generated by some countable set and so is F'°. Thus F° € A’. Furthermore,
if (E;) is a sequence in A’, then each FE; is in some o-algebra generated by some countable subset C;
of C. Then |JFE; is in the o-algebra generated by the countable subset | JC;. Hence A’ is a o-algebra
containing C and it contains A.

1.5 The axiom of choice and infinite direct products

21. For each y € Y, let A, = f~![{y}]. Consider the collection 2 = {4, : y € Y}. Since f is onto,
A, # 0 for all y. By the axiom of choice, there is a function F on 2 such that F(A,) € A, for ally € Y.



ie. F(Ay) € f~'[{y}] so f(F(A4,)) =y. Define g: Y — X,y +— F(A,). Then fog=idy.

1.6 Countable sets

22. Let E = {x1,...,x,} be a finite set and let A C E. If A = (, then A is finite by definition. If A # 0,
choose © € A. Define a new sequence (y1,...,y,) by setting y; = x; if z; € Aand y; =z if x; ¢ A. Then
A is the range of (y1,...,yn) and is therefore finite.

23. Consider the mapping (p,q,1) — p/q,{p,q,2) — —p/q,(1,1,3) — 0. Its domain is a subset of the
set of finite sequences from N, which is countable by Propositions 4 and 5. Thus its range, the set of
rational numbers, is countable.

24. Let f be a function from N to E. Then f(v) = (ayn)52; with a,, = 0 or 1 for each n. Let
by, = 1 — ayy for each v. Then (b,) € E but (b,) # (a,y,) for any v. Thus E cannot be the range of any
function from N and E' is uncountable.

25. Let E={x:xz ¢ f(x)} C X. If E is in the range of f, then E = f(xg) for some o € X. Now if
xo ¢ E, then g € f(xg) = E. Contradiction. Similarly when zy € E. Hence E is not in the range of f.
26. Let X be an infinite set. By the axiom of choice, there is a choice function F : P(X)\ {0} — X.
Pick a € X. For each n € N, let f,, : X™ — X be defined by f,(z1,...,2,) = F(X \ {z1,...,2%}). By
the generalised principle of recursive definition, there exists a unique sequence (x;) from X such that
1 = a,2iy1 = fi(x1,...,2;). In particular, ;41 = F(X \ {z1,...,2;}) € X \ {x1,..., 2} so z; # z; if
i # j and the range of the sequence (z;) is a countably infinite subset of X.

1.7 Relations and equivalences

27. Let ;G € Q = X/ =. Choose x1,29 € F and y;,y2 € G. Then 21 = 25 and y; = ys so
21+ 22 =y1+y2. Thus y1 +y2 € By yp, and By 40, = By 4y,

28. Suppose = is compatible with +. Then z = z’ implies z +y = 2’ + y since y = y. Conversely,
suppose x = z’ implies x +y = 2’ +y. Now suppose x = 2’ and y = ¢'. Then x +y = = + ¢y’ and
z+y =2’ +y sox+y=2+7v.

Let E1,FEs,E3 € Q = X/ =. Choose z; € E; for i = 1,2,3. Then (Fy + E2) + E5 = Ey 4a, +
B3 = By 120)4a; and By + (Ba + Ey) = E1 + Epyi0y = Ey 4 (04as)- Since X is a group under +,
(1 4 z2) + 3 = 21 + (22 + x3) so + is associative on Q. Let 0 be the identity of X. For any F € @,
choose x € F. Then F + Eg = E,19 = E, = F. Similarly for Fg + F. Thus Ep is the identity of Q.
Let F' € @ and choose x € F and let —x be the inverse of z in X. Then F'+ E_, = E,(_,) = Ep.
Similarly for E_, + F. Thus E_, is the inverse of F' in (). Hence the induced operation + makes the
quotient space @ into a group.

1.8 Partial orderings and the maximal principle

29. Given a partial order < on X, define z < y if x < y and = # y. Also define x < y if x < y or
x = y. Then < is a strict partial order on X and < is a reflexive partial order on X. Furthermore,
r<y<sr<y<sx<yforx#y. Uniqueness follows from the definitions.

30. Consider the set (0,1] U [2,3) with the ordering < given by z < y if and only if either z,y € (0, 1]
and z < y, or 2,y € [2,3) and # < y. Then < is a partial ordering on the set, 2 is the unique minimal
element and there is no smallest element.

1.9 Well ordering and the countable ordinals

31la. Let X be a well-ordered set and let A C X. Any strict linear ordering on X is also a strict linear
ordering on A and every nonempty subset of A is also a nonempty subset of X. Thus any nonempty
subset of A has a smallest element.

31b. Let < be a partial order on X with the property that every nonempty subset has a least element.
For any two elements z,y € X, the set {z,y} has a least element. If the least element is x, then = < y.
If the least element is y, then y < z. Thus < is a linear ordering on X with the property that every



nonempty subset has a least element and consequently a well ordering.

32. Let Y = {z: < 0} and let E be a countable subset of Y. Y is uncountable so Y \ E is nonempty.
If for every y € Y \ E there exists z, € E such that y < x,, then y — z, defines a mapping from Y \ E
into the countable set E so Y \ E is countable. Contradiction. Thus there exists y € Y \ E such that
x <y for all x € E. i.e. E has an upper bound in Y. Consider the set of upper bounds of F in Y. This
is a nonempty subset of Y so it has a least element, which is then a least upper bound of E.

33. Let {Sx : A € A} be a collection of segments. Suppose |JSx # X. Then each S is of the form
{r € X : 2 <y} for some yy € X. X\ [JS) is a nonempty subset of the well-ordered set X so it
has a least element yg. If yg < y) for some A, then yo € S). Contradiction. Thus yy > y, for all A.
Clearly, |JS\ C {x € X : © < yo}. Conversely, if x < yo, then z ¢ X \ [JS\ so z € |JS\. Hence
USy={zreX :z <y}

34a. Suppose f and g are distinct successor-preserving maps from X into Y. Then {z € X : f(z) # g(z)}
is a nonempty subset of X and has a least element zg. Now g, is the first element of ¥ not in
gl{z : z < a0} = fl{z: 2 < xo}] and so is f(xg). Thus f(z¢) = g(xo). Contradiction. Hence there is at
most one successor-preserving map from X into Y.

34b. Let f be a successor-preserving map from X into Y. Suppose f[X] # Y. Then {y:y ¢ f[X]} is a
nonempty subset of ¥ and has a least element yq. Clearly, {y : y < yo} C f[X]. Conversely, if y € f[X],
then y = f(z) is the first element not in f[{z: z < x}]. Since yo ¢ f[X] D f[{z: 2z < 2}], ¥y < yo. Thus
F1X] € {5+ y < o} Hence f1X] = {y : < yo}.

34c. Suppose f is successor-preserving. Let z,y € X with z < y. f(y) is the first element of ¥
not in f[{z : z < y}] so f(y) # f(x). Furthermore, if f(y) < f(z), then f(y) € f[{z : z < z}] and
y < z. Contradiction. Thus f(x) < f(y). Hence f is a one-to-one order preserving map. Since f is
one-to-one, f~! is defined on f[X]. If f(x1) < f(z2), then z; < x5 since f is order preserving. i.e.
1 (f(z1)) < f~1(f(z2)). Thus f~! is order preserving.

34d. Let S = {z: z < x} be a segment of X and let z € S. f|s(z) = f(#) is the first element of ¥ not
in fl{w: w < z}]. Thus f|s(z) ¢ fls[{w : w < z}]. Suppose y < f|s(z). Then y € fl[{w : w < z}] so
y = f(w) for some w < z. Thus w € S and y = fls(w) € fls[{w : w < z}]. Hence f|s(z) is the first
element of Y not in f|g[{w:w < z}].

34e. Consider the collection of all segments of X on which there is a successor-preserving map into
Y. Let S be the union of all such segments Sy and let f) be the corresponding map on S). Given
s € 5, define f(s) = fa(s) if s € Sx. f is a well-defined map because if s belongs to two segments S)
and S, we may assume Sy C S, so that f,|s, = fr by parts (d) and (a). Also, f(s) = fi(s) is the
first element of ¥ not in fi[{z: z < s}] = f[{#z: 2 < s}]. Thus f is a successor-preserving map from
S into Y. By Q33, S is a segment so either S = X or § = {x : < z¢} for some 9 € X. In the
second case, suppose f[S] # Y. Then there is a least yo ¢ Y \ f[S]. Consider S U {zo}. If there is no
x € X such that x > x, then SU {zo} = X. Otherwise, {x € X : © > x¢} has a least element 2’ and
SU{zo} ={z: 2z <2’} Thus SU {xo} is a segment of X. Define f(x¢) = yo. Then f(z¢) is the first
element of Y not in f[{x : © < zp}]. Thus f is a successor-preserving map on the segment S U {xo}
so SU{zo} C S. Contradiction. Hence f[S] =Y. Now if S = X, then by part (b), f[X] = f[5] is
a segment of Y. On the other hand, if f[S] = Y, then f~! is a successor-preserving map on Y and
f7HY] =S is a segment of X.

34f. Let X be the well-ordered set in Proposition 8 and let Y be an uncountable set well-ordered by <
such that there is a last element Qy in Y and if y € Y and y # Qy, then {z € Y : z < y} is countable.
By part (e), we may assume there is a successor-preserving map f from X onto a segment of Y. If
f[X] =Y, then we are done. Otherwise, f[X] = {z: 2z < yo} for some yo € Y. If yy # Qy, then f[X]is
countable and since f is one-to-one, X is countable. Contradiction. If yo = Qy, then f(2x) < Qy and
f(Q2x) is the largest element in f[X]. i.e. f[X]={z:2 < f(Qx)}, which is countable. Contradiction.
Hence f is an order preserving bijection from X onto Y.



2 The Real Number System

2.1 Axioms for the real numbers

1. Suppose 1 ¢ P. Then —1 € P. Now take z € P. Then —x = (—1)zr € Pso 0 = x + (—x) € P.
Contradiction.

2. Let S be a nonempty set of real numbers with a lower bound. Then the set —S = {—s: s € S} has
an upper bound and by Axiom C, it has a least upper bound b. —b is a lower bound for S and if a is
another lower bound for S, then —a is an upper bound for —S and b < —a so —b > a. Thus —b is a
greatest lower bound for S.

3. Let L and U be nonempty subsets of R with R = L UU and such that for each | € L and v € U we
have [ < u. L is bounded above so it has a least upper bound [y. Similarly, U is bounded below so it
has a greatest lower bound wug. If [y € L, then it is the greatest element in L. Otherwise, |y € U and
ug < lg. If ug < lp, then there exists [ € L with ug < I. Thus [ is a lower bound for U and is greater
than ug. Contradiction. Hence ug = Iy so ug € U and it is the least element in U.
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4b. Suppose z <y. Thenx Ay =z andzVy=ysox Ay+zVy=z+y. Similarly for y < z.

4c. Suppose ¢ <y. Then —y < —x so (—x) A (—y) = —y = —(z V y). Similarly for y < z.

4d. Suppose z <y. Thenz+z2<y+zsoxVy+z=y+z=(x+2)V (y+ 2). Similarly for y < z.
4e. Suppose < y. Then zz < zy if z > 0s0 z(x Vy) = zy = (zz) V (zy). Similarly for y < z.

5a. If x,y > 0, then zy > 0 so |zy| = zy = |z||y|. If z,y <0, then zy > 0 so |zy| = 2y = (—z)(—y) =
|z|ly|]. If > 0 and y < 0, then zy < 0 so |zy| = —zy = z(—y) = |z||y|. Similarly when 2 < 0 and y > 0.

5b. If z,y > 0, then x +y > 0so |[x+y|l =z+y = |z|+ |y If 2,y < 0, then x +y < 0 so
lt+yl=—-2z—y=lz|+yl. fz>0,y<O0andxz+y >0, then |z +y|=z+y<zx—y=|z|+ |y If
x>0,y<0and x4y <0, then |z +y| = —x —y <z —y=|z|+ |y|. Similarly when 2 < 0 and y > 0.

5¢c. If > 0, then > —z so |z| =z =z V (—z). Similarly for x < 0.

5d. Ifx >y, thenz —y>0sozVy=a=3(z+y+z—y)=3(z+y+|z—y|). Similarly for y > z.
5e. Suppose —y <z <y. If £ >0, then |z| =z <y. If x <0, then |z| = —z < y since —y < .

2.2 The natural and rational numbers as subsets of R

No problems

2.3 The extended real numbers

6. If E = (), then supF = —oco and inf F = oo so supFE < inf E.
inf £ <z<supkF.

If E # (), say x € FE, then

2.4 Sequences of real numbers

7. Suppose l; and Iy are (finite) limits of a sequence (z,,). Given € > 0, there exist N7 and N such that
|z, — 1| < e for n > Ny and |z, — 3| < € for n > Na. Then |1 — l3] < 2¢ for n > max (N7, Na). Since &
is arbitrary, |l; — lo| = 0 and l; = l5. The cases where oo or —oco is a limit are clear.

8. Suppose there is a subsequence (z,,,) that converges to [ € R. Then given € > 0, there exists N’ such
that |z, —I| <& for j > N'. Given N, choose j > N’ such that n; > N. Then |z,, —I| <cand lis a
cluster point of (x,). Conversely, suppose ! € R is a cluster point of (x,,). Given e > 0, there exists n; > 1



such that |z, —I| < e. Suppose Zy,,..., Ty, have been chosen. Choose nyy1 > 1+ max(xy,,,...,Zn,)
such that |z, ,, —[| < e. Then the subsequence (z,,) converges to [. The cases where [ is 0o or —oco are
similarly dealt with.

9a. Let [ = limz, € R. Given € > 0, there exists ny such that z; < [ +¢ for kK > n;. Also, there
exists k1 > my such that xg, > 1 —e. Thus |z, — | < e. Suppose ni,...,n; and Tk, ,-- -, Tk,; have been
chosen. Choose njy1 > max(ki,...,k;). Then x <+ ¢ for k > nj;q. Also, there exists kj 1 > nj41
such that @y, , > | —¢e. Thus |zg,,, —I| < e. Then the subsequence (z;) converges to [ and [ is a
cluster point of (x,). If [ is 0o or —oo, it follows from the definitions that [ is a cluster point of (z,,).
If I is a cluster point of (z,) and I’ > [, we may assume that [ € R. By definition, there exists N such
that sup~ny 2 < (I +1)/2. If I’ € R, then since it is a cluster point, there exists k > N such that
|z —U'| < (I' = 1)/2 so x > (I +1')/2. Contradiction. By definition again, there exists N’ such that
supgs nv Tk < I+ 1. If I’ = oo, then there exists k > N’ such that z; > [ + 1. Contradiction. Hence [ is
the largest cluster point of (z,,). Similarly for lim ,,.

9b. Let (x,,) be a bounded sequence. Then lima, < sup £, < oo. Thus lim ,, is a finite real number
and by part (a), there is a subsequence converging to it.

10. If (x,) converges to [, then [ is a cluster point. If I’ # [ and !’ is a cluster point, then there is
a subsequence of (z,,) converging to I’. Contradiction. Thus ! is the only cluster point. Conversely,
suppose there is exactly one extended real number x that is a cluster point of (z,). If z € R, then
limz, = limx, = z. Given € > 0, there exists N such that Supys ny Tk < x + € and there exists N’ such
that infy>n/ 2x > @ —e. Thus |zg — x| < € for k > max(N, N’) and (z,,) converges to z. If z = oo,
then limz,, = oo so for any A there exists N such that infy>ny xp > A. ie. zp > A for K > N. Thus
lim x,, = co. Similarly when z = —o0.

The statement does not hold when the word “extended” is removed. The sequence (1,1,1,2,1,3,1,4,...)
has exactly one real number 1 that is a cluster point but it does not converge.

11a. Suppose (x,) converges to [ € R. Given € > 0, there exists N such that |z, — | <&/2 for n > N.
Now if m,n > N, |2, — | < |2n — | + |2m — 1] <e. Thus (z,,) is a Cauchy sequence.

11b. Let (z,) be a Cauchy sequence. Then there exists N such that ||z,| — |zm|| < |zn — 2m| < 1 for
m,n > N. In particular, ||z,| — |xn|| < 1 for n > N. Thus the sequence (|z,|) is bounded above by
max(|z1],...,|xn-1],|zn] + 1) so the sequence (z,,) is bounded.

11lc. Suppose (x,) is a Cauchy sequence with a subsequence (z,,) that converges to I. Given ¢ > 0,
there exists N such that |z, — x| < /2 for m,n > N and |z, — | < &/2 for n; > N. Now choose k
such that ny, > N. Then |z, — | < |2y, — @, | + |20, — | < e for n > N. Thus (z,) converges to [.

11d. If {(x,,) is a Cauchy sequence, then it is bounded by part (b) so it has a subsequence that converges
to a real number [ by Q9b. By part (¢), (x,) converges to I. The converse holds by part (a).

12. If # = limx,, then every subsequence of (z,) also converges to x. Conversely, suppose every
subsequence of (x,) has in turn a subsequence that converges to z. If x € R and (z,,) does not converge
to x, then there exists € > 0 such that for all N, there exists n > N with |z, — x| > €. This gives rise to
a subsequence (z,,) with |z,, — x| > € for all k. This subsequence will not have a further subsequence
that converges to z. If x = oo and limx,, # oo, then there exists A such that for all N, there exists
n > N with z, < A. This gives rise to a subsequence (x,,) with z,, < A for all k. This subsequence
will not have a further subsequence with limit co. Similarly when x = —coc.

13. Suppose | = limx,,. Given ¢, there exists n such that sup,s,, 7x <[ +¢ so x;, <[ +¢ for all k > n.
Furthermore, given & and n, supys,, ) > [ — € so there exists & > n such that x, > [ — . Conversely,
suppose conditions (i) and (ii) hold. By (ii), for any ¢ and n, supys,, ¥ > [ — . Thus supys,, zx > for
all n. Furthermore by (i), if I’ > [, then there exists n such that x;, < I for all k > n. i.e. supys, zx < I
Hence [ = inf,, supy~,, vk = lim ,,.

14. Suppose limz, = oo. Then given A and n, supys,, x > A. Thus there exists k& > n such that
x3, > A. Conversely, suppose that given A and n, there exists k& > n such that x, > A. Let z,,, = x;
and let ng41 > ny be chosen such that x,, , > x,,. Then limz,, = oo so lim z,, = co.

15. For all m < n, infy>n, xp < infi>, 2p < supgs,, 2k Also, infi>, xr < supys,, x < supys,, €. Thus
infy>m zp < supys,, rr whenever m # n. Hence lim x,, = sup,, infy>, x5 < inf,, sup,s,, zr = lim z,,.

If limz,, = limz, = [, then the sequence has exactly one extended real number that is a cluster point



so it converges to I by Q10. Conversely, if | = limx,, and limz, < limz,, then the sequence has a
subsequence converging to lim x,, and another subsequence converging to limz,. Contradiction. Thus
limx,, = limz,, = 1.

16. For all n, zp +yr < supys,, Tk +SupPgs,, Yr for k > n. Thus supgs, (T +yx) < SUPE>,, Tk +SUDL>,, Yk
for all n. Then inf,, supk>n(x;+yk) < inf; SUPg>,, Tk +inf, supgs.,, y;: ie. lim (2, +yn) _§ Mxﬁﬂ Yn.-
Now lim z,, < lim (z,, +Z/n) +lim (—y,) = M(Trn +yn) — @y; Thus lim z,, + limy,, < lim (z,, + y»)-
17. For any n and any k > n, ryr < SUDg>, Tk SUDg>, Yk- Thus for all n, supys, zx > 0 and

SUDj >y, ThYk < SUDg >, Tk SUPy >, Y- Now, taking limits, we get lim 2,y < lim 2, lim y,,.

18. Since each z, > 0, the sequence (s,) is monotone increasing. If the sequence (s,) is bounded,
then lims,, = sups, € R so sups,, = Z;’il Z,. If the sequence (s,) is unbounded, then lim s, = oo so
00 =3 0l To-

19. For each n, let t, = >_"'_, |z,|. Since > .7, |z,| < oo, the sequence (t,) is a Cauchy sequence so
given ¢, there exists N such that |t, — t,,| < & for n > m > N. Then |s;, — $;| = |Tmy1 + -+ Zn| <
|Zma1| + -+ 2] = |th — tm| < € for n > m > N. Thus the sequence (s,) is a Cauchy sequence so it
converges and (x,) has a sum.

20. 1+ > o0 (Tog1 — @) = @1 + limy, D1 (Tps1 — @) = limy[z1 + >0 (Tpp1 — o)) = limy, T gy =
lim,, z,,. Thus z = lim,, z,, if and only if = z1 + Yoo | (Tpt1 — Ty).

21a. Suppose ) . px < oo. For each n, let £, = {x € E: x > 1/n}. Then each E,, is a finite subset of
E. Otherwise, if E,, is an infinite set for some ng, then letting F) be a subset of E,,, with kng elements
for each k € N, sp, > k. Then erEx > sp, > k for each k. Contradiction. Now E = |JE, so E is
countable.

21b. Clearly, {z1,...,2,} € F for all n. Thus sups, < suppcrsr. On the other hand, given
F € F, there exists n such that F C {z1,...,2,} so sp < s, and SuppcrSr < sups,. Hence
Y weE T =SUDper Sp =SUP Sy = D" | Tp.

22. Given z € R, let a; be the largest integer such that 0 < a; < pand a;/p < x. Suppose a1, ..., a, have
been chosen. Let a1 be the largest integer such that 0 < a,4+1 < p and an+1/p"+1 <x-— 2221 ak/pk.
This gives rise to a sequence (a,) of integers with 0 < a,, < p and x — Y _, a,/pF < 1/p" for all n.
Now given e, there exists N such that 1/p™ < e. Then |z — Y ;_, a,/p"| < 1/p"Y < e for n > N. Thus
z =3 " a,/p". This sequence is unique by construction. When z = ¢/p"™ with ¢ € {1,...,p — 1}, the
sequence (a,) obtained in this way is such that a, = ¢ and a,, = 0 for m # n. However the sequence
(bn) with by, =0 for m < n, b, =¢—1 and b, =p — 1 for m > n also satisfies x = Y~ | by,.
Conversely, if (a,) is a sequence of integers with 0 < a,, < p, let s, = > ;_, ax/p*. Then 0 < s, <
(p—1)>32,1/p* =1 for all n. Thus (s,) is a bounded monotone increasing sequence so it converges.
Furthermore, since 0 < s,, < 1 for all n, the sequence converges to a real number z with 0 < z < 1.

23. Given a real number x with 0 < z < 1, form its binary expansion (by taking p = 2 in Q22), which
we may regard as unique by fixing a way of representing those numbers of the form ¢/2". By Q22, this
gives a bijection from [0, 1] to the set of infinite sequences from {0, 1}, which is uncountable by Q1.24.
Thus [0, 1] is uncountable and since R D [0, 1], R is uncountable.

2.5 Open and closed sets of real numbers

24. The set of rational numbers is neither open nor closed. For each z € Q¢ and for each § > 0, there is
a rational number r with x < r < z + § so Q¢ is not open and Q is not closed. On the other hand, for
each x € Q and for each § > 0, there is an irrational number s with x < s < x + ¢ so Q is not open.

(*) Given z,y € R with x < y, there exists 7 € Q such that 2/v/2 < r < y/v/2. We may assume 0 ¢ (,y)
by taking & = 0 if necessary. Then r # 0 so /2 is irrational and = < /2 < 3.

25. () and R are both open and closed. Suppose X is a nonempty subset of R that is both open and
closed. Take x € X. Since X is open, there exists 6 > 0 such that (x — 0,2 + §) C X. Thus the set
S ={y:[z,y) C X} is nonempty. Suppose [z,y) ¢ X for some y > x. Then S is bounded above. Let
b=supS. Then b € S and b is a point of closure of X so b € X since X is closed. But since X is open,
there exists ¢’ > 0 such that (b—3¢’,b+48") C X. Then [x,b+¢") = [x,b)U[b,b+ ') C X. Contradiction.
Thus [z,y) C X for all y > . Similarly, (z,2] C X for all z < z. Hence X = R.



26. Let A= (—1,0) and B = (0,1). Then AN B =0 but AN B = [-1,0]N[0,1] = {0}.

27. Suppose z is a point of closure of E. Then for every n, there exists y, € F with |y, — x| < 1/n.
Given € > 0, choose N such that 1/N < e. Then |y, — x| < 1/N < e for n > N so (y,) is a sequence
in E with = limy,,. Conversely, suppose there is a sequence (y,,) in E with z = limy,,. Then for any
d > 0, there exists N such that |z — y,| < ¢ for n > N. In particular, |z — yn| < . Thus z is a point of
closure of E.

28. Let z be a point of closure of E’. Given § > 0, there exists y € E’ such that |z —y| < 4. f y = =z,
then x € E' and we are done. Suppose y # x. We may assume y > z. Let § = min(y — z,z + 6 — y).
Then z ¢ (y —¢',y+0') and (y — ',y +¢') C (x — d,x + ). Since y € E’, there exists z € E \ {y} such
that z € (y — &',y + ¢'). In particular, z € E'\ {z} and |z — 2| < 4. Thus z € E’. Hence E’ is closed.

29. Clearly E C E and E' C E so EUE' C E. Conversely, let z € E and suppose = ¢ E. Then given
§ > 0, there exists y € E such that |y —z| < 6. Sincex ¢ E, y € E\{z}. Thusz € E' and EC EUFE'.

30. Let E be an isolated set of real numbers. For any = € F, there exists ¢, > 0 such that |y — x| > 4,
for all y € E\{z}. We may take each J, to be rational and let I, = {y : |[y—x| < §;}. Then {I, : z € E}
is a countable collection of open intervals, each I, contains only one element of FE, namely z, and
E C Uxe g Io. If E is uncountable, then I, will contain two elements of E for some xy. Contradiction.
Thus E is countable.

31. Let z € R. Given § > 0, there exists r € Q such that  <r <z +¢. Thus z is an accumulation
point of Q. Hence Q' = R and Q = R.

32. Let Fy and F be closed sets. Then Ff and Fy are open so Ff N Fy is open. i.e. (Fy U F3)¢ is open.
Thus F; U F; is closed. Let C be a collection of closed sets. Then F'° is open for any F' € C so |Jpcr F©
is open. i.e. ((pee F)¢ is open. Thus (e F is closed.

33. Let Oy and O3 be open sets. Then Of and O§ are closed so Of U 05 is closed. i.e. (01 N O3)° is
closed. Thus O; N Os is open. Let C be a collection of open sets. Then OF€ is closed for any O € C so
Noece O° is closed. ie. (Upee O)° is closed. Thus (e O is open.

34a. Clearly A° C A for any set A. A is open if and only if for any x € A, there exists § > 0 such that
{y: ly—z| <6} C Aif and only if every point of A is an interior point of A. Thus A is open if and only
if A= A°.

34b. Suppose x € A°. Then there exists § > 0 such that (z — §, 2 + §) C A. In particular, z ¢ A° and
x ¢ (A°). Thus = € (A°)°. Conversely, suppose z € (A°)¢. Then z € A and z is not an accumulation
point of A¢. Thus there exists ¢ > 0 such that |y—x| > § for ally € A°\{z} = A°. Hence (z—6,2+J) C A
so x € A°.

35. Let C be a collection of closed sets of real numbers such that every finite subcollection of C has
nonempty intersection and suppose one of the sets F' € C is bounded. Suppose (\pco F' = 0. Then
Upee F© = R D F. By the Heine-Borel Theorem, there is a finite subcollection {F1,..., F,} C C such
that F C J;_, Ff. Then FN(;_, F; = 0. Contradiction. Hence (e F # 0.

36. Let (F),) be a sequence of nonempty closed sets of real numbers with Fy, 11 C F,,. Then for any finite
subcollection {Fy,,, ..., Fy, } with n; < -+ < ny, ﬂle F,, = F,, # 0. If one of the sets F,, is bounded,
then by Proposition 16, ();=, F; # 0.

For each n, let F,, = [n,00). Then (F,) is a sequence of nonempty closed sets of real numbers with
F, 11 C F, but none of the sets F, is bounded. Now ﬂff:l F,={x:x>nforalln} =0.

37. Removing the middle third (1/3,2/3) corresponds to removing all numbers in [0, 1] with unique
ternary expansion (ay) such that a; = 1. Removing the middle third (1/9,2/9) of [0,1/3] corresponds
to removing all numbers with unique ternary expansion such that a; = 0 and a2 = 1 and removing the
middle third (7/9,8/9) of [2/3,1] corresponds to removing all numbers with unique ternary expansion
such that a; = 2 and as = 1. Suppose the middle thirds have been removed up to the n-th stage, then
removing the middle thirds of the remaining intervals corresponds to removing all numbers with unique
ternary expansion such that a; = 0 or 2 for ¢ < n and a,41 = 1. Each stage of removing middle thirds
results in a closed set and C' is the intersection of all these closed sets so C' is closed.

38. Given an element in the Cantor ternary set with (unique) ternary expansion (a,) such that a, # 1
for all n, let (b,) be the sequence obtained by replacing all 2’s in the ternary expansion by 1’s. Then
(bn) may be regarded as the binary expansion of a number in [0,1]. This gives a one-to-one mapping



from the Cantor ternary set into [0, 1]. This mapping is also onto since given a number in [0, 1], we can
take its binary expansion and replace all 1’s by 2’s to get a sequence consisting of only 0’s and 2’s, which
we may then regard as the ternary expansion of a number in the Cantor ternary set.

39. Since the Cantor ternary set C is closed, C’ C C. Conversely, given = € C, let (a,) be its ternary
expansion with a,, # 1 for all n. Given § > 0, choose N such that 1/3" < §. Now let (b,,) be the sequence
with by1 = lay+1 — 2| and b, = a,, for n # N + 1. Let y be the number with ternary expansion (b,).
Then y € C'\ {z} and |z —y| = 2/3V*!1 < 1/3" < §. Thus z € C’. Hence C = C".

2.6 Continuous functions

40. Since F is closed, F° is open and it is the union of a countable collection of disjoint open intervals.
Take g to be linear on each of these open intervals and take g(z) = f(z) for z € F. Then g is defined
and continuous on R and g(z) = f(z) for all € F.

41. Suppose f is continuous on E. Let O be an open set and let € f~![0]. Then f(x) € O so
there exists e, > 0 such that (f(z) — ., f(z) + ;) C O. Since f is continuous, there exists d, > 0
such that |f(y) — f(z)| < ez when y € E and |y — z| < 6,. Hence (z — 6,,x + 0,) N E C f~1[O]. Let
U = Uzep-1j0)(® = 0z,2 + 65). Then U is open and fYO] = ENU. Conversely, suppose that for
each open set O, there is an open set U such that f~1[0] = ENU. Let 2 € E and let ¢ > 0. Then
O = (f(x) — ¢, f(x) +€) is open so there is an open set U such that f~1[0] = ENU. Now x € U and U
is open so there exists § > 0 such that (z —§,z + ) C U. Thus EN (z — &,z + ) C f~1[0]. i.e. for any
y € E with |y — x| <6, |f(y) — f(x)] <e. Thus f is continuous on E.

42. Suppose (f,) is a sequence of continuous functions on F and that (f,) converges uniformly to f on
E. Given € > 0, there exists N such that for all z € F and n > N, |f,(x) — f(z)] < €/3. Also, there
exists ¢ > 0 such that |fyn(y) — fn(z)] <e/3ifye€ Fand |y—2z| <. Nowif y € E and |y — z| < 4,
then | £(y) — f(2)] < /() — Fx (@] + [fn () — fx(@)] + | fx (@) - f(2)] < e. Thus f is continuous on E.
*43. f is discontinuous at the nonzero rationals:

Given a nonzero rational ¢, let ¢ = |f(¢) —¢q| > 0. If ¢ > 0, given any § > 0, pick an irrational
x € (q,q+90). Then |f(x)— f(¢)| =z — f(q) > q— f(q) =¢. If ¢ <0, given any § > 0, pick an irrational
z € (¢—90,q). Then |f(z) — f(q)| = f(¢) —2 > f(q) —g=e.

f is continuous at 0:

Given € > 0, let § = . Then when |z| < 6, |f(z)] < |z] <e.

f is continuous at each irrational:

Let x be irrational. First we show that for any M, there exists § > 0 such that ¢ > M for any
rational p/q € (x — 6,z + ). Otherwise, there exists M such that for any n, there exists a rational
DPn/Gn € (x —1/n,x 4+ 1/n) with ¢, < M. Then |p,| < max(|z — 1|, |z + 1])¢, < M max(|z — 1|, |z + 1|)
for all n. Thus there are only finitely many choices of p,, and ¢, for each n. This implies that there
exists a rational p/q in (z — 1/n,z + 1/n) for infinitely many n. Contradiction.

Given € > 0, choose M such that M? > max(|x + 1|,|x — 1])/6e. Then choose § > 0 such that
d < min(1,¢) and ¢ > M for any rational p/q € (x — d§,z + ). Suppose |z — y| < §. If y is irrational,
then |f(z) — f(y)| = [z —y| <& <e. If y = p/q is rational, then |f(y) — f(2)| < |f(y) —y[ + [y — 2| =
Ipl11/q—sin(1/q)|+|y—z| < |p|/6¢°+6 < max(|lz+1], [2—1])/6¢°+6 < max(|lz+1,[z—1])/6M>+5 < 2e.
(*) Note that sinz < z for all z > 0 and z < sinz for all z < 0. Also, |z —sinz| < 23/6 for all x # 0
(by Taylor’s Theorem for example).

44a. Let f and g be continuous functions. Given ¢ > 0, choose § > 0 such that |f(z) — f(y)| < /2 and
|g(x) = g(y)| < /2 whenever |z —y| < d. Then |(f +g)(z) — (f +9)(W)| = |f(z) — f(y) +9(z) —g(y)| <
|f(z)— f(y)| + |lg(x) — g(y)| < € whenever |x —y| < §. Thus f + g is continuous at z. Now choose §' > 0
such that |g(z) — g(y)| < &/2|f ()] and |f(x) — f(y)| < &/2max(|g(x) — /2|f ()], [9(z) + £/2[f(x)[])
whenever [z —y| < & Then [(fg)(x) — (f9)(y)| = |f(x)g(x) = f(z)g(y) + f(x)g(y) = F(y)g(y)| <
If(@))lg(x) — gw)| + | f(x) = f(W)|lg(y)| < € whenever |z —y| < §’. Thus fg is continuous at .

44b. Let f and g be continuous functions. Given € > 0, there exists § > 0 such that |f(a) — f(b)| < €
whenever |a — b] < §. There also exists &’ > 0 such that |g(z) — g(y)| < § whenever |z — y| < §’. Thus
[(feg)(@) = (fog)y)l =If(g9(x)) — fg(y))| <& when [z —y| <¢". Thus fog is continuous at .



44c. Let f and g be continuous functions. Given € > 0, choose ¢ > 0 such that |f(z) — f(y)| < /2 and
9() — 9(y)| < /2 whenever |z —y| < §. Now [(fVg)(x) = (fVg) W)l < [f(x)— f(y)|+]9(z) —g(y)| <e.
Thus f V g is continuous at z. Furthermore, f Ag= f+¢g— (f Vg) so f A g is continuous at x.

44d. Let f be a continuous function. Then |f| = (f V0) — (f A0) so f is continuous.

45. Let f be a continuous real-valued function on [a,b] and suppose that f(a) < v < f(b). Let
S ={z€la,b]: f(x) <~} Then S # 0 since a € S and S is bounded. Let ¢ = sup S. Then ¢ € [a, b]. If
f(e) <, there exists § > 0 such that 6 < b—c and |f(z) — f(c)| < v — f(c) whenever |z —¢| < 4. In
particular, |f(c+d/2) — f(c)] <~y — f(¢). Then f(c+d/2) <~vysoc+d/2 € S. Contradiction. On the
other hand, if f(c) > =, there exists §' > 0 such that ¢’ < ¢ —a and |f(z) — f(¢)| < f(c) — v whenever
|z —¢| < ¢'. Then |f(x) — f(c)| < f(c) —~ forall x € (¢ —¢,c] so f(z) >~ and = ¢ S for all such x.
Contradiction. Hence f(c) = 7.

46. Let f be a continuous function on [a,b]. Suppose f is strictly monotone. We may assume f
is strictly monotone increasing. Then f is one-to-one. Also, by the Intermediate Value Theorem, f
maps [a,b] onto [f(a), f(b)]. Let g = f~1 : [f(a), f(b)] — [a,b]. Then g(f(x)) = x for all x € [a,b].
Let y € [f(a), f(b)]. Then y = f(z) for some = € [a,b]. Given ¢ > 0, choose § > 0 such that
§ < min(f(x) — f(x —e), f(x + &) — f(z)). When |y — z| < §, z = f(a’) for some 2’ € [a,b] with
lg(y) — g9(2)| = |g(f(x)) — g(f(z"))] = |2’ — x| < e. Thus g is continuous on [f(a), f(b)]. Conversely,
suppose there is a continuous function g such that g(f(z)) = x for all x € [a,b]. If z,y € [a, b] with x < y,
then g(f(2)) < ¢(/(4)) 50 J(z) # 1(3). We may assume 2 # a and f(a) < F(8). 1f J(z) < (@), then
by the Intermediate Value Theorem, f(a) = f(z') for some &’ € [z,b] and a = g(f(a)) = g(f(z')) =
Contradiction. Thus f(a) < f(z). Now if f(z) > f(y), then f(a) < f(y) < f(z) so f(y) = f(z") for
some z” € [a,x] and y = g(f(y)) = g(f(2”")) = 2”. Contradiction. Thus f(x) < f(y). Hence f is strictly
monotone increasing.

47. Let f be a continuous function on [a,b] and € a positive number. Then f is uniformly continuous
so there exists 6 > 0 such that |f(z) — f(y)| < £/2 whenever x,y € [a,b] and |z — y| < §. Choose N
such that (b —a)/N < § and let x; = a +i(b—a)/N for i = 1,...,N. Now define ¢ on [a,b] to be
linear on each [x;,z;4+1] with (x;) = f(z;) for each i so that ¢ is polygonal on [a,b]. Let = € [a,b].
Then x € [x;,x;41] for some i. We may assume f(z;) < f(x;41). Then ¢(z;) < ¢(z) < p(x;41) and
lo(x) = f(@)] < le(z) = (i) + [e(z:) = f(2)] < lp(ipr) = @(ai)| + 1 f(z:) — f(2)] <e.

48. Suppose z € [0,1] is of the form ¢/3™ with ¢ = 1 or 2. Then z has two ternary expansions
(an) and (a;,) where an, = q, an = 0 for n # ng, a,,, = ¢—1, a;, = 0 for n < ng and a;, = 2 for
n > ng. If ¢ = 1, then from the first expansion we get N = ng, by = 1 and b, = 0 for n < N so
25:1 b, /2™ = 1/2™. From the second expansion we get N = oo, b,, = 0 for n < ng and b,, = 1 for
n > ng so 25:1 b /2" =3 00 41 1/2" = 1/2™0. If ¢ = 2, then from the first expansion we get N = oo,

by, = 1 and b, = 0 for n # ng so 27]:[:1 bn /2" = > 07 by/2™ = 1/2". From the second expansion we
get N =ng, by =1 and b, =0 for n < N so 25:1 b,/2™ = 1/2™. Hence the sum is independent of
the ternary expansion of x.

Let f(z) = EnN:1 b,/2". Given z,y € [0, 1] with ternary expansions (a,) and (a},) respectively, suppose
x < y and let ng be the smallest value of n such that a,, # a,, . Then a,, < aj,, and b,, < b, . Thus
flx) = ij':”l by /2™ < ZnNil b, /2" = f(y). Given z € [0,1] and & > 0, choose M such that 1/2M < ¢.
Now choose ¢ > 0 such that § < 1/3M*+2. Then when |z —y| < §, |f(x) — f(y)| < e. Hence f is monotone
and continuous on [0, 1].

Each interval contained in the complement of the Cantor ternary set consists of elements with ternary
expansions containing 1. Furthermore, for any x,y in the same interval and having ternary expansions
(an) and (a),) respectively, the smallest n such that a,, = 1 is also the smallest such that a], = 1. Hence f
is constant on each such interval. For any y € [0,1], let (b,) be its binary expansion. Take x € [0,1] with
ternary expansion (a,) such that a,, = 2b,, for all n. Then z is in the Cantor ternary set and f(x) = y.
Thus f maps the Cantor ternary set onto [0, 1].

49a. Suppose lim f(z) < A. Given £ > 0, there exists § > 0 such that sup f(z) < A+ e.

=Y 0<|z—y|<8

Thus for all  with 0 < |z —y| < §, f(z) < A+ e. Conversely, suppose there exists for any ¢ > 0
some ¢ > 0 such that f(z) < A+ ¢ for all z with 0 < |z — y| < §. Then for each n, there exists
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dn > 0 such that f(z) < A+ 1/nfor all z with 0 < |z —y| < d,s0 sup f(z) < A+ 1/n. Thus

0<|z—y|<bn
lim f(z) = inf sup f(z) <inf sup f(z) < A+1/n for all nso lim f(z) < A.
=y 6>00<|z—y|<s o<z —y|<Sn =y
49b. Suppose lim f(z) > A. Given e >0 and § >0, sup f(x) > A — ¢ so there exists z such that
Ty

0<|z—y|<d
0<|x—y| <dand f(x) > A—e. Conversely, suppose that given ¢ > 0 and § > 0, there exists = such
that 0 < |z —y| < 6 and f(z) > A —e. Then for each n, there exists z,, such that 0 < |z, —y| < ¢ and
f(xn) > A—1/n. Thus for each 6 >0, sup f(z)>A—-1/nforallnso sup f(z)> A. Hence

0<|z—y|<d 0<|z—y|<d
lim f(z) = inf sup f(z) > A.
=Y 6>0 0<|z—y|<s
49c. For any 61,00 > 0, if 61 < d2, then inf  f(z) < inf  f(z) < sup  f(z) <
0<|z—y|<02 0<|z—y|<d1 0<|z—y|<81

sup  f(z). In particular, inf  f(z) < sup f(x)and inf  f(z) <  sup  f(x).
0<|z—y|<d2 0<|z—y|<d1 0<|z—y|<J2 0<|z—y|<d2 0<|z—y|<d1
Hence sup inf  f(z) < sup  f(z)forany dp >0sosup inf f(z)<inf sup f(z). ie.

6>0 0<]|z—y[<4 0<|z—y|<do 6>0 0<|z—y|<d 6>0 o< |z—y|<s

lim £ () < T £ (2).
T—y T—=Y

Suppose lim f(z) = lim f(z) with limf # +oco. Let L be the common value. Given € > 0, there exists
Ty

T—Y
91 > 0 such that sup  f(z) < L+e. ie. f(z) < L+ e whenever 0 < |x —y| < §;. There also
0<|z—y|<d1
exists d2 > 0 such that ‘ inf| 5 f(x) > L —e. ie. f(x) > L —e whenever 0 < |z —y| < dz. Let
0<|z—y|<d2

d = min(dz,02). Then when 0 < |z — y| < J, |f(x) — L| < € so lim f(z) exists. Conversely, suppose
Ty

lim f(x) exists and let L be its value. Given e, there exists 6 > 0 such that |f(x) — L| < £ whenever

T—Y

0 < |z —y| < 6. By part (a), lim f(x) < L. Similarly, lim f(z) > L. i.e. lim f(x) < lim f(z). Thus
r—Y T—y T—Y r—y

equality holds.

49d. Suppose lim f(z) = A and (z,,) is a sequence with z,, # y such that y = limz,,. For any § > 0,
T—Y

there exists Ns such that 0 < |z, —y| < § for n > Ns. Thus for any § > 0, inf sup f(z,) < sup f(z,) <

o o N n>N n>Ns
sup  f(x) soinf sup f(z,) < inf sup f(x). ie limf(z,) < lim f(z) = A.

0<|z—y|<$ N n>nN >0 0<|z—y|<s r=y

49e. Suppose lim f(z) = A. By part (a), for each n, there exists &, > 0 such that f(z) < A+ 1/n
T—y

whenever 0 < |z — y| < d,. By part (b), there exists x,, such that 0 < |z, — y| < min(d,,1/n) and

f(zn) >A—1/n. Thus 0 < |z, —y| < 1/n and |f(x,) — A| < 1/n for each n. ie. (z,) is a sequence

with x,, # y such that y = limz,, and A = lim f(x,,).

49f. Suppose | = lim f(x) and let (z,) be a sequence with x,, # y and y = limz,. Given ¢ > 0,
Z—)y

there exists > 0 such that |f(x) — | < € whenever 0 < |z — y| < 0. Also there exists N such that

0<|zp,—y| <dforn>N. Thus for n > N, |f(x,) — | < e. ie. | =lim f(z,). Conversely, suppose

[ # lim f(z). Then there exists ¢ > 0 such that for each n there exists x,, with 0 < |z, —y| < 1/n and
T—Yy

|f(zn) — 1| > e. Thus (x,) is a sequence with z,, # y and y = lim x,, but [ # lim f(z,).
50a. Let f(y) be finite. Then f is lower semicontinuous at y if and only if —f is upper semicontinuous

at y if and only if —f(y) > lim(—f(z)) if and only if given ¢ > 0, there exists § > 0 such that
T—y

—f(z) < —f(y) + & whenever 0 < |z — y| < ¢ if and only if given € > 0, there exists § > 0 such that
—f(z) < —f(y) + € whenever |z — y| < ¢ if and only if given € > 0, there exists 6 > 0 such that
f(y) < f(x) + & whenever |z —y| <.

50b. Suppose f is both upper and lower semicontinuous at y. Then lim f(z) < f(y) < lim f(z). Thus
r—Y r—y

lim f(x) exists and equals f(y) so f is continuous at y. Conversely, if f is continuous at y, then lim f(x)
T—Y T—Y

exists and equals f(y). Thus lim f(z) = lim f(z) = f(y) so f is both upper and lower semicontinuous
Ty

T—Y
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at y. The result for intervals follows from the result for points.

50c. Let f be a real-valued function. Suppose f is lower semicontinuous on [a,b]. For A\ € R, consider
the set S = {x € [a,b] : f(z) < A}. Let y be a point of closure of S. Then there is a sequence (z,) with
r, € S and y = limx,. Thus f(y) < limf(z,) < Asoy € S. Hence S is closed so {z € [a,b] : f(z) > A}
is open (in [a,b]). Conversely, suppose {x € [a,b] : f(x) > A} is open (in [a,b]) for each A € R. Let
y € [a,b]. Given ¢ > 0, the set {z € [a,b] : f(x) > f(y) — €} is open so there exists § > 0 such that
f(x) > f(y) — e whenever |x —y| < 4. i.e. f(y) < f(x)+ e whenever |x —y| < 0. By part (a), f is lower
semicontinuous at y. Since y is arbitrarily chosen from [a,b], f is lower semicontinuous on [a, b].

50d. Let f and g be lower semicontinuous functions. Let y be in the domain of f and ¢g. Given € > 0,
there exists 6 > 0 such that f(y) < f(z) +¢/2 and ¢g(y) < g(x) + £/2 whenever |z — y| < §. Thus
(fVa)ly) < (fVg)(x)+eand (f +9)(y) < (f +9)(x) + & whenever [z —y| <. By part (a), f Vg and
f + g are lower semicontinuous.

50e. Let (f,) be a sequence of lower semicontinuous functions and define f(x) = sup,, fn(z). Given
€ >0, f(y) —e/2 < fu(y) for some n. There also exists § > 0 such that f,(y) < fn(z) + /2 whenever
|z —y| <. Thus f(y) < fn(z) +& < f(z) + ¢ whenever |z — y| < 6. Hence f is lower semicontinuous.

50f. Let ¢ : [a,b] — R be a step function. Suppose ¢ is lower semicontinuous. Let ¢; and c¢; 41 be the
values assumed by ¢ in (z;—1,%;) and (z;,z;+1) respectively. For each n, there exists § > 0 such that
o(x;) < p(x)+1/n whenever |z —x;| < ¢. In particular, p(z;) < ¢;+1/n and ¢(x;) < ¢;41+1/n for each
n. Thus ¢(x;) < min(c¢;, ¢;41). Conversely, suppose ¢(z;) < min(e;, ¢;41) for each i. Let € > 0 and let
y € [a,b]. If y = x; for some 14, let 6 = min(z; — x;—1, 2,41 — ;). Then f(y) = f(x;) < f(x)+ e whenever
|z —y| < 6. Ify € (x;,2541) for some 4, let 6 = min(y — 24, ;11 —y). Then f(y) < f(y) +e= f(x) +¢
whenever |z — y| < §. Thus ¢ is lower semicontinuous.

*50g. Let f be a function defined on [a,b]. Suppose there is a monotone increasing sequence (@) of
lower semicontinuous step functions on [a,b] such that for each = € [a,b] we have f(z) = lim p,(z).
Since () is monotone increasing, for each x € [a,b] we have f(x) = sup,, pn(z). By part (e), f is lower
semicontinuous. Conversely, suppose that f is lower semicontinuous. The sets {z € [a,b] : f(x) > ¢}
with ¢ € Z form an open covering of [a, b] so by the Heine-Borel Theorem, there is a finite subcovering.
Thus there exists ¢ € Z such that f(z) > ¢ for all z € [a,b]. Now for each n, let :z:,(c") =a+k(b—a)/2™ and
let I = (&, 2™ for k = 0,1,2,...,2". Define ¢, (z) = inf, o f(2) if @ € I and @, (z™) =

min(c,(fn), c,(:gl, f(x,gn))) where c,(vn) = infa;el,i") f(z) and 01(21 = infzel,i’fl f(x). Then each ¢, is a lower

semicontinuous step function on [a, b] by part (f) and f > @,11 > ¢, for each n. Let y € [a,b]. Given
£ > 0, there exists § > 0 such that f(y) < f(z)+¢& whenever |z —y| < §. Choose N such that 1/2V < §.

Forn > N, if y € I,g") for some k, then ¢, (y) = inf__ o f(z) = f(y) — € since I,g") C (y—9d,y+9).
k

Thus f(y) —on(y) <e. Ify = x,(cn) for some k, then ¢, (y) => f(y) — € since I,gn) UI/ETl C(y—148,y+9).
Thus f(y) — ¢n(y) <e. Hence f(y) = lim ¢, (y).

*50h. Let f be a function defined on [a,b]. Suppose there is a monotone increasing sequence (1)
of continuous functions on [a,b] such that for each = € [a,b] we have f(z) = lim,(x). Then each
1, is lower semicontinuous by part (b) and f(x) = sup,, ¥, (z). By part (e), f is lower semicontinuous.
Conversely, suppose that f is lower semicontinuous. By part (g), there is a monotone increasing sequence
(pn) of lower semicontinuous step functions on [a, b] with f(x) = lim ¢, (z) for each x € [a, b]. For each
n, define v,, by linearising ¢, at a neighbourhood of each partition point such that ¢, < 1,41 and
0 < pn(x) —Yn(x) < g/2 for each = € [a,b]. Then (1,) is a monotone increasing sequence of continuous
functions on [a,b] and f(z) = lim ), (x) for each z € [a, b].

(*) More rigorous proof: Define v, by ¢, (z) = inf{f(¢t) + n|t — z| : t € [a,b]}. Then ¢, (z) < inf{f(t) +
nlt —y| +nly —z| 1 t € [a,b]} = Yn(y) + n|ly — x|. Thus ¢, is (uniformly) continuous on [a,b]. Also
Yn < Ypy1 < f for all n. In particular, f(x) is an upper bound for {¢,(x) : n € N}. Now if a < f(z),
then there exists 6 > 0 such that a < f(y) < f(y) + nly — x| whenever |y — z| < §. On the other hand,
when |y — 2| > §, we have a < f(y) + nd < f(y) + nly — z| for sufficiently large n. Thus a < v, (z) for
sufficiently large n. Hence f(x) = sup i, (z) = lim ¢, (z).

50i. Let f be a lower semicontinuous function on [a,b]. The sets {z € [a,b] : f(x) > ¢} with ¢ € Z form
an open covering of [a, b] so by the Heine-Borel Theorem, there is a finite subcovering. Thus there exists
c € Z such that f(z) > cfor all x € [a,b]. Hence f is bounded from below. Let m = inf ¢4 f(2), which
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is finite since f is bounded from below. Suppose f(z) > m for all € [a, b]. For each x € [a, b], there exists
0, > 0 such that f(z) < f(y)+m— f(z) fory € I, = (x — ,x+ ;). The open intervals {I, : x € [a,b]}
form an open covering of [a, b] so by the Heine-Borel Theorem, there is a finite subcovering {I.,,..., I, }.
Let ¢ = min(f(x1),..., f(x,)). Each y € [a, ] belongs to some I, so f(y) > 2f(zr) —m > 2¢—m. Thus
2¢ —m is a lower bound for f on [a,b] but 2¢ — m > m. Contradiction. Hence there exists z¢ € [a, b
such that m = f(xo).

51a. Let z € [a,b]. Then ‘ in|f<6f(y) < flx) < sul‘o f(y) for any § > 0. Hence we have g(x) =

y—z ly—z|<d

sup inf f(y) < f(z) < inf sup f(y) = h(x). Suppose g(z) = f(x). Then given € > 0, there exists
5>0 ly—a|<s >0 y—a|<s

d > 0 such that f(z) —e = g(z) —e < ‘ inf 6f(y). Thus f(xz) —e < f(y) whenever |y — x| < ¢ and
y—z|<

f is lower semicontinuous at x. Conversely, suppose f is lower semicontinuous at . f(z) is an upper

bound for {I inlf 6f(y) :0 > 0} and given € > 0, there exists § > 0 such that f(z) — e < f(y) whenever
r—y|<

|z —y| < 0. Thus f(z) —e < inf f(y) so f(x) =sup inf f(y) = g(z). By a similar argument,
lz—y|<é 6>0 |z—y|<é

f(x) = h(z) if and only if f is upper semicontinuous at z. Thus f is continuous at z if and only if f is
both upper semicontinuous and lower semicontinuous at x if and only if f(z) = h(z) and g(z) = f(z) if
and only if g(x) = h(z).

51b. Let A € R. Suppose g(x) > A. Then there exists § > 0 such that f(y) > A whenever |z —y| < d.
Hence {z : g(x) > A} is open in [a,b] and g is lower semicontinuous. Suppose h(z) < A. Then there
exists 0 > 0 such that f(y) < A whenever |z — y| < §. Hence {x : h(x) < A} is open in [a,b] and h is
upper semicontinuous.

51c. Let ¢ be a lower semicontinuous function such that ¢(z) < f(x) for all € [a,b]. Suppose
o(x) > g(z) for some = € [a,b]. Then there exists 6 > 0 such that p(z) < o(y) + ¢(z) — g(z) whenever
|z —y| < 4. ie. g(z) < ¢(y) whenever |z —y| < §. In particular, g(x) < ¢(z). Contradiction. Hence
o(x) < g(z) for all z € [a, b].

2.7 Borel sets

52. Let f be a lower semicontinuous function on R. Then {z : f(z) > a} is open. {z : f(z) >
at = N,z : f(x) > a—1/n} so it is a Gs set. {z : f(z) < a} = {2 : f(x) > o} is closed.
{z:f(x) <a}={z: f(z)>a}®soitisan F, set. {: f(z)=a} ={z: f(x) >a}n{z: f(z) <a}is
the intersection of a G5 set with a closed set so it is a G set.

53. Let f be a real-valued function defined on R. Let S be the set of points at which f is continuous.
If f is continuous at xz, then for each n, there exists d,, , > 0 such that |f(z) — f(y)| < 1/n whenever
|z — y| < nz. Conmsider G, = U,cq(® — 0n2/2,2 + 6n2/2) and G = [, Gpn. Then z € G for every
x € S. Conversely, suppose g € G for some zg ¢ S. There exists ¢ > 0 such that for every § > 0, there
exists y with |y — x| < ¢ and |f(zo) — f(y)| > €. Choose N such that 1/N < e/2. There exists y with
|y — 20| < On,/2and |f(y) — f(zo)| > €. On the other hand, zg € Gn = J,cg(* —0n.c/2,2+0N,2/2) 5O
20 € (£ —0N /2, 240N 4/2) for some x € S. Thus |f(z) — f(xo)| < 1/N < e/2. Also, ly—=z| < |y —xo|+
70 — 2| <dnaso[f(y) — f(z)] <1/N <e/2. Thus |f(y) — f(zo)| < [f(y) = f(@)[ +|f(z) = flzo)| <e.
Contradiction. Hence G = S and S is a G set.

54. Let (f,) be a sequence of continuous functions on R and let C be the set of points where the
sequence converges. If x € C, then for any m, there exists n such that |fx(z) — fn(z)| < 1/m for all
k > n. Consider F, ,, = {x : |fr(x) — fu(z)| < 1/m for k > n}. Now C C (),,U,, Fn,m- Conversely,
if x € N,,U,, Frn,m, then given € > 0, choose M such that 1/M < e. Now x € {J,, Fj,, i so there exists
N such that |fi(z) — fn(z)| < 1/M < e for k > N. Thus (f,(z)) converges so ), U,, Fn,m C C. By
continuity of each fj, each F,, ,, is closed. Hence C is an F,s set.

3 Lebesgue Measure

3.1 Introduction

1. Let A and B be two sets in 9 with A C B. Then mA < mA+ m(B\ A) = mB.
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2. Let (E,) be a sequence of sets in M. Let Fy = Ey and let Fj, 11 = Ep41\Uj_; Ex. Then F,,NEF, =0
for m # n, F,, C E,, for each n and |JE,, = JF,. Thus m(JE,) =m(UFn) =>_ mF, <> mE,.
3. Suppose there is a set A in 9 with mA < co. Then mA = m(AU0) = mA + mld so md = 0.

4. Clearly n is translation invariant and defined for all sets of real numbers. Let (Ej) be a sequence of
disjoint sets of real numbers. We may assume Ej # @) for all k since nf) = 0. If some F} is an infinite
set, then so is | J E. Thus n(|J Ex) = co = > nEy. If all Ey’s are finite sets and {E}, : k € N} is a finite
set, then |J Fy is a finite set and since the Ej’s are disjoint, n(|J Ex) = >, nEk. On the other hand,
if all E}’s are finite sets and {Ejy : k € N} is an infinite set, then |J E) is a countably infinite set so
n(J Ex) = oo and since nEy, > 1 for all k, > nEj = co.

3.2 Outer measure

5. Let A be the set of rational numbers between 0 and 1. Also let {/,} be a finite collection of open
intervals covering A. Then 1 = m*([0,1]) = m*A < m*(UI,) = m*(UL.) < >m*I, = > I(I,) =
22 1(In)-

6. Given any set A and any ¢ > 0, there is a countable collection {I,} of open intervals covering
A such that > I(I,) < m*A+e. Let O = [JI,. Then O is an open set such that A C O and
m*O <> m*IL, = > I(I,) < m*A+e. Now for each n, there is an open set O,, such that A C O,, and
m*0, <m*A+1/n. Let G =(O0,. Then G is a Gs set such that A C G and m*G = m*A.

7. Let E be a set of real numbers and let y € R. If {I,,} is a countable collection of open intervals such
that £ C |J I, then E+y C J(I, +y) som*(E+y) <Y I(I.+y) = I(I,). Thus m*(E+y) < m*E.
Conversely, by a similar argument, m*E < m*(E + y). Hence m*(E +y) = m*E.

8. Suppose m*A = 0. Then m*(AU B) < m*A 4+ m*B = m*B. Conversely, since B C AU B,
m*B <m*(AU B). Hence m*(AU B) = m*B.

3.3 DMeasurable sets and Lebesgue measure

9. Let E be a measurable set, let A be any set and let y € R. Then m*A = m*(A—y) = m*((A—y)NE)+
m*((A=y)NE) = m*((A—y)NE)+y)+m* (A—y)NE)+y) = m*(AN(E+y))+m* (AN (E°+y)) =
m* (AN (E+y)) +m (AN (E+y)°). Thus E + y is a measurable set.

10. Suppose F; and Es are measurable. Then m(E; U Es) +m(EyNEy) = mE; +m(Es\ Ey) +m(Ey N
EQ) = mE1 + mEg.

11. For each n, let E,, = (n,00). Then E,; C E, for each n, (| E, = ) and mFE,, = co for each n.
12. Let (E;) be a sequence of disjoint measurable sets and let A be any set. Then m*(ANJ;o; E;) =
m* (Ui (AN E;)) < Y02, m*(AN E;) by countable subadditivity. Conversely, m*(A N Jio, E;) >
m*(AnNU, ;) = > i, m*(ANE;) for all n by Lemma 9. Thus m*(ANJ;2, E;) > > oy m*(ANE;).
Hence m*(ANUso, Ei) =Y ooy m* (AN E;).

13a. Suppose m*E < co.

(1) = (i1). Suppose E is measurable. Given ¢ > 0, there is a countable collection {I,,} of open intervals
such that £ C (JI,, and > I(I,) < m*E 4+ ¢e. Let O = |JI,. Then O is an open set, E C O and
m* (O\E)=m(O\E)=m(UIL,) —mE=m*"(UIL,) —m*'E <> I(I,) —m*E <e¢.

(#3) = (vi). Given € > 0, there is an open set O such that £ C O and m*(O \ E) < ¢/2. O is the union
of a countable collection of disjoint open intervals {I,,} so > I(I,) = m(J I,) < mE + ¢/2. Thus there
exists N such that S20° o I(I,) < €/2. Let U = ), I,. Then m*(UAE) = m*(U\ E) +m*(E\U) <
m*(O\ E)+m*(O\U) <e/2+¢e/2=c¢.

(vi) = (4i). Given € > 0, there is a finite union U of open intervals such that m*(UAE) < ¢/3. Also
there is an open set O such that E\ U C O and m*O < m*(E\U) +¢/3. Then E C U U O and
m*(UUO)\E) =m*(U\ E)U(O\ E)) <m*((O\ (E\U))U(E\U)U U\ E)) <e.

13b. (i) = (i7). Suppose E is measurable. The case where m*E < oo was proven in part (a). Suppose
m*E = co. For each n, let E,, = [-n,n|N E. By part (a), for each n, there exists an open set O,, D E,
such that m*(O,, \ E,) < ¢/2". Let O = |JO,,. Then E C O and m*(O\ E) = m*(JO, \UE,) <
m*(U(On \ Ep)) < e.
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(i) = (iv). For each n, there exists an open set O,, such that £ C O, and m*(O, \ E) < 1/n. Let
G =(O,. Then E C G and m*(G \ E) < m*(O,, \ E) < 1/n for all n. Thus m*(G \ E) = 0.

(iv) = (i). There exists a Gs set G such that E C G and m*(G\ E) = 0. Now G and G \ E are
measurable sets so E = G\ (G \ E) is a measurable set.

13c. (i) = (i4i). Suppose E is measurable. Then E° is measurable. By part (b), given ¢ > 0, there is
an open set O such that E° C O and m*(O \ E°) < e. i.e. m*(ONE) <e. Let F = O° Then F is
closed, F C Eand m*(E\ F) =m*(E\O°) =m*"(ENO) <e.

(#91) = (v). For each n, there is a closed set Fj, such that F,, C E and m*(E\ F,,) < 1/n. Let F =J F,.
Then FF C E and m*(E\ F) < m*(E\ F,,) < 1/n for all n. Thus m*(E \ F') = 0.

(v) = (i). There exists an F, set F such that FF C F and m*(E\ F) = 0. Now F and E \ F are
measurable sets so E = F'U (E \ F) is a measurable set.

14a. For each n, let E,, be the union of the intervals removed in the nth step. Then mFE, = 2”’1/3” SO
m(UJ En) =Y. mE, = 1. Thus mC = m([0,1]) — m(J E,) = 0.

14b. Each step of removing open intervals results in a closed set and F' is the intersection of all these
closed sets so F' is closed. Let z € [0,1] \ F'°. Note that removing intervals in the nth step results in
2" disjoint intervals, each of length less than 1/2". Given § > 0, choose N such that 1/2V < 2§. Then
(x— 4, 24 0) must intersect one of the intervals removed in step N. i.e. there exists y € (x —4§,x+)NF*°.
Thus F¢ is dense in [0,1]. Finally, mF = m([0,1]) — Y, a2"71/3" =1 - a.

3.4 A nonmeasurable set

15. Let FE be a measurable set with £ C P. For each i, let E; = Ej—m. Since E; C P; for each i, (E;) is
a disjoint sequence of measurable sets with mE; = mE. Thus Y, mE; = m(|J F;) < m([0,1)) = 1. Since
> mE; =) mkE, we must have mE = 0.

16. Let A be any set with m*A > 0. If A C [0,1), let (r;)2, be an enumeration of Q N [—1,1). For
each i, let P, = P+ r;. Then [0,1) C |J P; since for any x € [0, 1), there exists y € P such that z and y
differ by some rational r;. Also, P, N P; = 0 if i # j since if p; + r; = p; + r;, then p; ~ p; and since
P contains exactly one element from each equivalence class, p; = p; and r; = r;. Now let B; = AN F;
for each i. If each E; is measurable, then mE; = m(AN P;) = m((A —r;) N P) = 0 for each i by Q15.
On the other hand, >~ m*E; > m*(J E;) > m*(AN|[0,1)) = m*A > 0. Hence E;, is nonmeasurable for
some ig and F;; C A. Similarly, if A C [n,n+ 1) where n € Z, then there is a nonmeasurable set £ C A.
In general, A= AN,czn,n+1)and 0 <m*A <Y o, m*(AN[n,n+1)) som*(AN[n,n+1)) >0
for some n € Z and there is a nonmeasurable set E C ANn,n+1) C A.

17a. Let (r;)22, be an enumeration of QN [—1,1) and let P; = P +r; for each i. Then (F;) is a disjoint
sequence of sets with m*(JP;) < m*[-1,2) = 3 and Y . m*P, = > m*P = oo. Thus m*(JP,) <
> m*P,.

17b. For each 4, let P; be as defined in part (a) and let E; = J,,~; P.. Then (E;) is a sequence with
E; D Eiy for each i and m*E; < m*(|J P,,) < oo for each i. Furthermore, (| E; = () since if z € Py, then
x ¢ UnZkJrl P, so m*(( E;) = 0. On the other hand, P; C E; for each i so 0 < m*P = m*P; < m*E;
for each i and limm*E; > m*P > 0 =m*( E;).

3.5 Measurable functions

18. Let E be the nonmeasurable set defined in Section 3.4. Let f be defined on [0,1] with f(z) =z +1
ifv € Fand f(x) = —x if ¢ ¢ E. Then f takes each value at most once so {z : f(x) = o} has at most
one element for each o € R and each of these sets is measurable. However, {z : f(z) > 0} = E, which is
nonmeasurable.

19. Let D be a dense set of real numbers and let f be an extended real-valued function on R such that
{z : f(x) > a} is measurable for each a € D. Let § € R. For each n, there exists a,, € D such that
B<ap,<pf+1/n. Now{x: f(x)>pt=U{z: f(x) >B8+1/n}=U{z: f(x) > a,} so{z: f(zx) > 5}

is measurable and f is measurable.
20. Let o1 = > a;xa, and let oo = Y12 Bixp,. Then o1 + o = > 00 aixa, + ity Bixs; 1s a
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simple function. Also w192 =3, s @;BjXxa,XB, is a simple function. xanp(z) =1 if and only if z € A
and z € B if and only if xa(z) =1 = xg(z). Thus xans = xaxs- If xaus(x) =1, then x € AUB. If
x € AN B, then xa(x)+xp(z) +xaxp(z) =1+1-1=1.Ifx ¢ ANB,thenz € A\Borx € B\ Aso
xa(@)+xp(x) =1and xaxs(z) =0. If xaup(x) =0, then x ¢ AUB so xa(z) = x5(z) = xaxs(z) =0.
Hence xaup = XA +XxB+ XaXxB- If xac(x) =1, then ¢ A so xa(x) =0. If xyac(z) =0, then x € A so
xa(x) =1. Hence x4c =1 — xa.

2la. Let D and E be measurable sets and f a function with domain D U E. Suppose f is measurable.
Since D and E are measurable subsets of DUE, f|p and f|g are measurable. Conversely, suppose f|p and
f|E are measurable. Then forany a € R, {z: f(z) > a} ={x € D: f|p(z) > a}U{z € E: f|g(z) > a}.
Each set on the right is measurable so {z : f(z) > a} is measurable and f is measurable.

21b. Let f be a function with measurable domain D. Let g be defined by g(x) = f(x) if z € D and
g(x) = 0if x ¢ D. Suppose f is measurable. If o > 0, then {z : g(z) > a} = {z : f(z) > a}, which
is measurable. If @ < 0, then {z : g(z) > a} = {z : f(x) > a} U D¢ which is measurable. Hence
g is measurable. Conversely, suppose g is measurable. Then f = g|p and since D is measurable, f is
measurable.

22a. Let f be an extended real-valued function with measurable domain D and let Dy = {z : f(z) =
oo}, Dy = {x: f(x) = —oo}. Suppose f is measurable. Then Dy and D, are measurable by Proposition
18. Now D\ (D1 U D5) is a measurable subset of D so the restriction of f to D\ (D1 U D3) is measurable.
Conversely, suppose D; and Ds are measurable and the restriction of f to D\ (D; U Ds) is measurable.
Fora € R, {z: f(x) > a} = D1U{z : f[p\(p,up,)(x) > a}, which is measurable. Hence f is measurable.
22b. Let f and g be measurable extended real-valued functions defined on D. Dy = {fg = oo} =
{f = 00,9 >0tU{f = —00,9g <0}U{f > 0,9 =0c0}U{f < 0,9 =—00}, which is measurable.
Dy = {fg = —o0} = {f = 00,9 < 0}U{f = —00,g > 0} U{f > 0,9 = —oc} U{f < 0,9 = o0},
which is measurable. Let h = fg|p\(p,up,) and let a € R. If @ > 0, then {z : h(z) > o} = {z :
FID\{2: f (@) =400} (T) - 9| D\ {w:g(2) =00} () > }, which is measurable. If a < 0, then {z : h(z) > a} = {z:
f(x) =0} U{z:g(x) =0} U{z: flp\{f=t00} (%) - 9| D\{g=+00} (¥) > @}, which is measurable. Hence fg
is measurable.

22c. Let f and g be measurable extended real-valued functions defined on D and a a fixed number.
Define f+g to be @ whenever it is of the form co—oo or —co400. D1 = {f+g=00} ={f € R, g = o0}U
{f =g=o0c}U{f =00,g9 € R}, which is measurable. Dy = {f+g= -0} ={f €R,g=—-c0}U{f =
g = —oo} U{f = —o0,g € R}, which is measurable. Let h = (f + g)|p\(p,up,) and let 3 € R. If 3 > a,
then {z : h(z) > B} = {z : fIp\{f=200} (%) + 9|D\{g=+oc} (¥) > B}, which is measurable. If 3 < a, then
{z:h(z) > B} ={f =00,9g=—00} U{f = —00,9 =00} U{z: flp\(s=t0c} () + gD\ {g=+c0} () > B},
which is measurable. Hence f + g is measurable.

22d. Let f and g be measurable extended real-valued functions that are finite a.e. Then the sets
D1, Do, {x : h(xz) > [} can be written as unions of sets as in part (c), possibly with an additional set of
measure zero. Thus these sets are measurable and f + g is measurable.

23a. Let f be a measurable function on [a,b] that takes the values oo only on a set of measure zero
and let £ > 0. For each n, let £, = {x € [a,b] : |f(x)] > n}. Each E, is measurable and E,,1; C E,
for each n. Also, mE; < b—a < oco. Thus limmkFE, = m([)E,) = 0. Thus there exists M such that
mEy < e/3. ie. |f| < M except on a set of measure less than e/3.

23b. Let f be a measurable function on [a, b]. Let ¢ > 0 and M be given. Choose N such that M/N < e.
For each k € {—N,—-N +1,...,N — 1}, let B, = {z € [a,b] : kM/N < f(z) < (k+1)M/N}. Each E},
is measurable. Define ¢ by ¢ = ZkN::lN(kM/N)XEk. Then ¢ is a simple function. If z € [a, b] such
that |f(z)| < M, then = € E, for some k. i.e. kM/N < f(x) < (k+1)M/N and ¢(x) = kM/N. Thus
|f(z) —p(x)] < M/N <e. It m < f < M, we may take ¢ so that m < ¢ < M by replacing M/N by
(M —m)/N < € in the preceding argument.

23c. Let ¢ be a simple function on [a,b] and let £ > 0 be given. Let ¢ = Y"1 | a;x4,. For each i, there
is a finite union U; = Ufcvzl I; j, of (disjoint) open intervals such that m(U;AA;) < €/3n. Define g by
g=>r, WXy AU, U Then g is a step function on [a, b]. If g(x) # ¢(x), then either g(z) = a; # ¢(x),
or g(x) = 0 and p(z) = a;. In the first case, € U; \ A;. In the second case, z € A; \ U;. Thus
{z € [a,b] : p(x) # g(x)} C Ui, (U \ A) U (A4 \U;)) = Ui, (U;AA;) so it has measure less than /3.
If m < ¢ < M, we may take g so that m < g < M since both g and ¢ take values in {a1,...,a,}.
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23d. Let g be a step function on [a,b] and let £ > 0 be given. Let xo,...,z, be the partition points
corresponding to g. Let d = min{x; —x;_1 : ¢ = 1,...,n}. For each 4, let I; be an open interval of length
less than min(e/3(n + 1),d/2) centred at z;. Define h by linearising ¢ in each I;. Then h is continuous
and {z € [a,b] : g(z) # h(z)} C U;_, Ii, which has measure less than /3. If m < g < M, we may take
h so that m < h < M by construction.

24. Let f be measurable and B a Borel set. Let C be the collection of sets E such that f~![E] is
measurable. Suppose E € C. Then f~![E¢] = (f~1[E])¢, which is measurable, so E¢ € C. Suppose (E;)
is a sequence of sets in C. Then f~1[JE;] = J f~![E;:], which is measurable, so |JE; € C. Thus C is
a o-algebra. Now for any a,b € R with a < b, {z : f(z) > a} and {z : f(x) < b} are measurable. i.e.
(a,00) and (—o0,b) are in C. Thus (a,b) € C and C is a o-algebra containing all the open intervals so it
contains all the Borel sets. Hence f~![B] is measurable.

25. Let f be a measurable real-valued function and g a continuous function defined on (—oo, 00). Then
g is also measurable. For any oo € R, {z: (go f)(x) > a} = (go f)7 (e, 00)] = f~1[g7 [(r, 0)]], which
is measurable by Q24. Hence g o f is measurable.

26. Propositions 18 and 19 and Theorem 20 follow from arguments similar to those in the original proofs
and the fact that the collection of Borel sets is a o-algebra. If f is a Borel measurable function, then
for any a € R, the set {z : f(z) > a} is a Borel set so it is Lebesgue measurable. Thus f is Lebesgue
measurable. If f is Borel measurable and B is a Borel set, then consider the collection C of sets E such
that f~![E] is a Borel set. By a similar argument to that in Q24, C is a o-algebra containing all the
open intervals. Thus C contains all the Borel sets. Hence f~![B] is a Borel set. If f and g are Borel
measurable, then for a € R, {z : (fog)(x) > a} = (fog) (a,00)] = g7 [f![(«, 00)]], which is a Borel
set. Thus f o g is Borel measurable. If f is Borel measurable and g is Lebesgue measurable, then for
any a € R, f~![(a, 00)] is a Borel set and g~ ![f~![(a, 00)]] is Lebesgue measurable by Q24. Thus f o g
is Lebesgue measurable.

27. Call a function 2-measurable if for each o € R the set {z : f(z) > «a} is in A. Propositions 18
and 19 and Theorem 20 still hold. An 2-measurable function need not be Lebesgue measurable. For
example, let 2 be the o-algebra generated by the nonmeasurable set P defined in Section 4. Then y p is -
measurable but not Lebesgue measurable. There exists a Lebesgue measurable function g and a Lebesgue
measurable set A such that g—![A] is nonmeasurable (see Q28). If f and g are Lebesgue measurable, fog
may not be Lebesgue measurable. For example, take g and A to be Lebesgue measurable with g=1[A]
nonmeasurable. Let f = x4 so that f is Lebesgue measurable. Then {z : (f o g)(z) > 1/2} = g~ [A],
which is nonmeasurable. This is also a counterexample for the last statement.

28a. Let f be defined by f(z) = fi(z) + « for x € [0,1]. By Q2.48, f; is continuous and monotone on
[0,1] so f is continuous and strictly monotone on [0,1] and f maps [0, 1] onto [0,2]. By Q2.46, f has a
continuous inverse so it is a homeomorphism of [0, 1] onto [0, 2].

28b. By Q2.48, f1 is constant on each interval contained in the complement of the Cantor set. Thus f
maps each of these intervals onto an interval of the same length. Thus m(f[[0,1]\C]) = m([0,1]\C) =1
and since f is a bijection of [0, 1] onto [0, 2], mF = m(f[C]) = m([0,2]) -1 =1.

28c. Let g = f~1:[0,2] — [0,1]. Then g is measurable. Since mF = 1 > 0, there is a nonmeasurable set
E CF. Let A= f~![E]. Then A C C so it has outer measure zero and is measurable but g~ '[A] = F
so it is nonmeasurable.

28d. The function g = f~! is continuous and the function h = x 4 is measurable, where A is as defined
in part (c). However the set {z : (hog)(z) > 1/2} = g~![A] is nonmeasurable. Thus h o g is not
measurable.

28e. The set A in part (c) is measurable but by Q24, it is not a Borel set since g~![A] is nonmeasurable.

3.6 Littlewood’s three principles

29. Let E =R and let f,, = X[n,o0) for each n. Then f, () — 0 for each x € E. For any measurable set
A C E with mA < 1 and any integer N, pick > N such that z ¢ A. Then |fy(z) — 0] > 1.
30. Egoroff’s Theorem: Let (f,,) be a sequence of measurable functions that converges to a real-valued

function f a.e. on a measurable set E of finite measure. Let n > 0 be given. For each n, there exists
A, C E with mA,, < n/2" and there exists N,, such that for all z ¢ A,, and k > N,,, |fx(z)—f(z)] < 1/n.
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Let A=A, Then A C E and mA < Y n/2" = n. Choose ng such that 1/ng < n. If x ¢ A and
k > N,,, we have |fr(x) — f(z)| < 1/ng < n. Thus f,, converges to f uniformly on E \ A.

31. Lusin’s Theorem: Let f be a measurable real-valued function on [a,b] and let § > 0 be given. For
each n, there is a continuous function h,, on [a, b] such that m{z : |h,(x) — f(z)| > §/2" 2} < §/2"*2.
Let B, = {z : |ho(x) — f(x)| > §/2"F2}. Then |h,(x) — f(x)| < §/2"2 for x € [a,b]\ E,,. Let E = J E,,.
Then mE < §/4 and (h,) is a sequence of continuous, thus measurable, functions that converges to f on
[a,b] \ E. By Egoroft’s Theorem, there is a subset A C [a,b] \ E such that mA < §/4 and h,, converges
uniformly to f on [a,b]\ (FUA). Thus f is continuous on [a,b]\ (EUA) with m(EUA) < §/2. Now there
is an open set O such that O O (EU A) and m(O \ (EU A)) < §/2. Then f is continuous on [a,b] \ O,
which is closed, and mO < §. By Q2.40, there is a function ¢ that is continuous on (—oo, 00) such that
f=¢on a,b]\ O. In particular, ¢ is continuous on [a,b] and m{z € [a,b] : f(z) # p(x)} = mO < 4.
If f is defined on (—oco,00), let & = min(§/2"*3,1/2). Then for each n, there is a continuous function
onon [n+ 8 ,n+1—47such that m{z € [n +8,n+1-70]: f(x) # pn(z)} < §/27F2. Similarly for
[-n —1+6',—n —0']. Linearise in each interval [n — ¢’,n + ¢’]. Similarly for intervals [—-n —¢', —n + ¢'].
Then we have a continuous function ¢ defined on (—o0,00) with m{z : f(x) # o(z)} <43 §/2"*+2 = .
*32. For t € [0,1) with 1/2¢71 <t < 1/2¢ define f; : [0,1) — R by fi(z) = 1ifz € P, =P+
and z = 2714 — 1, and f;(z) = 0 otherwise. For each ¢, there is at most one x such that fi(z) = 1
so each f, is measurable. For each z, z € Py, for some i(z). Let t(z) = (z + 1)/2/®*+! Then
1/20@+ < () < 1/2°®) and fy(,)(z) = 1. This is the only ¢ such that fy(z) = 1. Thus for each z,
fi(x) — 0 as t — 0. Note that any measurable subset of [0, 1) with positive measure intersects infinitely
many of the sets P;. Thus for any measurable set A C [0,1) with mA < 1/2, m([0,1) \ 4) > 1/2 so
there exists z € [0,1) \ A with i(z) arbitrarily large and so with ¢(z) arbitrarily small. i.e. there exist
an z € [0,1) \ A and arbitrarily small ¢ such that fi(z) > 1/2.

(*) Any measurable set A C [0,1) with positive measure intersects infinitely many of the sets P;:
Suppose A intersects only finitely many of the sets P;. i.e. A C |, P,,, where P,, = P + ¢;. Choose
r1 € QN[—1,1] such that ry # ¢; —g; for all ¢, j. Suppose r1,...,r, have been chosen. Choose r,1 such
that rp41 # ¢s —gq;+ry for all ¢, 7 and k < n. Now the measurable sets A+47; are disjoint by the definition
of P and the construction of the sequence (r;). Then m(UJ;_,(A+ r;)) = > m(A+r;) = nmA for
each n. Since J! (A +r;) C [-1,2], nmA < 3 for all n and mA = 0.

4 The Lebesgue Integral
4.1 The Riemann integral

la. Let f be defined by f(x) = 0 if z is irrational and f(z) = 1 if x is rational. For any subdivision

a=¢& <& < <& =bof[a,b], M; =supg, | ,<¢, f(x) =1 and m; = infe, | <u<¢, f(z) = 0 for each

i. Thus S =30 (& —&-1)M; =b—aand s = > . (& — &—1)m; = 0 for any subdivision of [a, b].
—b

Hence R[ f(z) =b—a and Rﬂif(x) =0.

1b. Let (r,) be an enumeration of Q N[a,b]. For each n, let f, = x{p,,....r,}- Then (f,) is a sequence of

nonnegative Riemann integrable functions increasing monotonically to f. Thus the limit of a sequence

of Riemann integrable functions may not be Riemann integrable so in general we cannot interchange the
order of integration and the limiting process.

4.2 The Lebesgue integral of a bounded function over a set of finite measure

2a. Let f be a bounded function on [a, b] and let h be the upper envelope of f. i.e. h(y) = gn% sup f(x).
> ly—z|<d
Since f is bounded, h is upper semicontinuous by Q2.51b and h is bounded. For any a € R, the set
{z : h(z) < a} is open. Thus h is measurable. Let ¢ be a step function on [a,b] such that ¢ > f.
—b
Then ¢ > h except at a finite number of points (the partition points). Thus R [ f = inf,> f; o> f; h.
Conversely, there exists a monotone decreasing sequence (¢,,) of step functions such that h(zx) = lim ¢, (z)

for each x € [a,b]. Thus f; h = lim f; On > RTZf. Hence RTZf = ff h.
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2b. Let f be a bounded function on [a,b] and let E be the set of discontinuities of f. Let g be the
lower envelope of f. By a similar argument as in part (a), R f f= f g. Suppose E has measure zero.

Then g = h a.e. so Rf f= fa g= fa h = Rfaf so f is Riemann integrable. Conversely, suppose f is

Riemann integrable. Then f;g = f: h. Thus f; lg —h|=0s0g=nha.e. since f; lg —h| > (1/n)m{z :
lg(x) — h(x)| > 1/n} for all n. Hence f is continuous a.e. and mFE = 0.

4.3 The integral of a nonnegative function

3. Let f be a nonnegative measurable function and suppose inf f = 0. Let F = {z : f(z) > 0}. Then
E =UE, where E,, = {z: f(z) > 1/n}. Now [ f > (1/n)mE, for each n so mE, = 0 for each n and
mE =0. Thus f =0 a.e.

4a. Let f be a nonnegative measurable function. Forn =1,2,..., let E,; = f~[(i—1)27",i27") where

i=1,...,n2" and let E, o = f~![n,00). Define ¢, = 2?21( 127" X(B,..n[=n.m]) T X (En.on[=n.n])-

Then each ¢, is a nonnegative simple function vanishing outside a set of finite measure and ¢,, < ©,41
for each n. Furthermore, for sufficiently large n, f,(z) — on(z) < 27" if x € [-n,n] and f(z) < n. Thus
on(z) — f(z) when f(x) < co. Also, for sufficiently large n, ¢, (z) =n — oo if f(z) = cc.

4b. Let f be a nonnegative measurable function. Then by part (a), there is an increasing sequence (¢, )
of simple functions such that f = lim¢,. By the Monotone Convergence Theorem, [ f = lim [ ¢, =
sup [ ¢,. Thus [ f < sup [ ¢ over all simple functions ¢ < f. On the other hand, [ f > [¢ for all
simple functions ¢ < f. Thus [ f > sup [ ¢ over all simple functions ¢ < f. Hence [ f = sup [ ¢ over
all simple functions ¢ < f.

5. Let f be a nonnegative integrable function and let F'(x f f. For each n, let fr, = fX(—o0,z—1 /n]-
Then (f,) is an increasing sequence of nonnegative measurable functlons with fX(—cc,e) = lim fn By
the Monotone Convergence Theorem, lim F(x — 1/n) = lim [ f,, = [ fX(—cox] = F(x). Now for each
n, let gn = fX(241/n,00)- Then (g,) is an increasing sequence of nonnegative measurable functions with
fX(z,00) = limg,,. By the Monotone Convergence Theorem, lim [ g, = [ fX(z,00). i-€. lim [} iyn

[ f. Since f is integrable, we have lim([ f — [“TV™ f) = [f— [*__f so lim [*51/" f — ffoo 1.
ie. imF(z 4+ 1/n) = F(z). Now given ¢ > 0, there exists N such that F(z) — F(x — 1/n) < € and
F(z+1/n)—F(z) < € whenever n > N. Choose § < 1/N. Then |F(y)— F(x)| < € whenever |z —y| < J.
Hence F' is continuous.

6. Let (f,) be a sequence of nonnegative measurable functions converging to f and suppose f,, < f for
each n. By Fatou’s Lemma, [ f <lim [ f,. On the other hand, [ f > lim [ f, since f > f,, for each n.
Hence [ f =1lim [ f,.

7a. For each n, let f, = Xjnnt1). Then (f,) is a sequence of nonnegative measurable functions with
lim f,, = 0. Now [0=0<1=1lim [ f, and we have strict inequality in Fatou’s Lemma.

7b. For each n, let f, = X[n,00). Then (f,) is a decreasing sequence of nonnegative measurable functions
with lim f,, = 0. Now [0 =0 < oo =lim [ f,, so the Monotone Convergence Theorem does not hold.
8. Let (f,) be a sequence of nonnegative measurable functions. For each n, let h, = infg>,, fi. Then
each h,, is a nonnegative measurable function with h,, < f,. By Fatou’s Lemma, [limf, = [limh, <
lim [ iy, < lim f £,

9. Let (f,) be a sequence of nonnegative measurable functions such that f, — f a.e. and suppose
that [ f, — [ f < oo. Then for any measurable set E, (f,xg) is a sequence of nonnegative measurable
functions with f,xg — fxg a.e. By Fatou’s Lemma, [, f < lim [, f,. Now fxg is integrable since
fxe < f. Also, f, is integrable for sufficiently large n so f,x g is integrable for sufficiently large n. By
Fatouﬂ;emma, f(f_fXE) < hﬂf(fn_anE) ie. ff_fEf < him‘ffn_hme fn = ff_hme fn
Thus lim [, f, < [ f and we have [ fn — [ f

4.4 The general Lebesgue integral

10a. If f is integrable over E, then so are f* and f~. Thus |f| = fT + f~ is integrable over E and
e fl=1 et = oI <| ot + | o f7 1= g/t + [z f =[5 |f|l. Conversely, if |f| is integrable
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over E, then [, f* < [, |f] <ocand [, f~ < [,|f] <ooso fT and f~ are integrable over E and f is
integrable over E.

10b. f(z) = sinz/z is not Lebesgue integrable on [0,00] although R [ f(z) = m/2 (by contour
integration for example). In general, suppose f is Lebesgue integrable and the Riemann integral R fab f

exists with improper lower limit a. If a is finite, let f,, = fX{a+1/n,5- Then f,, — fon [a,b] and |f,| < |f]
SO Rf;f = lime:+1/nf =lim [ f, = f;f If a = —o0, let g, = fX[—np- Then g, — f on [a,b]
and |g,| < |f] so Rfjf = limefn f=1lim[g, = f; f. The cases where the Riemann integral has
improper upper limit are similar.

11. Let ¢ = Y | a;xa, be a simple function with canonical representation. Let S+ = {i : a; > 0}

and let S— = {i : a; < 0}. Then ¢t = Y7, ¢ aixa, and ¢~ = =3, ¢ a;xa,. Clearly T and ¢~
are simple functions. Then [T =37, . a;md; and [~ = -3, ¢ amA;so [o= [T — [¢~ =
o aimA;.

12. Let g be an integrable function on a set E and suppose that (f,) is a sequence of measurable
functions with |f,| < g a.e. on E. Then (f, + ¢) is a sequence of nonnegative measurable functions on
E. Thus [limf, + [¢ < [lim(f, +¢) <lim [(f, +¢) < lim [ f,, + [ g so [limf, < lim [ f,. Also,
(g— fn) is a sequence of nonnegative measurable functions on E. Thus [ g+ [lim(—f,) < [lim(g—f,) <
lim [(g— f) < [ g+ Um(— [ f) so [lim(—f,) < lim(— [ f,). i.e. lim [ f, < [limf,. Hence we have
[limf, <lim [ f, <lim [ f, < [limf,.

13. Let h be an integrable function and (f,) a sequence of measurable functions with f,, > —h and
lim f,, = f. For each n, f, + h is a nonnegative measurable function. Since h is integrable, [ f, =
J(fo+h) = [h. Similarly, [ f = [(f+h) = [h Now [f+ [h < [lm(fn +h) <lm [ fo + [hso
[ f <l [ f,.

14a. Let (g,) be a sequence of integrable functions which converges a.e. to an integrable function
g and let (f,) be a sequence of measurable functions such that |f,| < g, and (f,) converges to f
a.e. Suppose [¢g = lim [ g,. Since |fn| < gn, |f| < ¢g. Thus |f, — f| < |ful +1f] < gn + g and
{(gn + 9 — |fn — fl) is a sequence of nonnegative measurable functions. By Fatou’s Lemma, [ lim(g, +

g_|fn_f|)S@f(gn+g_|fn_f|)' Le. f2g§f29+m(_f|fn_f|):f2g_mf|fn_f|'

Hence lim [ |f, — f| <0 <lim [ |f, — f| and we have [ |f, — f| — 0.

14b. Let (f,) be a sequence of integrable functions such that f, — f a.e. with f integrable. If
J1fa = f1 =0, then | [ [ful = [IfI| < [I[ful = [FIl < [|fu = f| = 0. Thus [[fa] — [|f|- Conversely,
suppose [ |fn| — [|f|- By part (a), with |f,,| in place of g,, and | f| in place of g, we have [ |f, — f| — 0.
15a. Let f be integrable over E and let € > 0 be given. By Q4, there is a simple function ¢ < f* such
that [, f —e/2 < [ 1. Also, there is a simple function ¢/’ < f~ such that [, f~ —e/2 < [, 9. Let
@ = 1h—1’. Then @ is a simple function and [, [f—¢| = [, [fT—v—f"+¢'| < [L1fT =0+ [, || =
fE(fle _¢)+IE(JC7 —1//) <e.

15b. Let f, = fX[—n,n- Then f,, — f and |f,| < |f|. By Lebesgue’s Dominated Convergence Theorem,
Jg lf = fXenm — 0. ie. fEm[—n,n]C |f| — 0. Thus there exists N such that fEm[iN’N]C If] < /3.
By part (a), there is a simple function ¢ such that [, [f — ¢| < €/3. By Proposition 3.22, there
is a step function ¢ on [—N, N] such that |p — ¢| < €/12NM except on a set of measure less than
e/12NM, where M > max(|¢|, |¢|) + 1. We may regard ¢ as a function on R taking the value 0

outside [~N, N]. Then fiVN|g07"(/J| <e/3so [L|f —v| = fEﬂ[fN,N] lf — ¢ JrfEm[,N)N]c If =y <

N
fEﬂ[fN,N] |f =l +fEm[fN,N] |(p_w|+fEﬂ[fN,N]C |f=9 < fE |f—‘»"|+f71v |90_1/}|+fEﬂ[7N,N]C |fl <e.
15c. By part (b), there is a step function ¢ such that [ |f — | < e/2. Suppose ¢ is defined on [a, b].
We may regard ¢ as a function on R taking the value 0 outside [a, b]. By linearising 1) at each partition

point, we get a continuous function g vanishing outside a finite interval such that ¢ = g except on a set
of measure less than ¢/4M, where M > [¢|. Then [, |f —g| < [p|f =]+ [z ¥ —g] <e.

16. Riemann-Lebesgue Theorem: Suppose f is integrable on (—oo,00). By Q15, given £ > 0,
there is a step function v such that [|f — 9| < /2. Now | [ f(z)cosnzdx| < [|f(x)cosnz|dx <
J1(f(z) = ¢(z)) cosnz|dx + [ |ip(x) cosnz|dx < e/2+ [ |{p(x) cosnz|dz. Integrating [¢(x) cosnz| over
each interval on which ¢ is constant, we see that [ |¢)(x)cosnz|dz — 0 as n — oo. Thus there
exists N such that [ |¢(z)cosnz|dz < /2 for n > N so | [ f(z)cosnzdz| < € for n > N. ie.
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lim, .o [ f(z)cosnzdx = 0.

17a. Let f be integrable over (—oo,o0). Then f* and f~ are nonnegative integrable functions. There
exists an increasing sequence (gpn> of nonnegative simple functions such that f* = lim¢,. Now since
Jxe(x)de = mE = m(E —t) = [xg(z + t)dzx for any measurable set E, we have [¢,(z)dz =
J pn(x+1t)dx for all n. By the Monotone Convergence Theorem, [ f*(z)dx = f ST (xz+t)dz. Similarly
for f~. Thus [ f(z)dz = [ f(x +t)dz.

17b. Let g be a bounded measurable function and let M be such that |g| < M. Since f is integrable, given
e > 0, there is a continuous function h vanishing outside a finite interval [a, b] such that [ |f—h| < e/4M.
Now [|g(@)[f(2) = f(z + D]l < [lg()[h(x) = h(z+ )] + [ 1g(@)[(f = h)(x) = (f = h)(z + t)]|. Now h is
uniformly continuous on [a, b] so there exists § > 0 such that |h(z)—h(z+t)| < e/2M (b—a) whenever |t| <
5. Then [ |g(x)[f(z) — f(z+1)]| < 2/2+M ([ |(f — b)@)| + [ 1(f — )@+ O)l) =/2+2M [ |f—h| < =
whenever [t| < 4. i.e. limy_ [ |g(z)[f(z) — f(x+)]| = 0.

18. Let f be a function of 2 variables (z,t) defined on the square @ = [0,1] x [0,1] and which is a
measurable function of x for each fixed ¢. Suppose that lim; . f(x,t) = f(x) and that for all ¢ we have
|f(z,t)] < g(x) where g is an integrable function on [0, 1]. Let (¢,) be a sequence such that ¢,, # 0 for all
n and lim, ¢, = 0. Then lim,, f(z,t,) = f(z). For each n, h,(x) = f(x,t,) is measurable and |h,| < g.
By Lebesgue’s Dominated Convergence Theorem, lim,, [ h, = [ f. ie. limt_,off z,t)de = [ f(z)dz
Suppose further that f(x,t) is continuous in ¢ for each z and let h(t) = [ f(z,t) dx Let (t,) be a
sequence converging to t. Then lim f(z,t,) = f(z,t) for each z. By Lebesgue S Dommated Convergence
Theorem, lim [ f(z,¢,)dz = [ f(z,t)dz. ie. limh(t,) = h(t). Hence h is a continuous function of ¢.

19. Let f be a function defined and bounded in the square @ = [0, 1] x [0, 1] and suppose that for each
fixed ¢ the function f is a measurable function of z. For each (z,t) in @, let the partial derivative 0f /0t
exist. Suppose that 0f/0t is bounded in Q. Let (s,) be a sequence such that s, # 0 for all n and
lim,, s, = 0. Then lim,[f(z,t + s,) — f(x,t)]/sn, — Of/Ot. Since Of /0t is bounded, there exists M
such that |[f(x,t + s,) — f(2,1)]/sn| < M + 1 for sufficiently large n. For each fixed ¢, f is a bounded
measurable function of z so | fol flz,t+s,)dx— fol flz,t)dz)/s, = fo (x t—i—sn)—f(x,t)]/sn) dx. Thus
< fo x,t)dr = lim, fo x,t+ sp)dr — fo x,t)dz]/s, = hmnf0 (x,t + 8p) — f(x,t)]/sn) dz =
fol ¢ dx, the last equality following from Lebesgue’s Dominated Convergence Theorem.

4.5 Convergence in measure

20. Let (f,,) be a sequence that converges to f in measure. Then given € > 0, there exists N such that
m{z : |fn(z) — f(x)| > e} < e for n > N. For any subsequence (f,, ), choose M such that ny > N for
k> M. Then m{z : |fn,(z) — f(x)] > e} < e for k > M. Thus (f,,) converges to f in measure.

21. Fatou’s Lemma: Let (f,) be a sequence of nonnegative measurable functions that converges in
measure to f on E. Then there is a subsequence (f,,) such that lim fE foe = me frn By Q20, (fn,)
converges in measure to f on E so it in turn has a subsequence ( fnkj> that converges to f a.e. Thus

fE f< h—me fnkj = hme Jrw = hfme -
Monotone Convergence Theorem: Let {f,,) be an increasing sequence of nonnegative measurable functions

that converges in measure to f. Any subsequence (f,,) also converges in measure to f so it in turn has
a subsequence (fy, ) that converges to f a.e. Thus [f= limffnk]_. By Q2.12, [ f =1lim [ f,.

Lebesgue’s Dominated Convergence Theorem: Let g be integrable over E and let (f,,) be a sequence of
measurable functions such that |f,| < g on E and converges in measure to f on E. Any subsequence
(fn,) also converges in measure to f so it in turn has a subsequence ( fnkj) that converges to f a.e. Thus
[ f= limffnkj. By Q2.12, [ f =1lim [ f,.

22. Let (f,) be a sequence of measurable functions on a set E of finite measure. If (f,,) converges to
f in measure, then so does any subsequence (f,,). Thus any subsequence of (fy,,) also converges to f
in measure. Conversely, if (f,,) does not converge in measure to f, then there exists € > 0 such that for
any N there exists n > N with m{z : |fn(x) — f(z)| > e} > e. This gives rise to a subsequence (f,, )
such that m{z : |f,, (z) — f(x) > e} > ¢ for all k. This subsequence will not have a further subsequence
that converges in measure to f.

23. Let (f,) be a sequence of measurable functions on a set E of finite measure. If {f,) converges to f
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in measure, then so does any subsequence (fy,, ). Thus (f,,) has in turn a subsequence that converges to
f a.e. Conversely, if every subsequence (f,,) has in turn a subsequence ( fnk_j> that converges to f a.e.,
then ( fnkj> converges to f in measure so by Q22, (f,) converges to f in measure.

24. Suppose that f, — f in measure and that there is an integrable function g such that |f,| < g for
all n. Let € > 0 be given. Now |f,, — f| is integrable for each n and |f,, — f|x[—&,k converges to |f, — f|.
By Lebesgue’s Dominated Convergence Theorem, ffk |fn — f| converges to [ |f, — f|. Thus there exists
N such that fIxIZN |fn — f| < &/3. By Proposition 14, for each n, given € > 0, there exists 6 > 0 such
that for any set A with mA <6, [, |fn — f| < €/3. We may assume § < ¢/6N. There also exists N’
such that m{z : |fn(z) — f(z)] > 6} < dforall n > N'. Let A = {z : |fo(x) — f(z)] > 0}. Then
Jlfn—fl = f\w\zN|f” — fl+ fAﬂ[—N,N] | fn — fl +fACﬂ[—N,N] |fn—fl <e/3+¢€/3+2NJ < € for all
n>N'.ie [|fn—fl—0.

25. Let (f,) be a Cauchy sequence in measure. Then we may choose n,41 > n, such that m{x :
|froa () = fo, ()] > 1/2°} < 1/2%. Let E, = {x : |fn, () — fn, ()| = 1/2"} and let F}, = UvZk E,.
Then m(), Fr) < m(U,sp Ev) < 1/2=1 for all k so m(N, Fx) = 0. If x ¢ (O, Fk, then = ¢ Fy for
some k S0 |fn,., (@) = fn,(x)] < 1/2Y for all v > k and |fp, (z) — fn,(z)| < 1/2°7" for w > v > k.
Thus the series ) (fn,,, — fn,) converges a.e. to a function g. Let f = g+ f,,. Then f, — fin
measure since the partial sums of the series are of the form f,, — f,,. Given ¢ > 0, choose N such that
m{z @ |fu(x) — fr(x)] > /2} < /2 for all n,r > N and m{x : |f,, () — f(x)] > €/2} < €/2 for all
v=N. Now {z:|fu(z) — f(z)] = e} C{a: |fu(@) = fu,(@)] = £/2} U{z : [fn,(x) — f(z)] = £/2} for all
n,v > N. Thus m{x : |f,(x) — f(z)| > e} <efor all n > N. i.e. f, — f in measure.

5 Differentiation and Integration

5.1 Differentiation of monotone functions

1. Let f be defined by f(0) =0 and f(x) = zsin(1/z) for z # 0. Then D £(0) = limy,_,o+ M =
limy, o+ sin(1/h) = 1. Similarly, D~ f(0) =1, D4 f(0) = D_f(0) = —1.

2a. Dt[—f(z)] = mh—»ﬁw - _himhﬂmw = -D, f(x).

2b. Let g(x) = f(—z). Then DT g(x) = Hhﬂmw = H;HMW = limj,_,g+ —
f(—ac)—ﬁ(—:c—h) = —lim, o+ f(—w)—i(—x—h) = —D_f(-=).

3a. Suppose f is continuous on [a,b] and assumes a local maximum at ¢ € (a,b). Now there exists
d > 0 such that f(c+ h) < f(c) for 0 < h < §. Then w < 0 for 0 < h < 4. Thus
DT f(e) = mh_,mw < 0. Similarly, there exists 6’ > 0 such that f(c¢) > f(c—h) for 0 <
h < ¢'. Then W > 0 for 0 < h < ¢. Thus D_f(c) = himhémw > 0. Hence
Dy f(c) < D*f(e) <0 < D_f(e) < D~ f(c).

(*) Note error in book.

3b. If f has a local maximum at a, then D, f(a) < DT f(a) < 0. If f has a local maximum at b, then
0< D f(b) < D~ f(b).

4. Suppose f is continuous on [a,b] and one of its derivates, say DT f, is everywhere nonnegative on
(a,b). First consider a function g such that D¥g(x) > ¢ > 0 for all z € (a,b). Suppose there exist
x,y € [a,b] with < y and g(x) > g(y). Since Dt g(z) > 0 for all = € (a,b), g has no local maximum in
(a,b) by Q3. Thus g is decreasing on (a,y] and DT g(c) < 0 for all ¢ € (a,y). Contradiction. Hence g is
nondecreasing on [a, b]. Now for any € > 0, DV (f(x)+ez) > ¢ on (a,b) so f(z)+ ez is nondecreasing on
[a,0]. Let x < y. Then f(z)+ex < f(y)+ey. Suppose f(z) > f(y). Then 0 < f(z)— f(y) <e(y—=z). In

particular, choosing € = (f(x) — f(y))/(2(y — z)), we have f(z) — f(y) < (f(z) — f(y))/2. Contradiction.
Hence f is nondecreasing on [a, b].

The case where D~ f is everywhere nonnegative on (a, b) follows from a similar argument and the cases
where D, f or D_ f is everywhere nonnegative on (a, b) follow from the previous cases.

5a. For any @, D¥(f + g)(x) = oy FROCRUE0E) _ iy, (L)@ 4 slethal)) <
HhﬂO*W +mhao+w = Dt f(z) + Dt g(x).
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5b. For any x, Dy (f + g)(z) = lim,, o+ (f+g)(x+h,z_(f+g)(l) = Himhﬂm(f(l-—s—hf)t_f(z) + g(x+h;z_g(x)) <
T, g LI o iy, S4B — D f(2) + Dyg(o).
Similarly, D= (f +¢9) < D f+ D gand D_(f+9) < D~ f+ D_g.

5c. Let f and g be nonnegative and continuous at c¢. Then DT (fg)(c) = lim,_,o+
fleth)g(eth)—f(0)g(e) _ iy (fleth)=F(c)glcth)+f(c)(g(ct+h)=g(c))
7 = 11my,_,o+ h — g(C)

(fg)(chhf);(fg)(C) —

mh_)w f(c+h})L—f(C) +

limy, g+
F ()l o+ LERZHD = f(e)Drg(e) + g(e) DT f (o).

*6a. Let f be defined on [a,b] and ¢g a continuous function on [«, ] that is differentiable at ~ with
g(y) = ¢ € (a,b). Suppose ¢'(y) > 0. Note that if DT(f o g)(y) = %oo, then DT f(¢) = £oo. Now
suppose DT f(c) < oco. Let € > 0 be given and let €; = min(1, m). There exists §; > 0 such
that |M —¢'(y)] < ey for 0 < h < 8;. There exists d2 > 0 such that w — DT f(e) < &
for 0 < b/ < &9 so that f(c+h')—f(c)—h' D7 f(c) < e1h’. By continuity of g, there exists 3 > 0 such that
g(y+h")—g(v) < da for 0 < h” < d3. Now let 6 = min(dq,d3). When 0 < h < 4, |M—g’(7)| <e
and f(g(y + 1)) = f(9(1) = (9(y + h) = g(N)D* F(€) < ex(g(y + h) = g(7)). Hence IUOHP=IalD
Dt f(e)g'(7) = f(g('erh))*f(g(w))*f*f(C)(g(w+h)*9(v)) +D*f(C)(g(v+h)*gév))*hDJrf(C)g’(v) < g('y+hf);g(v) n
D* f(e)(LH=90) — g/(3)) < e1(g/(y) + 1) + e1D* f(¢) < . Thus D*(f o g)(v) < D* f(c)g'(v) and
similarly, it can be shown that D" (f o g)(y) > D' f(c)g’ (7). Hence Dt (f o g)(v) = DT f(c)g' (7).

*6b. Suppose g'(7) < 0. Note that if DT(f o g)(y) = Fo0, then D_f(c)g'(y) = Foo. Also note that

there exists § > 0 such that g(y + h) — g(v) < 0 for 0 < h < §. By a similar argument to that in part

(a), D¥(fog)(v) = D_f(c)g'(7).

*6c¢c. Suppose g (7) = 0 and all the derivates of f at c are finite. By a similar argument to that in part
) =

(a), D*(fog)(v

5.2 Functions of bounded variation

Ta. Let f be of bounded variation on [a,b]. Then f = g — h where g and h are monotone increasing
functions on [a,b]. Let ¢ € (a,b). Also let A = sup,¢(,,) 9(2) and let B = sup,¢(, ) h(x). Note that
A, B < c0. Given € > 0, there exists 6 > 0 such that A—¢/2 < g(c—0) < Aand B—¢/2 < h(c—6) < B.
Then for z € (¢ —d,¢), A—¢/2 < g(x) < Aand B—¢/2 < h(z) < B. ie. 0 < A—g(x) < e/2 and
0<B-h(x)<e/2. Now 0 < |[A—B— f(z)] < (A—g(z)) + (B — h(z)) < ¢ for z € (¢ — d,c). Hence
f(c—) exists. Similarly f(c+) exists. Let g be a monotone function and let E be the set of discontinuities
of g. Now for ¢ € E, g(c—) < g(c+) so there is a rational r. such that g(c—) < r. < g(c+). Note that
if ©1 < 29, then g(x1+) < g(z2—) so ry, # rs,. Thus we have a bijection between E and a subset of Q
so F is countable. Since a function f of bounded variation is a difference of two monotone functions, f
also has only a countable number of discontinuities.

7b. Let (x,,) be an enumeration of Q N [0,1]. Define f on [0,1] by f(z) = >, _,27". Then f is
monotone. Also, at each z,,, for any 6 > 0, there exists x € (z,, 2, + &) such that f(z) — f(z,) > 277!
so f is discontinuous at each x,,.

8a. Suppose a < ¢ <b. Leta=a9 < 21 < - < x, = b be a subdivision of [a,b]. If ¢ = z}, for
some k, then 37 [f(z:) — f(aim1)| = SV 1f (@) = Flwim)| + g [F(@i) — flzin)| < TE() + T2(f).
Thus T2(f) < TS(f) + TP(f). The case where ¢ € (zy,2y1) for some k is similar. Conversely, let
a=2x9<x1 < -+ < xy = c be a subdivision of [a,c] and let ¢ = yo < y1 < ++ < Y = b be a
subdivision of [¢,b]. Thena =29 <21 < --- <zp=c<y; <--- < Yp, = b is a subdivision of [a, b] and
o (@) = flrica)l + 327 1f (i) = f(yi-1)] < TR(f). Tt follows that Tg(f) + T2(f) < Tg(f). Hence
Ty(f) = T5(f) + T2(f) and T (f) < TP(f).

8b. Let a =z9 < x1 < --- < x, = b be a subdivision of [a,b]. Then > 7 |(f + g)(@i) — (f + g)(zi—1)| <
S0 1 (i) = flaimn)|+ 327 19(@s) —g(wi—1)| < TR(f)+T5(g). Hence Tp(f+9) < Ty (f)+T7(g). Let c € R.
If ¢ =0, then T2(cf) = 0= |c|TE(f). If ¢ # 0, then > |cf(x;) — cf(wi—1)| = || o7 | f (i) — f(wiz1)] <
le|Tb(f). Thus T2(cf) < |e|T2(f). On the other hand, >°7|f(x;) — f(wi—1)| = || 37 lef (z) —
ef (@i-1)| < ||~ T (cf). Thus T8(F) < |e| " T2(cf) so [e|T2(F) < Th{cf). Hence T(cf) = [dIT2(f):

9. Let (f,) be a sequence of functions on [a,b] that converges at each point of [a,b] to f. Let a =
29 < x1 < --» < x, = b be a subdivision of [a,b] and let ¢ > 0. Then there exists N such that
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o I (@)= fima)| < 357 1 (@)= fu(@a) |4 307 [ (@im1) = fn (@im )|+ 307 [ (@0) = fu(i1)| < e+ T3 (fn)
for n > N. Thus T2(f) < e+ T2(f,) for n > N so T°(f) < e + LimT?(f,). Since ¢ is arbitrary,
TL(f) < WmT2(fn)-

10a. Let f be defined by f(0) = 0 and f(x) = x?sin(1/2?) for  # 0. Consider the subdivision
—1<2/nm < /2/(n—1)7 < -+ < +/2/m < 1of [-1,1]. Note that t(f) — oo as n — oo. Thus f is
not of bounded variation on [—1, 1].

10b. Let g be defined by g(0) = 0 and g(z) = 2?sin(1/x) for x # 0. Note that g is differentiable
n [—1,1] and |¢'(z)] < 3 on [-1,1]. Thus for any subdivision a = zg < 1 < -+ < z,, = b of [a, )],
20 lg(@i — gzia)l < 4377 i — 2] = 3(g(1) — g(—1)). Hence T2, (g) < 3(g(=1) — g(1)) < oo.

11. Let f be of bounded variation on [a,b]. For any x € [a,b], f(x) = P’”(f) NZ(f) — f(a) so
fl(@) = LP2(f) — LNZ(f) ae. in [a,b]. Thus |f'| < LP2(f)+ LNZ(f) = LT2(f) ae. in [a,b] and

dr’ a — dxr~ a T dxa

JII < [P LT () < TE(F) — To(f) = TA(f).

5.3 Differentiation of an integral

No problems

5.4 Absolute continuity

*12. The function f defined by f(0) =0 and f(z) = 2?sin(1/2?) for x # 0 is absolutely continuous on
[e,1] for € > 0, continuous at 0 but not of bounded variation on [0, 1], thus not absolutely continuous on
[0, 1].

Suppose f is absolutely continuous on |7, 1] for > 0, continuous at 0 and of bounded variation on [0, 1].
For n € (0,1],let 0 =29 < 21 < -+ < &, = 1 be a subdivision of [0,7]. Then since f is continuous at 0,
SV If(z)—f(ziz1)] — 0asn — 0F. Thus 7 (f) — Oasn — 0. Givene > 0, there exists n € (0, 1] such
that Ty (f) < €/2. Since f is absolutely continuous on [n, 1], there exists § > 0 such that for any finite
collection {(z;,})}7 of disjoint intervals in [n, 1] with >} |2} —z;| < 8, we have .7 | f () — f(=;)| < /2.
Now let {(y;,y})}T be a finite collection of disjoint intervals in [0, 1] with > |y} —v:| < 8. If 5 € [y}, yr+1]

n k n

for some k, then 377 [f(y7) — f(ya)l < 220 1F (W0) = Fa)l + 2ohia f (i) — F(wa)| < TG(f) +e/2 <e. If

0 € (yn, yp) for some K, then 337 |f () = F(yi)l < X0 1) = Fi)l + 1 0n) = f ()| + | £ (wh) = f(m) |+
Sowar Wi — f(ya)| < TY'(f) +€/2 < e. Hence f is absolutely continuous on [0, 1].

13. Let f be absolutely continuous on [a,b]. Then f is of bounded variation on [a,b] so by Q11,
f; |f'| < TP(f). Conversely, since f is absolutely continuous on [a,b], for any subdivision a = x5 <

1 < e < wg = bof [a,b], ST f () — fle)] = SULLT LS ST = [P1f] Thus
TH(f) < [21f']. Hence TE(f) = [V 1f'].

For any € [a,b], f(z) = F;(f) = Ng(f) — f()SOf()Zdipf(f)—* a(f) ae. in[a,b]. Thus
() < (BRI + NI~ = &P2(f). Thus [)(f +<f EP(f) < PI(f (f)= (f)
Conversely, for any subdivision @ = zyp < 1 < -+ < @, = b of [a,b], YT (f(z ) ( ))

ZMLA TSN (F)T = [L(f)F. Thus PA(f) < [T(f)*. Hence P2(f) = [1(f’

)If [g<0,then (fg)t =0< [g". If [¢g>0,then ([g)T=[g< [gT.

14a. Let f and g be two absolutely continuous functions on [a, b]. Given & > 0, there exists § > 0 such
that Y7 | f(2}) — f(@:)| < e/2 and Y 7 |g(z;) — g(z;)| < &/2 for any finite collection {(x;,z})}7 of disjoint
intervals in [a,b] with Y 7 |2} — ;| < 8. Then Y 7' |(f £ 9)(z}) — (f £ g)(z)| < Y71 () — f(z)] +
>1lg(x}) — g(xi)| < e. Thus f+ g and f — g are absolutely continuous.

14b. Let f and g be two absolutely continuous functions on [a,b]. There exists M such that |f(z)| < M
and |g(x)| < M for any z € [a,b]. Given € > 0, there exists § > 0 such that >} |f(z}) — f(z;)| < e/2M
and > 7 |g(«}) — g(z;)| < €/2M for any finite collection {(z;,})} of disjoint intervals in [a,b] with
21 |wi—2i| < 8. Then 377 |(fg)(@f)—(fg) (i) < 327 £ (@))llg(x)) —g (@) |+ 327 lg(@a) |l f (2F) —f ()] <e.

Thus fg is absolutely continuous.

14c. Suppose f is absolutely continuous on [a,b] and is never zero there. Let g = 1/f. There exists M
such that |f(z)| > M for z € [a,b]. Given € > 0, there exists § > 0 such that Y7 | f(2}) — f(z;)| < eM?
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for any finite collection {(z;,2})} of disjoint intervals in [a, b] with Y"1 |2} —2;| < 6. Then |g(z})—g(z;)| =

%m < e. Thus g is absolutely continuous.

15. Let f be the Cantor ternary function. By Q2.48, f is continuous and monotone on [0,1]. Note
that f/ = 0 a.e. on [0, 1] since f is constant on each interval in the complement of the Cantor set and
the Cantor set has measure zero. If f is absolutely continuous, then 1 = f(1 fo 1+ f(0) =
Contradiction. Thus f is not absolutely continuous.

16a. Let f be a monotone increasing function on [a,b]. Let g be defined by g(z f f' and let
h = f —g. Then g is absolutely continuous, h'(z) = f'(x) — - fa f ' =0ae. so h is singular, and
f=g+h

16b. Let f be a nondecreasing singular function on [a,b]. Let €, > 0 be given. Since f is singular on
[a, b], for each x € [a, b], there is an arbitrarily small interval [z, z+h] C [a, b] such that | f(z+h)— f(z)| <
eh/(b— a). Then there exists a finite collection {[xf,yx]} of nonoverlapping intervals of this sort which
cover all of [a,b] except for a set of measure less than §. Labelling ) such that z; < xpi1, we have
yo=a<z; <ty <2< <y, <b=axp41. Then Y o |zp1 —yil < and Y7 |f(yx) — flzx)| < e
Since f is nondecreasing, Y ¢ | f(zr+1) — f(yx)| > f(b) — f(a) —e.

16¢c. Let f be a nondecreasing function on [a,b] with property (S). i.e. Given &,0 > 0, there is a finite
collection {[yx,zx]} of nonoverlapping intervals in [a,b] such that Y | |zx — yx| < § and D7 (f(zx) —
f(yk)) > f(b) — f(a) —e. By part (a), f = g+ h where g = [ f and h is singular. It suffices to show
that g = 0 a.e. Letting zo = a and y,+1 = b, we have > 1 (f(yr+1) — f(zx)) < e. We may choose & such

that fU?[yk o] f' < e. Then f; ' < 2es0 f; f/=0and g=0.

16d. Let (f,) be a sequence of nondecreasing singular functions on [a, b] such that the function f(z) =
> fa(x) is everywhere finite. Let €,6 > 0 be given. Now f(b) — f(a) = Y (fn(b) — fula)) < oo so
there exists N such that > 7., (fu(b) — fn(a)) < /2. Let F(x) = Ziv fn(x). Then F is nondecreasing
and singular. By part (b), there exists a finite collection {[yx, x|} of nonoverlapping intervals such that
2 ek —yk| < & and 3 (F(yr)—F(xx)) > F(b)—F(a)—e/2. Now > (f(yr)—f(2x)) = D (F(yx)—F (k) >
F(b) = F(a) — /2 = f(b) — f(a) = X1 (fn(b) — fu(a)) — /2 > f(b) — f(a) —e. By part (c), f is
singular.

*16e. Let C be the Cantor ternary function on [0,1]. Extend C to R by defining C(z) = 0 for < 0 and
C(x) = 1 for x > 1. For each n, define f, by f,(z) = 27"C(;5=%~) where {[an, b,]} is an enumeration of
the intervals with rational endpoints in [0, 1]. Then each f,, i is'a nondecreasmg singular function on [0, 1].
Define f(z) = > fu(x). Then f is everywhere finite, strictly increasing and by part (d), f is singular.

17a. Let F be absolutely continuous on [c,d]. Let g be monotone and absolutely continuous on |[a, b
with ¢ < g < d. Given € > 0, there exists 6 > 0 such that for any finite collection {(y;,y;)} of disjoint
intervals with Y 7 |yi — y;| < &, we have >"7 |F(y]) — F(y;)| < e. Now there exists 6’ > 0 such that for
any finite collection {(x;,z})} of disjoint intervals with >} |2} — 2;| < &', we have Y | |g(z}) — g(=;)| < 0.
Now {(g(w;),g(z}))} is a finite collection of disjoint intervals so .7 |F(g(z})) — F(g(z;))| < e. Hence
F o g is absolutely continuous.

(*) Additional assumption that g is monotone. Counterexample: Consider f(z) = \/z for z € [0,1] and
g(0) =0, g(z) = (zsinz™1)? for z € (0,1]. Then (f 0 g)(0) =0 and (f o g)(z) = xsinz~! for x € (0,1].
f and g are absolutely continuous but not f o g.

*17b. Let E = {x : ¢/(z) = 0}. Note that [g(z) — g(a)| =| [ ¢'| < [ |¢'| for all z € [a,b]. Let € > 0.
There exists 6 > 0 such that [, |¢'| < /2 whenever mA < §. Let n = ¢/4(b—a). For any = € E,
there exists h, > 0 such that |g(x + h) — g(z)| < nh for 0 < h < hy. Define U = {[z,z+ hy] : z €
E,|g(y) —g(z)] <n(y — z) for y € (x,x + hy|}. Then Y is a Vitali covering for F so there exists a finite

disjoint collection {I1,...,In} of intervals in U such that m(E\U I,) < 4. Now let O be an open set
such that O D E'\ Ui:;l I, and mO < §. Then O is a countable union of disjoint open intervals .J,,, and
g[E\ngl In] - Ug[Jm}- Thus m(g[E \ U::/:1 In)] < Zm( [ ) < Zf] l9'| = fo l9'| < e/2. Also,

9[E N UnZy In] € UnZy 9lTa] s0 m(g[E N UnZ, 1)) < 30 2he, 1 < 2(b —a)n = ¢/2. Hence m(g[E]) <e.
Since ¢ is arbitrary, m(g[E]) = 0.

18. Let g be an absolutely continuous monotone function on [0,1] and E a set of measure zero. Let
€ > 0. There is an open set O D E such that mO = m(O\ E) < ¢ where 0 is given by absolute continuity
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of g. Now O is a countable union | I, of disjoint open intervals so Y I(I,,) < ¢ and > I(g[I,N[0,1]]) < ¢
Now g[E] C Jg[l, N[0, 1]] so m(g[E]) < e. Since ¢ is arbitrary, m(g[E]) = 0.

19a. Let G be the complement of a generalised Cantor set of positive measure and let g = f[;,: Xa- Then
g is absolutely continuous and strictly monotone on [0,1]. Also, ¢’ = x¢ = 0 on G°.

19b. Since {z : ¢'(x) = 0} has positive measure, it has a nonmeasurable subset F. By Q17(b),
m(g[F]) = 0. Also, g ![g[F]] = F is nonmeasurable.

20a. Suppose f is Lipschitz. There exists M such that |f(z) — f(y)| < M|z — y| for all z,y. Given
e >0, let § = ¢/M. For any finite collection {(z;,z})} of nonoverlapping intervals with "7 |2} — z;] < 4,
we have Y1 |f () — f(@:)| < M Y7 |2} — x;| < e. Thus f is absolutely continuous.

20b. Let f be absolutely continuous. Suppose f is Lipschitz. Now f’(z) = limy_,, w so |f'(x)] =

lim |M| < M for all z. Conversely, if f is not Lipschitz, then for any M, there exist « and y
such that |f(x) — f(y)| > M|z — y|. Then |f'(c)| > M for some ¢ € (z,y) by the Mean Value Theorem.
Thus for any M, there exists ¢ such that |f'(c)| > M so |f’| is unbounded.

*20c.
21a. Let O be an open set in [¢,d]. Then O is a countable union |J I, of disjoint open intervals. Now
for each n, I, = (g(cn), g(dn)) for some c,,d, € [c,d]. Also, g='[0] = Ug'[In] = U(cn,dy). Thus

mO = Y 1(I,) = S (g(dn) — g(en) =5 [ ¢’ = [ 11019

21b. Let H = {z : ¢'(x) # 0}. Let E C [c¢,d] with mE = 0 and let § > 0. Then there exists an open
set O D F with mO < §. By part (a), fg’l[O] g’ < 4. Thus fg*l[E]ﬂH g = fg,l[E] g’ <. Since § > 0 is
arbitrary, fg,l[E]mH g = 0. Since ¢’ > 0 on g~ ![E] N H, the set g~ '[E] N H has measure zero.

21c. Let E be a measurable subset of [¢,d] and let F' = g~ 1[E]N H. Since g is absolutely continuous, it

is continuous and thus measurable so g~![E] is measurable. Also, ¢’ is measurable so H is measurable.
Thus F = g~ '[E] N H is measurable.

There exists a Gs set G D E with m(G \ E) = 0. We may assume G C [c,d]. By part (b), m((g7'[G] \
g E])NH) =0 so f G]an fg,l[E]ﬁH ¢’. Now G is a countable intersection [ O,, of open sets.
Let Gy, = ﬂn:l O,. Then G; D G D - -+ so limmGy = m((Gx) = mG. Now mE = mG = limmGy =
lim | g1 [Gx]NH g’ = lim fn’;zlgfl[on]mH g = fm g=1[0n)NH g = fg—l[G]nH g = fg*l[E]ﬁH 9 = Jpg' Also,
Jed = [ 9 = Ji xele@)d' (@) d.

21d. Let f be a nonnegative measurable function on [¢,d]. Then there is an increasing sequence
(¢n) of simple functions on [c,d] with limp, = f so limp,(g(z))d'(z) = f(g(z))g'(x). Since each
(pnog)g’ is measurable, (fog)g’ is measurable. Now fb on(g9(x)g'(z) da = Zf; ckXe,(9(x))g (z) de =
chmEk = f ©n(y) dy. By the Monotone Convergence Theorem, lim [ ¢, = [ f. Thus fcd fly) dy =

lim fc on(y) dy = lim fa on(g(x)d'(x) de = fa flg(x)d' (z) da.
22a. F is absolutely continuous on [c7 d], gis monotone and absolutely continuous on [a, b] with ¢ < g < d.

By Q17(a), H = F o g is absolutely continuous. Whenever H' and ¢’ exist with ¢'(x) # 0, we have
D*Fly(z)) = D Flg(x) = D Flo(w) = D-Flg(e) = H'(2)/g(x) by Qi so F'(fe) exss. Now
H' and ¢’ exist a.e. so H'(z) = F'(g(z))g'(z) a.e. except on E = {z: ¢’'(x) = 0}.

22b. Let fy be defined by fo(y) = f(y) if y € g[E] and fo(y) =0 if y € g[E]. By Q17b, m(g[E]) = 0 so
fo = f ae. Hence H'(z) = f(g9(x))d' (z) = fo(g(z))g'(z) a.e.

*22c.

*22d.

5.5 Convex functions

23a. Let ¢ be convex on a finite interval [a,b). Let z¢ € (a,b) and let f(z) = m(z — o) + p(z0) be the
equation of a supporting line at zg. Then ¢(z) > f(x) for all € (a,b). Since ¢ is continuous at a, we
have ¢(x) > f(z) > min(f(a), f(b)) for all x € [a,b). Hence ¢ is bounded from below.

23b. Suppose ¢ is convex on (a,b). If ¢ is monotone on (a,b), then (x) has limits (possibly infinite)
as it approaches a and b respectively from within (a,b). If ¢ is not monotone, then there exists ¢ € (a, b)
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such that D" ¢(z) < 0on (a,c] and DT ¢(z) > 0 on [c, b) since the right-hand derivative of ¢ is increasing
n (a,b). Thus ¢ is monotone on (a,c] and on [¢,b) and it follows that the right-hand and left-hand

limits exist at a and b respectively. If a (or b) is finite, then by part (a), the limits at a (or b) cannot be

—00.

23c. Let ¢ be continuous on an interval I (open, closed, half-open) and convex in the interior of I.

Then ¢tz + (1 — t)y) < tp(z) + (1 — t)p(y) for all z,y in the interior of I and all ¢ € [0,1]. Since ¢ is

continuous, the inequality also holds at the included endpoints.

24. Let ¢ have a second derivative at each point of (a,b). If ¢”(x) > 0 for all z € (a,b), then ¢’ is
increasing on (a, b). Also, ¢ is continuous on (a,b). Hence ¢ is convex on (a,b). Conversely, if ¢ is convex
on (a,b), then its left- and right-hand derivatives are monotone increasing on (a,b) so ¢’ is monotone
increasing on (a,b). Hence ¢ (z) > 0 for all = € (a,b).

25a. Suppose a > 0 and b > 0. Let ¢(t) = (a + bt)P?. Then ¢ is continuous on [0,00) for all p. For
p=1,90) =a+btso¢"(t)=0. For 1 <p < oo, ¢"(t) = b*p(p—1)(a+bt)?"2 > 0. For 0 < p < 1,
—"(t) = —b?p(p — 1)(a + bt)P=2 > 0. Hence, by Q24, ¢ is convex for 1 < p < oo and concave for
O<p<1.

25b. For p > 1, ¢”(t) > 0 for all t € (0,00) so ¢’ is strictly increasing on (0,00). Now for z < y,

¥)(M(-‘l_(1/\)2\1?)%)50(]:) = (&) for some & € (z, Az +(1—N)y). Also, ely)= ‘P(’\gz)';()l ) _ = ¢/(&) for some

& € Az + (1 — Ny, y). Since ¢'(&1) < ¢’ (&), WM(J{(_IMQK)@@( 2) o el)= (igz)z()l AW Equivalently,

eAx 4+ (1 — ANy) < dp(z) + (1 — N)e(y). Hence ¢ is strictly convex for p > 1. Similarly, ¢ is strictly
concave for 0 < p < 1.

*26. Let a = [ f(t) dt and le ( ) = m(z — a) + exp(a) be the equation of a supporting line at a.
Equahty holds when fexp (t)) dt = exp(a). Now [exp(f(t)) dt —exp(a) = [exp(f(t)) dt — g(a) =

Jexp(f( g([ f(t) dt) = [(exp(f(t)) — g(f())) dt. Since exp(f(t)) — g(f( )) = 0, the integral is
Zero only When exp(f(t)) ( (t)) = 0 a.e. and this can happen only when f(t) = « a.e.

27. Let (o) be a sequence of nonnegative numbers whose sum is 1 and let (£,,) be a sequence of positive

numbers. Define f on [0,1] by f(z) = logé&, if € [Zﬁ: @naZﬁzl ay,). For each k, Hn 1 &0 =
k [e7) @ ":.: An

exp(Y5_y v log &) = exp(f;= " () db). Thus [T &0 < f5m= ™ exp(f(1)) dt = Y5

Letting k — oo, we have [[02 | &9 < 3> | anén.

28. Let g be a nonnegative measurable function on [O, 1]. Since log is concave, [ —log(g(t)) dt >
—log([ g(t) dt) by Jensen’s inequality. Hence log( [ g(t) dt) > [log(g(t)) dt.

6 The Classical Banach Spaces
6.1 The L? spaces

1. If | f(t)] < My ae. and |g(t)| < My a.e., then |f(t) + g(t)| < My + My a.e. so ||f + gl < My + Ms.
Note that [f(#)] < [[f[loc a-e. and |g(t)] < [|glloo a-e. Thus ||f + glleo < |[fllcc + [l9lloo-

2. Let f be a bounded measurable function on [0, 1]. Now ||f||, = fo [P/ < ( fo F11B)YP = | f]|o-
Thus Timy—oo|[fllp < [|fllc. Let & > 0 and let E = {z € [0,1] : |f(2)] > [|f|lc — €} Then [|f]], =
o FY2 = ([ LFP)YP > (|| flloe = €)(mE)Y/?. T mE = 0, then ||f|so < ||flloc — . Contradiction.
Thus mE > 0 and lim, , ||f[l, > [|f|lcc — €. Since ¢ > 0 is arbitrary, lim, , [|f|[, > [|f]|cc. Hence
limy, o || fllp = [1£lloc-

317 +oll = Jo |f +al < Jo (71 +1a) = Jo 1F1+ Jy lal = [1£11x + llgl 1

4. Suppose f € L' and g € L. Then [[fg| < [[flllgllec = llglloc [ 1] = [I£]I1]]g]lc0-

6.2 The Minkowski and Holder inequalities

5a. Let f and g be two nonnegative functions in L? with 0 < p < 1. We may assume ||f||, > 0 and

lgllp > 0. Let o = |[|f|l, and 8 = |lgllp so f = afo and g = Bgo where [|foll, = llgoll, = 1. Set
A=af/(a+ ). Then 1 -\ = g/(a+p) and |f + g[P = (f +g)” = (afo + Bgo)? = (o + B)P(Mfo +
(1=XNgo)? > (a+ B)P(NfE + (1 — N)gh) by concavity of the function ¢(t) = ¢¥ for 0 < p < 1. Thus
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Lf+9llp = (atB)P (Ml follp + (X =N)lgol D) = (+B)P = ([ fllp+Ilgllp)?- Hence | f+gllp = |[f]lp+]lgllp-
5b. Suppose f € LP and g € LP. For 1 < p < o0, f+g € LP by the Minkowski inequality. For 0 < p < 1,
Lf +gllp < [12max(f, g)|[} = 27| max(f, g)lI} < 2°([[fI[} + [lg][})- Thus f+g € LP.

*6. Suppose 0 < p < 1. Let p’ = 1/p so p’ > 1. Let ¢ be such that 1/p + 1/¢ = 1. Note that
q=pp/(1—7p). Let u= (fg)? and let v = g~P. Then fg = u?, f? = wv and g? = ¥/~
Let ¢’ be such that 1/p’ + 1/¢" = 1. By the Holder inequality, [ |uv| < ||u]ly||v|lg. e [|f|P <
(f |falPP )P ([ g/ A=p D)@ =0/ET = ([ |fg)P([ g]9)' 7P, Hence [[fgl > ([If[P)V/P([f1g]?)/7 =
[ 1lpllgllq-

Ta. For p = oo, [[(§o +10) |0 = sup [€u +nu| < sup(|€o]+[m]) < sup [&o|+sup [1o] = [[{€o)lloo + [0} |oo-
For 1 < p < oo, let a = [[(&)llp and 8 = [[{n,)lp so (&) = a(&,) and (ny) = B(m,) where [[S]], =
Imllp = 1. Set A = a/(a+ B). Then 1 — X = /(e + B) and [[(&, + mo)l, = (X |& + mu|P)/? <
&l +[mh)P) P = (X (eléy | +Bln,)P) P = (C(a+B)PIE [+ =N P) /P < (C(a+B)PNE [P+
(L =N PDP = a+ 8 = [[{€llp + [1{m)]]p-

7b. For p =1,q = 00, 3 |&unu| < sup [ny] 22 [&u] = [[{€u)l[1[{m0)|]o-

For 1 < p < 00, let a, = |1,|%/P. Then |n,| = a?~' and pt|&,||n.| = pt[&,|a?™" < (au, +t|€,])P —a®. Thus
2Pl lme] < 32w + 1€ )P = 2o af = [{ow + HE DL — [l < ([Kew)llp + £l1{Eu)[p)? — [[(au)][5-
Differentiating with respect to ¢t at t = 0, we get p 3 [&ol[no| < pl[{€)Ipl[{) ™" = pIKEMpl (0} ]q-
Hence 3 [Sollno| < [1{€u)[lp](m0)]lq-

8a. Let a, b be nonnegative, 1 < p < oo, 1/p+1/q = 1. Consider the graph of the function f(x) = 2P~ 1.
The area of the rectangle bounded by the z-axis, the y-axis, x = a and y = b is ab. The area of the

region bounded by f(x), the z-axis and = = a is foa 2Pl dr = a?p. The area of the region bounded by

f(x), the y-axis and y = b is fob yt/ =1y = % = %. By comparing these areas, we see that
aP b

p q
8b. We may assume that || f||, > 0 and ||g||; > 0. By part (a), [ Hlffl‘\p “|gg||‘q <[ pl‘lj;‘llﬁ—'_q\lf;\\g = %—i—% =1.

Hence [ |fg] <||f|lpllglls- Equality holds in part (a) if and only if b = a?~!. Thus equality holds here if
and ounly if || f[[E="[g| = ||gll|f[P~". Equivalently, ||f|[} [g]* = [lg]|Z | fI-
8c. Suppose 0 < p < land 1/p+1/g=1. Let p’ = 1/p and ¢ = —¢q/p. Then p’ > 1, ¢ > 1 and

1/p' +1/¢' = 1. Thus (ab)Pb~? < @07 4 b7 — pab — P2 50 aP < pab — P2 and ab > % + .

8d. By a similar argument as part (b), [|fg| > ||flp/l9]lq-

6.3 Convergence and completeness

9. Let (f,) be a convergent sequence in LP. There exists f € LP such that for any £ > 0, there exists N
such that ||f, — fll, < &/2 for n > N. Now for n,m > N, ||fn, — fullp < fn = fllp +|1fm — fllp <e.
Thus (f,) is a Cauchy sequence.

10. Let (f,) be a sequence of functions in L>°. Suppose || fr, — f||oc — 0. Given e > 0, there exists N such
that inf{M : m{t: |fn(t)—f(t)| > M} =0} <eforn > N. Thusm{t: |fn(t)—f(t)| > e} =0forn > N.
Let E = {t: |fn(t) — f(t)] > e}. Then mE = 0 and (f,) converges uniformly to f on E°. Conversely,
suppose there exists a set E with mE = 0 and (f,,) converges uniformly to f on E€. Given € > 0, there
exists N such that |f,(t) — f(t)] < e/2 for n > N and ¢t € E°. Thus {t : |f.(t) — f(¢)| > ¢/2} C E for
n > N. Hence inf{M : m{t : |fn(t) — f(t)]| > M} =0} <e forn > N. ie. ||fn — fl|lcc — 0.

11. Let (fn) be a Cauchy sequence in L. Given ¢ > 0, there exists N such that inf{M : m{t :
[fn(®) = fr ()] > M} =0} = || fr — fimlloo < €/2 for n,m > N. Thus for n,m > N, there exists M < /2
such that m{t : |fn(t) — fin(t)] > M} =0 so m{t : |fn(t) — fm(t)| > &/2} = 0. Then (f,) converges a.e.
to a function f and |f, — f| < /2 a.e. for n > N so |f| < |fn|+ /2 a.e. and f € L. Furthermore,
inf{M :m{t:|fu(t)— f(t)]> M} =0} <eforn>N.ie. ||fn— fllooc — 0.

12. Let 1 < p < oo and let ( 1(,n)> be a Cauchy sequence in ##. Given € > 0, there exists N such that
> ‘&()n) - &(;m)|p < eP for n,m > N. In particular, |§1(,n) - &(,m)\p < &P for n,m > N and each v. Thus for
cach v, (£ is Cauchy in R so it converges to some &,. Consider (&,). Then 25:1 1€ ¢ |P < P for

cach k and each n > N so Y2 |&5 — &,|P < &P for n > N. Thus (¢ — &,) € £P for n > N so (£,) € (P
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and [[(€5") = (€)]lp — 0.

13. Let C = C]0,1] be the space of all continuous functions on [0, 1] and define || f|| = max |f(z)| for
f e C. It is straightforward to check that || - || is a norm on C. Let (f,) be a Cauchy sequence in C.
Given € > 0, there exists N such that max|f,(x) — fi(2)] < € for n,m > N so |fn(z) — f(2z)] < €
for n,m > N and x € [0,1]. Thus (f,(x)) converges to some f(z) for each x € [0,1]. Furthermore, the

convergence is uniform. Thus f € C. Also, max |f,(z) — f(x)| < e for n > N. ie. ||f, — f|]| = 0.
14. It is straightforward to check that || - ||Oo 1s a norm on £*°. Let ( (")> be a Cauchy sequence in £*°.
Given ¢ > 0, there exists IV such that sup \fv (m)| < ¢ for n,m > N. Then |§(" §1()m)| < ¢ for

each v and n,m > N. Thus (fq(,n)> converges to some &, for each v and |§1, — & | < e forn > N. Then
€| < |§1()N)| + ¢ for each v and (&,) € £>°. Also, sup |§1()n) —&| <eforn>N. ie. ||(§1,")> — (€)oo — 0.
15. Let ¢ be the space of all convergent sequences of real numbers and let ¢y be the space of all sequences
which converge to 0. It is straightforward to check that || - ||oo is @ norm on ¢ and ¢q. Let ( ) be a
Cauchy sequence in c. Given € > 0, there exists N such that sup |§7(Jn) (m)| < ¢ for n,m > N. Then
|§75”) — ff,m)| < ¢ for each v and n,m > N. Thus 5")> converges to some &, for each v. Now for each v
and v’, there exists N’ such that |, — & | < &y — ff,N/)| + |§§N/) 1()],\[ )\ + |& 1(){\/ )| < e. Thus (&)
is Cauchy in R. Hence (¢,) € ¢ and sup \&()") — &l <e e ||<§1(,n)> (&)]loo — 0. If ( Un)) is a Cauchy
sequence in cg, then (&,) converges to 0 since |€,| < |§vn) — &l + |§Un)|.

16. Let (f,) be a sequence in LP, 1 < p < oo, which converges a.e. to a function f in LP. Suppose
[fn = fllp — 0. Then [|full, — [Ifllp since | [[fullp = [[fllp | < [[fa — fllp- Conversely, suppose
[ fullp = [ fllp- Now 2P(|ful? 4 [fP) — |fn — fIP > 0 for each n so by Fatou’s Lemma, Jorttfp <
lim [ 2P(| ful? + |fIP) = | fo = 1P = [ 201 | f|P —Tim [ | f = fIP. Thus im [ [f, — f|P <0 < lim [ | f, — f|"-
Hence || f,, — f[|, — 0.

17. Let (f,) be a sequence in LP, 1 < p < oo, which converges a.e. to a function f in LP. Suppose there
is a constant M such that ||f,||, < M for all n. Let g € L9. Given € > 0, there exists § > 0 such that
S 19|19 < (e/4M)? whenever mE < 4. By Egoroff’s Theorem, there exists E such that mE < § and (f,)
converges uniformly to f on E°. Thus there exists N such that |f,(z) — f(2)| < £/(2(mE°)'?||g]|,)
forn > N and & € EC. Now | [ fug = [ fgl < [1fa = fllal < (Jg [fo = FIVYP([5 191DV + (fie [ fn —
FIVP(fge gl e < 2M (/4m) + (e/(2(mE)/7||g]l))(mE)/?||g|lq = ¢ for n > N. ie. [fg =
lim [ fng.

For p = 1, it is not true. Let f, = nx[o,1/n) for each n. Then f, — 0 and ||f,|[1 = 1 for each n. Let
g =Xjo,a) € L. Then [ fg=0but [ fog= [ fn =1 for each n.

18. Let f,, — fin LP, 1 < p < oo and let (g,,) be a sequence of measurable functions such that |g,| < M
for all n and g, — g a.e. Given € > 0, there exists § > 0 such that [, |f|? < (¢/8M)P whenever
mE < §. By Egoroft’s Theorem, there exists E such that mE < ¢ and (g,) converges uniformly to
g on E°. Thus there exists N such that ||f, — f||, < &/2M and |g,(z) — g(x)| < &/(4(mE)Y?||f|[,)
forn > N and x € E°. Now ||9nfn - gf“p < Hgnfn - gnf”p + ||gnf - ngp = (f |gn|p|fn - f|p)1/p +
([ lgn = gIP[FIP)P < M| fo = fllp + ([ 190 = P LA PP+ (Jige Lgn — gIPLF )P < e/2+ (e/8M)(2M) +
e/(A(mB)P||f|[,)(mE)/P|| f||, = € for n > N. Thus ||g fn — g/l — 0.

6.4 Approximation in L?

3 3
“19. a1l = IEE g U™ Dol € T g U™ Dol Now
1 1
||§k+1 Ek( fkk+1 f)X[gk Ertr1) ||P B f |§k+1 Ek( Ekk+1 f)X[Ek7£k+1)| - E;Jrl (5k+1 &k) plf o fIP. By the
Holder inequality, | [§ fI7 < [or [P DP/e =[S [ FP(fE D=t Thas ([Ta(f)If <

3 £ 5 m—1 &k
S 15 (o 65 PO DY) = S0 ot [0 (e — 0 = [P
Hence WTa (D5 < A5 aﬂd I Ta(f )Hp < [Iflp-
*20. By Chebyshev’s inequality, for any ¢ > 0, [|pa — f|P > e?m{z : |pa(z) — f(z)|P > eP}. Thus
m{z : |pa(z) — f(x)| > e} = m{z : [pa(z) — f(z)[P > P} <eP|[pa — f|[h < e for sufficiently small 6.
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6.5 Bounded linear functionals on the L” spaces

21a. Let g be an integrable function on [0,1]. If ||g|]1 # 0, let f = sgn(g). Then f is a bounded
measurable function, ||f|lcc =1 and [ fg = [|g] = |lgll1||f]lec- If ||g]]1 = 0, then g = 0 a.e. Let f = 1.
Then f is a bounded measurable function, ||f||loc =1 and [ fg= [g=0=||g]|1]|f]]cc-

21b. Let g be a bounded measurable function. Given ¢ > 0, let E = {z : g(z) > ||g||oc — €} and let
f=xg. Then [ fg= [p9> (9l —e)mE = (|lglloc —&)lIfl]1-

22. Let F be a bounded linear functional on ¢P. For each v, let e, be the sequence with 1 in the
v-th entry and 0 elsewhere. For p = 1, note that [[(&,) — D0_; &vew|lt — 0 for each (&,) € €' so
F((&)) = > &,F(ey) by linearity and continuity of F. Now |F(e,)| = |F(ey)|/|lev|]1 < ||F]| for all v so
(F(ey)) € € and [[(F(ev))|loo < [|F]]. Conversely, |[F((§))] = | 22 & (en)] < [[{€u)I[1][{F (€v))]|oo sO
{F(eu))lloo = [F((&))I/II{&)]I1 for all nonzero (&,) € £1. Thus |[(F(e))|loc = [|F|l-

For 1 < p < oo, note that [[(§,) — > on_, &veyllp — 0 for each (§,) € 2 so F({(&)) = Y& F(ew)
by linearity and continuity of F. For each v, let z, = |F(e,)|?/F(e,) = |F(e,)|9  sgn(F(e,)) and let
= (1,...,2,,0,0,...). Then F(z) =Y "'_ x,F(e,) = >on_; |Fley)|?. Now [|z]|, = (C0_, |, [P)}/P =

(S0 [F(en) Pa)Yr = (S0 [F(en)| )7 so (S0, [F(e)|)V1 = eimtliell o 1G)
[|F|| for all n. Thus (F(ey,)) € €9 and [[(F(e,))|lq < ||F]||. Conversely, |F (&) = | &F (ey)] <
(&) |p | (F'(€0))1q S0 [[(F(ex))llg = [F({€u))I/ {0} ]p for all nonzero (€,) € ¢P. Thus [|(F(ev))|lq = [|F]]-
23. Note that [[(€,) — D01 &l — 2pepni E€ulloo — 0 for each (§,) € ¢ with lim§&, = & so F((&,)) =
> &,F(ey) by linearity and continuity of F. For each v, let x, = sgn(F(e,)) and let = be defined as
before. Then F(z) = Y i_  x,F(ey) = Y on_ i |F(ew)| so Yov_ |F(ew)| = |F(2)|/||z]|oo < ||F]| for all n.
Thus (F(e,)) € " and [[(F(e,))|[1 < [|[F]]. Conversely, |F((€,))] = |32 & F(ew)| < [[{€u)lool [(F (€)1
so [[{F(ex))|]1 = |F({EN)|/]1{&u) |0 for all nonzero (&,) € ¢. Thus ||{F(ey))||1 > ||F||- Similarly for cg.

*24. Let F be a bounded linear functional on LP, 1 < p < oo, and suppose there exist functions g and
h in LY such that F(f) = [ fg = [ fhfor all f € LP. For p > 1, choose f = |g — h|?"?(g — h). Then
[P = lg—h[Pl"D) = |g—h|?so f € LP. Now [ |g—h|*"*(g—h)g = [|g—h|"*(g—h)hso [|g—h|* =0.
Thus g = h a.e. For p = 1, choose f = sgn(g—h). Then f € L' and f(g9—h) = |g—h|. Now [ fg= [ fh
so [|lg—h|=[f(g—h)=0. Thus g = h a..

IN

7 Metric Spaces

7.1 Introduction

la. Clearly, p*(z,y) > 0 for all ,y. Now p*(z,y) = 0 if and only if |z; — y;| = 0 for all ¢ if and only if
x; = y; for all ¢ if and only if x = y. Since |x; — y;| = |y; — ;| for each i, p*(x,y) = p*(y,x). Finally,
p(@,y) = 2y lwi—yil < 300 (i — 2l + |z —wil) = 200 | — 2l + 3000 |2 — il = p* (2, 2) +97(2,y).
The argument for p* is similar except for the last property. For any z;,y;,z2;, |z; — y;| < |z; — 2| +
25 — yjl < max; |z; — 2| +max; |2 — yi| = pF (2, 2) + pT(2,y). Thus p*(z,y) < p*(z,2) + p"(2,y).
1b. For n = 2 (resp. n = 3), {z : p(z,y) < 1} is the interior of the circle (resp. sphere) with center
y and radius 1. {z : p*(z,y) < 1} is the interior of the diamond (resp. bi-pyramid) with center y with
height and width 2. {z : p™(z,y) < 1} is the interior of the square (resp. cube) with center y and sides
of length 1.

2. Suppose 0 < ¢ < 0 —p(z,2) and y € S,.. Then p(z,y) < € < § — p(z,2). Hence p(z,y) <
p(xVZ) + p(Z,y) <4 so AS Sx,6~

3a. For any z, p(z,z) = 0. If p(x,y) = 0, then p(y,z) = p(z,y) = 0. If p(z,2) = 0 and p(z,y) = 0,
then 0 < p(z,y) < p(z, z) + p(z,y) = 0 so p(z,y) = 0. Thus p(z,y) = 0 is an equivalence relation. Let
X* be the set of equivalence classes under this relation. Suppose x and z’ are in the same equivalence
class. Also suppose that y and ¢y’ are in the same equivalence class. Then p(z,y) < p(x,2’) + p(2',y) =
o' y) < p(@',y) + p(v,y) = p(z’,y). If p(x,y) = 0, then = and y are in the same equivalence class.
Thus p defines a metric on X*.

3b. Let p be an extended metric on X. For any z, p(z,z) = 0 < oo. If p(z,y) < oo, then p(y,x) =
plx,y) < oo. If p(z,z) < coand p(z,y) < oo, then p(z,y) < p(z, 2)+p(z,y) < co. Thus p(x,y) < cois an
equivalence relation. Let X,, be a part of the extended metric space (X, p) and let  be a representative
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of Xo,. If y € X4, then for any z € Sy 5 with 6 > 0, p(z, 2) < p(z,y) + p(y,2) < 00 80 z € X4, 1e
Sys C Xoy. Thus X,, is open. Now X =J X, so X, =X\ U X,. Since the union is open, X,
is closed.

aFao

7.2 Open and closed sets

4a. Since continuous functions on [0, 1] are bounded, C' C L. By Q6.3.13, C' is complete. Let g be
a point of closure of C. For every n, there exists f, € C such that ||f, — g|lcc < 1/n. Then (f,) is a
Cauchy sequence in C' and it converges to g so g € C. Thus C is a closed subset of L*°.

4b. Let g be a point of closure of the set of integrable functions that vanish for 0 < ¢ < 1/2. For each
n, there exists f,, in the set such that ||f, — g|l1 < 1/n. Then 1/2 lg| < fl/Q |fn — gl + f1/2 |fnl <
fol |fn — 9] < 1/n for all n. Hence g vanishes a.e. and the set of mtegrable functions that vanish for
0<t<1/2is closed in L.

4c. Let z(t) be a measurable function with [2 < 1. Let 6 =1— [z. Forany y € S, 5, [ |y — 2| < d so
fly = [(y—2)+ [z <d+ [ < 1. Hence the set of measurable functions z(¢) with [z <1 is open in
L.

5. If E C F and F is closed, then E C F = F. Thus E C (g F for closed sets F. Conversely, since
E is a closed set containing E, (- p ' C E.

5a. From the definition, E° is an open subset of E' so E° C |Jop O. Conversely, for any open subset
O C E and y € O, there exists § > 0 such that € O C E for all z with p(z,y) < . Thus O C E° for
any open subset O C E so (Jy-p C E°.

5b. (E)C = (ﬂECF F)C = UECF Fe = UFCcEc Fe = (EC)O~

6a. Consider the ball S, 5 = {z : p(z,y) < 6}. For any x € Sy, let 0 < ¢ < § — p(z,y). By Q2,
Sz.e C Sy,s 50 Sy 5 is open.

6b. Consider the set S = {x : p(x,y) < §}. Take x € S°. Then p(z,y) > d. Let &' = p(z,y) — §. For
any z € Sy.s, p(2,9) > p(z,y) — p(z, z) > p(x,y) — & =6 so z € §°. Thus S° is open and S is closed.
6c. The set in part (b) is not always the closure of the ball {z : p(x,y) < §}. For example, let X be any
metric space with |X| > 1 and p being the discrete metric. ie. p(x,y) = 1if x # y and p(z,y) = 0 if
x =y. Then {z: p(z,y) <1} = {y}, {z: p(z,y) <1} ={y} and {z: p(z,y) <1} = X.

*7. R™ is separable with the set of n-tuples of rational numbers being a countable dense subset. C' is
separable with the set of polynomials on [0, 1] with rational coefficients being a countable dense subset
(Weierstrass approximation theorem).

L is not separable. Consider x|o ] and x[o,, Where z,y € [0,1]. Then |[X[0.s] — X[o,y]llcc = 1 if © # y.
If there exists a countable dense subset D, then there exists d € D and z,y € [0,1] with 2 # y such that
1X[0,2] = dlloo < 1/2 and ||x(0,y] — d||oc < 1/2. Then ||X[0,5] — X[0,y]l|cc < 1. Contradiction.

L' is separable. By Proposition 6.8, given f € L' and € > 0, there exists a step function ¢ such that
[lf — ¢lli < e. We may further approximate ¢ by a step function where the partition intervals have
rational endpoints and the coefficients are rational to get a countable dense subset.

7.3 Continuous functions and homeomorphisms

8. Let h be the function on [0,1) given by h(z) = 2/(1 — x). The function h, being a rational function,
is continuous on [0, 1). If A(x) = h(y), then 2(1 —y) = y(1 — ) so x = y. Thus h is one-to-one. For any
y € [0,00), let = y/(1 +y). Then x € [0,1) and h(z) = y. Thus h is onto. The inverse function h~!
is given by h=!(z) = x/(1 + ), which is continuous. Hence h is a homeomorphism between [0,1) and
[0, 00).

9a. For a fixed set E, let f(z) = p(x, F) = inf ep p(x,y). Given ¢ > 0, let § = . When p(z,2) < 4,
take any y € E. Then f(z) = p(z, E) < p(x,y) < (x z) + plz,y) < §+p(z E) < e+ f(2). Thus
f(z) — f(2) < e. Similarly, by interchanging = and z, f(z) — f(z) < e. Thus |f(z) — f(2)| < e and f is
continuous.

9b. If p(z, E) = 0, then for any § > 0, there exists y € E such that p(z,y) < d so z € E. Conversely, if
p(x, E) > 0, say p(x, E) = «, then p(x,y) > /2 for all y € E so x ¢ E. Hence {z : p(z,E) =0} =
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10a. Suppose p and ¢ are equivalent metrics on X. The identity mapping is a homeomorphism between
(X,p) and (X,0). Thus given x € X and € > 0, there exists § > 0 such that if p(z,y) < 0, then
o(x,y) < e. By considering the inverse function, we see that if o(z,y) < d, then p(x,y) < e. Conversely,
the two implications show that the identity mapping is continuous from (X, p) to (X, o) as well as from
(X,0) to (X, p). Since the identity mapping is clearly bijective, it is a homeomorphism so p and o are
equivalent metrics.

10b. Given € > 0, let 6 = ¢/n. When p*(z,y) < §, p*(z,y) < nd = e. When p*(z,y) < 6, p*(z,y) <
§ < e. Thus pt and p* are equivalent metrics. When p*t(x,y) < 6, p(z,y) < (nd%)*/2 = (2/n)/? < e.
When p(z,y) < 6, (pF(2,y))? < 6% so pT(x,y) < § < e. Thus p* and p are equivalent metrics. There
exists 0’ > 0 with &' < e/y/n such that p*(z,y) < & implies pT(x,y) < §. Then when p*(z,y) < &,
p(z,y) < e. When p(z,y) < ¢, p*(z,y) < p(x,y)v/n < e. Thus p and p* are equivalent metrics.

10c. Consider the discrete metric ©. Let = (0,...,0). For any 6 > 0, we can choose y # x such that
p(x,y) < 8§ but ¥ (z,y) = 1. Similarly for p* and p*. Thus % is not equivalent to the metrics in part (b).
11a. Let p be a metric on a set X and let 0 = p/(1 + p). Clearly, o(z,y) > 0 with o(x,y) = 0 if and

pey) {1 g1
I+p(z,y) I+p(zy) — I4p(z,2)+p(2:y)

% < o(x,2) + o(z,y). Hence o is a metric on X. Note that p(z,y) = 13‘(71(;’)11) = h(o(z,y))
where h is the function in Q8. Since h is continuous at 0, given ¢ > 0, there exists ¢’ > 0 such
that h(o(z,y)) < € when o(z,y) < ¢’. Now given ¢ > 0, let § < min(é’,e). When p(z,y) < 0,
o(z,y) < p(x,y) < § <e. When o(z,y) < 9, p(x,y) = h(o(x,y)) < e. Hence o and p are equivalent

metrics for X. Furthermore, o(x,y) < 1 for all z,y € X so (X, o) is a bounded metric space.

only if x = y. Also, o(z,y) = o(y,z). Now o(z,y) =

11b. If p is an extended metric (resp. pseudometric), then o is an extended metric (resp. pseudometric).
The rest of the argument in part (a) follows.

7.4 Convergence and completeness

12. Suppose the sequence (z,) has = as a cluster point. There exists n; > 1 such that p(z,z,,) < 1.
Suppose Ty, , . .., Ty, have been chosen. There exists nyi1 > ny such that p(x,z,,,,) <1/(k+1). The
subsequence (z,, ) converges to x. Conversely, suppose there is a subsequence (z,, ) that converges to
x. Given € > 0 and given N, there exists N’ such that p(x,z,,) < ¢ for k > N’. Pick k > max(N, N').
Then ny, > k > N and p(z,x,, ) < e. Thus z is a cluster point of the sequence (z,,).

13. Suppose the sequence (z,) converges to . Then every subsequence of (z,) also converges to x
and so has x as a cluster point. Conversely, suppose (z,) does not converge to x. There exists € > 0
such that for each N, there exists n > N with p(z,x,) > e. Pick ny such that p(x,z,,) > €. Suppose
Tp,,...,Zn, have been chosen. Then pick njy1 > ny such that p(z, z,,,,) > €. The subsequence (z,, )
does not have = as a cluster point.

If every subsequence of (z,) has in turn a subsequence that converges to z, then every subsequence of
(x,) has x as a cluster point by Q12. Hence the sequence (z,,) converges to .

14. Let E be a set in a metric space X. If x is a cluster point of a sequence from F, then given € > 0,
there exists n such that p(z,z,) < e. Since z,, € E, z € E. On the other hand, if z € E, then for each
n, there exists x,, € F with p(z,z,) < 1/n. The sequence (z,) converges to x.

15. Suppose a Cauchy sequence (z,) in a metric space has a cluster point . By Q12, there is a
subsequence (x,, ) that converges to x. Given € > 0, there exists N such that p(x,x,,) <e/2 for k > N
and p(zp,Zm) < /2 for n,m > N. Now for k > N, p(x,x) < p(x,Tn,) + p(Tn,, ) < . Thus (x,)
converges to .

16. Let X and Y be metric spaces and f a mapping from X to Y. Suppose f is continuous at x and let
() be a sequence in X that converges to x. Given € > 0, there exists ¢ > 0 such that o(f(z), f(y)) <€
if p(x,y) < §. There also exists N such that p(z,x,) < 6 for n > N. Thus o(f(z), f(xn)) <eforn >N
so the sequence (f(z,)) converges to f(x) in Y. Conversely, suppose f is not continuous at xz. Then
there exists € > 0 such that for every n, there exists x,, with p(z,z,) < 1/n but o(f(z), f(z,)) > . The
sequence (x,) converges to x but (f(x,)) does not converge to f(z).

17a. Let (z,) and (y, ) be Cauchy sequences from a metric space X. Given e > 0, there exists N such that
P(Tn, ) < /2 and p(Yn, ym) < €/2 for n,m > N. Now p(2n, yn) < p(Tn, Tm) +0(Toms Ym ) +0(Yims Yn ) SO
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(T, Yn) = p(Tm, Ym) < p(Tns Tm) + p(Yns Ym ). Similarly, p(m, Ym) = p(@n, yn) < p(@n, Tm) + P(Yn, Ym)-
Thus |p(2n, Yn) — P(Tms Ym )| < p(@ny Tim) + P(Yn, Ym) < € for n,m > N. Hence the sequence {(p(x, yn))
is Cauchy in R and thus converges.

17b. Define p*((x), (yn)) = lim p(x,, yn) for Cauchy sequences (x,) and (y,). Then p*((x), (yn)) > 0
since p(xn,yn) > 0 for each n. Also, p*({zy), (xn)) = lim p(zy, x,) = 0. Furthermore, p*((x,,), (yn)) =
Hm p(2n, yn) = UM p(Yn, @) = p*((Yn), (zn)). Finally, p*({zn), (yn)) = lim p(zn,yn) < limp(zn,zn) +
lim p(z, yn) = p*((Tn), (zn)) + p* ({2n), (yn)). Hence the set of all Cauchy sequences from a metric space
becomes a pseudometric space under p*.

17c. Define () to be equivalent to (y,) (written as (z,) ~ (yn)) if p*((zn), (yn)) = 0. If (z,) ~
(@7,) and (yn) ~ (yp), then |p*((zn), (yn)) — p*(<l‘%>7<y%>)<| < P (), (23)) + p*((yn), (W5)) = 0 so

o~ (@), () = 7 (@), (Wo))- € 07 ((@n)s (ya)) = O, then (wa) ~ (ya) 5o they are equal in X*. Thus
the pseudometric space becomes a metric space.

Associate each x € X with the equivalence class in X* containing the constant sequence (x, z,...). This
defines a mapping T from X onto T[X]. Since p*(Tz,Ty) = limp(z,y) = p(z,y), if Tx = Ty, then
p(x,y) =0s0 x =y. Thus T is one-to-one. Also, T is continuous on X and its inverse is continuous on
T[X]. Hence T is an isometry between X and T[X] C X*. Furthermore, T[X] is dense in X*.

17d. If (x,) is a Cauchy sequence from X, we may assume (by taking a subsequence) that p(zy, Tp41) <
27" Let ((Tnm)ozq)od_q be a sequence of such Cauchy sequences which represents a Cauchy se-
quence in X*. Given € > 0, there exists N such that for m,m’ > N, p*({(xpm), (Tnm)) < €/2.
fe. limy, p(Tnm, Tnm) < 5/2. We may assume that for n > N, p(xn,m,ajn,m/) < ¢/2. In particular,
P Ty Tmom) < €/2. We may also assume that p(zp m/, Tm/,m/) < €/2 since the sequence (T m/)ney
is Cauchy in X. Thus p(@m m, Tm/ m') < € for m,m’ > N so the sequence (x, ) is Cauchy in X and
represents the limit of the Cauchy sequence in X*.

*17e. T is an isometry from X onto T[X] and 7! is an isometry from T[X] onto X. Thus there is a
unique isometry 7" from X N'Y onto X* that extends 7. Similarly, there is a unique isometry 7" from
X* onto X NY that extends T7*. Then T"|x = T and T"|pix) = T~ so (I" o T")|rx] = idp[x) and
(T" o T")|x = idx. Since T[X] is dense in X* and X is dense in X NY, we have T" o T” = idx« and
T" oT' =idgny so (T" =T")~!. Hence X* is isometric with the closure of X in Y.

18. Let (X, p) and (Y, o) be two complete metric spaces. Let {((x,yn)) be a Cauchy sequence in X x Y.
Since p(zn, Tm) < (p(Zn, Tm)? + WY, Ym)?)Y? = 7((€n, Yn), (Tm, Ym)), the sequence (z,,) is Cauchy in
X. Similarly, the sequence (y,) is Cauchy in Y. Since X is complete, (z,) converges to some = € X.
Similarly, (y,) converges to some y € Y. Given ¢ > 0, there exists N such that p(z,,z) < €/2 and
o(Yn,y) < /2 for n > N. Then 7((xn, yn), (2,9)) = (p(xn, 2)> + 0 (yn,y)?)/? < € for n > N. Hence the
sequence ((Zn,yn)) converges to (z,y) € X x Y and X x Y is complete.

7.5 Uniform continuity and uniformity

19, p1((@.9), (0, /)) = ploa!) + 0(.y/) 2 0. pul(a,9), (&, 3/)) = 0 if and only if pla,a') = 0 and
o(y,y') = 0 if and only if = = o/ and y — y' if and only if (z,y) = (2,3}, pa((z, ), (&',y')) =
plz,z’) +o(y,y) = p($7x)+0(y,y) = p1((z',y'), (z, >) p1((z,y), («",y)) = p(z, x)+0(y,y’) <
pla,a”) + pla”,a!) + o(y,y") + oy y) = pr((z,y), (2, y >) 1({z",y"), (', y)). Hence py is a
metric. Similarly, po, is a metric.

Given € > 0, let § = /2. When 7((z,y), (z/,y")) < §, p(z,2")? < €2/4 and o(y,y')? < €%/4 so
pr((2 ), (&, 5')) = (3, 2') + 0 (,9') < 2. Also, poc((,9), 2',4')) = max(p(z, 2'), 0(y5/)) < . When
p1({x,y), (&', y')) <6, p(x,2’) <e/2 and o(y,y’) < e/2 so 7({(x,y), (2, ) < \/e2/4+e%/4 <e. When
Poo < 0, p(x,x') < /2 and a(y,y’) < €/2 so 7({z,y), (x',y')) < \/e?/4+€2/4 < e. Hence p; and poo
are uniformly equivalent to the usual product metric 7.

20. Let f be a uniformly continuous mapping of a metric space X into a metric space Y and let (z,) be
a Cauchy sequence in X. Given € > 0, there exists § > 0 such that p(x,y) < § implies o(f(z), f(y)) < €.
There exists N such that p(zy,2m,) < 6 for n,m > N. Thus o(f(zy), f(xm)) < € for n,m > N. Hence
(f(zy)) is a Cauchy sequence in Y.

21a. Let (x,) be a sequence from E that converges to a point # € E. Then (x,) is Cauchy in X so
(f(zy)) is Cauchy in Y. Since Y is complete, (f(z,)) converges to some y € Y.
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21b. Suppose (x,) and (z/,) both converge to x. Suppose (f(z,)) converges to y and (f(z},)) converges to
y withy #v'. Let e = o(y,y’)/4 > 0. There exists 6 > 0 such that p(z,2’) < § implies o(f(z), f(z')) <
e. There also exists N such that p(z,,z) < §/2 and p(z),,z) < /2 for n > N. Thus p(zn,z,,) < §
for n,m > N so o(f(zn), f(x},)) < € for n,m > N. We may assume that o(f(z,),y) < ¢ and

m

o(f(zy,),y") < eforn = N. Then o(y,y') < o(y, f(zn)) + o(f(xn), f(z3,)) + o(f(a},),y) < 3 =
30(y,y')/4. Contradiction. Hence (f(,)) and (f(z;,)) converge to the same point. By defining y = g(=),
we get a function on E extending f.

21c. Given € > 0, there exists § > 0 such that p(z,2z’) < § implies o(f(x), f(z')) < &/3 for z,2’ € E.
Suppose p(z,7') < §/3 with 7,7’ € E. Let (x,) be a sequence in E converging to Z and let (/) be a
sequence in F converging to Z'. There exists N such that p(z,,Z) < 6/3 and p(z},, ') < §/3 for n > N.
Then p(zy,x]) < § for n > N so o(f(xn), f(z],)) < &/3 for n > N. Also, (f(x,)) converges to some
y=g(%) €Y and (f(z},)) converges to some 3y’ = ¢g(Z') € Y. We may assume o(f(z,),g(Z)) < ¢/3 and
o(f(x)),q(z')) < e/3 for n > N. Thus o(g(7),g(z')) < e. Hence g is uniformly continuous on E.

21d. Let h be a continuous function from E to Y that agrees with f on E. Let z € E and let (x,,) be
a sequence in F converging to x. Then (h(x,)) converges to h(x) and {(g(z,)) converges to g(x). Since
h(xy,) = g(x,) for all n, g(z) = h(x). Hence h = g.

22a. Given € > 0, let § = ¢/n. When p*(z,y) < 8, p*(z,y) < nd = e. When p*(z,y) < 4§, pT(z,y) <
§ < e. Thus pt and p* are uniformly equivalent metrics. When p*(z,y) < 0, p(z,y) < (né?)'/? =
(e2/n)'/? < e. When p(z,y) < 8, (p*(z,9))? < 6% so pT(z,y) < § < e. Thus p* and p are uniformly
equivalent metrics. There exists &' > 0 with ¢’ < e/sqrtn such that p*(z,y) < ¢ implies p*(z,y) < 6.
Then when p*(x,y) < ¢, p(z,y) < e. When p(z,y) < &, p*(z,y) < p(z,y)/n < e. Thus p and p* are
uniformly equivalent metrics.

*22b. Define p/(z,y) = |23 — y§| + >, |vi — yi|. Then p’ is a metric on the set of n-tuples of real
numbers. Given x € R™ and € > 0, choose § < min(1,|z;|,&/3n|z1 + 1|?,&/3n|z1 — 1|%,¢/n, 3e|z1 —
1/%/n, 3¢lxr + 1/2/n). When p*(z,y) < 0, |v; — y;| < 0 for each i and |23 — y3| = [3¢?||x1 — y1| for
some £ € (x1 — §,21 +6). Thus |23 — 43| < 3max(|z; + 1|, |x1 — 1])25 < /n and p'(z,y) < . When
p(z,y) <6, |z —yi| <e/nfori=2,...,nand |23 — y?| < J. Then |z; — 11| = |23 — y3|/[3€3| < e/n.
Thus p*(z,y) < e. Hence p’ and p* are equivalent metrics and since p* and p are equivalent metrics, p’
and p are equivalent metrics.

However p and p’ are not uniformly equivalent metrics. Let € = 1. Given § > 0, choose n large
enough so that 3n?§ > 1. Let # = (n,0,...,0) and let y = (n + 6,0,...,0). Then p(x,y) = § and
o(x,y) = (n+6)3 —n3>3n2§ > 1.

22c. Note that p(z,y) = 11(:”(5)!/) = h(o(x,y)) where h is the function in Q8. Since h is continuous at
0, given € > 0, there exists ¢’ > 0 such that h(o(x,y)) < € when o(x,y) < §’'. Now given € > 0, let
§ <min(d’,e). When p(z,y) < §, o(z,y) < p(x,y) <6 <e. When o(z,y) <4, p(z,y) = h(o(z,y)) < e.

Hence o and p are uniformly equivalent metrics for X. (c.f. Qlla)

23a. [0,00) with the usual metric p is an unbounded metric space. By Q22c, the metric o = p/(1+p) is
uniformly equivalent to p so there is a uniform homeomorphism between ([0, 0), p) and ([0, ), o). By
Q11a, ([0,00),0) is a bounded metric space. Hence boundedness is not a uniform property.

23b. Let (X, p) and (Y, o) be metric spaces with X totally bounded. Let f : (X, p) — (Y, 0) be a uniform
homeomorphism. Given e > 0, there exists 6 > 0 such that p(z,2’) < § implies o(f(x), f(z')) < €. There
exist finitely many balls S,, s that cover X. i.e. X = Uszl Sz, 6. Take y € Y. Then y = f(x) for some
x € X. Now x € S, s for some n so p(z,z,) < ¢ and o(f(x), f(z,)) <e. Hence Y = Uﬁzl Sf(wn),e SO
Y is totally bounded. Thus total boundedness is a uniform property.

23c. By Q8, the function h(z) = /(1 — z) is a homeomorphism between [0,1) and [0,00). Let € > 0
be given. Choose N such that N > 2/¢ and let z, = (n — 1)/N for n = 1,...,N. The intervals
(xn, — 1/N,z, + 1/N) N [0,1) are balls of radius e that cover [0,1). Thus [0,1) is totally bounded.
Suppose [0, 00) is totally bounded. Then there are a finite number of balls of radius 1 that cover [0, o),
say [0,00) = UI:L:1 Sz...1- We may assume that x;,...,x; are arranged in increasing order. But then
x + 2 is not in any of the balls S, 1. Contradiction. Hence [0, c0) is not totally bounded. Thus total
boundedness is not a topological property.

23d. Let (X,p) be a totally bounded metric space. For each n, there are a finite number of balls of
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radius 1/n that cover X. Let S, be the set of the centres of these balls. Then each S, is a finite
set and S = |JS, is a countable set. Given ¢ > 0, choose N such that N > 1/e. For any = € X,
p(z,z') <1/N < ¢ for some 2’ € Sy C S. Thus S is a dense subset of X. Hence X is separable.

24a. Let (Xy, pi) be a sequence of metric spaces and define their direct product Z = [, Xj. Define
(2, y) = Y pey 277 i (zk, yr) where pf = pi/(1+ py). Then 7(z,y) > 0 since p}(zk,yx) > 0 for all k.
Also, 7(z,y) = 0 if and only if pj (2, yx) = 0 for all k if and only if z;, = y, for all k£ if and only if
x = y. Furthermore, 7(x,y) = 7(y, ) since p}(xk, yx) = pk(yx, xx) for all k. Now for each n, 7(x,y) =
ZZ:I 2_k/02(x7y) < EZ:I 2_kplt(xv Z) + ZZ:I Q_kpZ(z,y) < ZZO:I Q_kp;;(x’ Z) + 220:1 TkPZ(Zvy) =
T(z,2) + 7(2,y). Hence 7(z,y) < 7(x,2) + 7(2,y). Thus 7 is a metric on Z.

Suppose a sequence (™) in Z converges to x € Z. Given € > 0, let ¢/ = min(2~%"'¢,27%=2). There
exists N such that 7(z(™,z) < & for n > N. ie. Yoo, Q*kpZ(xé"),xk) < ¢ for n > N. Then
pko(a:,(cz),xko) < 2kog! (1 + pg, (x,iz),xko)) for n > N so (1 — 2%0¢e") py, (xgg),xko) < 2kog’ for n > N. Since
2koe’ = min(e/2,1/4), we have 3p, (x,(;),xko)/ll < 2kog’ < /2 for n > N. Hence py, (x,(cz),xko) < ¢ for
n > N and <x,(€n)> converges to xy for each k.

Conversely, suppose <x§€")> converges to xj for each k. Then given € > 0, there exists N such that
Soreni1 2 Fpi(xe, ox) < /2. For k=1,...,N, there exists M such that pk(:c;n),xk) <g/2forn>M.
Thus 7(z(™, z) = Z,ivzl 27 pr (@, w) + Yope v 2770k (ks T) < Zivzl g2kt +¢/2 < e forn > M.
Hence (2(™) converges to z.

24b. Suppose each (Xy, pr) is complete. Let (z(™) be a Cauchy sequence in (Z,7). Then for each k,
<x§€n)> is a Cauchy sequence in (X}, py) so it converges to x;, € Xi. By part (a), (z(™) converges to
(xz) € Z. Hence (Z, 1) is complete.

24c. Suppose that for each k, the spaces (Xg, pr) and (Yk, ok) are homeomorphic with f : X — Yy a
homeomorphism. Define f : [Tr-; X — [Toe; Y& by f({zx)) = (f(zx)). Then f is bijective since each fj
is. Also, note that f is continuous if and only if py, o f is continuous for each k, where py, : [[r; — Y&
is the projection map. Now py, o f = fr opx, so it is continuous. Thus f is continuous. Similarly, f~! is
continuous since px, o f~! = fr Lo Dy, is continuous for each k. Hence f is a homeomorphism between
Hzozl Xk and Hzozl Yk

24d. If for each k, the spaces (X, pr) and (Yy,op) are uniformly homeomorphic, then by a similar
argument as part (c), the spaces [[,-; X; and [];~, Y% are uniformly homeomorphic.

7.6 Subspaces

25. Let A be a complete subset of a metric space X. Let 2 € A. Then by Q14, there is a sequence from
A that converges to x. Since A is complete, x € A. Thus A is closed. Now suppose B is a closed subset
of a complete metric space Y. Let (y,) be a Cauchy sequence in B. Then it is a Cauchy sequence in Y
so it converges to some y € Y. Now y € B = B so B is complete.

*26. Let O be an open subset of a complete metric space (X, p). Let ¢(x) = p(z,0°) for each z € O.
Then S = {{z,y) : © € O,y = p(x)} is closed in X x R. Since X x R is complete, S is complete.
Consider f : (0,p) — (S, ps0) with f(x) = (x,p(z)). Since po is uniformly equivalent to the usual
product metric by Q19, S is complete under the metric po,. Now f is bijective. Given ¢ > 0, there
exists § > 0 such that |¢(x) — ¢(y)| < /2 when p(z,y) < 6. Let 6’ = min(d,¢/2). When p(z,y) < ¢,
P (f(), f(y)) = p(x,y) + |o(x) — p(y)| < e. When pos((z,0(2)), (y, 0(y))) <0, p(z,y) < 4" <e. Thus
f is a uniform homeomorphism and (O, p) is complete. Let o = p/(1 + p). By Q22c, o is uniformly
equivalent to p. Hence o is a bounded metric for which (O, o) is a complete metric space.

7.7 Compact metric spaces

27. Let X be a metric space, K a compact subset and F' a closed subset. Consider the function
f(z) = p(x,F) = infyepp(z,y). By QIb, {z : p(z,F) = 0} = F = F. Thus if FN K = ), then
p(xz, F) > 0 for all € K. The function f|x is continuous on a compact set so it attains a minimum
§ > 0. Thus p(x,y) > 0 for all z € K and all y € F. Conversely, if F N K # (), then there exists z € K
and y € F such that p(x,y) =0 so p(F,K) =0.
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28a. Let X be a totally bounded metric space and let f : X — Y be a uniformly continuous map onto
Y. Given € > 0, there exists 6 > 0 such that p(z,2’) < ¢ implies o(f(x), f(2')) < e. There exist finitely
many balls {B,, s}¥_, that cover X. Take y € Y. Then y = f(z) for some z € X. Now z € B,, s for
some n so p(x,z,) < 6 and o(f(z), f(zn)) < . Hence the balls {Bj(,, ) }r_; cover Y and Y is totally
bounded.

28b. The function h(z) = /(1 —x) is a continuous map from [0, 1) onto [0, 00). [0,1) is totally bounded
but [0, 00) is not.

29a. We may assume X ¢ U. Set p(z) = sup{r : 30 € U with B, , C O}. For each z € X, there exists
O € U such that z € O. Since O is open, there exists r such that B, , C O. Thus ¢(z) > 0. Since X is
compact, it is bounded so p(z) < oco.

29b. Suppose B, C O for some O € U. If 0 < v’ < r — p(x,y), then By, C By, C O. If
o(y) < @(z) — p(z,y), then there exists r > ¢(y) + p(x,y) such that B,, C O for some O € U. Now
p(y) < r—pl(e,y) so taking r' = ¢(y) + (r — p(z,y) — ¢(y))/2, we have p(y) < 1" <r—p(z,y) and
B, ,» C O. Contradiction. Hence ¢(y) > ¢(z) — p(x,y).

29c. Given € > 0, let § = e. When p(z,y) < 9, |p(z) — ¢(y)| < p(x,y) < e by part (b). Thus ¢ is
continuous on X.

29d. If X is sequentially compact, ¢ attains its minimum on X. Let ¢ = inf . Then € > 0 since
o(x) > 0 for all z.

29e. Let € be as defined in part (d). For any z € X and 6 < ¢, § < (z) so there exists r > ¢ such that
B, C O for some O € U. Then B, s C B, C O.

*30a. Let Z = [];2, Xs. Suppose each X is totally bounded. Given & > 0, choose N such that
2NV > 2/e. For k > N, pick pr € X},. For each k < N, there exists A = {xgk), . ,:1:5\2} such that for
any x € X, there exists xg»k) € A with pk(x,xg»k)) <e/2. Let A= {{(zy) :xr € A for k < N,zj, =
pi for k > N}. Then |A| = M;---My. If (z,) € Z, for each k < N, there exists x;k) € Ay, such

that pk(mk,xgk)) < g/2. Let yp = xg»k) for kK < N and let y, = p for k > N. Then (y,) € A and
n — T, N — [e'e) —

T(z,y) = 3 p_ 2 k% <Y1 27 N 2N <S4 av <e

30b. Suppose each X} is compact. Then each X}, is complete and totally bounded. By part (a), Z is

totally bounded and by Q24b, Z is complete. Hence Z is compact.

7.8 Baire category

31la. Suppose a closed set F' is nowhere dense. Then F° is dense. Thus any open set contains a point
in F'¢ so any open set cannot be contained in F. Conversely, suppose a closed set contains no open set.
Then any open set contains a point in ¢ so F° is dense and F' is nowhere dense.

31b. Suppose E is nowhere dense and let O be a nonempty open set. Then O contains a point z in E°.
Now O\ E is open so there is a ball centred at z and contained in O \ £ C O\ E. Conversely, suppose
that for any nonempty open set O there is a ball contained in O \ E. Let the centre of the ball be z. If
x € E, then the ball contains a point y € E. Contradiction. Thus z € E°. Hence any nonempty open
set contains a point in E°¢ and F is nowhere dense.

32a. Suppose that E is of the first category and A C E. Then £ = U E, where each E, is nowhere
dense and A = |J(ANE,). Now (ANE,)* D> (ANE,)* = A°UE,* for each n. Since E,,° is dense for
each n, (AN E,)¢ is dense for each n. Hence A is of the first category.

32b. Suppose that (E,) is a sequence of sets of the first category. Then E, = |J, En for each n,
where each E, j, is nowhere dense. Now |J E, =, U, En .k = Unk E, k, which is a countable union of
nowhere dense sets. Hence |J E,, is of the first category.

33a. By Q3.14b, the generalised Cantor set constructed from [0,1] by removing intervals of length
1/(n3™) at the n-th step is closed, nowhere dense, and has Lebesgue measure 1 — 1/n.

33b. By part (a), for each n, there is a nowhere dense closed set F,, C [0,1] with mF,, =1 —1/n. Let
E=JF, C[0,1]. Then E is of the first category and 1 — 1/n < mE < 1 for each n so mE = 1.

34. Suppose O is open and F'is closed. If O\ O contains an open set O’, theniO’ contains a point in O.
Contradiction. Thus O\ O is a closed set containing no open sets. By Q31a, O \ O is nowhere dense. If
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F\ F° contains an open set O, then for any point x € O”, there is a ball centred at x and contained
in O” so x € F°. Contradiction. Thus F'\ F° is a closed set containing no open sets. By Q3la, F'\ F*°
is nowhere dense.

If F is closed and of the first category in a complete metric space, then F° is of the first category. By
the Baire category theorem, F“"¢ is empty. Thus F' = F \ F° is nowhere dense.

35. Let E be a subset of a complete metric space. If E is residual, then E° is of the first category so
E¢ = |J E,, where each E,, is nowhere dense. Thus E = (ES D ((E,)¢. Since each (E,)¢ is dense and
the metric space is complete, [(E, )¢ is dense so E contains a dense Gs. Conversely, suppose E contains
a dense Gy, say E D [)O,. Then E¢ C |JO¢. Since (O, is dense, each O,, is dense so OF is nowhere

dense and E° is of the first category. Hence F is residual.

A subset E of a complete metric space is of the first category if and only if E° is a residual subset of a
complete metric space if and only if E¢ contains a dense Gy if and only if F is contained in an F, whose
complement is dense.

36a. Let X be a complete metric space without isolated points. Suppose X has a countable number of
points z1,%2,.... Then X = [J{z,} where each {x,} is nowhere dense and X is of the first category,
contradicting the Baire category theorem. Hence X has an uncountable number of points.

36b. [0,1] is complete since it is a closed subspace of the complete metric space R. Also, [0, 1] has no
isolated points. By part (a), [0, 1] is uncountable.

37a. Let E be a subset of a complete metric space. Suppose E°¢ is dense and F' is a closed set contained
in E. Then F° D E° so F¢ is dense and F' is nowhere dense.

37b. Suppose FE and E° are both dense in a complete metric space X. Also suppose that E and E° are
both F,’s, say E = |J F,, and E° = |J F/, where each F),, and F is closed. By part (a), each F,, and F),
is nowhere dense. Then X = |J F,, U|J F), so X is of the first category, contradicting the Baire category
theorem. Hence at most one of the sets F and E° is an F,.

37c. The set of rational numbers in [0, 1] is an F,. Since the set of rational numbers in [0,1] and the
set of irrational numbers in [0, 1] are both dense in the complete metric space [0, 1], the set of irrational
numbers in [0, 1] is not an F,, by part (b). Hence its complement, the set of rational numbers in [0, 1],
is not a Gs.

37d. If f is a real-valued function on [0, 1] which is continuous on the rationals and discontinuous on
the irrationals, then the set of points of continuity of f is a Gs. i.e. the set of rationals in [0,1] is a Gs,
contradicting part (c). Hence there is no such function.

*38a. Let C = C[0,1] and set F,, = {f : Jzg with 0 < 29 < 1 —1/n and |f(z) — f(zo)| < n(z —
xo) for all z,29 < x < 1}. Suppose ||fx — f|| — 0 where f € F,. For each k, there exists x; with
0 <z <1-—1/nand |fp(z) — fr(zr)] < n(x —ay) for z, < x < 1. Since zj € [0,1 — 1/n] for all
k and [0,1 — 1/n] is compact, we may assume that (zj) converges to some zg € [0,1 — 1/n]. Then
[f(z) = f(xo)| < nx—xo) s0 f € Fy.

*38b. By Q2.47, for any g € C and any ¢ > 0, there exists a polygonal function ¢ such that |g(x) —
o(x)] < e/2 for all z € [0,1]. There also exists a polygonal function ¢ whose right-hand derivative is
everywhere greater than n in absolute value and |p(z) — ¥(x)| < /2 for all € [0, 1]. Then ¢ € F¢ and
lg(x) —(x)| < € for all x € [0,1]. Hence F,, is nowhere dense.

38c. The set D of continuous functions which have a finite derivative on the right for at least one point
of [0, 1] is the union of the F,’s so D is of the first category in C.

38d. Since D is of the first category in the complete metric space C, D # C so there is a function in
C'\ D, that is, a nowhere differentiable continuous function on [0, 1].

39. Let § be a family of real-valued continuous functions on a complete metric space X, and suppose
that for each x € X there is a number M, such that |f(z)] < M, for all f € §. For each m, let
Epp={z:|f(z)| <m}, and let E;, =3 By y. Since each f is continuous, Ey, ¢ is closed and so Ey,
is closed. For each x € X, there exists m such that |f(x)] < m for all f € §. Hence X = J E,,. Then
O =JE;, C X is a dense open set and for each z € O, x € E;, for some m so there is a neighbourhood
U of x such that U C E;,. In particular, § is uniformly bounded on U.

40a. Suppose that given € > 0, there exist N and a neighbourhood U of « such that o(f,(2'), f(x)) < e
for n > N and all 2’ € U. Let (z,,) be a sequence with z = limz,,. We may assume that x,, € U for
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all n > N so o(fn(zn), f(x)) < e for n > N and (f,) converges continuously to f at x. Conversely,
suppose there exists € > 0 such that for any N and any neighbourhood U of z, there exists n > N and
x' € U with o(fn(2'), f(x)) > €. For each n, let U, = B, 1/,. There exists n; > 1 and z,, € U; with
0(fny(n,), f(x)) > €. Suppose x,,,..., 2Ty, have been chosen. There exists ngy1 > ng and x,, € Uy
with o(fn,r (Tng,, ), f(x)) > €. Then x = limx,, by construction but f(x) # lim f,, (z,,) so (fn) does
not converge continuously to f.

40b. Let Z = {1/n} U {0}. Define g: X x Z — Y by g(x,1/n) = fn(z) and g(z,0) = f(z). Suppose
g is continuous at (xo,0) in the product metric. Let (x,) be a sequence with zy = limx,. Then
(%0,0) = lim(x,, 1/n) and f(x) = g(zo,0) = lim g(x,, 1/n) = lim f,(z,) so (f,) converges continuously
to f at zp. Conversely, suppose (f,) converges continuously to f at xzg. Let ((z,,z,)) be a sequence
in X x Z converging to (zg,0). Then zg = limz,, 0 = limz, and f(xo) = lim f,,(z,). i.e. g(zo,0) =
lim g(z,,1/n). Since 0 = lim 2, it follows that g(zo,0) = lim g(z,, 2,) so g is continuous at (x¢, 0).
40c. Let (f,) converge continuously to f at z. By part (b), the function g is continuous at (x,0). If (z,)
is a sequence converging to z, then f(x) = g(z,0) = lim g(z,,0) = lim f(x,). Hence f is continuous at
x.

*40d. Let (f,) be a sequence of continuous maps. Suppose (f,,) converges continuously to f at z. By part
(a), given € > 0, there exists N and a neighbourhood U of x such that o(f,(z'), f(z)) <e/2 forn > N
and ' € U. By part (c), f is continuous at & so we may assume that o(f(z'), f(z)) < /2 for 2’ € U.
Thus o(fn(2"), f(2')) < e for n > N and ' € U. Conversely, suppose that given € > 0, there exist N
and a neighbourhood U of x such that o(f,,(z'), f(2')) < e/4d for alln > N and all 2’ € U. In particular,
o(fn(x), f(z)) < e/4. Let (x) be a sequence with x = limzj. We may assume that x, € U for all k
and o(fn(zy), fn (7)) < /4 for k > N. Then o(f(zk), f(x)) < o(f(zr), fn(zk)) + o(fn(zr), [ (@) +

o(fn(x), f(x)) < 3e/4 for k = N. Thus o(fi(xr), f(x)) < o(fe(xr), f(zr)) + o(f(xr), f(2)) < e for
k> N so f(x) =lim fi(zx) and (f,) converges continuously to f at x.

40e. Let (f,) be a sequence of continous maps. Suppose (f,) converges continuously to f on X. For
each € X and each ¢ > 0, there exists N, and a neighbourhood U, of x such that o(f,(2), f(2')) <€
for each n > N, and 2/ € U,. Then X = |JU, so for any compact subset K C X, K C U?;l U,, for
SOme Z1,...,&m,. Thus for n > max N,, and 2’ € K, we have o(f,(z), f(z')) < € so (f,) converges
uniformly to f on K. Conversely, suppose (f,) converges uniformly to f on each compact subset of
X. Then (f,) converges uniformly to f on {z} for each € X. Given £ > 0, there exists N such that
o(fn(x), f(x)) < /3 for n > N. Since each f, is continuous, f is also continuous. Then there exists
a neighbourhood U of z such that o(f,(2'), fn(z)) < /3 and o(f(2'), f(z)) < /3 for 2’ € U. Thus
o(fn(2), f(z')) <eforn > N and 2’ € U. Hence (f,) converges continuously to f on X.

40f. Let X be a complete metric space and (f,) a sequence of continuous maps of X into a met-
ric space Y such that f(z) = lim f,(z) for each z € X. For m,n € N, define F,,,, = {x € X :
o(fr(x), filx)) < 1/m for all k,I > n}. Let 2’ be a point of closure of Fy, ,. There is a sequence (z;)
in F,, , converging to z’. For any ¢ > 0 and k,l > n, there exists 6 > 0 such that p(x,z’) < ¢ implies
o(fx(x), fr(x") < e and o(fi(x), fi(z')) < e. Then there exists N such that p(x;,z") < ¢ for i« > N.
Thus o(fr(2'), fi(2")) < o(fe(@'), fr(an)) + o(fe(zn), filzn)) + o(filzn), fi(z')) < 2 +1/m. Since e
is arbitrary, o(fi(2'), fi(z")) < 1/m and &’ € F,, ,, 80 Fy, p is closed.

For any « € X, there exists n such that o(fx(x), f(z)) < 1/2m for k > n. Then for k,I > n,
o(fr(x), filz)) < o(fu(z), f(x)) +o(f(z), filz)) <1/mso x € F, . Hence X = J,, Fyn,n. By Proposi-
tion 31, Oy, = U,, Fy;,., is open and since X is complete, Oy, is also dense.

40g. Let z € Op. Then x € Fy, , for some n. Thus there exists a neighbourhood U of z such
that U C F,,,. It follows that for any k,I > n and any 2’ € U, o(fi(2'), fi(z’)) < 1/m. Since
f(&') =lim fi(z'), we have o(fr(z'), f(z')) < 1/m for any k > n and 2’ € U.

40h. Let E =) O,,. Since each O,, is open and dense, E is a dense G5 by Baire’s theorem. If z € F,
then € Oy, for all m. Given € > 0, choose m > 1/e. There exists a neighbourhood U of z and an n
such that o(f(z'), f(2')) <1/m < e for any k > n and 2’ € U.

40i. Let X be a complete metric space and (f,,) a sequence of continuous functions of X into a metric
space Y. Suppose (f,) converges pointwise to f. By parts (f), (g), (h) and (a), there exists a dense G5
in X on which (f,,) converges continuously to f.

41a. Let (X, p) and (Y, o) be complete metric spaces and f : X X Y — Z be a mapping into a metric
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space (Z,7) that is continuous in each variable. Fix yo € Y. Set F,,, , = {x € X : 7[f(z,y), f(z,y0)] <
1/m for all y with o(y,yo) < 1/n}. Let 2’ be a point of closure of Fy, ,. There is a sequence {xy) in Fi, ,
converging to z’. For each k and any y with o(y,y0) < 1/n, 7[f(zk,v), f(2k, yo)] < 1/m. Given € > 0,
there exists 6 > 0 such that p(z,2") < § implies 7[f(z,y), f(2',y)] < € and 7[f (z,y0), f(2',y0)] < £. Then
there exists N such that p(zy,z’) < § for k > N. Thus 7[f(2',y), f(2',y0)] < 7[f(2',v), f(zn,y)] +
P1f (s 9)s £ o)+ (o g0), £(&y0)] < 2641 /m. Since = is axbitrary, 7f (), £(z',yo)] < 1/m
and 2’ € F,, , so F, ,, is closed.

For any © € X and m, there exists 6 > 0 such that o(y,y0) < ¢ implies 7[f(z,y), f(x,y0)] < 1/m.
Choose n > 1/6. Then for any y with o(y,y0) < 1/n, 7[f(z,y), f(z,y0)] < 1/m so x € F,, . Hence
X =U, Frnn-

41b. Let O, = U, F, .- By Proposition 31, O, is open and since X is complete, Oy, is also dense. Let
z € Oy, Then x € Fy, , for some n. Thus there exists a neighbourhood U’ of = such that U’ C F,;, .
For any y with o(y,y0) < 1/n and any 2’ € U’, 7[f(2/,y), f(z',50)] < 1/m. We may assume that
TIf (@ y0), f(z,90)] < 1/m for ' € U’ by continuity. Then 7[f(z’,y), f(z,y0)] < 2/m for &/ € U’.
Hence there is a neighbourhood U of (x,yo) in X x Y such that 7[f(p), f(x,yo)] < 2/m for all p € U.
41c. Let G = () O,,. Since each O,, is open and dense, G is a dense G5 by Baire’s theorem. If z € G,
then z € O,, for each m. Given € > 0, choose m > 2/e. There exists a neighbourhood U of (z,yo) such
that 7[f(p), f(x,y0)] < 2/m < e for p € U. Hence f is continuous at (x,yo) for each z € G.

41d. Let E C X x Y be the set of points at which f is continuous. If f is continuous at z € X x Y,
then for each n, there exists d,, . > 0 such that f[B.s,.] C By(z)1/n- Let By =, c5 B.s.,,,/2- Then
E =, En, (cf Q2.7.53) and E is a G5 set. Take (xo,10) € X xY and let € > 0 be given. By part (c),
there exists a dense G5 set G C X such that f is continuous at (z,yg) for each x € G. Since G is dense,
there exists x1 € G such that p(zg,z1) < e. Then (x1,y0) € E and 7'({x1,Y0), (%o, y0)) = p(x1,x0) < €.
Thus F is dense in X x Y.

41e. Given a finite product X; X --- x X, of complete metric spaces, we may regard the product as
(X1 x - xXp_1) x X,, where X7 x --- x X,_1 is a complete metric space. Let f: X7 x---x X, — Z be
a mapping into a metric space Z that is continuous in each variable. By a similar argument as in part
(d), there exists a dense G5 C X7 X --- x X, on which f is continuous.

42a. Let X and Y be complete metric spaces. Also let G € X and H C Y be dense Gs’s. Then
G =G, and H =) H,, where each G,, and H,, is open. Thus G x H = (G, x (H, = (G, x Hy)
where each G,, X H,, is open in X xY. Hence G x Hisa Gsin X xY. Givene > 0 and (z,y) € X xY,
there exist xg € G and yo € H such that p(z,2z0) < €/2 and o(y,yo) < £/2. Then 7((x,y), (x0,%0)) < €.
Hence G x H is dense in X x Y.

*42b.

42c. Let E be a dense G5 in X x Y. Then E = [)O,, where each O,, is a dense open set in X x Y.
By part (b), for each n, there exists a dense G5 set G,, C X such that {y: (z,y) € O,} is a dense open
subset of Y for each x € G,,. Let G = () G,,. Then G is still a countable intersection of dense open sets
in X. Thus G is a dense Gs set in X such that {y : (z,y) € E} = ({y: (z,y) € O,} is a dense G; for
each z € G.

*42d.

*43. Let (X, p) be a complete metric space and f : X — R be an upper semicontinuous function. Let E
be the set of points at which f is continuous. Then F is a G5. Suppose f is discontinuous at x. Then f
is not lower semicontinuous at z so f(x) > lim f(y). There exists ¢ € Q such that f(x) > ¢ > lim f(y).

y—z y—a

Let Fy = {x: f(x) > q}. Then z € F,\ Fy. Conversely, if z € F,\ F; for some ¢ € Q, then f(z) > ¢ and

for any ¢ > 0, there exists y with p(z,y) < d and f(y) < gso f(z) > lim f(y). Thus £¢ = cq Fy \ Iy
y—z

Since each F, \ F, , is nowhere dense, E° is of the first category and E is residual. Hence F is a dense
Gsin X

7.9 Absolute Gj’s

44. Let 0 = Y 27 "0,. Then o(z,y) = > 2 "on(z,y) < >, 27" =1 for all z,y € E. Since 0,, > 0
for all n, ¢ > 0. Also, o(z,y) = 0 if and only if o,(z,y) = 0 for all n if and only if x = y. Since
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on(z,y) = on(y,x) for all n, o(z,y) = o(y,z). Also, o(z,y) = > 27 "0on(z,y) < > 27 "0n(x,2) +
> 270, (z,y) = o(x,2) + 0(z,y). Thus o is a metric on F.

Let € > 0 and fix © € E. For each n, there exists d,, > 0 such that o, (z,y) < J,, implies p(z,y) < /2
and p(z,y) < 0, implies oy, (z,y) < €/2. There exists N such that Y >° . 27" < £/2. Let § =
min(d1/2,...,05/2N). If p(z,y) < §, then o, (z,y) < /2 forn=1,...,N so 25:1 27" (z,y) < €/2
and o(z,y) <e. If o(z,y) <4, then o1(x,y) < 2§ < d1 so p(z,y) < €. Hence o is equivalent to p on E.
If each o,, is uniformly equivalent to p, then o is uniformly equivalent to p.

45. Let A C B C A be subsets of a metric space and let g and h be continuous maps of B into a metric
space X. Suppose g(u) = h(u) for all w € A. Let u € B. Then u € A so there is a sequence (u,) in
A converging to u. Since g and h are continuous on B, {(g(uy)) and (h(u,)) converge to f(u) and g(u)
respectively. But g(u,) = h(u,) for all n so g(u) = h(u). Hence g = h.

*46a.
46b. Starting from F, let I1, I5, ... be disjoint open intervals satisfying the conditions of part (a) with
e =1/2. For Ej; = EN I;, repeat the process with ¢ = 1/4, getting intervals I, I 2,.... Continuing,

at the n-th stage getting intervals I . ; with € = 27". Given x € E, there is a unique integer k; such
that = € Iy,. Then z € Ey, and there is a unique integer ko such that = € Iy, , and so on. Thus there
is a unique sequence of integers ki, ks, ... such that for each n we have x € I, ., .
46¢. Given a sequence of integers ki, ko, . .., suppose there are x,y € I such that x,y € I, , for all
n. By construction, the diameter of Iy, . j, is less than 27" for each n. Thus o(x,y) < 27" for all n so

o(z,y) =0and z = y.

n

46d. Let N“ be the space of infinite sequences of integers and make N into a metric space by set-
ting p(i,7) = di;. Let 7 be the product metric on N¥. Given ¢ > 0, choose N such that 27N <
e. Let 6 < 27N, When o(x,y) < 0, kn(z) = ko(y) for n = 1,...,N so 7({kn(2)), (kn(y))) <
SN 27 (kn () kn(y) < 27N < e. When 7((kn(2)), (kn(y))) < 6, kn(2) = kn(y) forn=1,...,N.
Then z,y € Iy, (a),....kn(2) 50 0(7,y) < 2N < ¢. Hence the correspondence between N and E given by
parts (b) and (c) is a uniform homeomorphism between (N¥, 7) and (FE, o).

*46e. By parts (a)-(d), any dense G5 E in (0,1) whose complement is dense is uniformly homeomorphic
to N“, which is in turn homeomorphic to the set of irrationals in (0, 1) by the continued fraction expansion.
Hence FE is homeomorphic to the set of irrationals in (0,1).

7.10 The Ascoli-Arzeld Theorem

47. Let X be a metric space. Let (f,) be a sequence of continuous functions from X to a metric
space Y which converge to a function f uniformly on each compact subset K of X. Let x € X and let
(x) be a sequence in X converging to x. Then K = {z;}2, U {z} is a compact subset of X. Given
e > 0, there exists N such that o(fy(z'), f(2')) < /3 for any 2’ € K. Also, there exists N’ such
that o(fn(zx), fn(2)) <e/3 for k> N'. Thus o(f(zx), f(2)) < o(f(zk), fn(zk)) + o(fn(zr), fn (@) +
o(fn(z), f(z)) < e for k> N'. Hence f is continuous on X.

48a. Let X be a separable, locally compact metric space, and (Y, o) any metric space. Let {x,} be a
countable dense subset of X. For each n, there is an open set U,, such that x, € U,, and U,, is compact.
Then X = {z,} C JU, so X =|JU,. For each n and any z € U,, there is an open set V, containing
x with V, compact. Then U,, C UerTLVl‘ and since U,, is compact, there is a finite number of V,’s
covering U,,. Let O,, be the union of the finite number of V,,’s. Then X = JO,,.

48b. Let o*(f,g) = .2 "0, (f,g) where o} (f,g9) = sups- %. Since o, (f,g) < 1 for all

n, 0*(f,9) < 1 < oo and since o(f,g9) > 0 for all n, o*(f,g9) > 0. Since ¢X(f,g) = oi(g, f) for
all n, o*(f,g) = o*(g,f). For each n, oi(f,g9) = supm% = supg [l — m] <

o 1 e ol k@) o (h(x)a(2)) \ \
supg, [l — mogmm@ e n@e@)] = SUPo, Tro(f@ @) et o@) S On(fsh) + on(h.g). Thus

o*(f,9) < o*(f,h) + o*(h,g). Hence the set of functions from X into Y becomes a metric space
under o*.

49. Let ¥ be an equicontinuous family of functions from X to Y, and let T be the family of all
pointwise limits of functions in §, that is of f for which there is a sequence (f,) from § such that
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f(z) =lim f,,(x) for each z € X. Given x € X and € > 0, there is an open set O containing z such that
a(f(z), f(y)) <eg/3forally € O and f € §. Now if f € F" and y € O, then there is a sequence {f,) from
§ such that f(z) = lim f,,(x) so there is an N such that o(fn(z), f(z)) < e/3 and o(fn(y), f(y)) < &/3.
Then o(f(2), f(y)) < o(f(x), fn(2)) + o(fn(2), fn(y)) + o(fn(y), f(y)) < e Hence F* is also an
equicontinuous family of functions.

50. Let 0 < o< landlet F={f:||flla <1}. If f€F, then max|f(z)|+sup|f(z)—f(y)|/lz—y|* <1.
In particular, |f(z) — f(y)| < |z — y|* for all z,y. Thus f € C[0,1]. Also, § is an equicontinuous family
of functions on the separable space [0,1] and each f € § is bounded. By the Ascoli-Arzeld Theorem,
each sequence (f,,) in § has a subsequence that converges pointwise to a continuous function. Hence §
is a sequentially compact, and thus compact, subset of C10,1].

*51a. Let § be the family of functions that are holomorphic on the unit disk A = {z : |z| < 1} with
|f(z)] < 1. Let f € § and fix 2 € A. Let U be an open ball of radius min(|2'[,1 — |2/|) centred
at z'. Then U C A. Let C be the circle of radius r/2 centred at z’. For every z within r/4 of 2/,

z) — = - - — = y Cauchy’s integral formula. Since
f 27rz C f(;U) jw fg;’)zdw 27rz C (wf(zw(u?wz by C hy’ L f 1 Si

z § or a € §and all z € A, < A4r- - or a S t follows that § is
f 1 f Il f € F and all A, |f(z 4 2| for all f € F. It foll hat § i
equicontinuous.

*51b. By the Ascoli-Arzeld Theorem, any sequence (f,) in § has a subsequence that converges uniformly
to a function f on each compact subset of A. Furthermore f is holomorphic on A.

*51c. Let (f,,) be a sequence of holomorphic functions on A such that f,(z) — f(z) for all z € A. For
each z € A, there is an M, such that |f,(z)] < M. for all n. Let E,, =, Em,n where E,, , = {2 :
|fn(2)| < m}. Then E,, is closed and A =J,,, Ey,. There is an E,, that is not nowhere dense so it has
nonempty interior. Then O = J,, Ey, is a dense open subset of A and (f,) is locally bounded on O.
By an argument similar to that in part (a), (f,) is equicontinuous on O so there is a subsequence that
converges uniformly to a function f on each compact subset of O. Furthermore, f is holomorphic on O.

8 Topological Spaces

8.1 Fundamental notions

la. Given a set X, define p on X x X by p(x,y) = 0 if x = y and p(x,y) = 1 otherwise. Then for any
set AC X, A= UmeA 2,1/2 50 A is open. Thus the associated topological space is discrete. If X has
more than one point, then there is no metric on X such that the associated topological space is trivial
because in a metric space, any two distinct points can be enclosed in disjoint open sets.

1b. Let X be a space with a trivial topology. If f is a continuous mapping of X into R, then f~1[I] is
either ) or X for any open interval I. Take ¢ € R. Then f~![c] = f~![(c — &,c+ ¢€)] is either § or X.
Thus f must be a constant function. Conversely, if f(z) = ¢ for all € X, then for any open interval
I, f7'I]=0ifc¢ I and f~'[I] = X if ¢ € I. Since any open set of real numbers is a countable union
of disjoint open intervals, it follows that f is continuous. Hence the only continuous mappings from X
into R are the constant functions.

lc. Let X be a space with a discrete topology. Let f be a mapping of X into R. Since f~1[0] C X for
any open set O C R, f is continuous. Hence all mappings of X into R are continuous.

2. E is the intersection of all closed sets containing E so E C E. Also, E C E. On the other hand, Eis
the intersection of all closed sets containing E, one of which is E itself, so E C E. Thus FE = E.
Auﬁ is a closed set containing AUB so AU B C AUB. On the other hand, AC AUB and B C AUB
so ACAUB and BC AUB. Thus AUB C AUB. Hence AUB C AUB.

If F is closed, then F'is a closed set containing F' so F C F. Since we always have F C F, F = F.
Conversely, if F' = F, then since F' is closed, F' is closed.

If z € E, then x is in every closed set containing E. Let O be an open set containing z. If O N E = ),
then F C O°. Since O° is closed, x € O°. Contradiction. Hence O N E # () and z is a point of closure
of E. Conversely, suppose x is a point of closure of E. If z ¢ E, then z is not in some closed set F'
containing E so x € F°. Since F° is an open set containing z, F°N E # (). Contradiction. Hence z € E.

E° is the union of all open sets contained in ¥ so E° C E. Also, E°° C E°. On the other hand, E°° is
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the union of all open sets contained in E°, one of which is E° itself, so £° C E°°. Thus E°° = E°.

A° N B° is an open set contained in AN B so A° N B° C (AN B)°. On the other hand, AN B C A and
ANB C Bso(ANB)° C A° and (ANB)° C B°. Thus (ANB)° C A°NB°. Hence (ANB)° = A°NB°.
If x € E°, then x is in some open set O contained in F so x is an interior point of E. Conversely, if x is
an interior point of F/, then x € O C F for some open set O so xz € E°.

If x € (E°)°, then x is in some open set O C E€so x ¢ O° D F and thus z € E°. Conversely, if z € Ec,
then z is not in some closed set F' O E so € F° C E° and thus z € (E€)°. Hence (E°)° = E°.

3. Suppose A C X is open. Then given z € A, x € O C A with O = A. Conversely, suppose that given
x € A, there is an open set O, such that x € O, C A. Then A = J, 4 O, which is open.

4. Let f be a mapping of X into Y. Suppose f is continuous. For any closed set F, f~[F¢] is open.
But f71[F¢] = (f~1[F])¢ so f~1[F] is closed. Conversely, suppose the inverse image of every closed set
is closed. For any open set O, f~1[0¢] is closed. But f~1[0¢] = (f~1[0])¢ so f~1[O] is open. Thus f is
continuous.

5. Suppose f is a continuous mapping of X into Y and g is a continuous mapping of Y into Z. For
any open set O C Z, g~ 1[O] is open in Y so f~1[g7![O]] is open in X. But f~[¢g~1[O]] = (g o f)~[O].
Hence g o f is a continuous mapping of X into Z.

6. Let f and g be two real-valued continuous functions on X and let x € X. Given ¢ > 0, there is an
open set O containing z such that |f(z) — f(y)| < /2 and |g(z) — g(y)| < /2 whenever y € O. Then

((f +9)@) = (f +9) (W) = [f(2) = fly) + 9(x) = 9(y)| < [f(x) = f(y)| + |g9(z) = 9(y)| < & whenever
y € O. Thus f + g is continuous at x. There is an open set O’ such that |g(z) — g(y)| < €/2|f(z)| and

|f(@)—f(y)| < e/2max(|g(x)—e/2|f(z)l],19(x)+e/2|f(x)|]) whenever y € O'. Then |(fg)(z)—(fg)(y)| =
|f(z)g(x)—f(2)g(y)+f(x)g(y)— f(y)g)| < [f(@)|lg(x)—g)|+|f(z)—f(y)llg(y)| < e whenever y € O".

Thus fg is continuous at x.

Ta. Let F be a closed subset of a topological space and (z,) a sequence of points from F. If z is a
cluster point of (z,), then for any open set O containing = and any N, there exists n > N such that
xy, € O. Suppose x ¢ F. Then x is in the open set F° so there exists z,, € F°. Contradiction. Hence
rzeF.

7b. Suppose f is continuous and x = limx,,. For any open set U containing f(z), there is an open set
O containing z such that f[O] C U. There also exists N such that z, € O for n > N so f(z,) € U for
n > N. Hence f(z) = lim f(z,).

7c. Suppose f is continuous and z is a cluster point of (z,). For any open set U containing f(x), there
is an open set O containing x such that f[O] C U. For any N, there exists n > N such that z,, € O so
f(zy) € U. Hence f(z) is a cluster point of (f(z,)).

*8a. Let F be an arbitrary set in a topological space X. W is the intersection of all closed sets
containing (E°)°, one of which is E°, so W C E°. On the other hand, E° is the intersection of
all closed sets containing E°, one of which is (E°)° since E° = E°° C (E°)°, so E° C (E°)°. Hence
(E°)° = E°.

Now since £ = E and (E€)¢ = E, new sets can only be obtained if the operations are performed
Ve 5 ——

) ) = ((E)c> = ((EC)O) (E°)° = (F)°. Hence the
distinct sets that can be obtained are at most E, E, (E)¢, (E)¢, ((E)C)C ) ( ) )

c — c —— 2\ ¢
&, (B, @ (Er)" (@) (@) ) -

*8b. Let E = {(0,0)}U{z:1<|2|<2}U{z:2< 2| <3}U{z:4 < |z| <band z = (p,q) where p,q €
Q} C R2. Then E gives 14 different sets by repeated use of complementation and closure.

alternately. Also, (E)¢ = (E°)° so (((E)C

9. Let f be a function from a topological space X to a topological space Y. Suppose f is continuous
and let € X. For any open set U containing f(z), f~*[U] is open and z € f~1[U]. If y € f~1[U], then
f(y) € U. Thus f is continuous at x. Conversely, suppose f is not continuous. There exists an open set
O such that f~1[O] is not open. By Q3, there exists x € f~1[O] such that U is not a subset of f~1[O]
for any open set U containing . Then O is an open set containing f(z) and f[U] is not a subset of O
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for any open set U containing x. Hence f is not continuous at x.

10a. Let the subset A of a topological space X be the union of two sets A; and A both of which
are closed (resp. both of which are open). Let f be a map of A into a topological space Y such
that the restrictions f|4, and f|a, are each continuous. For any closed (resp. open) set E C Y,
fYUE] = (FUEI N AN U (fLHEI N Ag) = f|211[E] U f|221[E] = (A1 NF)U (Aa N F’) for some closed
(resp. open) sets F, F' C A. Hence f~![E] is closed (resp. open) and f is continuous.

10b. Consider the subset (0,2] of R. Then (0,2] is the union of (0, 1), which is open, and [1, 2], which
is closed. Let f be the map defined by f(z) =z on (0,1) and f(z) = 2 + 1 on [1,2]. Then f|¢, ) and
flj1,2) are each continuous but f is not continuous (at 1).

*10c. Suppose A = A; U Ay, A1\ Ay N (A2 \ A1) =0 and A3\ A1 N (A1 \ A2) = 0. Let f be a map
of A into a topological space Y such that the restrictions f|4, and f|4, are each continuous. Let F
be a closed subset of Y and let F' = f~1[F] C A. Then F/ = F' N (A; \ A2 U (A1 N A)U Ay \ Ay) =
F/Q(Al \Ag)UF’ﬂAl NAUF' N (AQ\Al) Note that F' N (A1 \Ag) C Ay and F' N (AQ\Al) C As.
Thus f[F'] = f[F' N (A1 \ A2)]JUF[F' N AL N AJUF[F' N (A2 \ Ay)] = f[F'] C Fand F' C f~[F] = F'.
Hence F’ = f~1[F] is closed and f is continuous.

8.2 Bases and countability

1la. Let B be a base for the topological space (X, 7). If 2 € E, then for every B € B with z € B,
since B is open, BN E # (). i.e. there is a y € BN E. Conversely, suppose that for every B € B with
x € B there is a y € BN E. For each open set O in X with x € O, there is a B € B with x € B C O.
Then thereisay € BNE C ONE. Thus z € E.

11b. Let X satisfy the first axiom of countability. If there is a sequence (x,,) in E converging to z, then
for any open set O containing x, there exists N such that =, € O for n > N. Thus ONE # () so x € E.
Conversely, suppose z € E. There is a countable base (B,,) at x. By considering By, By N Ba, By N By N
Bs, ..., we may assume By D By D Bjs---. Now each B, contains an z,, € E. For any open set O
containing , O D By D Byy1 D -+ for some N so x, € O for n > N and (x,) is a sequence in F
converging to .

11c. Let X satisfy the first axiom of countability and let (x,) be a sequence from X. If (z,) has a
subsequence converging to x, it follows from the definition that x is a cluster point of (xz,). Conversely,
suppose z is a cluster point of (z,,). There is a countable base (B,,) at x. We may assume B; D By D ---.
Since B is open and contains z, x,, € B; for some n; > 1. Suppose z,, ..., Zn, have been chosen. Then
there exists ngy1 > ng such that z,,,, € Bry1. For any open set O containing , O D By D Byy1---
for some N so z,, € O for k > N and the subsequence (z,,) converges to x.

12a. See Q9.

12b. Let B, be a base at « and €, be a base at y = f(x). Suppose f is continuous at x. For each
C € ¢, since C is open and contains f(z), there is an open set U containing x such that U C f~![C].
Then there exists B € B, such that B C U C f~![C]. Conversely, suppose that for each C' € €, there
exists B € B, such that B C f~1[C]. For any open set O containing f(z), there exists C' € €, such that
C C O. Then there exists B € 8B, such that B C f~[C] C f~1[O]. Hence f is continuous at z.

13. Let € be any collection of subsets of X. Let B consist of X and all finite intersections of sets in €.
By Proposition 5, 9B is a base for some topology S on X. For any topology 7 on X containing €, we
have B C 7. Since any set in S is a union of sets in B, S C 7. Hence S is the weakest topology on X
containing €.

14. Let X be an uncountable set of points and let 7 consist of the empty set and all subsets of X
whose complement is finite. Then X € ¥ since X¢ = (), which is finite. If Oy,05 € T, then we may
assume 01,09 # (0 so (01 N Oz)¢ = O U 05, which is finite. Thus O1 N0y € 7. If O, € 7, then
(UOq)¢ =N0E, which is finite. Thus |JO, € 7. Hence 7 is a topology for X.

Suppose (X, 7)) satisfies the first axiom of countability. Take z € X. There is a countable base (B,,) at
z. Note that B¢ is finite for all n so |J BS is countable. Thus there exists y € (|J BS)¢ = () B, with
y # x since (|J BS)¢ is uncountable. Now X \ {y} is open and contains z so there exists By C X \ {y}.
But y € By € X \ {y}. Contradiction. Hence (X,7) does not satisfy the first axiom of countability.
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15. Let X be the set of real numbers and let B be the set of all intervals of the form [a,b). For any
x € X, we have x € [,z +1). If x € [a,b) N [c¢,d), then x € [¢,b) (or [a,d)). Hence B is a base of a
topology ¥ (the half-open interval topology) for X.

For any z € X, let B, , = [z,x + ¢) where ¢ is a positive rational number. Then {B, 4} is a countable
base at x. Thus (X, %) satisfies the first axiom of countability. Let B be a base for (X,%). For any
xz € X, there exist B, € B such that « € B, C [z,z +1). If  # y, then B, # B,. Thus {B,}
is uncountable and (X, %) does not satisfy the second axiom of countability. For any x € X and any
open set O containing x, there is an interval [a,b) C O containing x. Furthermore, there is a rational
q € [a,b). Thus the rationals are dense in (X,7). Now (X, 7) is not metrizable because it is separable
and a separable metric space satisfies the second axiom of countability.

16. Suppose X is second countable. Let 8 be a countable base for the topology on X and let &/ be an
open cover of X. For each x € X, there exists U, € U, such that x € U,. Then there exists B, € B such
that x € B, C U,. Thus X = UIGX B,. Since B is countable, we may choose countably many U,’s to
form a countable subcover of /. Hence X is Lindel6f.

17a. Let X; = N x N and take X = X7 U {w}. For each sequence s = (my,) of natural numbers define
Bsn = {w}U{{j, k) : § > my, if k > n}. Clearly, any z € X is in some B, ,, or {{(j, k)}. If € Bs ,N By s,
then either z = w or x = (j, k). If z = (j, k), then {(j, k)} C Bsn N Bypr. lf x = w, let s”" = (m]) be the
sequence where mj = max(my, m},) for all k and let n” = min(n,n’). Then w € Bgr y» C Bgp, N Bys .
Other possible intersections are similarly dealt with. Hence the sets B, together with the sets {(j,k)}
form a base for a topology on X.

*17b. For any open set O containing w, there is some B; ,, such that w € B, ,, C O. Since Bj ,, contains
some (j,k) € X1, so does O. Thus w is a point of closure of X;.

17c. X is countable so it is separable. If it satisfies the first axiom of countability, then since w is a
point of closure of X7, by Q11b, there is a sequence from X; converging to w and by Ql1lc, w is a cluster
point of that sequence, contradicting part (b). Hence X does not satisfy the first axiom of countability
and thus it also does not satisfy the second axiom of countability.

17d. X is countable so it is Lindelof.

8.3 The separation axioms and continuous real-valued functions

18a. Given two distinct points z, y in a metric space (X, p), let r = p(z,y)/2. Then the open balls B, ,
and B, , are disjoint open sets with « € B, , and y € By ,. Hence every metric space is Hausdorft.

18b. Given two disjoint closed sets Fy, Fy in a metric space (X, p), let O1 = {z : p(z, F}) < p(x, F»)}
and let Oy = {z : p(z, F3) < p(z, F1)}. The sets Oy and Oz are open since the functions f(x) = p(x, F})
and g(x) = p(x, Fy) are continuous. Thus O; and Os are disjoint open sets with F; C O7 and Fy C Os.
Hence every metric space is normal.

19. Let X consist of [0, 1] and an element 0'. Consider the sets («, 8), [0, 8), (a, 1] and {0'}U(0, §) where
a, B € [0,1]. Clearly, any = € [0, 1] belongs to one of the sets. Note that («,3) C [0,8) N (a,1]. If z €
(o, B)N[0, 3), then = € (a, min(8, 3")) C (o, B)N[0,3). If z € (o, B)N (', 1], then = € (max(a, '), 5) C
(,B) N (,1]. Itz € (o, 8) N ({0'} U (0,8)), then z € (a,min(3,5")) C (o, 8) N ({0} U (0,5)). If
z € [0,8)Nn({0"}U(0,5")), then 2 € (0, min(8, 3)) C [0, 3) N ({0} U(0,5)). If = € (, 1] N ({07} U(0, B)),
then z € («, 8) C (e, 1] N ({0} U (0, 3)). Hence the sets form a base for a topology on X.

Given two distinct points x,y € X, if neither of them is 0°, then [0, (z + y)/2) is an open set containing
one but not the other. If y = 0/, then {0’} U (0,2/2) is an open set containing y but not z. Hence X
is T1. Consider the distinct points 0 and 0’. If O is an open set containing 0 and O’ is an open set
containing 0’, then 0 € [0,8) € O and 0/ € {0’} U (0,8") € O’ for some G, 3. Since [0,3) N (0,5) # 0,
ONO" #(. Hence X is not Hausdorff.

20. Let f be a real-valued function on a topological space X. Suppose f is continuous. Then for any
real number a, {z : f(z) < a} = f~![(—00,a)] and {z : f(z) > a} = f~1[(a,)]. Since (—o0,a) and
(a,00) are open, the sets {z : f(z) < a} and {z : f(x) > a} are open. Conversely, suppose the sets
{z: f(r) <a}and {x: f(x) > a} are open for any real number a. Since any open set O C R is a union
of open intervals and any open interval is an intersection of at most two of the sets, f~*[O] is open so f
is continuous.
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Since {x : f(z) > a}® = {x : f(x) < a}, we also have f is continuous if and only if for any real number
a, the set {x : f(z) > a} is open and the set {z : f(z) > a} is closed.

21. Suppose f and g are continuous real-valued functions on a topological space X. For any real
number a, {z : f(z) + g(z) < a} = U,eo({z : 9(x) < g} N{z : f(z) < a—g}), which is open, and
{z: f(x)+g(z) > a} = Uyeo{z 1 9(z) > ¢} N{z : f(z) > a—q}), which is open, so f + g is continuous.
{z: f(x)g(2) <a} =U,cqo{z: 9(2) <q})N{z: f(z) <a/q}, which is open, and {z : f(z)g(z) > a} =
Ugeo{ 1 9(2) > q}) n{x : f(x) > a/q}, which is open, so fg is continuous. {z : (fVg)(z) <a} = {z:
f(z) <a}n{z:g(z) < a}, which is open, and {z : (f V ¢g)(x) > a} = {z : f(z) > a} U {z : g(z) > a},
which is open, so f V g is continuous. {z : (f A g)(z) < a} = {z: f(z) < a} U{z: g(z) < a}, which is
open, and {z : (f Ag)(x) >a} ={z: f(x) >a}N{z: g(xr) > a}, which is open, so f A g is continuous.
22. Let (f,) be a sequence of continuous functions from a topological space X to a metric space Y.
Suppose (f,) converges uniformly to a function f. Let ¢ > 0 and let z € X. There exists N such
that p(fn(x), f(x)) < ¢/3 for all n > N and all x € X. Since fy is continuous, there is an open
set O containing = such that fy[O] C By, (a),es3- If y € O, then p(f(y), f(x)) < p(f(y), fn(y)) +
p(fn(), fn(x)) + p(fn(x), f()) <e. Thus f[O] C By(y),.. Since any open set in Y is a union of open
balls, f is continuous.

23a. Let X be a Hausdorff space. Suppose X is normal. Given a closed set F' and an open set O
containing F, there exist disjoint open sets U and V such that F C U and O° C V. Now U is disjoint
from O° since if y € O°, then V is an open set containing y that is disjoint from U. Thus U C O.
Conversely, suppose that given a closed set F' and an open set O containing F, there is an open set U
such that F C U and U C O. Let F and G be disjoint closed sets. Then F' C G¢ and there is an open
set U such that F C U and U C G°. Equivalently, F C U and G C U°. Since U and U¢ are disjoint
open sets, X is normal.

*23b. Let F be a closed subset of a normal space contained in an open set O. Arrange the rationals
in (0,1) of the form r = p2~™ in a sequence (r,). Let U; = O. By part (a), there exists an open set
Uy such that I C Uy and Uy C O = U;. Let P, be the set containing the first n terms of the sequence.
Since Uy C Uy, there exists an open set U,, such that Uy C U,, and U,, C U;. Suppose open sets U,
have been defined for rationals r in P,, such that @ C U, whenever p < g. Now 7,41 has an immediate
predecessor r; and an immediate successor r; (under the usual order relation) in P,4; U {0,1}. Note

that U, C U,;. Thus there is an open set U, , such that U., C U, ., and U, , CU,,. Now if r € P,,
then either r < r;, in which case U, C U,, C Ur,.,, or v > 7r;, in which case U, , C U, C U,. By

induction, we have a sequence {U,} of ‘open sets, one corresponding to each rational in (0,1) of the form
p=7r2"" such that F C U, C O and U, C U, for r < s.

23c. Let {U,} be the family constructed in part (b) with U; = X. Let f be the real-valued function on
X defined by f(z) = inf{r : x € U,.}. Clearly, 0 < f < 1. If x € F, then x € U, for all r so f(z) = 0.
If £ € O°, then « ¢ U, for any r < 1 so f(z) = 1. Given z € X and an open interval (¢, d) containing
f(x), choose rationals r; and 7y of the form p2~" such that ¢ < r; < f(x) < ro < d. Consider the open
set U = U,, \ Uy,. Since f(z) < rq, x € U, C U,, for some r < ro. If € U,.,, then x € U, for all r > rq
so f(z) <. Since f(x) > ri, x ¢ Up,. Thusx € U. If y € U, then y € U,, so f(y) < rp < d. Also,
y & Uy, so f(y) >ry > c. Thus f[U] C (¢,d). Hence f is continuous.

23d. Let X be a Hausdorff space. Suppose X is normal. For any pair of disjoint closed sets A and B
on X, B¢ is an open set containing A. By the constructions in parts (b) and (c), there is a continuous
real-valued function f on X such that 0 < f <1, f=0on A and f =1 on (B°)¢ = B.

(*) Proof of Urysohn’s Lemma.

24a. Let A be a closed subset of a normal topological space X and let f be a continuous real-valued
function on A. Let h = f/(1+|f|). Then |h| = |f|/(1 +|f]) < 1.

24b. Let B = {z : h(x) < —1/3} and let C = {x : h(z) > 1/3}. By Urysohn’s Lemma, there is a
continuous function h; which is —1/3 on B and 1/3 on C while |hi(x)| < 1/3 for all z € X. Then
|h(z) — hi(x)] < 2/3 for all x € A.

24c. Suppose we have continuous functions h, on X such that |h,(z)] < 2771/3" for all x € X and
|h(z) — > oi  hi(z)] < 27/3" for all z € A. Let B' = {z : h(z) — Y i, hi(z) < —2"/3""'} and
let ' = {x : h(z) — Y;_, hi(x) > 2"/3"T1}. By Urysohn’s Lemma, there is a continuous function

i=1

hpy1 which is —27/3"F1 on B’ and 2"/3""! on C" while |h,41(x)| < 27/3"F! for all z € X. Then
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\h(z) — S0 ()| < 271 /37 for all z € A.

24d. Let k, = >, h;. Then each k, is continuous and |h(z) — k,(z)| < 2"/3" for all z € A. Also,
|kn () = kn—1(z)] < 2771/3" for all n and all z € X. If m > n, then |y, (x) —kn ()| = | 3212, 11 hi(2)] <
o aa1 271 /30 < (2/3)". Let k(x) = 3272, hi(x). Then |k(x) — kn(2)| < (2/3)" for all # € X. Thus
(kn) converges uniformly to k. i.e. (h,) is uniformly summable to k and since each k,, is continuous, k is
continuous. Also, since |k,| < 1 for each n, |k| < 1. Now |h(z) — k,(z)] < 2"/3™ for all n and all z € A
so letting n — oo, |h(z) — k(z)| =0 for all z € A. i.e. k=h on A.

24e. Since |k| = |h] < 1 on A, A and {z : k(x) = 1} are disjoint closed sets. By Urysohn’s Lemma,
there is a continuous function ¢ on X which is 1 on A and 0 on {z : k(z) = 1}.

24f. Set g = pk/(1 — |pk|). Then g is continuous and g = k/(1 — |k|) = h/(1 — |h|) = f on A.

(*) Proof of Tietze’s Extension Theorem.

25. Let § be a family of real-valued functions on a set X. Consider the sets of the form {z : |f;(z) —
fi(y)] < € for some € > 0, some y € X, and some finite set fi,..., f, of functions in §}. The weak
topology on X generated by § has {f~1[O] : f € F,0 open in R} as a base. Now if 2/ € f~1[O] for
some f € § and O open in R, we may assume O is an open interval (c,d). If x € {z : |f(z) — f(2')] <
min(f(2') — ¢,d — f(2'))}, then f(z) € (¢,d). ie. z € f710]. Thus 2’ € {x : |f(z) — f(2)] <
min(f(2') — ¢,d — f(2'))} C f71[O0]. Hence the sets of the form {z : |f;(z) — fi(y)| < € for some & >
0, some y € X, and some finite set fi,..., f, of functions in F} is a base for the weak topology on X
generated by §.

Suppose this topology is Hausdorff. For any pair {z, y} of distinct points in X, there are disjoint open sets
O, and O, such that = € O, and y € O,. Then there are sets B, and By, of the form {z : | f;(z) — fi(2)| <
¢ for some ¢ > 0, some z € X, and some finite set fi,..., f, of functions in §} such that © € B, C O,
and y € B, C O,. Suppose f(z) = f(y) for all f € §. Then z,y € B, N B,. Contradiction. Hence
there is a function f € § such that f(z) # f(y). Conversely, suppose that for each pair {z,y} of distinct
points in X there exists f € § such that f(z) # f(y). Then x € {2’ : |f(z') — f(z)] < |f(y) — f(z)|/2}
and y € {z' : |f(2') — f(y)| < |f(y) — f(x)|/2} with the two sets being disjoint open sets. Hence the
topology is Hausdorff.

26. Let § be a family of real-valued continuous functions on a topological space (X,7). Since f is
continuous for each f € §, the weak topology generated by § is contained in 7. Suppose that for each
closed set F' and each = ¢ F there is an f € § such that f(z) =1 and f =0 on F. Then for each O € T
and each = € O, there is an f € § such that f(z) =1 and f =0 on O ie. z € f~1[(1/2,3/2)] C O.
Thus O is in the weak topology generated by §.

27. Let X be a completely regular space. Given a closed set F' and x ¢ F', there is a function f € C(X)
such that f(z) = 1 and f = 0 on F. Then F C f![(-00,1/2)], z € f~1[(1/2,00)], and the sets
f(=00,1/2)] and f~1[(1/2, 0)] are disjoint open sets. Hence X is regular.

28. Let X be a Hausdorff space and let Y be a subset of X. Given two distinct points z and y in Y,
there are disjoint open sets O; and Oy in X such that © € O; and y € O3. Then x € O; NY and
y € 0,NY, with O NY and O2 NY being disjoint open sets in Y. Hence Y is Hausdorff.

*29. In R" let B be the family of sets {z : p(x) # 0} where p is a polynomial in n variables. Let 7 be
the family of all finite intersections O = B N---N By from B. By considering the constant polynomials,
we see that () and X are in 7. It is also clear that if O1,05 € T, then O; N Oy € T. Now if O, € T,
Given two distinct points z,y € R”, say = (x1,...,2,) and y = (Y1,...,Yn), let p be the polynomial
i (Xi —z;)?. Then p(z) = 0 and p(y) # 0. Thus there is an open set containing y but not z. Hence
7 is Tl.

Any two open sets are not disjoint since for any finite collection of polynomials there is an x that is not
a root of any of the polynomials. Hence 7 is not T5.

30. Let A C B C A be subsets of a topological space, and let f and g be two continuous maps of B into a
Hausdorff space X with f(u) = g(u) for all u € A. For any v € B, we have v € A. Suppose f(v) # g(v).
Then there are disjoint open sets O; and Os such that f(v) € O; and g(v) € Os. Since f and g are
continuous, there are open sets Uy and Us such that v € Uy, f[Ui] C O1, v € Us, g[Us] C O3. Now
there exists u € A with u € Uy NUy. Then f(u) € O; and g(u) € Oz but f(u) = g(u) so O; N Oz # .
Contradiction. Hence f(v) = g(v). i.e. f =g on B.
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31. Omitted.

8.4 Connectedness

32. Let {C,} be a collection of connected sets and suppose that any two of them have a point in
common. Let G = |JC,. Suppose O; and O is a separation of G. For any pair C,, and C,, there is
apeCyNCqy. Then p € O or p € Oy. Suppose p € O7. Since C,, is connected and p € C,, we have
C, C O;1. Now any other C,~ has a point in common with C, so by the same argument, C,» C O;.
Thus G C Oy, contradicting O # (). Hence G is connected.

33. Let A be a connected subset of a topological space and suppose that A C B C A. Suppose O; and
Oy is a separation iB. Since A C B = 01 UQO5 and A is connected, we may assume that A C O;. Then
B=BnNACBNO; = 0y, contradicting Oy # (. Hence B is connected.

34a. Let F be a connected subset of R having more than one point. Suppose x,y € E with z < y.
Suppose there exists z € (x,y) such that z ¢ E. Then EN(—o0,z) and EN(z,00) are a separation of E,
contradicting the connectedness of E. Thus [z,y] C E. Let a = inf E and b = sup E. Clearly, FE C [a,b].
If z € (a,b), then there exists 2/ € E such that a < 2’ < z and there exists 2" € E such that z < 2" <b
so that z € E. Thus (a,b) C E C [a,b]. Hence E is an interval.

34b. Let I = (a,b) and let O be a subset of I that is both open and closed in I. Clearly sup{y : (a,y) C
O} < b. Suppose d =sup{y : (a,y) CO} <b. If d € O, then (d —e,d+¢) C O C I for some £ > 0 since
O is open. There exists z > d — ¢ such that (a,z) C O. Then (a,d +¢) = (a,2) U(d—¢e,d+¢) C O.
Contradiction. If d ¢ O, then (d —¢,d +¢) C O° for some ¢ > 0 since O° is open. But there exists
z > d— e such that (d—e,z) C (a,z) C O. Contradiction. Hence d = b. Thus for any ¢ < b, there exists
¢ > c such that (a,d’) C O. i.e. ¢ € O. Hence O = I and I is connected. It follows from Q33 that
intervals of the form (a, b], [a,b), [a,b] are also connected.

35a. Let X be an arcwise connected space. Suppose O and O, is a separation of X. Take z € Oy
and y € Oz. There is a continuous function f : [0,1] — X with f(0) = « and f(1) = y. Since [0,1] is
connected, f[0,1] is connected so we may assume f[0,1] C O;. Then y € O1 N Os. Contradiction. Hence
X is connected.

*35b. Consider X = {(z,y) : ¢ = 0,-1 <y < 1} U {{z,y) : y = sin(1/2),0 < « < 1}. Let
I={(z,y):2=0,-1<y<1}and S = {(z,y) : y =sin(1/z),0 < z < 1}. Since S is the image of (0, 1]
under a continuous map, S is connected. Let (0,y) € I. Given € > 0, choose n such that 1/2n7 < e.
Since sin £ (4n + 1) = 1 and sin £(4n + 3)m = —1, sin(1/z) takes on every value between -1 and 1 in
the interval [2/(4n + 3)m,2/(4n + 1)x]. In particular, sin(1/z¢) = y for some xy in the interval. Then
P[0, ), (zo,y)] = xo < € 80 (0,¥y) € Bo,y),NS. Hence I C S and by Q33, X = I U S is connected.
Suppose X is arcwise connected. Then there is a path f from (0,0) to some point of .S. The set of ¢ such
that f(t) € I is closed so it has a largest element. We may assume that t = 0. Let f(¢) = (z(t), y(t)).
Then 2(0) = 0 while z(t) > 0 and y(¢t) = sin(1/z(t)) for t > 0. For each n, choose u with 0 < u < z(1/n)
such that sin(1/u) = (—1)™. Then there exists t,, € (0,1/n) such that x(¢,) = u. Now (¢,,) converges to
0 but (y(t»)) does not converge, contradicting the continuity of f. Hence X is not arcwise connected.
(*) (Closed) topologist’s sine curve

35c. Let G be a connected open set in R™. Let z € G and let H be the set of points in G that can be
connected to z by a path. There exists 6 > 0 such that B, 5 C G. Fory € By 5, f(t) = (1—t)z+tyisa
path connecting z and y. Thus H # (. For each y € H, there exists ¢’ > 0 such that B, 5» C G. There
is a path f connecting y to . For each z € By 5, there is a path g connecting z to y. Then h given
by h(t) = g(2t) for t € [0,1/2] and h(t) = f(2t — 1) for ¢ € [1/2,1] is a path connecting z to z. Thus
B, C H and H is open. If y € H, then y € B, s C G for some § > 0 and B, s contains a point z of
H. Now there is a path connecting z to x and there is a path connecting y to z. Thus there is a path
connecting y to x so y € H and H is closed. Hence H = (G. Since x is arbitrary, G is arcwise connected.
36. Let X be a locally connected space and let C' be a component of X. If x € C, then there is a
connected basic set B such that € B. Since B is connected, B C C'. Thus C is open.

*37. Let X be as in Q35b. Sufficiently small balls centred at (0,0) do not contain connected open sets
so X is not locally connected.
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8.5 Products and direct unions of topological spaces

[e]
38a. Let Z =(J X,. Suppose f : Z — Y is continuous. For any open set O C Y, f~1[0O] is open in Z
so f1[0] N X, is open in X,, for each . i.e. f|)_(i [O] is open in X, for each .. Thus each restriction
flx., is continuous. Conversely, suppose each restriction f|x_ is continuous. For any open set O C Y,
o] = Uf|)_(i [O]. Each of the sets f|)_(i [O] is open so f~1[O] is open and f is continuous.
38b. F C Z is closed if and only if F¢ is open if and only if F° N X, is open in X, for each « if and
only if F'N X, is closed in X, for each «.

38c. Suppose Z is Hausdorff. Given z,y € X,, =,y € Z so there are disjoint open sets 01,02 C Z
such that x € O; and y € Oy. Then O N X, and Oy N X, are disjoint open sets in X, containing x
and y respectively. Thus X, is Hausdorff. Conversely, suppose each X, is Hausdorff. Given z,y € Z,
x € X, and y € X for some o and 3. If o = 3, then since X, is Hausdorff, there are disjoint open sets
01,05 C X, such that z € O and y € Oy. The sets O; and O, are also open in Z so it follows that Z
is Hausdorff. If a # 3, then since X, N Xg = () and the sets X, and Xz are open in Z, it follows that
Z is Hausdorff.

38d. Suppose Z is normal. Given disjoint closed sets F1, Fy C X, F} and F5 are closed in Z so there are
disjoint open sets 01,0 C Z such that Fy C O; and F5 C Os. Then F; C O1 N X, and F, C O3 N X,
with O; N X, and Oy N X, being disjoint open sets in X,. Thus X, is normal. Conversely, suppose each
X, is normal. Given disjoint closed sets Fi, Fo C Z, the sets F} N X, and F> N X, are closed in X, for
each o so there are disjoint open sets O o, 02,0 C X, such that F1 N X, C O1,4 and Fo N X, C Oz 4.
Then Fy C |JO1,o and Fy C |JOs,o with |JO1,, and | Oz, being disjoint open sets in Z. Hence Z is
normal.

39a. Let X; C X be a direct summand. Then it follows from the definition that X is open. Let X5 be
another direct summand. Then X5 is open and X; C X§. Now X§ is closed so X; = X§ N X; is closed.
39b. Let X; be a subset of X that is both open and closed. Let Xy = X \ X;. Then X, is open,
XiNXy=0and X = X; UX,. If O is open in X, then O N X; is open in X; for i« = 1,2. On the
other hand, if O is open in X; ¥, X, then O N X is open in X; for ¢ = 1,2 and thus open in X. Then
O=(0NX;)U(ONXs)isopen in X. Hence X = X, O Xo.

*40a. If X has a base, each element being Tychonoff, let 2,y be distinct points in X. There is a basic
element B containing x. Since B is Tychonoff, there exists O open in B such that x € O but y ¢ O.
Then O is also open in X so X is Tychonoff.

Consider E =R x {0,1}/ ~ where ~ is the smallest equivalence relation with (z,0) (z, 1) for x € R\ {0}.
Let ¢ : R x {0,1} — F be the quotient map and consider the base ¢[(a,b) x {e}] for a < b and e € {0,1}.
Then FE is not Hausdorff and thus not regular and not completely regular but the elements in the base
are.

(*) Error in book.

*40b.

*40c.

41. Let (X, p) be a metric space with an extended real-valued metric and X,, its parts. i.e. equivalence
classes under the equivalence relation p(z,y) < co. Then X is the disjoint union of its parts and by
Q7.3b, each part is open (and closed). Thus X is the direct union X :Loj X,.

42. Let (X4, 7,) be a family of Hausdorff spaces. Given distinct points z,y € [], Xa, we have 2 # yq
for some «. Since X, is Hausdorff, there are disjoint open sets 01,0y C X, such that x € O; and
y € Os. Then 7, [O1] and 7, *[O5] are disjoint open sets in [], X, containing = and y respectively.
43. Note that [[, X, is a basic element. If x € By N By where B; =[], Oq.i, then 24 € On,;1 N Oq,2 for
each a. Now each O}, = Oq,1 N Ogy,2 is open in X, and only finitely many of them are not X,. Thus
x € HaO; C BlﬂBQ.

Let (X, p) and (Y,0) be two metric spaces. Since po, is equivalent to the usual product metric, we
consider (X x Y, ps). The open ball B, .. is the same as B, . x By . so B, ). is open in the
product topology. For any U x V with U open in X and V open in Y, given (z,y) € U x V, there
are open balls B, . and By s such that v € B, C U and y € B, 5 C V. Let n = min(e,0). Then
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Bia,yyy C Bee x By s CUXV. Thus U X V is open in the metric topology. Hence the product topology
on X XY is the same as the topology induced by the product metric.

44. By definition, X4 = [], .4 Xa. We may identify each z € [],. 4 Xo with the function f: 4 —
X given by f(a) = x,. We may then also identify each basic element [] ., O with {f : f(a) €
O, for each a}. But since all but finitely many of the sets O, are X,, we only need to consider the sets
{f: flon) € O1,..., flap,) € Oy} where {a1,...,a,} is some finite subset of A and {O1,...,0,} is a
finite collection of open subsets of X.

Suppose a sequence (f,,) converges to f in X“. Then we may regard this as a sequence (x,,) converging
to x under the identification described above. Now since 7, is continuous, (7, (x,)) converges to 7, ().
ie. (zp,q) converges to z, for each a. Under the identification again, (f,(«)) converges to f(a) for each
a. Conversely, suppose (f,(a)) converges to f(a) for each a. Let B be a basic element containing f.
Then f(a;) € O; for some finite subset {aq,...,amn} C A and some finite collection {Oy,..., O} of
open subsets of X. Then there exists N such that f,(«;) € O; forn > N andi=1,...,m. Thus f, € B
for n > N and (f,,) converges to f in X4.

45. Suppose X is metrizable and A is countable. We may enumerate A as {aj,as,...}. Then by
Q7.11a, X can be given an equivalent metric p that is bounded by 1. Define ¢ on X4 by o(z,y) =
>, 27" p(Za, s Ya,, ). Then o is a metric on X4 so X4 is metrizable.

46. Given an open set Ony C Xags Ta [Oasl = {7 € [1, Xa : Tay € Oa,}, which is open in [], Xa.
Hence each 7, is continuous. If 7T is a topology on X such that each 7, is continuous, then each basic
element in the product topology is a finite intersection of preimages under some 7, of open sets in X.
Thus each basic element in the product topology is in 7 and thus the product topology is contained in
7. Hence the product topology is the weakest topology such that each 7, is continuous.

47. The ternary expansion of numbers gives a homeomorphism between 2* and the Cantor ternary set.

48a. Each x € X can be identified with the element in IS with f-th coordinate f(x). Let F be the
mapping of X onto its image in IS. Suppose each f € § is continuous. Given a basic element Hf Of C IS,
FUIT; 0] = {z: F(z) € [[;O0s} = {z : f(zx) € Oy for each f} = f~'[Oy]. The intersection is in
fact a finite intersection since all but finitely many of the sets Oy are I. Thus F~![] 7 Oy] is open and
F' is continuous. Further suppose that given a closed set F' and x ¢ F there is f € § such that f[F] =0
and f(z) = 1. Let U be open in X and let y € F[U]. Now y = F(x) for some x € U and there is f € §
such that f[U] =0 and f(z) =1. Let V = 77171[(0, oo)] and let W =V N F[X]. Then W is open. Also,
wi(y) = f(x) =1soy € W. If z € W, then z = F(x) for some x € X with f(z) > 0so z € U. Thus
W C F[U]. Thus F[U] is open in IS. Hence F is a homeomorphism.

*48b. Suppose X is a normal space satisfying the second axiom of countability. Let {B,} be a countable
base for X. For each pair of indices n,m such that B,, C B,,, by Urysohn’s Lemma, there exists a
continuous function gy, on X such that g, ,, =1 on B,, and gn,m = 0 on By . Given a closed set F
and = ¢ F, choose a basic element B, such that z € B,, C F°. By Q23a, there exists B,, such that
x € B, and B, C B,,. Then g, , is defined with g, ,(z) = 1 and g, ,»[F] = 0. Furthermore the family
{gn,m} is countable.

48c. Suppose X is a normal space satisfying the second axiom of countability. By part (b), there is a
countable family § of continuous functions with the property in part (a). Then there is a homeomorphism
between X and IS. By Q45, IS is metrizable and thus X is metrizable.

*49. First we consider finite products of connected spaces. Suppose X and Y are connected and choose
(a,by € X x Y. The subspaces X x {b} and {x} x Y are connected, being homeomorphic to X and YV
respectively. Thus T, = (X x {b}) U ({z} x Y is connected for each z € X. Then (J,, y T% is the union
of a collection of connected spaces having the point (a,b) in common so it is connected. But this union
is X XY so X x Y is connected. The result for any finite product follows by induction.

Let {X4}aca be a collection of connected spaces and let X =[], X. Fix a point a € X. For any finite
subset K C A, let Xk be the subspace consisting of points  such that x, = a, for « ¢ K. Then Xg
is homeomorphic to the finite product Hae x Xa 50 it is connected. Let Y be the union of the sets X .
Since any two of them have a point in common, by Q32, Y is connected. Let z € X and let U =[], Oa
be a basic element containing x. Now O, = X, for all but finitely many « so let K be that finite set.
Let y be the element with y, = z, for @ € K and y, = a, for « ¢ K. Theny € X CY and y € U.
Hence X =Y so X is connected.

49



8.6 Topological and uniform properties

50a. Let (f,) be a sequence of continuous maps from a topological space X to a metric space (Y, o) that
converges uniformly to a map f. Given € > 0, there exists N such that o(f,(z), f(z)) <e/3 forn > N
and x € X. Given z € X, there is an open set O containing = such that o(fny(x), fn(y)) < €/3 for
y € 0. Then o(f(x), (3)) < o(F(@), f (@) + o (fx (@), fn (9)) + o(Fx (), f()) < = for y € O. Hence f

is continuous.

50b. Let (f.) be a sequence of continuous maps from a topological space X to a metric space (Y,0)
that is uniformly Cauchy. Suppose Y is complete. For each x € X, the sequence (f,(z)) is Cauchy
so it converges since Y is complete. Let f(z) be the limit of the sequence. Then (f,) converges to
f. Given € > 0, there exists N such that o(f,(z), fm(z)) < /2 for n,m > N and x € X. For each
x € X, there exists N, > N such that o(fn,(2), f(z)) < €/2. Then for n > N and z € X, we have
o(fulx), f(z)) < o(fulx), fn,(x)) + o(fn, (), f(x)) < e. Thus (f,) converges uniformly to f and by
part (a), f is continuous.

51. The proofs of Lemmas 7.37-39 remain valid when X is a separable topological space. Thus the
Ascoli-Arzeld Theorem and its corollary are still true.

8.7 Nets

52. Suppose X is Hausdorff and suppose a net (x,) in X has two limits z,y. Then there are disjoint
open sets U and V such that x € U and y € V. Since z and y are limits, there exist ap and «; such
that z, € U for o = ag and z, € V for a = a;. Choose o' such that o = ag and o’ = a;. Then
To € UNV for a = o'. Contradiction. Hence every net in X has at most one limit. Conversely, suppose
X is not Hausdorff. Let x,y be two points that cannot be separated and let the directed system be the
collection of all pairs (A, B) of open sets with z € A, y € B. Choose 24,3y € AN B. Let O be an
open set containing = and let O’ be an open set containing y. For (4, B) = (O, 0’), we have A C O and
B CO'soxap € ANB CONO'". Thus both z and y are limits.

53. Suppose f is continuous. Let (x,) be a net that converges to x. For any open set O containing f(z),
we have z € f~1[0], which is open. There exists ag such that z, € f~1[O] for o = . Then f(z,) € O
for a > . Hence (f(x,)) converges to f(z). Conversely, suppose that for each net (z,) converging to
x the net (f(z,)) converges to f(x). Then in particular the statement holds for all sequences. It follows
that f is continuous.

*54. Let X be any set and f a real-valued function on X. Let A be the system consisting of all finite
subsets of X, with I’ < G meaning F' C G. For each F' € A, let yr = . f(x). Suppose that f(z) =0
except for x in a countable subset {z,} and > |f(z,)| < co. Given € > 0, there exists N such that
Yoo w1 [f(zn)| <e. Let y =3 f(xn). For any open interval (y — e,y +¢), let Fy = {z1,...,zx}. For
F - Fo, ly—yr| <> 0y |f(@n) <esoyr € (y—e,y+¢). Thus limyp = y. Conversely, if f(z) # 0
on an uncountable set G, then for some n, |f(z)| > 1/n for uncountably many 2. Thus by considering
arbitrarily large finite subsets of G, we see that (yr) does not converge. Hence f(x) = 0 except on a
countable set. Now if > |f(z,)| = oo, then we only have > f(x,) < co and it follows that the limit is
not unique. Hence > |f(zn)] < 0.

55. Let X =[], Xo. Suppose a net (xg) in X converges to x. Since each projection is continuous, each
coordinate of zg converges to the corresponding coordinate of . Conversely, suppose each coordinate of
xg converges to the corresponding coordinate of . Let [[, On be a basic element containing x. Then
To(x) € Oy for each a. For each «, there exists §, such that m,(xg) € O, for § > B,. Since all but
finitely many of the O, are X,, we only need to consider a finite set B,,, ..., Bq, . In particular, we may
choose [y such that By > B, for all i. For 8 > By, we have 7o, (zg) € Oq,. For a # «;, we also have
Ta(28) € Oq = Xo. Thus zg € [, O, for B = (. Hence the net (x3) converges to x.
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9 Compact and Locally Compact Spaces

9.1 Compact spaces

1. Suppose X is compact. Then every open cover has a finite subcovering. In particular, it has a finite
refinement. Conversely, suppose every open cover has a finite refinement. Since every element in the
refinement is a subset of an element in the open cover, the open cover has a finite subcovering so X is
compact.

*2. Let (K,) be a decreasing sequence of compact sets with K, Hausdorfl. Let O be an open set
with (K, C O. Suppose K,, is not a subset of O for any n. Then K, \ O is nonempty and closed
in K,,. Since K, is a compact subset of the Hausdorff space Ky, K, is closed in Ky so K, \ O is
closed in Kj. Also, (K, \ O) is a decreasing sequence so it has the finite intersection property. Now
0+ (NK.)\O=N(K,\O)C K, C O. Contradiction. Hence K,, C O for some n.

(*) Assume K is Hausdorff.

3. Suppose X is a compact Hausdorff space. Let F' be a closed subset and let « ¢ F. For each y € F,
there are disjoint open sets U, and V,, with « € U, and y € V},. Now F' is compact and {V, : y € F'} is an
open cover for F. Thus there is a finite subcovering {V,,,,..., V. }. Let U = (., Uy, and V = JI_, V.
Then U and V are disjoint open sets with x € U and F C V. Hence X is regular.

4. Suppose X is a compact Hausdorff space. Let F' and G be disjoint closed subsets. By Q3, for each
y € G, there are disjoint open sets U, and V,, such that F' C U, and y € V. Now G is compact and
{V, : y € G} is an open cover for G. Thus there is a finite subcovering {V,,,...,V,, }. Let U' = N_, Uy,
and V' = J;_, Vj,. Then U’ and V' are disjoint open sets with F C U’" and G C V. Hence X is normal.
5a. If (X,7) is a compact space, then for 7, weaker than 7, any open cover from 77 is an open cover
from 7 so it has a finite subcovering. Thus (X, 7;) is compact.

5b. If (X,7) is a Hausdorff space, then for 7¢ stronger than 7, any two distinct points in X can be
separated by disjoint sets in 7, which are also sets in 7¢. Thus (X, 73) is Hausdorff.

5c. Suppose (X, 7T) is a compact Hausdorff space. If 77 is a weaker topology, then id : (X,7T) — (X, Ty)
is a continuous bijection. If (X,77) is Hausdorff, then id is a homeomorphism. Contradiction. Hence
(X, 77) is not Hausdorff. If 75 is a stronger topology, then id : (X,73) — (X, 7T) is a continuous bijection.
If (X, 73) is compact, then id is a homeomorphism. Contradiction. Hence (X, 73) is not compact.

6. Let X be a compact space and § an equicontinuous family of maps from X to a metric space (Y, 0).
Let (f.) be a sequence from § such that f,(z) — f(x) for all x € X. For each = € X, given ¢ > 0,
there exists N,, such that o(f,(z), f(z)) < &/3 for n > N,. Also, there exists an open set O, containing
x such that o(fn(x), fn(y)) < €/3 for y € O, and all n. Then we also have o(f(z), f(y)) < &/3 for
y € Oy. Now {O, : x € X} is an open cover for X so there is a finite subcovering {O,,,..., 0, }. Let
N = maxi<;<g Ng,. For n > N, o(fn(z;), f(z:)) < e/3for 1 <i < k. Foreachz € X, z € Oy, for
some i 50 0(fa(@), f(2)) < 0(fa(@), falw) + o(falee), £(25)) + 0(F(2:), f(2)) < = for n > N. Hence
(fn) converges uniformly to f on X.

*7. Let X be a Hausdorff space and (C,,) a decreasing sequence of compact and connected sets. Let
C = (N C,. For any open cover U of C, U is an open cover of some C, by Q2. Thus it has a finite
subcovering, which also covers C'. Hence C is compact.

Suppose C is disconnected with A and B being a separation for C'. Then A and B are nonempty disjoint
closed subsets of C. Since C is an intersection of closed sets, C is closed. Thus A and B are closed in
Cy. Since Cj is compact and Hausdorff, it is normal. Thus there are disjoint open sets U,V C Cy such
that AC U and BCV. Then C = AUB CUUV. By Q2, C,, C UUYV for some n. Hence C,, is
disconnected. Contradiction. Hence C' is connected.

(*) Assume X is Hausdorff
8a. Let (f,) be a sequence of maps from X to Y that converge in the compact-open topology to f.

For x € X, let O be an open set containing f(z). Then Ny, o is open in the compact-open topology
and contains f. There exists N’ such that f, € Nz 0 for n > N'. ie. fu(z) € O for n > N'. Hence
f(x) = limfn(m)‘

*8b. Let (f,) be a sequence of continuous maps from a topological space X to a metric space (Y,0).
Suppose (f,,) converges to f uniformly on each compact subset C of X. Let Ng o be a subbasic element
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containing f. Then f[K] is a compact set disjoint from O°¢ so o(f[K],0°¢) > 0. Let ¢ = o(f[K],O0°).
There exists N’ such that o(f,(z), f(z)) < e for n > N’ and x € K. Then f,(z) € O for n > N’ and
xz € K. le. f, € Nk for n > N'. Hence (f,) converges to f in the compact-open topology.

Conversely, suppose (f,) converges to f in the compact-open topology. Let C' be a compact subset
of X and let € > 0 be given. Since C' is compact and f is continuous, f[C] is compact. Thus there
exist x1,...,2, € C such that the open balls Bf(;,)c/a,-.;Bf(z,)./a cover f[C]. For each i, let
C;, = Cﬂf_l[Bf(xi)’e/Zl] and O; = Bf(wi),g/zl. Then C; is compact and f[C,] C O;. Thus f € ﬂ?:l N¢, .0, -
There exists N’ such that f, € (_; N¢,,0, for n > N’. For any z € C, z € C; for some i so
o(f(x;), f(z)) < /4. Also, fn(z) € O; for n > N’ so o(fn(x), f(2;)) < €/4 for n > N’. Thus
o(fn(z), f(z)) < e for n > N’ and z € C. Hence (f,) converges uniformly to f on C.

(*) Assume f to be continuous.

9.2 Countable compactness and the Bolzano-Weierstrass property

9a. A real-valued function f on X is continuous if and only if {z : f(z) < a} and {z : f(z) > a} are
open for any real number « if and only if f is both upper semicontinuous and lower semicontinuous.

9b. Suppose f and g are upper semicontinuous. Then {z : f(z) < a} and {z : g(z) < a} are open for
any real number a. Now for any real number a, {z : f(z) + g(z) < a} = U,col{z : 9(z) < g} N{z:
f(x) < o — q}], which is open. Hence f + g is upper semicontinuous.

9c. Let (f,) be a decreasing sequence of upper semicontinuous functions which converge pointwise to a
real-valued function f. If f(z) < «, then there exists N such that f,(z) — f(z) < a — f(x) for n > N.
ie. fo(z) < afor n > N. On the other hand, if f,(r) < « for some n, then f(z) < f,(z) < a. Thus
{z: f(z) < a} =, {z: fn(z) < a}, which is open. Hence f is upper semicontinuous.

9d. Let (f,) be a decreasing sequence of upper semicontinuous functions on a countably compact space,
and suppose that lim f,(x) = f(z) where f is a lower semicontinuous real-valued function. By part (c),
f is also upper semicontinuous so f is continuous. Now (f,, — f) is a sequence of upper semicontinuous
functions on a countably compact space such that for each z, (f,(x) — f(z)) decreases to zero. Thus by
Proposition 11 (Dini), (f,, — f) converges to zero uniformly. i.e. (f,) converges to f uniformly.

9e. Suppose a sequence (f,) of upper semicontinuous functions converges uniformly to a function f.
Fix y € X. Given ¢ > 0, there exists N such that |fy(z) — f(z)] < ¢/3 for all z € X. Since
{z: fn(z) < fn(y) +¢/3} is open, there exists § > 0 such that |x —y| < ¢ implies fy(x) — fn(y) < e/3.
Now if |z —y| < 4, then f(z) — f(y) = [f(x) — fn(@)] + [fn(x) — fn@W)] + [fn(y) — f(y)] <e. Given
a € R, pick y € {z: f(x) < a}. There exists 6 > 0 such that |z — y| < ¢ implies f(z) — f(y) < a— f(y).
ie. f(x) < a. Hence {z: f(x) < a} is open and f is upper semicontinuous.

*10 (i) = (iii) by Proposition 9. Suppose that every bounded continuous real-valued function on X
assumes its maximum. Let f be a continuous function and suppose it is unbounded. We may assume,
by taking max(1, f), that f > 1. Then —1/f is a bounded continuous function with no maximum.
Thus (iii) = (ii). Suppose X is no countably compact. Then it does not have the Bolzano-Weierstrass
property. There is a sequence {(x,) in X with no cluster point. Thus the sequence has no limit points.
Let A = {x,}. Then A is closed and since all subsets of A are also closed, A is discrete. Define f(z,) =n
for , € A. Then f is continuous on the closed set A and since X is normal, by Tietze’s Extension
Theorem, there is a continuous function g on X such that g|4 = f. Then ¢ is an unbounded continuous
function on X. Thus (ii) = (i).

11a. Let X be the set of ordinals less than the first uncountable ordinal and let B be the collection of
sets of the form {z : z < a},{z:a <z <b},{z:a <z}. Forany g € X, g € {z : z < o + 1}. Now
{z:z<bin{z:a<z}={r:a<z<b},{z:z<c}nN{z:a<z<bl={z:a<z<min(bc)},
{z : max(a,c) <x <b}={zr:a<x<blN{z:c<a} Hence B is a base for a topology on X.

*11b. For any sequence (z,,) in X, let xg = sup z,,. Then z,, < xg+1 for all n. i.e. x, € {z: 2 < 29+1}
for all n so the sequence converges to xg. Hence X is sequentially compact. The sets {x : z < a} form
an open cover for X. If it has a finite subcovering, then there exists a € X such that x < a for all z € X.
Contradiction. Hence X is not compact.

*11c. Let f be a continuous real-valued function on X. We first show the existence of a sequence ()
in X such that |f(y) — f(zn)| < 1/n for y > x,,. If no such sequence exists, we may construct for some
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N an increasing sequence (z,) such that |f(z,) — f(zn,—1)| > 1/N for each n. Then (z,) converges to its
supremum but (f(z,)) does not converge, contradicting the continuity of f. Now let xg = sup x,,. Then
f(@) = f(zg) for z > xo.

12a. Similar argument as Ql1a.

*12b. Let U be an open cover for Y consisting of basic sets. Let L, = {z : z < a} and Up = {x : b < z}.
Then w; € U, for some Uy € U. Also, 0 € L, for some L, € U. Let ag = sup{a : L, € U}. Then ag € Us,
for some Up, € U so by < ag. Then there exists a; > by such that L,, € Y. Since y > by or y < a; for
any y € Y, {Lq,, Uy, } is a finite subcovering of U that covers Y. Hence Y is compact.

Let D be a countable subset of Y. Then y = sup D exists and y € Y. Now {z : y < z} is an open set
in Y that does not intersect D. Thus D is not dense in Y and Y is not separable. Suppose there is a
countable base {U,} at w;. Then each U, is of the form {z : > a,}. There exists a < w; such that
a > a, for all n. Then the open set {z : z > a} does not contain any U,,. Contradiction. Thus Y is not
first countable.

9.3 Products of compact spaces

13. Each closed and bounded subset X of R™ is contained in a cube I"™ where I = [a,b]. Each I is
compact in R so I™ is compact in R™ by Tychonoff’s Theorem. Now X is closed in I™ so X is compact.

*14. Suppose X is compact and I is a closed interval. Let & be an open cover of X x I and let ¢t € I.
Since X X {t} is homeomorphic to X, X x {t} is compact so there is a finite subcovering {Uq,...,Uy,}
of U such that U = J_, U; D X x {t}. Now X x {t} can be covered by finitely many basic sets
Ay X By,...,Ax X B, C U. Then B = By N---N By is an open set containing ¢. If (z,y) € X x B,
then (z,t) € A; x B; for some j so z € Aj and y € (\_, Bi C B;. Thus (z,y) € A; x B; and
X xBcC U?Zl(Ai x B;) C U. Thus for each t € I, there is an open set B; containing ¢ such that X x B
can be covered by finitely many elements of ¢. The collection of the sets B; forms an open cover of X so
there is a finite subcollection {By,, ..., By, } covering X. Now X x I = J!",(By, x I), which can then
be covered by finitely many elements of U.

15. Let (X,,) be a countable collection of sequentially compact spaces and let X = [[ X,,. Given a

sequence (z,) in X, there is a subsequence (xs)> whose first coordinate converges. Then there is a

subsequence (:c@) of <:c£11)> whose second coordinate converges. Consider the diagonal sequence <x§l")>
Each coordinate of this sequence converges so the sequence converges in X. Hence X is sequentially

compact.

16. Let X be a compact Hausdorff space. Let § be the family of continuous real-valued functions on
X with values in [0,1]. Let @ = [[;c5 1. Consider the mapping g of X into @ mapping = to the
point whose f-th coordinate is f(z). If & # y, then since X is compact Hausdorff, and thus normal, by
Urysohn’s Lemma, there exists f € § such that f(x) = 0 and f(y) = 1. Thus g is one-to-one. Since
f is continuous for each f € §, ¢ is continuous. Now ¢[X] is a compact subset of the Hausdorff space
Q so g[X] is closed in Q. Furthermore, g is a continuous bijection from the compact space X onto the
Hausdorff space ¢g[X] so X is homeomorphic to g[X].

*17. Let Q@ = I” be a cube and let f be a continuous real-valued function on Q. Given £ > 0, cover
f[Q] by finitely many open intervals Iy, ..., I, of length e. Consider f~'[[;] for j = 1,...,n. These sets

cover @ and we may assume each of them is a basic set, that is, f~'[I;] = ], U where U is open in

I and all but finitely many of the UY) are I. For each J, let F; = {a: vy # 1} and let F = U;L:1 Fj,
which is a finite set. Define h : Q@ — @ by m,h(z) = z, for a € F and 0 otherwise. Define g = f o h.
Then g depends only on F and |f — g| < e.

9.4 Locally compact spaces

18. Let X be a locally compact space and K a compact subset of X. For each x € K, there is an open
set O, containing z with O, compact. Since K is compact, there is a finite subcollection {Oy,, ..., Oz, }
that covers K. Let O = J;_, O,,. Then O D K and O = J]_, O,, is compact.

*19a. Let X be a locally compact Hausdorfl space and K a compact subset. Then K is closed in
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X*. By Q8.23a, there exists a closed set D containing w with D N K = (). By Urysohn’s Lemma,
there is a continuous function g on X* with 0 < g < 1 that is 1 on K and 0 on D. Define f(z) =
min(2(g(z) —1/2),0). Then {z: f(z) > 0} = {z : g(z) > 1/2}, which is compact because g is continuous
on X*.

(*) Alternatively, use Q16 to regard K as a closed subset of the compact Hausdorff space Q.

*19b. Let K be a compact subset of a locally compact Hausdorff space X. Then by Q18, there is an
open set O D K with O compact. Now X*\ O and K are disjoint closed subsets of X* so by Urysohn’s
Lemma, there is a continuous function g on X* with 0 < g <1 that is 1 on K and 0 on X* \ O. Then
f = glx is the required function.

20a. Let X* be the Alexandroff one-point compactification of a locally compact Hausdorff space X.
Consider the collection of open sets of X and complements of compact subsets of X. Then () and X* are
in the collection. If U; and Us are open in X, then so is Uy N Us. If Ky and K5 are compact subsets of
X, then (X*\ K1) N (X*\ K2) = X*\ (K1 UK3) where Ky U Ky is compact. Also, Uy N (X*\ K;) =
Ui N (X \ K1), which is open in X. Thus the collection of sets is closed under finite intersection. If {U,}
is a collection of open sets in X, then (U, is open in X. If {Kg} is a collection of compact subsets
of X, then J(X* \ K3) = X*\ (| Kg. Since each Kz is compact in the Hausdorff space X, each Kz
is closed in X and [ Kpg is closed in X. Thus [ Kg is closed in each Kz so (| Kg is compact. Finally,
UUo UUX*\ Kp) =UU(X*\K)=X*\(K\U), where U = JU, and K = (| Kg. Since K \ U
is closed in the compact set K, K \ U is compact. Thus the collection of sets is closed under arbitrary
union. Hence the collection of sets forms a topology for X*.

20b. Let id be the identity mapping from X to X* \ {w}. Clearly id is a bijection. If U is open in
X*\ {w}, then U = (X*\ {w}) N U’ for some U’ open in X*. If U’ is open in X, then U = U’ so
Uis open in X. If U/ = X*\ K for some compact K C X, then U = X \ K, which is open in X.
Thus id is continuous. Also, any open set in X is open in X* so id is an open mapping. Hence id is a
homeomorphism.

20c. Let U be an open cover of X*. Then U contains a set of the form X*\ K for some compact K C X.
Take the other elements of U and intersect each of them with X to get an open cover of K. Then there
is a finite subcollection that covers K. The corresponding finite subcollection of U together with X*\ K
then covers X*. Hence X* is compact.

Let x,y be distinct points in X*. If z,y € X, then there are disjoint open sets in X, and thus in X*,
that separate x and y. If z € X and y = w, then there is an open set O containing 2 with O compact.
The sets O and X* \ O are disjoint open sets in X* separating z and y. Hence X* is Hausdorff.

*21a. Let S™ denote the unit sphere in R"*!. Let p = (0,...,0,1) € R**!. Define f : S — p — R"
by f(z) = m(:}:l, ..oy @p). The map g : R™ — S™ — p defined by ¢g(y) = E(¥)y1,- -, t(Y)yn, 1 — t(y))
where t(y) = 2/(1+]|y||?) is the inverse of f. Thus R" is homeomorphic to S™—p and the Alexandroff one-
point compactification of R™ is homeomorphic to the Alexandroff one-point compactification of S™ — p,
which is S™.

21b. Let X be the space in Q11 and Y be the space in Q12. Define f : X* =Y by f(z) = forx € X
and f(w) = w;. Then f is clearly a bijection. Consider the basic sets in Y. Now f~'[{z : 2 < a}] =
{z : * < a}, which is open in X and thus open in X*. Similarly for sets of the form {z : a < z < b}.
Also, f'{z :a < 2} = {r € X : a < 2} U {w}, whose complement {z : x < a} is compact. Thus
f'{z : a < z}] is open in X*. Since f is a continuous bijection from the compact space X* to the
Hausdorff space Y, f is a homeomorphism. Hence the one-point compactification of X is Y.

22a. Let O be an open subset of a compact Hausdorff space X. By Q8.23a, for any = € O, there is an
open set U such that z € U and U C O. Then the closure of U in X is the same as the closure of U in
O and U is compact, being closed in a compact space. Hence O is locally compact.

22b. Let O be an open subset of a compact Hausdorff space X. Consider the mapping f of X to the
one-point compactification of O which is identity on O and takes each point in X \ O to w. If U is open
in O, then f~![U] = U is open in X. If K C O is compact, then f~}[O*\ K] = X \ K, which is open in
X. Hence f is continuous.

23. Let X and Y be locally compact Hausdorff spaces, and f a continuous mapping of X into Y. Let
X* and Y* be the one-point compactifications of X and Y, and f* the mapping of X* into Y* whose
restriction to X is f and which takes the point at infinity in X* to the point at infinity in Y*. Suppose
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f is proper. If U is open in Y, then (f*)~1[U] = f~1[U], which is open in X and thus open in X*. If
K C Y is compact, then (f*)7}Y*\ K] = f Y\ K]U{wx} = X*\ f~[K], which is open in X* since
f7'K] C X is compact. Hence f* is continuous. Conversely, suppose f* is continuous. Then f = f*|x
is continuous. Also, for any compact set K C Y, (f*)71[Y*\ K] = X*\ f'[K] is open in X*. Hence
f71K] C X is compact.

*24a. Let X be a locally compact Hausdorff space. Suppose F is a closed subset of X. For each closed
compact set K, F'N K is closed. Conversely, suppose F is not closed. Take z € F \ F. There is an
open set O containing = with O compact. For any open set U containing z, (O NU) N F # (). Thus
UN(FNO)#®. Thenz € FNO\ (FNO)so FNO is not closed.

*24b. Let X be a Hausdorff space satisfying the first axiom of countability. Suppose F is a closed subset
of X. For each closed compact set K, FNK is closed. Conversely, suppose F' is not closed. Take z € F'\ F.
Since X is first countable, there is a sequence (z,) in F' converging to x. Let K = {x,, : n € N} U {z}.
Then K is compact in the Hausdorff space X and thus closed. Now F'N K = {x,, : n € N} is not closed.

25. Let § be a family of real-valued continuous functions on a locally compact Hausdorff space X, and
suppose that § has the following properties: (i) If f,g € §, then f+g € F. (ii) If f,g € §, then f/g € F
provided that supportf C {x € X : g(x) # 0}. (iii) Given an open set O C X and zg € O, there is an
feF with f(zg) =1,0 < f <1 and supportf C O.

Let {O,} be an open covering of a compact subset K of a locally compact Hausdorff space X. Let O be an
open set with K € O and O compact. For cach o € K, there is an fuo € F with fr (20) =1,0 < fry <1
and support f, C ONO, for some \. For each xg € O\ K, there is a g,, € § with g,,(79) = 1,0 < g,, < 1
and supportg,, C K¢. By compactness of O, we may choose a finite number fi,..., fu, g1, .-, gm of
these functions such that the sets where they are positive cover O. Set f = Z?zl fiand g = Z:il Gi-
Then f,g € F, f > 0 on K, supportf C O, f+g>0o0n O and g=0on K. Thus f/(f +g) € F is
continuous and = 1 on K. The functions ¢; = f;/(f +g) € §,i = 1,...,n form a finite collection of
functions subordinate to the collection {O)} and such that ¢1 + -+ ¢, =1 on K.

*26. Lemma: Let X be a locally compact Hausdorff space and U be an open set containing z € X.
Then there is an open set V' containing x such that V is compact and V C U.

Proof: There is an open set O C X containing z such that O is compact. Then U N O is open in O
and contains z. Thus there is an open set O’ C O such that z € O’ and O’ C U N O. Note that
V6=0N0"=0" Thus O’ CUNO. Let V.=0NO'". Then x € V. Furthermore, since O’ is open in
O, it is open in O and thus open in X so V is open in X. Also, V. C O’ CUNO C U. Since V is closed
in O, V is compact. O

Let X be a locally compact Hausdorff space and {O,,} a countable collection of dense open sets. Given an
open set U, let 1 be a point in O; NU. Let Vi be an open set containing x; such that V; is compact and
Vi € Oy NU. Suppose z1,...,z, and Vi,...,V, have been chosen. Let z,,41 € O, 41 NV, and let V1
be an open set containing x, 1 such that V,, ;1 is compact and V,,;1 C Op31 NV, Then Vi D Vo D -+ -
is a decreasing sequence of closed sets in the compact set V1. This collection of closed sets has the finite
intersection property so (\V,, # 0. Let y € (\V,. Then y € O, NU. Hence (O, is dense in X.

(*) Assume that X is Hausdorff.

*27. Let X be a locally compact Hausdorff space and let O be an open subset contained in a countable
union |J F;, of closed sets. Note that O is a locally compact Hausdorff space (see Q29b). Also, O =
U(O N F,), which is a union of sets closed in O. If [J(O N F,)° =0, then (O N F,)° =0 for all n (with
the interior taken in O) so O\ F,, is dense and open in O for all n. By Q26, ((O \ F,,) is dense in O.
But N(O\ F,) = O\ (U F,)¢ = 0. Contradiction. Hence | J(ONF,)° # 0. Now ONY Fy D J(ONE,)°
so ONJF?2 # 0 and |J F? is an open set dense in O.

(*) Assume that X is Hausdorff.

*28. Let Y be a dense subset of a Hausdorff space X, and suppose that Y with its subspace topology is
locally compact. Given y € Y, there is an open set U C Y containing y with Uy = Y NU compact. Since
X is Hausdorff, Y NU is closed. Then since U C YNU, we have U C YNU C Y. Now U = VNY for some
open set V C X. Note that since Y is dense, V=V NY. Thenz e Vand VcCcV=VnNnY=UCY.
Hence Y is open in X.

29a. Suppose F is closed in a locally compact space X. Given x € F, there is an open set O C X
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containing x with O compact. Then O N F is an open set in F containing y and ONFr = FNONF
is closed in O and thus compact. Hence F' is locally compact.

*29b. Suppose O is open in a locally compact Hausdorff space X. Take x € O. By the lemma in Q26,
there is an open set U containing 2 such that U is compact and U C O. Now U N O is an open set in O
containing z with UN Op = ONU N O = U N O being compact since it is closed in the compact set U.
Hence O is locally compact.

29c. Suppose a subset Y of a locally compact Hausdorff space X is locally compact in its subspace
topology. Then Y is dense in the Hausdorff space Y. By Q28, Y is open in Y. Conversely, suppose Y is
open in Y. By part (a), Y is locally compact since Y is closed in X. By part (b), Y is locally compact
since Y is open in Y.

9.5 o-compact spaces

30. Let X be a locally compact Hausdorff space. Suppose there is a sequence (Oy,) of open sets with

O,, compact, O,, C O, 11 and X = JO,,. For each n, let ¢, be a continuous real-valued function with

on =1 on O, and supporte, C O,. Define p : X — [0,00) by ¢ = > (1 — ¢p).

Given y € X and € > 0, y € Oy for some N and thus y € O, for n > N. There exists N’ such that

o(y) — Zﬁ;l(l — on(y)) < e/2. Let N” = max(N,N’). Take x € On». Then pn»41(z) = 1. In fact,

pn(x)=1forn> N"+1s0 p(z) = Ziv:l(l — @n(x)). For each n =1,..., N”, there is an open set U,

containing y such that ¢, (y) —pn(z)| < /2N for x € U,,. Let U = ﬂgzl Un,NOpn». Then U is an open
. . N// N//

set containing y and for = € U, [@(y) — o(z)] < [e(y) = > —1 (1 —n@)] + 1 251 (1 = @n(y)) — o(2)] <

N/I NI/ . .
[o(y) = 2201 (1 = en ()] + 225=1 [en(y) — en(2)] < &. Hence g is continuous.
To show that ¢ is proper, we consider closed bounded intervals in [0,00). By considering Oy _1 and
open sets V,, with V,, compact and V,, C U,,, we then apply a similar argument as above.

3la. Let (X, p) be a proper locally compact metric space. If K is a compact subset, then K is closed
and bounded by Proposition 7.22. Conversely, suppose a subset K is closed and bounded. Since X is
proper, the closed balls {z : p(z,z9) < a} are compact for some z and all a € (0,00). Since K is
bounded, there exist 1 and b such that p(z,z1) < b for all x € K. Then p(z,z9) < b+ p(x1,x0) for all
x € K. Thus K is a closed subset of the compact set {x : p(x, ) < b+ p(x1,20)} so K is compact.

31b. Let (X, p) be a proper locally compact metric space. Then the closed balls {z : p(x,zq) < a} are
compact for some zy and all z € (0,00). Note that a compact subset K C [0, 00) is closed and bounded.
Also, the function f(x) = p(z, o) is continuous from X to [0,00). Now f~![K] is bounded since K is
bounded and closed since f is continuous and K is closed. Thus by part (a), f~![K] is compact. Hence
f:X —[0,00) is a proper continuous map and X is o-compact.

31lc. Let (X, p) be a o-compact and locally compact metric space. Then there is a proper continuous
map ¢ : X — [0,00). Define p*(z,y) = p(z,y) + |p(x) — ¢(y)|. Then p* is a metric on X. Given z € X
and € > 0, there exists 0’ > 0 such that p(z,y) < ¢’ implies |¢(z) — p(y)| < £/2. Choose § < min(d’,&/2).
When p(z,y) < §, p*(z,y) < e/2+¢/2 = ¢ and when p*(z,y) < §, p(x,y) < p*(z,y) < €. Thus p and
p* are equivalent metrics. For a fixed o € X and any a € (0,00), {z : p*(z,20) < a} C {z: p(x) <
a+ ¢(zo)}, which is compact. Thus {x : p(x, o) < a} is compact. Hence p* is a proper metric.

9.6 Paracompact spaces

32. Let {E\} be a locally finite collection of subsets of a topological space X, and set £ = JE,. Since
EyCEforall \, Ex C E forall \. Thus | JE\ CE. If z € F, then there is an open set containing =
that meets only a finite number of sets Ej,, ..., Ex, so x € [Ji_, Ex, C JEx. Thus E C |JE\. Hence
E=JE,.

(*) Proof of Lemma 22.

33. Let {E\} be a locally finite collection of subsets of X and K a compact subset of X. For each
x € X, there is an open set O, containing x that meets only a finite number of sets in {E,}. Now
K CUuex O s0 K C U?:l O,, for some z1,...,x, € K. Since each O,, meets only a finite number of
sets in {E\}, so does K.
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(*) Proof of Lemma 23.

34a. Let X be a paracompact Hausdorff space. Let F' be a closed subset and let « ¢ F. For each y € F,
there are disjoint open sets U, and V,, with z € Uy, and y € V,,. Now X \ FU{V,, : y € F'} is an open
cover for X so it has a locally finite open refinement {E)}. Let E = |J{E) : ExNF # (}. Then E is an
open set containing F'. Also, there is an open set U containing = that meets only a finite number of sets
E\,,...,E,, in {E\}. Each of these sets must lie in some V,, where y; € F. Consider O = UN(._, Uy,.
Then O is an open set containing x and O N E = (). Hence X is regular.

34b. Let X be a paracompact Hausdorff space. Let F' and G be disjoint closed subsets. By part (a), for
each y € G, there are disjoint open sets U, and V,, such that F' C U, and y € V,,. Now X\GU{V, : y € G}
is an open cover for X so it has a locally finite open refinement {E\}. Let E = [J{E\ : ExNF # 0}.
Then E is an open set containing F. For each y € G, there is an open set O, that meets only a finite
number of sets E,,...,Ey, in {E\}. Each of these sets must lie in some V,, where y; € G. Let
0, = Oy, N;_, Uy,. Then Oy is an open set containing y and O; N E = . Let O = J, ¢ O,. Then O

yeG
is an open set containing G and O N E = ().

35. Let (X, p) be a locally compact metrizable space. Suppose it can be metrized by a proper extended
metric p*. By Q8.41, X is the direct union of its parts X,. Now (X,, p*|x, ) is a proper locally compact
metric space for each a so by Q31b, each X, is o-compact. Hence X is the direct union of o-compact
spaces so it is paracompact. Conversely, suppose X is paracompact. Then X is the direct union of
o-compact spaces X3. Each (Xg,p|x,) is a o-compact and locally compact metric space so by Q3lc,
each X can be metrized by a proper metric pg. Now define p**(z,y) = pg(z,y) if z,y € Xg and
p**(z,y) =0 if x € X, and y € X, with 31 # (2. Then p** is a proper extended metric on X.

9.7 Manifolds

36. Let X = (—1,1)U[2,3), and make X into a topological space by taking as a base all open intervals
(a,b) C X and all sets of the form (—¢,0) U[2,2+¢) for 0 < € < 1. Clearly all open intervals (a,b) C X
are open balls in R. Also, sets of the form (—¢,0) U [2,2 + ¢) are homeomorphic to (—¢,¢). Hence X is
locally Euclidean. There are no disjoint basic sets that separate 0 and 2 so X is not Hausdorff.

37a. A not necessarily connected manifold X is the disjoint union of its components. By Q8.36, since
X is locally connected, each component of X is open. Thus X is the direct union of its components.
Also, its components are Hausdorff and locally Euclidean. Hence X is the direct union of (connected)
manifolds.

37b. For a not necessarily connected manifold, statements (ii), (iii), (v), (vi), (vii) are equivalent. Also,
statements (i) and (iv) are equivalent. The first set of statements imply the second set of statements.

*38a.

9.8 The Stone-Cech compactification

39a. Let f be a bounded continuous real-valued function on X with |f| < 1. The restriction to X of
the projection 7 on 3(X) is f and 7y is continuous on F(X) since §(X) is a subspace of the product
space IS,

*39b. Suppose X is a dense open subset of a compact Hausdorff space Y. Then Y is a subset of I®
where & is the space of continuous g on Y with |g| < 1. The inclusion ¢ : X — Y induces a continuous
function F : IS — I® as follows. If g € &, then goi € §. so define F({t;)) = ((tg0i)q). Since m 0 F = Tyo;
is continuous for each g, F' is continuous. Now F[3(X)] C F[E] C Y. Let ¢ = Flgx). Then ¢ is a
continuous mapping of G(X) onto Y with ¢(z) = « for all z € X. Also, ¢ is unique as a map to a
Hausdorff space is determined by its values on a dense subset.

39c. Suppose Z is a space with the same properties. By part (b), there is a unique continuous mapping
¥ of B(X) onto Z with ¢(x) = x for all z € X. Also, there is a unique continuous mapping ¢ of Z onto
B(X) with p(z) =z for all z € X. Thus ¢ 01 =id|x so ¢ and 9 are homeomorphisms.

*40. Let X be the set of ordinals less than the first uncountable ordinal and let Y be the set of ordinals
less than or equal to the first uncountable ordinal. Then X is dense in the compact Hausdorff space Y.
By Q11, every continuous real-valued function on X is eventually constant so it extends to a continuous
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function on Y.

*41. If A C N, define f : N — [0,1] by f(z) =0if z € A and f(x) =1if z ¢ A. Now f is continuous
so it extends to a continuous function f on B(N). Then AUN\ A = B(N). It follows that f~1[{1}] = A
and f~1[{0}] =N\ A. Thus ANN\ A =0 and A is open.

If BCNand ANB =0, then BCN\ Aand AN B = .

If V' is an open subset of 3(N), then V' NN is an open subset of 3(N). Now if z € Vﬁand W is an open
neighbourhood of z, then WNV NN #  sox € VNN, Thus V = VNN and V is open (G(N) is
extremally disconnected).

Let Y be a subset of 3(N) with at least two distinct points x and y. Since §(N) is Hausdorff, there is an
open set U C B(N) such that x € U and y ¢ U. Then Y = (Y NU) U (Y \ U) is a separation of Y so YV’
is not connected. Hence 3(N) is totally disconnected.

Clearly, if a sequence in N converges in N, then it converges in S(N). Conversely, if it converges in
B(N) \ N, then consider a function f: N — [0,1] with f(z2,) = 0 and f(x2,41) = 1 for all n. Now f is
continuous since N is discrete so it has a continuous extension to §(N). This is a contradiction as the
sequence (g(x,)) does not converge.

Hence 3(N) is compact but not sequentially compact as the sequence z,, = n does not have a convergent
subsequence.

9.9 The Stone-Weierstrass Theorem

42. Let A be the set of finite Fourier series ¢ given by ¢(z) = ag + 22;1(%1 cosnx + by sinnz), N € N.
Then A is a linear space of functions in C(X) where X is taken to be the unit circle in C. From the
trigonometric identities cos ma cos na = [cos(m — n)x + cos(m + n)z], sinma cosnz = 3[sin(m + n)z +
sin(m — n)z] and sinma sinna = §[cos(m — n)z — cos(m + n)z], we see that A is a subalgebra of C(X).
Furthermore A separates the points of X and contains the constant functions. By the Stone-Weierstrass
Theorem, given any continuous periodic real-valued function f on R with period 27 and any € > 0, there

is a finite Fourier series ¢ such that |p(z) — f(z)| < € for all z.

*43. Let A be an algebra of continuous real-valued functions on a compact space X, and assume that
A separates the points of X. If for each z € X there is an f, € A with f,(z) # 0, then by continuity,
there is an open neighbourhood O, of z such that f,(y) # 0 for y € O,. The sets {O,} cover X so by
compactness, finitely many of them cover X, say {Oy,,..., 0y, }. Let g=f2 +---+ f2 . Thengec A
and g # 0 everywhere. The closure of the range of g is a compact set K not containing 0. The function h
given by h(t) = 1/t for t € K and h(0) = 0 is continuous on K U{0} so it can be uniformly approximated
by polynomials h,, so that h, og € A and h,, o g — 1/g. Note that if h,, is uniformly within /2 of h,
then |h,,(0)| < /2 but h,(0) is the constant term of h,, so subtracting the constant term results in a
polynomial still within € of A. Thus we may assume that the polynomials h, have no constant term.
Thus 1/g € Aso 1 € A and A contains the constant functions. Hence A = C(X).

44. Let § be a family of continuous real-valued functions on a compact Hausdorff space X, and suppose
that § separates the points of X. Let A be the set of polynomials in a finite number of functions of §.
Then A is a subalgebra of C'(X) that separates the points of X and contains the constant functions. By
the Stone-Weierstrass Theorem, A is dense in C(X). Hence every continuous real-valued function on X
can be uniformly approximated by a polynomial in a finite number of functions of §.

45a. Let X be a topological space and A a set of real-valued functions on X. Define z = y if f(z) = f(y)
forall f € A. Clearly,z =z forallz € X andy=zifz =y. If z = yandy = z, then f(z) = f(y) = f(2)
for all f € A so x = z. Hence = is an equivalence relation.

45b. Let X be the set of equivalence classes of = and ¢ the natural map of X into )Z: . Given f € A,
define f on X by f(z) = f(z). If £ = g, then x = y so f(x) = f(y) and f(Z) = f(y). Thus f is
well-defined and it is the unique function such that f = f o .

45c. Let X have the weak topology generated by the functions f in part (b). Consider a basic set

f7Y0]. Now o '[f~1[0]] = {z : f(e(zx)) € O} = {z : f(z) € O} = f~'[0], which is open since f is
continuous. Hence ¢ is continuous.

45d. Since ¢ is continuous and maps X onto X , if X is compact, then so is X. By definition of the
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weak topology on X, the functions f are continuous.

*45e. Let X be a compact space and A a closed subalgebra of C(X) containing the constant functions.
Define X and @ as above. If £ and gy are distinct points in )~(, then f(x) # f(y) for some f € A so
there are disjoint open sets O, and O, in R with f(z) € O, and f(y) € O,. Then Z € f~'[O,] and
Yy € f _1[Oy]. Thus X is a compact Hausdorff space. Furthermore, ¢ induces a (continuous) mapping
of p* : A — C(X), f — f, where f = f o . The image of A in C(X) is a subalgebra containing the
constant functions and separating the points of X. Suppose (g,) is a sequence in ©*[A] that converges
to g in C'(X). Then the sequence (g, ), where g, = gi, 0 ¢, converges to jo . Since each g, € A and A is
closed, go ¢ € A so g € p*[A] by uniqueness. Thus ¢*[A] is closed. By the Stone-Weierstrass Theorem,
the image of A is C'(X). Hence A is the set of all functions of the form f o ¢ with f € C(X).

46. Let X and Y be compact spaces. The set of finite sums of functions of the form f(x)g(y) where
fe€C(X) and g € C(Y) is an algebra of continuous real-valued functions on X x Y that contains the
constant functions and separates points in X x Y. By the Stone-Weierstrass Theorem, this set is dense
in C(X xY). Thus for each continuous real-valued function f on X x Y and each € > 0, there exist
continuous functions g1,...,g, on X and hq,...,h, on'Y such that |f(z,y) — Y i, gi(x)hi(y)| < e for
all (z,y) € X xY.

47. The functions of norm 1 in the algebra A give a mapping of X into the infinite-dimensional cube
[I{Z; : f € A||f]l = 1}. By the Tietze Extension Theorem, each continuous function f on the image
of X can be extended to a continuous function g on the cube and by Q17, g can be approximated by a
continuous function h of only a finite number of coordinates. Then h can be regarded as a continuous
function on a cube in R™, which can be uniformly approximated by a polynomial in (a finite number of)
the coordinate functions.

48a. Let ¢ be the polynomial defined by ¢(z) =  + z(1 — 22)(1 — ). Then ¢'(z) = 622 — 62 +2 > 0
for all . Thus ¢ is monotone increasing and its fixed points are 0, %, 1.

*48b. Choose £ > 0. Note that ¢(z) > x on (0, 3) and ¢(z) < z on (5,1). Let [a,,b,] = ¢n[e, 1 —¢] for
each n where @, is an iterate of ¢. Then a,, = ¢, (&) increases to some a and b, = @, (1 — €) decreases
to some b. Furthermore, e < a < b <1—¢ and a,b are fixed points of . Thus a = b = % Hence some
iterate ¢y, is a polynomial with integral coefficients that is monotone increasing on [0, 1] and such that
lon(z) — 3| <cforzele,1—¢l

*48c. Given o with 0 < a < 1 and any £ > 0, it suffices to consider the case where « is a rational
number ¢. Define ¢(x) = 2 +x(a —bx)(1 —z). Then « is a fixed point of . By parts (a) and (b), some
iterate 1) = ¢, is a polynomial with integral coefficients (and no constant term) such that 0 < ¢(z) <1
in [0,1] and |[¢(z) — | <e forall x € [¢,1 —&].

*48d. Let P be a polynomial with integral coefficients, and suppose that P(—1) = P(0) = P(1) = 0.
Let 8 be any real number. We may assume that 0 < § < 1. For any € > 0, there exists § > 0 such that
|P(z)| < e/2 for x € (=4,6), z € (1 —6,1] and x € [-1,—1 + §). We may assume that § < ¢/||P||. By
part (c), there is a polynomial ¥ with integral coefficients and no constant term such that |y (2?)— 3| < §
for all x € [§,1 — §]. Then |P(z)y(x?) — BP(z)| < 6||P|| < € for all z € [—1,1].

*48e. Let I = [—1,1] and f a continuous real-valued function on I such that f(—1), f(0), f(1) are
integers and f(1) = f(—1) mod 2. Let f(—1) = a, f(0) = b, f(1) = a+ 2¢, where a, b, ¢ are integers. Let
Q(r) = (a — b+ c¢)x® + cx + b. Replacing f by f — @Q, we may assume that a = b = ¢ = 0. Then use
the Stone-Weierstrass Theorem to approximate f by a polynomial R with rational coefficients such that
R(-1) = R(0) = R(1) = 0. Let N be the least common multiple of the denominators of the coefficients
of R so that NR has integral coefficients and vanishes at -1,0,1. Let = 1/N and apply part (d) to the
polynomial N R so that R, and thus f, can be approximated by a polynomial P with integral coefficients.

*49a.
*49b.
*50a.
*50b.
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10 Banach Spaces
10.1 Introduction

1. Suppose x,, — x. Then |||z,|| — ||z]|| < ||lzn — z|| — 0. Hence ||z,|| — ||z||-

2. The metric p(z,y) = [, (v; — v:)?]"/? is derived from the norm ||z|| = (31, #2)'/2. The metric
p*(z,y) = Y i |zi — y;| is derived from the norm ||z||* = >°7_, |z;]. The metric p*(z,y) = max |z; — y;
is derived from the norm ||z||* = max |x;|. Now n=t||z||T < ||z||T < ||=||* < nl|z||T so ||z||* and ||z||*
are equivalent. Also, (vn)~'[al|* < [la]|* < [la]| < (n(||z||*)*)"/* = v/allz|[* so ||z|| and [|z]|* are
equivalent. Thus ||z|| and ||z||* are also equivalent.

3. Consider + as a function from X x X into X. Since ||(z14+y1) — (z2+y2)|| < |lz1 —z2|| +||y1 —v2l], +
is continuous. Consider - as a function from R x X into X. Since ||cz —cy|| = |¢| ||z —y]|, - is continuous.

4. Let M be a nonempty set. Then M C M + M since m = m + 0 for all m, where 6 is the zero vector.
Also, M C AM since m = 1-m for all m. If M is a linear manifold, then M + M C M and AM C M for
each A so M + M = M and AM = M. Conversely, suppose M + M = M and AM = M. Then \x € M
for each A € R and € M. Thus also A\yx1 + Asxo € M for A;, A2 € R and x1,z5 € M. Hence M is a
linear manifold.

5a. Let {M; : ¢ € I} be a family of linear manifolds and let M = (| M;. For any A;, 2 € R and
r1,T9 € M, we have x1,x9 € M; for all 7. Since each M; is a linear manifold, A1z + Aoxo € M; for each
i. i.e. A\ix1 + Aoxo € M. Hence M is a linear manifold.

5b. Given a set A in a vector space X, X is a linear manifold containing A. Consider the family of
linear manifolds containing A. The intersection {A} of this family is a linear manifold containing A and
it is the smallest such linear manifold.

5c¢. Consider the set M of all finite linear combinations of the form A\iz1 +---+ A\, 2, with z; € A. Then
M is a linear manifold containing A. Also, any linear manifold containing A will contain M. Hence M
is the smallest linear manifold containing A. i.e. {A} = M.

6a. Let M and N be linear manifolds. For \;,\y € R, my,mo € M and ny,ny € N, A\y(m1 +nq) +
Aa(mag +ng) = (A1my + Adama) + (A1ng + Aang) € M + N. Hence M + N is a linear manifold. Note that
MCM+Nand NC M+ N so M+ N contains M U N. Also, any manifold containing M U N will
also contain M + N. Hence M + N = {M UN}.

6b. Let M be a linear manifold. For A\;, Ao € R, 21,20 € M and 6 > 0, there exist y1,y2 € M such that
[lz1 — 11]] < 0/2A1 and ||ze — yo|| < §/2X2 (We may assume A1, A2 # 0). Then ||(A12z1 + Aaz2) — (A1y1 +
)\ng)” < |)\1‘ HSL‘l — y1|| + |/\2| ||.I'2 - y2|| < d. Thus A\jz1 + Ao € M so M is a linear manifold.

7. Let P be the set of all polynomials on [0,1]. Then P C C[0,1]. For A1, X2 € R and py,ps € P,
A1p1 + Agps is still a polynomial on [0,1] so Ayp1 + Aope € P. Thus P is a linear manifold in C]0,1].
The set P is not closed in C[0, 1] because by the Weierstrass Approximation Theorem, every continuous
function on [0, 1] can be uniformly approximated by polynomials on [0, 1]. i.e. P contains a continuous
function that is not a polynomial.

The set of continuous functions f with f(0) = 0 is a closed linear manifold in C0, 1].

8. Let M be a finite-dimensional linear manifold in a normed vector space X with M = {x1,...,2,}.
Each = € X can be written as a unique linear combination A\jx; + --- + A\pz,. We may define a norm
l|z|[x = >_1; |Ai| and see that ||- |1 is equivalent to the original norm on X. Thus convergence under the
original norm on X is equivalent to convergence of each sequence of coefficients in R. Let <Z?=1 )\Ek)wl)k
be a sequence in M converging to x € X. Let \; = limy )\Ek) for each i. By continuity of addition and
scalar multiplication, z = limg ;- AR g — Sy Niwg € M. Hence M is closed.

9. Let S = {z :|jz|]] < 1}. Given z € S, let 6 = (1 — ||z]])/2. When ||y — z|| < ¢, we have
Nyll < lly — || + ||=]] < (1 —||=]])/2+|]z|] < 1soy € S. Hence S is open. For any sequence (z,) in
S that converges to some x, we have ||z,|| — ||z|| so ||z|| < 1. Thus S C {z : ||z|| < 1}. On the other
hand, if ||z|]| =1 and § > 0, let A = max(1 —§/2,0). Then ||Az|| € S and ||z — Az|| = |1 — A] < §. Thus
reSand {z:|z|| <1} CS. Hence S = {x:||z|]| < 1}.

10. Define z = y if ||z — y|| = 0. Then z = z since ||0z|| = O||z|]| = 0. Also, z = y implies
y=wxsince [ly—z|| = - (-9l =|—-1lllxr —yl|| = ||z — y||- Finally, if z = y and y = z, then
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[lz —2|| < |lz —y|| +|ly — 2|] = 0 so x = 2. Thus = is an equivalence relation. If 1 = y; and zy = yo,
then [[(x1 + z2) — (y1 + v2)|| < |lz1 — wal| + ||lz2 — y2|] = 0 s0 1 + 20 = y1 + y2. If z = y, then
llcx — cyl| = |c| ||z — y||] = 0 so cx = cy for ¢ € R. Hence = is compatible with addition and scalar
multiplication. If z =y, then |||z|| — ||y||| < ||z — y|| =0 so ||z|| = ||y]]-

Let X’ be the set of equivalence classes under =. Define ax’+ 3y’ as the (unique) equivalence class which
contains ax + Py for x € ' and y € ¥’ and define ||2’|| = ||z|| for € 2’. Then X’ becomes a normed
vector space. The mapping ¢ of X onto X’ that takes each element of X into the equivalence class to
which it belongs is a homomorphism of X onto X’ since p(azx + By) = az’ + By’ = ap(x) + Bo(y). The
kernel of ¢ consists of the elements of X that belong to the equivalence class containing the zero vector
6. These are the elements = with ||z|| = 0.

1/2
On the LP spaces on [0, 1] we have the pseudonorm || f||, = (fol |f\p) . Then f =g if fol |f—glP=0.
i.e. f =g a.e. The kernel of the mapping ¢ consists of the functions that are 0 a.e.

11. Let X be a normed linear space (with norm || - ||) and M a linear manifold in X. Let ||z||; =
infy,en ||z —ml|. Since ||z —m]|| > 0 for all z € X and m € M, ||z||; > 0 for all z € X. For z,y € X
and € > 0, there exist m,n € M such that ||z — m|| < ||z|]1 +¢/2 and ||y — m|| < ||y||1 + €/2. Then
o+l < (@ + ) — (m+ )| < |zlly + lylls +=. Since & > 0'is arbitrary, [l + ylls < |[z]ly + [lylls.
Also, for z € X and « € R, ||az||1 = infpmenr ||ax — m|| = |a| infear ||z — m|| = || ||z]]1. Hence || - |1
is a pseudonorm on X.

Let X’ be the normed linear space derived from X and the pseudonorm || - ||; using the process in
Q10. The natural mapping ¢ of X onto X’ has kernel M since it consists of the elements x with
[lz|l1 = infmenr ||z —m|] = 0. Let O be an open set in X. Take x € O. Then there exists 6 > 0 such
that y € O if ||y — z||1 < §. Now if ||z — p(2)|| < §, where z = ¢(y) for some y € X, then ||y — z||1 < §
so y € O and z € ¢[0O]. Hence ¢[O] is open. i.e. ¢ maps open sets into open sets.

12. Suppose X is complete and M is a closed linear manifold in X. Let (¢(zy,)) be an absolutely
summable sequence in X/M. Then Y ||p(x,)]] < 00 s0 > ||znl|l1 < 0o. Given € > 0, for each n, there
exists m,, € M such that ||z, — mpy|| < ||zx||l1 +27™. Then > ||zn — mu|] < ||2n|l1 +1 < co. Since X
is complete, the sequence (x,, —m,,) is summable in X, say > (2, —m,) = z. Now ¢ is continuous since
()l = [|=[[L < [[«]|. Also, M is the kernel of ¢. Thus 3 o(zn) = 32 @(zn —ma) = (3 (20 —mn)) =
p(x) € X/M. Since any absolutely summable sequence in X/M is summable, X/M is complete.

10.2 Linear operators

13. Suppose 4, — A and z, — z. Then ||4,, — A|| — 0 and ||z,, — z|| — 0. Since ||A,z, — Az|| <
[|Anxy — Az ||+ Az, — Az|| < ||An —A|| ||zl + |Al|||2n — || and ||z,]| is bounded, || Az, — Az|| — 0.
ie. Az, — Azx.

14. Let A be a linear operator and ker A = {z : Az = 0}. If 2,y € ker A and o, € R, then
A(azx + By) = aAz + fAy = 0 so ax + Oy € ker A. Thus ker A is a linear manifold.

Suppose A is continuous. Let (z,) be a sequence in ker A converging to some z. Since A is continuous,
(Ax,) converges to Ax. Now Az, =6 for all n so Az = 0 and x € ker A. Thus ker A is closed.

15a. Let X be a normed linear space and M a closed linear manifold. Let ¢ be the natural homomor-
phism of X onto X/M. Now ||¢(z)|| = ||=||1 < ||z||, where ||-||; is the pseudonorm in Q11. Thus ||p]| < 1.
Given e > 0 and « € X, there exists m € M such that ||z—m|| < ||z||l1+€ = ||¢(x)||+& = ||e(x—m)||+&.
Let y = (x—m)/|lz—m||. Then 1 = [[y|| <|lo(y)l[+e. ie. [lo(y)l| > 1—e. Since |lp|| = supjj =1 [le(@)]];
we have ||| > 1 — ¢ for all ¢ > 0. Thus ||¢|| > 1.

15b. Let X and Y be normed linear spaces and A a bounded linear operator from X into Y whose kernel
is M. Define a mapping B from X/M into Y by Bz’ = Ax where 2’ is the equivalence class containing
xz. If 2/ =3/, then ||z — y||s = 0. Thus for any € > 0, there exists m € M such that ||z —y — m|| < .
Then ||[Az — Ay|| = ||A(z —y — m)|| < ||A]le. Since € > 0 is arbitrary, ||Ax — Ay|| = 0. i.e. Ax = Ay.
Thus B is well-defined and A = B o ¢. Furthermore, it is the unique such mapping. If ',y € X/M
and «, 3 € R, then B(az' + By') = A(ax + By) = aAx + Ay = aBz' + By’ so B is a linear operator.
Also, ||Ba'|| = [|Az|| < |[All[|z|| = [[All[|lz — m]| for all m € M. Thus |[Bz'|| < [[A]]|lz|[x = [|A]|[|="]]
so ||B]|| < ||A]| and B is bounded. For any € > 0, there exists ¢ € X with ||z|| = 1 and ||Az|| > ||A|| —e.
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Then [|2'|| < 1 and [|B2'|| > [|A]| —e. Since ||B|| = sup) <1 [|Bz'|[, we have [|B|| > [|A]|. Hence
Al = [|BI].

16. Let X be a metric space and Y the space of real-valued functions f on X vanishing at a fixed
point xy € X and satisfying |f(z) — f(y)| < Mp(z,y) for some M (depending on f). Define ||f]| =

sup W. Clearly || f|] > 0. Also, ||f|| = 0if and only if f(x) = f(y) for all z,y € X if and only if f is

the zero function. Furthermore, [[f+gl| < [[f[|+]lg]| since |(f+g)z—(f+9)y| < [f(x)=f ()| +|g(x)—g(y)]
and sup A + B < sup A + sup B. Similarly, ||af|| = |a|||f||. Thus || - || defines a norm on Y.

For each x € X, define the functional F, by F.(f) = f(z). Then F.(af + 89) = af(z) + Bg(z) =
aF,(f)+BF.(g) so F, is a linear functional on Y. Also, ||F.(f)|| = |f(x)| = |f(x)— f(x0)] < p(z,z0)||f]]
so Fy is bounded. Furthermore, ||F,|| < p(z,z0) so || Fy — Fy|| < p(z, z0) + p(y, z0) < p(z,y). If||f]| =1
and € > 0, then there exist z,y € X such that % >1—e ie |f(z)— fly)] > A —¢e)plz,y).
Since [|Fy — Fyl| = supy g=1 [(Fz — Fy) f| = sup g =1 [f(x) = f(y)| > (1 —€)p(x,y) for all e > 0, we have
[Fo — Fyl| = p(z,y). Hence ||Fy — Fy|| = p(2,y).

Thus X is isometric to a subset of the space Y* of bounded linear operators from Y to R. Since Y™ is
complete, the closure of this subset gives a completion of X.

10.3 Linear functionals and the Hahn-Banach Theorem

17. Let f be a linear functional on a normed linear space. If f is bounded, then it is uniformly
continuous and by Q14, its kernel is closed. Conversely, if f is unbounded, then there is a sequence (x,,)
with ||z,|| <1 for all n and f(x,) — oco. Take x ¢ ker f and consider y, = = — (f(z)/f(xn))x,. Each
Yn is in ker f and y,, — x. Thus ker f is not closed.

18. Let T be a linear subspace of a normed linear space X and y a given element of X. If y € T, then
infrer [ly — ¢|]| = 0 = sup{f(y) : ||f|| = 1, f(¢t) = Ofor allt € T}. Thus we may assume y ¢ T. Let
d = infier ||y — ¢t||. Then ||y —¢|| > 6 for all t € T. There is a bounded linear functional f on X such
that ||f|| =1, f(y) = d and f(¢t) =0 for all t € T. Thus 6 < sup{f(y): ||f|]| =1, f(t) = 0for allt € T'}.
If § <sup{f(y): ||f]| =1, f(t) = Ofor allt € T'}, then there exists f with ||f|| =1and f(t) =0fort € T
such that f(y) > ¢ so there exists ¢ € T such that f(y) > ||y — t||. But then ||y —¢t|| = ||f||ly —¢|| >
fly—1t) = f(y) > |ly — t||. Contradiction. Thus § > sup{f(y) : ||f]| = 1, f(¢t) = Ofor allt € T'}. Hence
infrer [ly — t|| = sup{f(y) : |f|| = 1, f(¢t) = Ofor allt € T'}.

19. Let T be a linear subspace of a normed linear space X and y an element of X whose distance to T’
is at least 0. Let S be the subspace consisting of multiples of y. Define f(Ay) = Ad. Then f is a linear
functional on S. Let p(x) = infier ||x — ¢||. Then f(Ay) = Ad < Ap(y) < p(A\y). By the Hahn-Banach
Theorem, we may extend f to all of X so that f(z) < p(z) for all z € X. In particular, f(y) = and
fit)y=0for allt € T. Also, f(z) < p(x) = infier ||z — t|| < ||z|| so ||f]] < 1.

20. Let £*° be the space of all bounded sequences and let S be the subspace consisting of the constant
sequences. Let G be the Abelian semigroup of operators generated by the shift operator A given by
A[{&n)] = (Enyr). I (&) € S, say &, = & for all n, define f[(§,)] =& Then f is a linear functional on
S. Define p[(£,)] = im&,,. Then f[(¢,)] = p[(€.)] on S. Also, p(A™x) = p(x) for all z € X. If (¢,) € S,
then A™[(£,)] = (€n) € S and f(A™[(&n)]) = f[{€n)]. By Proposition 5, there is an extension F of f to a
linear functional on X such that F'(z) < p(z) and F(Az) = F(z) for all z € X.

In particular, F[<€n>] < mgn' A1507 _F[<§n>} - F[<_§n>] < H(_gn) = _himgn SO himfn < F[<£n>] By
linearity, F[(€, +7)] = F[(€a) + (na)] = F[(éx)] + Fl(1)] and F[(a&,)] = Fla(é,)] = aF[(€,)]. Finally,
if 0 = Enr, then F(na)] = FIA[(E)]] = FI(&)]-

(*) The functional F is called a Banach limit and is often denoted by Lim.

*21. Let X be the space of bounded real-valued functions on the unit circle and let S be the subspace
of bounded Lebesgue measurable functions on the unit circle. For s € S, define f(s) = [ s. Also define
p(z) = infy<s f(s). Then f is a linear functional on S with f < p on S. Let G consist of the rotations
so that it is an Abelian semigroup of operators on X such that for every A € G we have p(Az) < p(z)
for € X while for s € S we have As € S and f(As) = f(s). Then there is an extension of f to a linear
functional F' on X such that F(z) < p(x) and F(Az) = F(z) for x € X. For a subset P of the unit
circle, let u(P) = F(xp). This will be a rotationally invariant measure on [0, 27]. Then extend it to the
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bounded subsets of R to get the required set function.

22. Let X be a Banach space. Suppose X* is reflexive. If X is not reflexive, then there is a nonzero
function y € X*** such that y(z’) = 0 for all 2’ € ¢[X]. But there exists * € X* such that y = ¢*(z*).
If 2 € X, then 0 = y(e(x)) = (p*(@*))(p(z)) = (¢(x))(z*) = z*(x). Thus z* = 0 and so y = 0.
Contradiction. Thus X is reflexive. Conversely, suppose X is reflexive. Let z*** € X***. Define z* € X*
by o*(2) = 2 (p(x)). Then ¢*(z7)(@™) = & (z*) = (p(x))(z*) = a*(z) = 2 (p(x)) = T**(2"").
Thus X* is reflexive.

23a. If 2,y € S° and «, 3 € R, then (az + By)(s) = az(s) + fy(s) = 0 for all s € S so S° is a linear
subspace of X*. Let (y,) be a sequence in S° that converges to some y € X*. By Q13, for each s € S,
yn(s) — y(s). Since y,(s) = 0 for all n, we have y(s) = 0. Thus y € S° and S° is closed.

*23b. If z € S, then there is a sequence (s,,) in S converging to z. Let y € S°. Then y(s,) = 0 for
all n so y(x) = 0. Thus S C S°°. Suppose there exists z € S°°\ S. Then there is a linear functional
f with [|f]] <1, f(z) = inf,eg ||z —t|| > 0 and f(t) =0 for t € S. Thus f € (5)° = S° so f(z) =
Contradiction. Hence S°° = S.

23c. Let S be a closed subspace of X and let ¢ : X* — X*/5° be the natural homomorphism. Define
A: X* — S* by Ay = y|s. Then A is a bounded linear operator with kernel S°. By Q15b, there is a
unique bounded linear operator B : X*/S° — S* such that A = B o ¢. By the Hahn-Banach Theorem,
A is onto. Thus so is B. If y|s = z|g, then y — z € 5° so p(y) = ¢(z) and B is one-to-one. Hence B is
an isomorphism between S* and X*/S°.

23d. Let S be a closed subspace of a reflexive Banach space X. Let ¢ : X — X** be the natural
isomorphism and define A : X* — S* by Ay = y|s. Let s** € S**. Then s** oA € X** s0 s 0 A = ¢(x)
for some z € X. If x ¢ S, then there exists * € X* such that z*(x) > 0 and z*(s) = 0 for s € S.
Then A(z*) = 0 so z*(z) = (p(z))(z*) = (s 0 A)(z*) = 0. Contradiction. Thus = € S. Now for any
s* € S*, there exists * € X* such that A(z*) = s*. Then s**(s*) = (s 0 A)(z*) = (¢(x))(z*) =
x*(x) = s*(x) = (pg(x))(s*). i.e. s** = @g(x). Hence S is reflexive.

24. Let X be a vector space and P a subset of X such that z,y € P implies z +y € P and az € P for
a > 0. Define a partial order in X by defining x < y to mean y —x € P. A linear functional f on X is
said to be positive (with respect to P) if f(x) > 0 for all z € P. Let S be any subspace of X with the
property that for each x € X there is an s € S with x < s. Let f be a positive linear functional on S.
The family of positive linear functionals on S is partially ordered by setting f < g if g is an extension of
f. By the Hausdorfl Maximal Principle, there is a maximal linearly ordered subfamily {g,} containing
f. Define a functional F' on the union of the domains of the g, by setting F(z) = go(z) if z is in the
domain of g,. Since the subfamily is linearly ordered, F' is well-defined. Also, F' is a positive linear
functional extending f. Furthermore, F' is a maximal extension since if G is any extension of F', then
9o < F < G implies that G must belong to {g,} by maximality of {g,}. Thus G < F so G = F.

Let T be a proper subspace of X with the property that for each z € X thereisat € T with z <t. We
show that each positive linear functional g on T has a proper extension h. Let y € X \ T and let U be
the subspace spanned by T and y. If h is an extension of g, then h(Ay+t) = Aa(y) + h(t) = Mha(y) + g(t).
There exists t' € T with y <¢'. i.e. ' —y € T. Then A(t —y) +¢t € T and g(A(t' —y) +¢) > 0. Define
h(y) = g(t' —y). Then h(Ay +t) = A(y) + g(t) = At —y)) +g(t) = gA\{#' —y) +1t) > 0. Thus h is a
proper extension of g. Since F' is a maximal extension, it follows that F' is defined on X.

*25. Let f be a mapping of the unit ball S = {z : ||z|| < 1} into R such that f(az+By) = af(z)+6f(y)
whenever x,y and ax + Sy are in S. Define g(x) = ||x|\f(||§—“) If ||z|| <1, then g(z) = ||x\|ﬁf(x) =

ﬂ@.nyexrmmmI+w:nx+Wﬂﬁﬁm:Hx+ﬂﬂ¢ﬂmw+wﬁ%ﬁwznx+
y||[\|x+y||f(||x\|)+ H!iyuf(nyu)] ||$Hf(|mu)+‘|y||f( y|) 9(z) +9(y). f o € Rand z € X, then
glax) = |az||f( \oarH) |a] Ha:||f(|a‘ o) = |l ||| |a‘f(li) ag(z). Thus g is a linear functional on

X extending f.

10.4 The Closed Graph Theorem

26. Let (T,) be a sequence of continuous linear operators from a Banach space X to a normed vector
space Y. Suppose that for each € X the sequence (T,z) converges to a value Tx. Now for each
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x € X there exists M, such that ||T,z|| < M, for all n. Thus there exists M such that ||T,|| < M
for all n. Given € > 0, for each z € X, there exists N such that ||Tnyz — Tx|| < . Then ||[Tz|| <
|Tnvx — Tx|| + ||[Tnz|| < € + M||z||. Thus ||Tz|| < M]|z|| for all x € X. ie. T is a bounded linear
operator.

27. Let A be a bounded linear transformation from a Banach space X to a Banach space Y, and let M
be the kernel and S the range of A. Suppose S is isomorphic to X/M. Since X is complete and M is
closed, X/M is complete by Q12. Thus X/M is closed and since S is isomorphic to X/M, S is also closed.
Conversely, suppose S is closed. Then since Y is complete, so is S. Let ¢ be the natural homomorphism
from X to X/M. There is a unique bounded linear operator B : X/M — S such that A = Boy. Since A
and ¢ are onto, so is B. Thus B is an open mapping. It remains to show that B is one-to-one. Suppose
Bz’ = By'. Then 2’ = ¢(z) and 3y’ = ¢(y) for some z,y € X so B(¢(z)) = B(p(y)). Then Az = Ay so
z—y € M and 2’ = 3/. Hence B is one-to-one and is thus an isomorphism.

28a. Let S be a linear subspace of C[0, 1] that is closed as a subspace of L2[0,1]. Let (f,,) be a sequence
in S converging to f in C[0,1]. ie. ||fn — flloo — 0. Then since ||f,, — fll2 < ||fn — flloo, We have
[|fn — fll2 = 0. Thus f € S. Hence S is closed as a subspace of C[0, 1].

28b. For any f € S, we have ||f||2 = ([ f)Y2 < ([ |f1|%)"2 = |||l Since S is closed in both C[0, 1]
and L?[0,1], it is complete in both norms. Thus there exists M such that ||f]|e < M]||f||2-

*28c. Let y € [0,1] and define F(f) = f(y). Then F is a linear functional on L?[0,1]. Also, |F(f)| =
I ()] < ||flloc < M]|f||2 so F is bounded. By the Riesz Representation Theorem, there exists k, € L?
such that f(y) = F(f) = [ ky(z)f(x) dz.

*29a. Let Y = C[0,1] and let X be the subspace of functions which have a continuous derivative. Let A
be the differential operator. Let x,(t) = t". Then ||z,|| = 1 and Az, (t) = nt""! so ||Az,|| = n. Thus
A is unbounded and thus discontinuous. Let xz, € X such that z,, — = and 2!, = Az,, — y. Since we
have uniform convergence, [y = [lima/, = lim [}, = x(t) — 2(0) so z(¢t) = z(0) + [y. Thus z € X
and Az = 2’ = y. Hence A has a closed graph.

*29b. Consider A : R — R given by A(z) = 1/z if x # 0 and A(0) = 0. Then A is a discontinuous
operator from a Banach space to a normed linear space with a closed graph.

10.5 Topological vector spaces

30a. Let B be a collection of subsets containing 6. Suppose B is a base at 6 for a translation invariant
topology. By definition of a base, if U,V € B, there exists W € B such that W C U NV so (i) holds. If
U € Band z € U, then U — z is open so there exists V € B such that V. C U — 2. Then 2 +V C U so
(ii) holds.

Conversely, suppose (i) and (ii) hold. Let T = {0 : 2 € O = Jy € X and U € Bsuch thatz € y+U C O}.
It follows that 7 contains ) and X, and is closed under union. If x € O;NO,, then there exist y1, 12 € X
and Uy, Us € B such that x € y; + U; € O;,7 = 1,2. Now x — y; € U; so by (ii), there exists V; € B such
that x —y; + V; C U;. ie. 2+ V; Cy; +U; C O;. Now by (i), there exists W € B such that W C Vi NV,
sox €x+ W C Oy NOsy. Thus 7 is closed under finite intersection. If O € 7 and y € =z + O, then
y—x € O so there exists z € X and U € Bsuchthaty—x € 2+U CO. Thusycx+24+U Cz+ 0O so
x4+ O € T. Hence 7T is a translation invariant topology. Furthermore, if § € O, then there exist x € X
and U € B such that 8 € 4+ U C O. Thus —x € U so there exists V € B such that —x +V C U. i.e.
VCax+4+U. Then § € V C O. Thus B is a base at 6.

30b. Let B be a base at 6 for a translation invariant topology. Suppose addition is continuous from
X x X to X. In particular, addition is continuous at (6, 6). Thus for each U € B, there exists Vi, V5 € B
such that V1 + Vo C U. Take V € Bwith V.C V1 NV,. Then V+V C U. Conversely, suppose (iii) holds.
For zg,y0 € X, {zo+yo+ U : U € B} is a base at z¢ + yo. Now for each U € B, pick V € B such that
V4+VcU Ifeexg+Vandy € yo+V, then z +y € xg + yo + U. Thus addition is continuous from
X x X to X.

30c. Suppose scalar multiplication is continuous (at (0,6)) from R x X to X. Given U € Band z € X,
there exist € > 0 and V € B such that 8(z + V) C U for |8] <e. Let @ = 2/e. Then L(z+ V) C U so
x4+ V C aU. In particular, x € aU.

30d. Let X be a topological vector space and let B be the family of all open sets U that contain 6 and
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such that aU C U for all @ with |a| < 1. If O is an open set containing 6, then continuity of scalar
multiplication implies that there is an open set V' containing 6 and an £ > 0 such that AV C O for all
Al <e. Let U =J,<.AV. Then V is open, § € U C O, and aU C U for a with |a| < 1. Thus B is a

local base for the topology and it satisfies (v) by its definition.

*30e. Suppose B satisfies the conditions of the proposition. By part (a), B is a base at 6 for a translation
invariant topology and by part (b), addition is continuous. Given U € B, there exists V' € B such that
V +V CU. Now given z € X, there exists o € R such that z € aV. Let ¢ = 1/|a|. If |A| < min(e, 1),
then Mxz + V) C U since Az € A\aV C V and AV C V. Thus scalar multiplication is continuous at
(0,z). Given U € B and a € R, let 3 be such that 0 < |8| < 1 and choose n such that |5]™™ > |a|. Let
e =1|6" — |a|. Now when |A — a| < &, we have |A| < |3]|™" since |a| = max(a, —a). Then 5"U € B and
AB"U C U. Thus scalar multiplication is continuous at («, ). Now given U € B, there exists V € B
such that V+V C U.

Since scalar multiplication is continuous at (0, z) and {(c, 8), given g € R and zg € X, there exist ¢ > 0
and W, W' € B such that a(zg + W) C V when |a| < € and oW’ C V when |a — ag| < €. Then
ar — agro = a(x —x0) + (@ — ag)xg € V+V C U when |a — ap| < € and = € 2o + W’. Hence scalar
multiplication is continuous from R x X to X.

30f. Suppose X is Ty. If z # 0 and = € ({U € B}, then any open set containing 6 will also contain x.
Contradiction. Hence (vi) holds. Conversely, suppose (vi) holds. Given two distinct points « and y, there
exists U € B such that z—y ¢ U. Also, there exists V € B such that V4+V Cc U. If (z+V)N(y+V) # 0,
thenz —y eV —-V. By (v), -VCVsox—yecV+V CU. Contradiction. Thus z+V and y +V are
disjoint open sets separating z and y so X is Hausdorff.

(*) Proof of Proposition 14

3la. Suppose a linear transformation f from one topological vector space X to a topological vector
space Y is continuous at one point. We may assume f is continuous at the origin. Let O be an open set
containing the origin in Y. There exists an open set U containing the origin in X such that f[U] C O.
Since f is linear, for any z € X, flxt + U] = f(z) + f[U] C f(x) + O. Hence f is uniformly continuous.
*31b. Let f be a linear functional on a topological vector space X. Suppose f is continuous. Let I be
a bounded open interval containing 0. There exists an open set O containing the origin in X such that
flO] € I. Thus f[O] # R. Conversely, suppose there is a nonempty open set O such that f[O] # R.
Take z € O. Then O — z is an open neighbourhood of € so there is an open neighbourhood U of 8 such
that U C O —z and aU C U for a with |a| < 1. Now f[U] # R and af[U] = flaU] C f[U] if |a] < 1 so
f[U] is a bounded interval. Thus f is continuous at 6 and thus continuous everywhere.

32. Let X be a topological vector space and M a closed linear subspace. Let ¢ be the natural homo-
morphism of X onto X/M, and define a topology on X/M by taking O to be open if and only if ¢ ~*[O]
is open in X. Clearly, ¢ is continuous. If U is open in X, then ¢~ *[p[U]] = U,,cp(m + U), which is
open so o[U] is open. Now let O be an open set containing z’ + ¢y’ € X/M. Then ¢~ 1[0] is an open
set containing = +y € X. There exist open sets U and V containing x and y respectively such that
U+V C ¢ 10]. Since ¢ is open, ¢[U] and ¢[V] are open sets containing ' and 3’ respectively. Then
o[U]+¢[V] C ¢[et[0]] = O. Thus addition is continuous from X/M x X/M to X/M. Now let O be an
open set containing cz’ € X/M. Then ¢~ *[O] is an open set containing cz € X. There exist open sets
U and V containing ¢ and x respectively such that UV C ¢~1[O]. Since ¢ is open, ¢[V] is an open set
containing x’. Then Ug[V] C ¢[¢~![O]] = O. Thus scalar multiplication is continuous from R x X /M
to X/M. Hence X/M is a topological vector space.

33a. Suppose X is finite dimensional topological vector space. Let z1, ..., x, be a vector space basis of X
and let eq, ..., e, be the standard basis of R™. Define a linear map ¢ of R™ to X so that (>, a;e;) =
¢ a;z;. Then ¢ is one-to-one and thus onto. If a sequence (3 az(-j )ei> in R™ converges to _ a;e;,
then <al(»j )> converges to a; for each i. Since addition and scalar multiplication are continuous on X, the
sequence (Y az(.j )mi) converges to > a;x;. Thus ¢ is continuous.

33b. Suppose X is Hausdorff. Let S and B be the subsets of R" defined by S = {y : ||y|| = 1} and
B ={y:|ly|]| <1}. Since S is compact and ¢ is continuous, ¢[S] is compact in X and thus closed. Then
X \ ¢[5] is open.

33c. Let B be a base at 6 satisfying the conditions of Proposition 14. Since X \ ¢[S] is an open set
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containing 6, there exists U € B such that U C X \ ¢[S]. Furthermore, aU C U for each |a| < 1 by
condition (v) of Proposition 14.
u € U but =

33d. Suppose u = @(y) € U for some y with [|y|| > 1. Then ﬁ <1 so0 IIyH Hyll

HTnga(y) = @(ﬁ) where HHZ;—HH =1so IIyHu € ¢[S]. Contradiction. Hence U C ¢[B]. Thus gp[B]

-1

open and ¢~ is continuous.

(*) Proof of Proposition 15.

34. Let M be a finite dimensional subspace of a Hausdorff topological vector space X. If x ¢ M, let N
be the finite dimensional subspace spanned by x and M. Then N has the usual topology so x is not a
point of closure of M. Hence M is closed.

35. Let A be a linear mapping of a finite dimensional Hausdorff vector space X into a topological vector
space Y. The range of A is a finite dimensional subspace of Y so it has the usual topology. If ,, — x in

X where z,, = Zal(.")ei and x = Y a;e;, then agn)

— a; for each 4. Since the range of A has the usual
topology, Az, =>_ agn)Aei — Y a;Ae; = Az. Hence A is continuous.

*36. Let A be a linear mapping from a topological vector space X to a finite dimensional topological
space Y. If A is continuous, then its kernel M is closed by Q14. Conversely, suppose M is closed. There
is a unique linear mapping B : X/M — Y such that A = B o ¢ where p : X — X/M is the natural
homomorphism, which is a continuous open map by Q32. Then ker ¢ is closed and ¢ is an open map so
X/M is a Hausdorff topological vector space. Furthermore, B is one-to-one and Y is finite dimensional
so X/M is finite dimensional. By Q35, B is continuous. Hence A is continuous.

*37. Let X be a locally compact Hausdorff vector space Let V be a neighbourhood of § with V compact
and oV C V for each o with |a| < 1. The set {ac—i— V x € V'}is an open cover of V so V can be covered
by a finite number of translates z1 + V , Ty + V To show that zi,...,z, span X, it suffices to
show that they span V Let x € V. Then T =Tk, + u1 for some ky € {1,. n} and u; € U. Now %U
is covered by Twr+3V),..., 3(:Cn +iV)sox = xkl + tag, + é Contmuing in this way, we have
T €z, + xk2 + -+ 371 T T, + 3TU for each r. Let y, = zg, + ka + -4 W%Zxkr. Then y, is in the
span of 5, Wthh is finite dimensional and thus closed by Q34.

Now for each y € V, there exists €y > 0 and an open neighbourhood U, of y such that 6U, C V' whenever
|6 < &, since scalar multiplication is continuous at (0, y). The open sets Uy cover V so V' C Uy, U---UU,, .
Then 6V C V whenever |§| < minj<g<y &y, -

Choose N such that 6oV C V whenever |§o| < 37N. Let § > 0 be given. Choose M such that
37M5=1 < 37N When m > M, we have 376! < 37V 50 376~V C V. ie. 37™V C §V. Thus
T — Ym € 0V for m > M. Thus x — y,,, — 0 and y,, — x. Hence x is in the span of S. It follows that
T1,...,T, span X so X is finite dimensional.

10.6 Weak topologies

38a. Suppose x, — x weakly. Then f(z,) — f(z) for each f € X*. Thus |f(z,)| < Cy for each f € X*
and each n. Now let ¢ : X — X™** be the natural homomorphism so that ¢(z,)(f) = f(z,). Then
lo(xn)(f)] < Cf for each f € X* and each n. Since X* is a Banach space, (||¢(zy)|]) is bounded but
[lp(zn)ll = llznll so ([[zn]]) is bounded.

*38b. Let (z,) be a sequence in /P,1 < p < oo, and let z, = ({mn)oeeq. Suppose (z,) converges
weakly to x = (§,,). By part (a), (||z,||) is bounded. Each bounded linear functional F' on ¢? is given by
F(xn) =", &mnim for some (n,,) € £4. Conversely, taking the m-th term to be 1 and the remaining
terms to be 0 gives a sequence (n,,,) € €9 so that F(x,) = > &monlim = Em,n is @ bounded linear functional
on ¢P. Thus (F(x,)) converges to F(x). i.e. (&m,n)oo=y converges to &y,.

Conversely, suppose (||z,|]) is bounded and for each m we have &, , — &mn. Then ||z,|| < C and
[lz]] < C for some C. Let F € (¢P)* = (4. Let e, be the sequence having 1 as the n-th term and
0 elsewhere. Then span{e,} is dense in ¢? so there exists (F,) with F, € span{e,} and F, — F.
Given € > 0, there exists N such that ||Fy — F|| < ¢/3C. Since Fy € span{e,} and &mnpn — &n
for each n, there is an M such that |Fy(z,) — Fy(z)| < €/3 for n > M. Thus for n > M, we have
|F(z) — F(x)| < |F(xn) — Fn(an)| + |Fn(2n) — Fn(z)| + |Fn(z) — F(2)] < e. Hence (z,,) converges
weakly to z.
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38c. Let (z,,) be a sequence in LP[0,1],1 < p < oo. Suppose (||z,||} is bounded and (x,) converges to
2 in measure. By Corollary 4.19, every subsequence of (x,) has in turn a subsequence that converges
a.e. to z. By Q6.17, every subsequence of (z,) has in turn a subsequence <xnk]> such that for each

y € L?0,1] we have fxnkjy — [xy. Now for each bounded linear functional F' on L?[0,1], we have
F(z) = [y for some y € L70,1]. Thus every subsequence of (z,) has in turn a subsequence <xnkj>
such that F(mnkj) — F(x). By Q2.12, F(z,) — F(x). Hence (x,) converges weakly to x.

38d. Let z, = nx[o,1/n for each n. Then z,, — 0 and [|z,|[; = 1 for all n. In particular, (z,) is
a sequence in L'[0,1] converging to 0 in measure. Let y = x[o,1) € L*°[0,1]. Then F(z) = [zy is a
bounded linear functional on L![0,1] and F(0) = 0 while F(z,,) = ||z,||1 = 1 for each n so F(z,,) does
not converge to F(0). Hence (x,) does not converge weakly to 0.

(*) See Q6.17

38e. In |1 < p < o0, let z,, be the sequence whose n-th term is one and whose remaining terms are
zero. For any bounded linear functional F on fP, there exists (y,) € £ such that F(z,) = y,. Then
F(z,) = yn — 0 since (y,) € 2. Thus z,, — 0 in the weak topology. If (x,) converges in the strong
topology, then it must converge to 0 but ||z,||, = 1 for all n so it does not converge to 0 and thus does
not converge in the strong topology.

38f. Let z, be as in part (e), and define y,, , = zp, + nxy,. Let F = {ynm : m > n}. Note that
the distance between any two points in F' is at least 1 so there are no nonconstant sequences in F' that
converge in the strong topology. Any sequence in F' that converges must be a constant sequence so its
limit is in F'. Hence F is strongly closed.

38g. Let F' be as in part (f). The sets {z : |fi(x)| <e,i=1,...,n} where e > 0 and f1,..., f, € ({P)*
form a base at 6 for the weak topology. Given ¢ > 0 and fi,..., fn € (%)%, fi(ym.n) is of the form
€+ ngl where (1) € £9. Choose n such that |¢)| < /2 for all i. Then choose m > n such that
€8] < e/2n for all i. Then |fi(ymn)| < |5 +nlél,| <e. Thus FN{z:|fi(z) <ei=1,...,n} £0
and 6 is a weak closure point of F'.

Suppose (zk) = (Ymp.ni) = (Tn, + NETm,) is a sequence from F that converges weakly to zero. Given
e > 0 and (£,) € €9, there exists N such that |&,, + nk&m,| < € for K > N. Suppose {my} is bounded
above. Then some m is repeated infinitely many times. Let &,, = 1 and &, = 0 otherwise. For each N
there exists k > N such that my = m so [§,, + nx&m,| = |nx| > 1. Thus {m4} is not bounded above
and we may assume the sequence (my,) is strictly increasing. Now suppose {n;} is bounded above. Then
some n is repeated infinitely many times. Let &, = 1 and &,, = 0 otherwise. For each N there exists
k > N such that ng = n so |€,, + ng&m,| = 1. Thus {ny} is not bounded above and we may assume
the sequence (ny) is strictly increasing. Now let &,,,, = 1/ny for each k and &,, = 0 if m # my, for any
k. Then (&,) € £ and |&,, + nk&m,| > 1 for all k. Contradiction. Hence there is no sequence (zj) from
F that converges weakly to zero.

38h. The weak topology of ¢! is the weakest topology such that all functionals in (¢1)* = ¢°° are
continuous. A base at 0 is given by the sets {z € ¢! : |f;(z)| < e, = 1,...,n} where ¢ > 0 and
fi,o s fn € 0. A net <(m£fl))) in ! converges weakly to (z,) € ¢! if and only if Y x%a)yn converges

to Y, zny, for each (y,) € €.

If a net ((z{™)) in £* converges weakly to (z,,) € €1, then for each n, taking (y,) € £ where y,, = 1 and
Ym = 0 for m # n, we have xﬁ{") converging to x, for each n.

If the net <(x§f‘))> in ¢! is bounded, say by M, and ') converges to z, for each n, then donlEn] <
S it = |+ 5 217 < M so (wa) € £ T () € £, then | 2, (@8 ~2n)ynl < 1m0 3, it -
zn| —0s0 ), xS{")yn converges to y . ZnY, and <(:1c5{’))> converges weakly to (z,).

For k € N, let (a:L’“)) € (' where x,(f) =k and 217) = 0 if n # k. Then the sequence <(a:£f))> is not
bounded and converges to 0 for each n. However, taking (y,) € £°° where y,, = 1 for all n, we have
>on 2y, = k, which does not converge to 0 so <(1:£lk))> does not converge weakly to 6.

The weak* topology on ¢! as the dual of ¢y is the weakest topology such that all functionals in ¢[co] C £°

are continuous. A base at 6 is given by the sets {f € ¢! : |f(x;)| < &,i = 1,...,n} where ¢ > 0 and
Z1,...,Tp € co. A net <(x$f‘))> in ¢! is weak* convergent to (z,,) € ¢! if and only if } 2™y, converges
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to >, Tnyy for all (y,) € co.

Using the same arguments as above and replacing £>° by c¢g, we see that if a net <(az${"))> in ¢! is weak*
convergent to (x,) € ¢!, then x%a) converges to x, for each n. We also see that if the net is bounded
and z1) converges to z,,, then the net is weak* convergent to ().

For k € N, let (z (k)) € (' where xl(ck) — kand 21 = 0if n # k. Then the sequence ((:v%k)» is not

)

bounded and x( converges to 0 for each n. However, taking (y,) € c¢g where y,, = 1/n for all n, we

have > o yn = 1, which does not converge to 0 so <(x£¢k))> is not weak™ convergent to 6.

39a. Let X = cg, F = /' and Fy the set of sequences with finitely many nonzero terms, which is dense

(k) (k) _ 12 (k)

in ¢*. Consider the sequence ((z")) in ¢y where z; and x,’ = 0 if n # k. For any sequence

(yn) € Fo, we have > x%k)yn = k?yr — 0. Thus the sequence ((m,(f)» converges to zero in the weak

topology generated by Fy. Now if the sequence ((xflk)» converges in the weak topology generated by F,

the weak limit must then be zero. Let (z,) be the sequence in F where z, = 1/n? for each n. Then

>on x(k)zn = 1. Thus the sequence ((z %))> does not converge in the weak topology generated by F.

Hence F and Fy generate different weak topologies for X.

Now suppose S is a bounded subset of X. We may assume that S contains 6. Let F be a set of functionals
in X* and let Fy be a dense subset of F (in the norm topology on X*). Note that in general, the weak
topology generated by Fy is weaker than the weak topology generated by F. A base at 6 for the weak
topology on S generated by F is given by the sets {x € S : |f;(x)] < &,i =1,...,n} where ¢ > 0 and
fi,--, fn € F. A set in a base at 0 for the weak topology on S generated by Fy is also in a base at
for the weak topology generated by F. Suppose x € S so that ||z|| < M and |f;(x)| < € for some € > 0
and f1,..., fn € F. For each i, there exists g; € Fo such that ||f; — gi|| < e/2M. If |g;(z)| < /2 for
i=1,...,n, then |fi(z)| < |fi(x) — gi(x)| + |g:(z)| < ||fi — gill ||z]| + |gi(x)| < e for i =1,...,n. Thus
any set in a base at 6 for the weak topology on S generated by F contains a set in a base at 6 for the
weak topology generated by Fy. Hence the two weak topologies are the same on S.

*39b. Let S* be the unit sphere in the dual X* of a separable Banach space X. Let {z,,} be a countable
dense subset of X. Then {p(z,)} is a countable dense subset of p[X]. By part (a), {¢(z,)} generates
the same weak topology on S* as ¢[X]. i.e. {¢(x,)} generates the weak™ topology on S*. Now define

p(fig) =27 ”%. Then p is a metric on S*. Furthermore p(f,, f) — 0 if and only if

|fr(xk) — f(xr)] — O for each k (see Q7.24a) if and only if |p(zx)(fn) — @(zx)(f)] — O for each k if and
only if f,, — f in the weak™ topology. Hence S* is metrizable.

40. Suppose X is a weakly compact set. Every z* € X* is continuous so 2*[X] is compact in R, and
thus bounded, for each z* € X*. For each z € X and x* € X*, there is a constant M« such that
lo(x)(z*)] = |z*(z)| < My+. Thus {||¢(x)|| : * € X} is bounded. Since ||p(z)|| = ||z|| for each z, we
have {||z|| : x € X} is bounded.

41a. Let S be the linear subspace of C[0, 1] given in Q28 (.S is closed as a subspace of L?[0,1]. Suppose
(fn) is a sequence in S such that f, — f weakly in L?. By Q28c, for each y € [0,1], there exists
k, € L? such that for all f € S we have f(y) = [ky,f. Now [ fnk, — [ fk, for each y € [0,1] since
k: € L? = (L?)*. Thus f,(y) — f(y) for each y € [0,1].

41b. Suppose (f,) is a sequence in S such that f,, — f weakly in L?. By Q38a, (||f.||2) is bounded.
By Q28b, there exists M such that ||f||lcoc < M||f||2 for all f € S. In particular, || fy|lco < M||frl|2 for
all n. Hence {||fu|loo) is bounded. Now (f2) is a sequence of measurable functions with |f,,|? < M’ on
[0,1] and f2(y) — f?(y) for each y € [0,1] as a consequence of part (a). By the Lebesgue Convergence

Theorem, ||f,||2 — ||fl|2 and so ||fn|l2 — [|f]|2. By Q6.16, f,, — f strongly in L2.

*41c. Since L? is reflexive and S is a closed linear subspace, S is a reflexive Banach space by Q23d. By
Alaoglu’s Theorem, the unit ball of S** is weak™ compact. Then the unit ball of S is weakly compact
since the weak* topology on S** induces the weak topology on S when S is regarded as a subspace of
S**. By part (b), the unit ball of S is compact. Thus S is locally compact Hausdorff so by Q37, S is
finite dimensional.
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10.7 Convexity

42. Let A be a linear operator from the vector space X to the vector space Y. Let K be a convex set in
X. Ifz,ye Xand 0 < A <1, then Mz + (1 - N Ay = A(Az) + A(1—=N)y) = A(Az+ (1 - N)y) € A[X].
Thus A[X] is a convex set in Y. Let K’ be a convex set in Y. If z,y € A7![K'], then Az, Ay € K' so if
0 < A <1, then Mz+(1-A)Ay € K'. Now Mz+(1-\)Ay = A(Az+(1-N)y) so Az+(1-N)y € A~HK'].
Thus A~1[K’] is a convex set in X. By using the linearity of A, it can be shown that a similar result
holds when “convex set” is replaced by “linear manifold”.

Define the linear operator A : R? — R by A({(z,y)) = x+y. Take the non-convex set {(0, 1), (1,0)} C R2.
Its image under A is the conves set {1} C R.

43. Let K be a convex set in a topological vector space. Let 2,y € K and 0 < A < 1. Let O be an open
set containing Az 4 (1 — A)y. Since addition and scalar multiplication are continuous, there are open sets
U and V containing x and y respectively, as well as € > 0, such that uU +nV C O whenever |p— \| < ¢
and |n— (1 —X)| <e. Now there exist 2’ € KNU and ¥y € KNV. Then Az’ + (1 - \)y’ € KNO. Hence
Az + (1 — Ay € K and K is convex.

44a. Let xg be an interior point of a subset K of a topological vector space X. There is an open set
O such that 2o € O C K. Let z € X. By continuity of addition at (zg,#), there exists an open set U
containing 6 such that 2o + U C O. By continuity of scalar multiplication at (0, z), there exists € > 0
such that Az € U whenever |A\| < e. Thus 2o+ Az € O C K whenever |\| < € and ¢ is an internal point
of K.

44b. In R, a convex set must be an interval and an internal point must not be an endpoint of the
interval so it is an interior point. In R™ for n > 2, let {e; : i« = 1,...,n} be the standard basis.
Suppose = (x1,...,x,) is an internal point of a convex set K. For each i, there exists ¢; > 0 such
that o + Xe; € K if [A| < &;. Let ¢ = mini<i<ne;. If [A] < g, then = + Xe; € K for all i. Now
suppose ||y — z|| < e/n. Then |y; — x;| < ¢/n for all i so z + n(y; — x;)e; € K for all i. Note that
y =" 2(z+n(y; — x;)e;), which belongs to K since K is convex. Thus there is an open ball centred
at = and contained in K so x is an interior point of K.

*44c. Consider K = B 1)1 U Bg,_1y,1 U {(z,0) : |z] <1} € R? Then (0,0) is an internal point of K
but not an interior point.

44d. Suppose a convex set K in a topological vector space has an interior point z. Let y be an internal

point of K. There exists € > 0 such that y+ 5(y —x) € K. Now there is an open set O such that x € O C
K. Let A=¢/2. Then y = 1%\904— s+ Ay —a)] € 1%\0—1— T+ Ay —2)) C 1%\]{—}— K CK.
Since =20 + [y + A(y — 2)] is an open neighbourhood of 3 contained in K, y is an interior point of

T+x T+
K.
*44e. Let X be a topological vector space that is of second Baire category with respect to itself. Suppose
a closed convex subset K of X has an internal point y. Let X, = {x € X : y+tz € C for allt € [0,1/n]}.
Each X, is a closed subset of X since addition and scalar multiplication are continuous and C'is closed.
Now X = [JX,, so some X,, has an interior point . Then z € O C X, for some open set O. Thus
Y+ %x cy+ %O cCsoy+ }Lx is an interior point of C.
(*) Assumption of convexity not necessary?

45. Let K be a convex set containing 6 and suppose that = is an internal point of K. Since x is an
internal point, there exists € > 0 such that x + ux € K for |u| < €. Choose A such that 0 < A < 1 and
(1-XN)"!'zre K. Notethat 0 <1—-A< 1. Forye K, z+ Ay = (1—-N)[(1—X)"tz]+ \y € K since K is
convex.

46. Let NV be a family of convex sets (containing 6) in a vector space X. Suppose N satisfies (i), (ii)
and (iii). To show that the translates of sets in A/ form a base for a topology that makes X into a locally
convex topological vector space, it suffices to show that A is a base at 6. If N1, No € N, there is an
N3 € N with N3 C Ny N Ny. Thus condition (i) of Proposition 14 is satisfied. If N € N and z € N,
then z is internal. By Q45, there exists A with 0 < A < 1 and # + AN C N. Note that AN € N.
Thus condition (ii) of Proposition 14 is satisfied. If N € A, then 1N + 1N C N. Note that 1N € .
Thus condition (iii) of Proposition 14 is satisfied. If N € A and z € X, then Az € N for some A € R
since # € N and 0 is internal. Now z € +N so condition (iv) of Proposition 14 is satisfied. If N € N/
and 0 < |a| < 1, then aN C N since #inN and N is convex. Also, N € N. Thus condition (v) of
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Proposition 14 is satisfied. Hence N is a base at 0 for a topology that makes X into a (locally convex)
topological vector space.

Conversely, if X is a locally convex topological vector space, then there is a base for the topology
consisting of convex sets. Consider the family A consisting of all sets N in the base containing 6
together with aN for 0 < |a| < 1. Then N is a base at 6. If N € A, then each point of N is interior
and thus internal by Q. If Ny, N, € N/, there is an N3 € A/ with N3 C Ny N Ny since Ny N Ny is an open
set containing §. Condition (iii) is satisfied by the definition of N.

(*) Proof of Proposition 21.

*47.

48a. In LP[0,1],1 < p < oo, suppose ||z|]| = 1. If x = Ay + (1 — A\)z with ||y|]| < 1 and ||z|| < 1, then
1= |lz|]| = |[Ay+ @ =Nz|] < AJyl|+ (1= N)||z]| <1 so equality holds in the Minkowski inequality. Thus
Ay and (1 — \)z are collinear. i.e. Ay = a(1 — )z for some . Also, ||y|| = ||z|]| = 1. Then y = 2. Hence
x is an extreme point of the unit sphere S = {z : ||z|| < 1}.

(*) Note that an extreme point of the unit sphere of any normed space must have norm one. Otherwise
if 0 < ||z|] <1, then z = ||x||ﬁ + (1 —|]z||)8 so x cannot be an extreme point of the unit sphere.
*48b.

*48c. Let x € L1[0,1] with ||z|| = 1. Choose t € [0,1] such that fot [z(t)| dt = %. Define y(s) = 2(s)
it s <t and y(s) = 0 otherwise. Also define z(s) = 2z(s) if s > ¢ and 2(s) = 0 otherwise. Now
y,z € L'0,1], |ly|| = ||z]] = 1 and « = J(y + 2) so x is not an extreme point of the unit sphere. Since
any point with norm one in L![0, 1] is not an extreme point of the unit sphere, the unit sphere has no
extreme points.

48d. If L[0,1] is the dual of some normed space, then its unit sphere is weak* compact and convex so
it has extreme points, contradicting part (c). Hence L0, 1] is not the dual of any normed space.

48e. For 1 < p < o0, every (x;) with ||[{(x;)|| = 1 is an extreme point of the unit sphere of ¢ by a similar
argument as in part (a).

Let (z;) € (' with [[(z;)|| = 1. We may assume |z1| > |z2| > 0. Let y; = (sgn x1)(|z1| — |72]) and
Yo = 2xo. Also, let 23 = x1 + (sgn x1)|ze| and zo = 0. Then y; + 21 = 227 and ys + 29 = 2x9. Also,
ly1]+y2| = |z1|+|z2| and |z1|+|22| < |z1|+]|22|. Fori > 2, define y; = z; = z;. Then (z;) = %(<yz>+<zz>)
with (y;), (2;) € S. Thus the unit sphere in ¢! has no extreme points.

Let (x;) € €>° with |z;] =1 foralli. If 1 = x; = Ay; + (1 — N)z; with |y;] < 1, |z <land 0 < A < 1,
then y; = z; = 1. Similarly, if =1 = z; = Ay; + (1 — N)z; with |y;| < 1, |z;] < 1and 0 < A < 1, then
y; = z; = —1. Thus (z;) is an extreme point of the unit sphere in ¢*°. If |zx| < 1 for some N, then define
Y = T; + # and z; = z; — # for all i so that (x;) = 1({y;) + (2;)). Furthermore, (y;), (z;) € S.
Hence the extreme points of the unit sphere in £>° are those (x;) with |z;| =1 for all 7.

*48f. The constant functions +1 are extreme points of the unit sphere in C'(X) where X is a compact
Hausdorff space. Let f € C(X) with ||f|| = 1 and suppose |f(xo)| < 1 for some zy € X. Fixe > 0
such that 0 < |f(zo)| — e and |f(zo)| +& < 1. Let A ={x: |f(z)| = |f(x0)|} and B = {z : |f(z)| €
[0, f(xo) — €] U [f(x0) +¢,1]}. Then A and B are disjoint closed subsets of the compact Hausdorff (and
thus normal) space X so by Urysohn’s Lemma, there exists g € C'(X) such that 0 < g <&, g =0 on
Bandg=con A Now |[f+g|| < 1,|[f—gl| <land f = 3[(f+g)+ (f—g)]. Thus f is not an
extreme point of the unit sphere in C'(X). Hence the extreme points of the unit sphere are those f where
|f(z)| =1 for all z € X and by continuity, these are the constant functions £1.

The only extreme points of the unit sphere in C10, 1] are the constant functions £1. If C[0, 1] is the dual of
some normed space, then its unit sphere is a weak* compact convex set so by the Krein-Milman Theorem,
it is the closed convex hull of its extreme points and contains only constant functions. Contradiction.
Hence C'[0, 1] is not the dual of any normed space.

49a. Let X be the vector space of all measurable real-valued functions on [0, 1] with addition and

scalar multiplication defined in the usual way. Define o(z) = fol 1J‘j5;()tl)| dt. Since %}% =
) ) _ @+ < el _ly(®)]
L~ Srmr@ <1 TRERRe = Heomp0] < THeo] T THyep Ve have o(z +y) < o(z) +o(y).

By defining p(z,y) = o(xz — y), we have a metric for X.

49b. Suppose z, — x in measure. Given € > 0, there exists N such that for all n > N we have m{¢ :
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|z, () —(
|z, (t) — x(t)] > e/2} < e/2. Then for n > N, p(zp, fo 1+|mi(t ‘ dt<f{t o (1) —(8)|>e /2y L A+
f{t:\zn(t)fm(t)|<5/2} |xn(t) — z(t)] dt < e. Thus z, — z in the metrlc p. Conversely, suppose (x,)
does not converge to x in measure. There exists € > 0 such that for all NV there is n > N with

m{t : |zn(t) —x(t)| > s} > e. Thus there is a subsequence (x,, ) such that m{¢ : |xnk( ) z(t)| > e}t >e

|#n, (t)—=(t)] |, () —z(t)]
for all k. Now p(zp,,z fo m dt > f{lu,;wlZa} m dt > £ for all k so the

subsequence (X, ) does not converge to x in the metric p. Hence (x,) does not converge to z in the
metric p.

49c. Let (z,) be Cauchy in the metric p. Suppose (x,) is not Cauchy in measure. There exists
e > 0 such that for all N there is n,m > N with m{t : |z,(t) — m(t)] > €} > . Thus there is
a subsequence (x,, ) such that m{t : |xn,, ,(t) — Tpn,, (t)] > €} > ¢ for all k. Now p(Tn,, ) Tnay) =

|In2k 1(t znzk(t)‘ |xn2k71(t)7zn2k(t)‘ E
fo T [2ngy (=g, (D] dt > f{\wnzk,l—wn%\za} T Teng, (g, (O] dt > 15 for all k so the subsequence

(@n,) is not Cauchy in the metric p. Contradiction. Hence (z,) is Cauchy in measure. By Q4.25, (x,,)
converges in measure and by part (b), it converges in the metric p. Hence X is a complete metric space.
49d. Given ¢ > 0, let 6 = &/2. When 7((z,y), (', ¥')) < J, we have p(z,z’) < § and p(y,y’) < . Now
pleat+y, 2’ +y)=clx—a' +y—y)<oclx—2a)+oly—y) =plz,2)+ ply,y') < . Hence addition is
a continuous mapping of X x X into X.

49e. Given a € R, € X and ¢ > 0, by Q3.23a, there exists M such that |z| < M except on a set of
measure less than £/3. Let § = min(l 5/3(|a|—|—1) e/3M). When 7({a, ), {c,z')) < §, we have |c—a| <0

laz(t)—cz’ ()] 1 _Ja—c| Jz(t)] le] |z (t)—a’ (1)]

and p(z,2’) < 6. Now p(ax,cz’) fo 1+\ax(t) ez’ (1)] dt < fo T+la—c| [2(})] dt + fo T+e] [a(t)—2 ()] dt <
Mé+¢/3+ (la| + 6)d < . Hence scalar multiplication is a continuous mapping of R x X to X.

49f. Given z € X and ¢ > 0, there is a step function s such that |z — s| < €/2 except on a set of

measure less than £/2. ie. m{t : |z(t) — s(t)| > €/2} < /2. Now p(z,s) fo lﬁg)t)é(;)l)l dt =

f{\zfs|<s/2} % dt + f{les‘zg/z} % dt < fo e/2 dt + f{lz o|>e/2y L dt < e. Hence the
set of step functions is dense in X.

*49g.

49h. By parts (d) and (e), X is a topological vector space. Since there are no nonzero continuous linear
functionals on X by part (g), X cannot be locally convex.

49i. Let s be the space of all sequences of real numbers and define o((&,)) = > 21;"5;”' .

Analogues of parts (a) and (c) follow from Q7.24. The analogue of part (d) follows from the same
argument as above. For the analogue of part (e), suppose a € R, (§,) € s and € > 0 are given.
Let 6 = min(1,e/2|al,e/2(c({&y)) + 1)). When 7({a, (§)), (¢, (nv))) < &, we have |¢ — a] < ¢ and
7((6) = (m) < 8. Now olale) — elm)) = Tl < 3 il + 5 imih] =
lalo((&) — (M) + la —clo((nw)) < |ald + (0({&)) + 6)d < e. Hence scalar multiplication is a continuous
mapping of R X s into s.

Let f be a continuous linear functional on s. For each v, let e, be the sequence where the v-th entry
is 1 and all other entries are 0. Now any sequence (£,) € s can be expressed as Y. &,e, so f({&,)) =
FOo&vey) = D &uf(ey) since f is continuous and linear. Since the series converges for each sequence
(&), there exists N such that f(e,) =0 for v > N. Thus f((&)) = Zi\;l & fey).

10.8 Hilbert space

50. Suppose z, — x and y, — y. Then there exists M such that ||x,|| < M for all n. Given ¢ > 0,
choose N such that ||y, — y|| < ¢/2M and ||z, — z|| < &/2]|y|| for n > N. Now [(zn,yn) — (z,y)] <
(@, yn = )| + [(2n = 2, 9)| < znll llyn = yll +[|zn —2[| |lyl] <& for n > N. Hence (24,yn) — (2,9).

*51a. The use of trigonometric identities shows that {\/%, C‘;’;ﬂi’ﬂ Si\r}}r’t} is an orthonormal system for

L?[0,27]. Suppose z € L?[0, 2] such that (z, &\/Tl:t) =0and (z, &\/;”t) = 0 for all v. Let € > 0. By Propo-

sition 6.8 and Q9.42, there is a finite Fourier series ¢ = ap + ZN Gy, cOS Tt + ZN b, sinnt such that
Iz =l < e. Now [lo||* = (p, ) = 2mag +7 33", (a7 +52) and 32, (0, 00)|* = 2mad + 30,0, (%2 m)? +

(%ﬂ') ) so ||o||? = Yoo lle )2, Thus there exists M such that | ||p||> — Zzz_n (@, 00)]? | < &2
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for n > M. Now |l =37, (v, 00)00ll” = llell* = 20__, [(¢,00)? < € for n > M. Also,

10 (2r)e0 = Sn (@ e)eal P = X0, (0 = 2, 00)E < [l — al[* < & for n > M. Thus

[z = 2o (@ 00)ull <l =@l +le =i pn (@ 00)@ull + 11 20— (¢ — 2, 00)p|| < 3¢ forn > M.
coswvt si

Hence z =Y (%, ¢u)py and ||z||2 =3, [(z,¢,)|? = 0 so z = 0. Hence {\/%7 NG %t} is a complete
orthonormal system for L?[0, 27].

51b. By part (a) and Proposition 27, every function in L?[0, 27] is the limit in mean (of order 2) of its
Fourier series. i.e. the Fourier series converges to the function in L?[0, 27].

52a. Let z € H and let {¢,} be an orthonormal system. Note that {v : a, # 0} = J,,{v : ay, > 1/n}.
By Bessel’s inequality, we have Y |a,|* < ||z||* < oo so {v : a, > 1/n} is finite for each n. Hence
{v : a, # 0} is countable.

*52b. Let H be a Hilbert space and {¢,} a complete orthonormal system. By part (a), only countably
many Fourier coefficients a, are nonzero so we may list them as a sequence (a,). By Bessel’s inequality,
> law]? < lz]|* < oo so given € > 0, there exists N such that »3°° \ . ay|* <& Form>n > N, we
have || Y0 ayp,]|> = Y0t |a? < €2 so the sequence of partial sums is Cauchy in H and thus converges
in H. ie. Y, app, € H. Now (z — >, appw, ) = (2,¢,) —a, =0 for all vso z — )" ayp, = 0. ie.
T= Gy

If a complete orthonormal system in H is countable, say (¢,), then z = > a,p, and z is a cluster point
of the set of linear combinations of ,,, which contains the countable dense set of linear combinations of
p, with rational coefficients so H is separable. Thus a complete orthonormal system in a non-separable
Hilbert space is uncountable.

*52c. Let f be a bounded linear functional on H. Let K = ker f. Since f is continuous, K is a closed
linear subspace of H. We may assume K+ # {0} so there exists zg € K+ with f(zg) = 1. Define
y = z0/||z0||?. Then 0 = (x — f(x)z0,70) = (z,70) — f(2)||20||? for all z € H. ie. f(z)= (z,y) for all
r € H. If y € H such that (z,y) = (x,y') for all x € H, then y —y’ € H*. In particular, ||y — ¢'||*> =
(y—vy',y—1vy') =0soy =y’ This proves the uniqueness of y. Since |f(z)| = |(z,y)| < ||z|| ||y||, we have
1711 < llyll. Furthermore, since £(y/1yll) = (u/Ilyll,») = llgll, we have ||£]| = Iyl

52d. Let H be an infinite dimensional Hilbert space. If {¢,} is a complete orthonormal system in
H, then the set of finite linear combinations of ¢, is a dense subset of H. Now if |[{¢,}| = n, then
[{finite linear combinations of ¢, }| = n®g = n so there is a dense subset of H with cardinality n. If
S is a dense subset of H, then for each ¢,, there exists z, € S with ||z, — @,|| < 1/V2. If v # u,
then ||z, — zul] > [lo0 — @ull = [l20 = @ull = [z — @ull > V2 -1/v2-1/V2 =050 2, # . Thus
|S| > [{¢v}|- Hence the number of elements in a complete orthonormal system in H is the smallest
cardinal n such that there is a dense subset of H with n elements. Furthermore, this proves that every
complete orthonormal system in H has the same number of elements.

*52e. Suppose two Hilbert spaces H and H' are isomorphic with an isomorphism ® : H — H'. If
{¢v} is a complete orthonormal system in H, then {®(p,)} is a complete orthonormal system in H’.
Similarly for ®~!. Thus dim H = dim H’. Conversely, suppose dim H = dim H’. Let £ be a complete
orthonormal system in H. Consider the Hilbert space (2(€) = {(f : € = R) : 3. |f(e)]* < oo} If
@ € H, define & : € — R by &(e) = (x,e). Then > ¢ |2(e)|* = X . ce [(z,€)]* = [|2]]* < 00 s0 & € £2(E).
Furthermore, ||z|| = ||#||. Define ® : H — (2(€) by ®(x) = #. Then ® is a linear isometry. Now the
range of ® contains functions f such that f(e) = 0 for all but finitely many e € £ and is closed since ®
is an isometry. Hence ® is an isomorphism. If F is a complete orthonormal system in H’, then || = | F]|
so £2(€) and ¢?(F) must be isomorphic. Hence H and H' are isomorphic.

*52f. Let A be a nonempty set and let (2(A) = {(f : A = R) : > . |f(a)|> < oo}. Then ¢*(A) is a
Hilbert space with (f,g) = > ,c4 f(a)g(a). For each a € A, let x, be the characteristic function of {a}.
Then y, € (?(A) for each a € A. Furthermore {x, : a € A} is a complete orthonormal system in £2(A).
Thus dim £2(A) = |[{x4 : @ € A}| = |A|. Hence there is a Hilbert space of each dimension.

53a. Let P be a subset of H. Suppose y, € P+ and y, — y. Then for each x € P, we have
(2,yn) — (z,y). Since (z,y,) = 0 for each n, we have (z,y) = 0 so y € P+. Thus Pt is closed. If
a,b € R and y, z € P+, then for each x € P, we have (ay + bz, z) = a(y,r) +b(z,z) = 0 s0 ay + bz € P+
and P~ is a linear manifold.

*53b. If z € P, then (z,y9) = 0 for all y € P+. Thus P1t is a closed linear manifold containing
P. Suppose P C @ where @ is a closed linear manifold. Then Q+ C P+ and P+t c Q++. Now
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if Q is a proper subset of Q-+, pick x € @+ \ Q. Then there exists yo € Q such that ||z — yo|| =
inf{|[z —y|| 1y € Q} = 3. Let z = x — yo. For any a € R and y; € @, we have §% < ||z — ay1|]* =
1217 = 2a(z, 1) + allsa P = & — 2a(z,m) + @Il 2 s0 [ln]|? — 2a(z,52) > 0. Thus 4(z,31)° < 0
and it follows that (z,7;) = 0. i.e. 2LQ. Thus z € Q*+* NQ* so z =0i.e.  =yo € Q. Contradiction.
Hence Q = Q++ so P+ c Q.

53c. Let M be a closed linear manifold. Given z € H, there exists y € M such that x — y L M. Then
x=y+zwhere z=0x—y e M- Ifex=y+z=1y +2 where y,5y/ € M and 2,2/ € M+, then
y—y =z—2'soy—y,z—2 € MNM*. Hence y =y and z = 2. Furthermore ||z||? = (y+2z,y+2) =
19112 + 112112 + 2(3 2) = [Ig]]? + |[2I[? since = Ly.

54. Let (x,) be a bounded sequence of elements in a separable Hilbert space H. Suppose ||z,|| < M for
all n and let {p,) be a complete orthonormal system in H. Now |(z,, ¢1)| < M for all n so there is a sub-
sequence ((zn,, ¢1)) that converges. Then |(zy,,p2)| < M for all k so there is a subsequence (2, , ¥2))
that converges. Furthermore, <($nkl ,1)) also converges. Continuing the process, we obtain the diagonal
sequence (x, ) such that ((z,,,¢x)) converges for any k. For any bounded linear functional f on H,
there is a unique y € H such that f(z) = (x,y) for all z € H. Furthermore, y = >, (v, ¥r)pr. Now
(Tnns¥) = (Tns 2o (s PR)PE) = D4 (T, s 0k) (Y, k). Since ((zn,, px)) converges for each k, ((zn,,y))
converges. i.e. {x,) has a subsequence which converges weakly.

55. Let S be a subspace of L?[0,1] and suppose that there is a constant K such that |f(z)| < K||f]|
for all x € [0,1]. If {f1,..., fn) is any finite orthonormal sequence in S, then for any ai,...,a, € R,
we have (327, a;ifi(2))? < K?(| 320, aifil|? = K2(301L, aifi, 2oy aifi) = K2 3201, af for allw € [0,1].
Fix € [0, 1]. For each i, let a; = \/% Then (31, a;fi(x))?> = > i, fi(z)* and > af = L.
Thus Y, fi(x)? < K? forallz € [0,1] and n = > | || fil|* = fol(Z?zl fi(z)?) < fol K? = K?. Hence
the dimension of S is at most K2.

11 Measure and Integration
11.1 Measure spaces

1. Let {A,} be a collection of measurable sets. Let By = A; and By = Ag \ Uf;i A, for k > 1.

Then {B,} is a collection of pairwise disjoint measurable sets such that | J A,, = J B,. Now pu(lJ Ax) =
(U Br) = 3 u(Br) = limy 375y p(Br) = limp, p(Uy—y Br) = limy, p(Up—; Ar)-

2a. Let {(X4,Ba, ta)} be a collection of measure spaces, and suppose that the sets {X,,} are disjoint.
Define X = |JX,, B = {B : Va BN X, € B,} and u(B) = > pua(B N X,). Now 0 € B since
hNX,=0¢€B, forall a. If B € B, then BN X, € B, for all aso BN X, = X, \ (BN X,) € B,
for all . Thus B¢ € B. If (B,) is a sequence in B, then for each n, B, N X, € B, for all « so
UB.NX,=U(B,NX,) € B, for each o. Thus |J B,, € B. Hence B is a o-algebra.

2b. u(@) = S pa(@ N Xs) = X pa(®) = 0. For any sequence of disjoint sets B; € B, we have
wUBi) = > na(UBiNXa) =32, 30 ta(Bi N Xa) = 32,3, Ha(Bi N Xa) = 32, u(B;). Hence p is a
measure.

2c. Suppose that all but a countable number of the p, are zero and the remainder are o-finite. Let
(tn) be the countably many p, that are nonzero and o-finite. Then for each n, X,, = {J, Xn,r where
Xnk € By, and p, (X, 5) < co. In particular, X, ,, € B for all n,k. Let A = {« : puq is zero}. Then
X =Upn XnUlUpea Xa = Un’an)k UUgpca Xa- Since Jyeq Xa N Xo = Xy € By if a € A and
Usca XaNXo =0€ B, if o ¢ A, we have J,cq Xo € B. Also, n(Upeca Xa) = D ta(Uaes NXa) =
> aca MaXa =0 < oo. Hence p is o-finite.

Conversely, suppose p is o-finite. Then X = |J,, Y, where Y,, € B and p(Y;) < oo for each n. We
may assume that the Y,, are disjoint. Now for each n, > uq (Y, N Xo) = pu(Y, nU, Xa) = u(¥n) < 00
so {a : pa(Yy, N Xy) > 0} is countable. Thus |J,{o : pa(Yn N Xa) > 0} is countable. For each a,
ta(Xa) = pa(Xa N, Yn) = >, ta(Xa NYy). If pa(Xa) > 0, then po(Xq NY,) > 0 for some n.
Hence {a : po(Xs) > 0} is countable. i.e. all but a countable number of the pu, are zero. Furthermore,
Xo =U,(XanY,) where X, NY,, € B, and 1o (Xa NYy) <3 pa(XaNY,) = u(Ys) < oo for each n.
Hence the remaining p,, are o-finite.
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(*) Union of measure spaces

3a. Suppose E1, Ey € B and p(E1AE>) = 0. Then p(E; \ E2) = pu(E2 \ E1) = 0. Hence p(E;) =
p(EL\ E2) + p(Ey N Ep) = p(Es \ E1) + p(Er N Ep) = p(Ey).

3b. Suppose u is complete, E1 € B and pu(E1AFEy) = 0. Then Ey \ Ey € B since Es \ By C E1AFE,.
A]SO, EiNE,=F \ (E1 \EQ) € B. Hence Ey = (EQ \ El) ] (El n Eg) € 8.

4. Let (X,B, 1) be a measure space and Y € B. Let By consist of those sets of B that are contained
inY. Set uy E = uE if E € By. Clearly ) € By. If B€ By, then B€Band BCY. Thus Y\ B € B
and Y\ B CY soY\BeBy. If (B,,) is a sequence of sets in By, then B, € B and B, C Y for all n.
Thus B, € B and |J B, C Y so |J By, € By. Furthermore, py (0) = (@) = 0 and if (B,,) is a sequence
of disjoint sets in By, then uy (U Bn) = u(UBn) = > u(Bn) = > py(By). Hence (Y, By,uy) is a

measure space.
(*) Restriction of measure to measurable subset

5a. Let (X, ) be a measurable space. Suppose u and v are measures defined on % and define the set
function \E = uE + vE on B. Then A\(0) = p(0) + v(0) = 0. Also, if (E,,) is a sequence of disjoint sets
in B, then N\\UE,) =p(UEn) +v(UE,) => uE, +> vE, => AE,. Hence X is also a measure.
*5b. Suppose p and v are measures on B and u > v. Note that p — v is a measure when restricted to
measurable sets with finite v-measure. Define A(E) = suppc g, (r)<oo (W(F) —v(F)). Clearly A(0) = 0. If
Ey, By € B with E1NEy = 0, then for any F' C F1UE, with v(F) < oo, we have u(F)—v(F) = (u—v)(FN
E)+(p—v)(FNEy) < A(E1)+A(E3). Thus AM(E1UEy) < A(E1)+A(E3). On the other hand, if Fy C Fy
and Fy C By with v(Fy),v(Fs) < oo, we have (u—v)(F1)+ (p—v)(F2) = (p—v)(F1UFy) < AM(E1UE»).
Thus A(E1) + A(E2) < AM(Ey U Es). Hence A is finitely additive.

Now suppose (E,,) is a sequence of disjoint sets in B. If F' C |J E,, with v(F) < oo, then (1 —v)(F) =
Su—=v)(FNE, <> AE,). Thus A(UE,) < > A(E,). On the other hand, for any N, we have
SN ME) = MUY, En) < AMUE,). Thus Y AE, < A(JE,). Hence X is countably additive.

If v(E) = oo, then u(E) = oo so v(E) + A(E) = p(E) and if v(E) < oo, then v(E) + A(EF) = v(E) +
(W(E) —v(E)) = u(E). Hence p = v+ A.

5c. Suppose p = v + 7 for some measure 7. If v is finite, then n = y — v = A. Suppose v is o-
finite. Then X = |JX,, where X,, € B and v(X,) < oo for each n. We may assume that the X,
are disjoint. Now for any set E € 9B, we have n(E N X,) = AME N X,) since v(E N X,,) < co. Then
nE)=nUENX,))=YnENX,) = MENX,) =AXUENX,)) =A(F). Hence X in part (b) is
the unique such measure.

*5d. If u=v+A=v+ XN, then A(F) = N(F) for any set F with v(F) < co. Given E € B, for any
F C E with v(F) < oo, we have u(F) — v(F) = AF) = N(F) < N(E). Hence A(E) < X(E) and X in
part (b) is the smallest such measure.

6a. Let p be a o-finite measure so X = (J X,, where u(X,,) < oo for each n. For any measurable set E
of infinite measure, we have co = p(|J(E N X,,)) = limy, M(Uizl(E N X,)). Thus for any N, there exists

k such that N < N(UZ:1(E N X,)) < co. Hence p is semifinite.
6b. Given a measure y, define p11(E) = suppcp ,(py<oo W(F). Then p(0) = p(0) = 0. If (E,) is
a sequence of disjoint measurable sets, then for any F' C |JE, with u(F) < oo, we have p(F) =
SuFNE,) <> ui(Ey). Thus up(UE,) < > pi(Ey). Conversely, if Fi C Eq and F» C Ey with
1(F1), p(F2) < oo, then p(Fy) + p(F2) = p(FLUF2) < py(Ey U E) so i (Er) +pi(E2) < pn(ErUE,). Tt
follows that for any k, Zszl w(Ey) < pl(Uﬁzl E,) < wi(UJEn). Thus > pui1(En) < pi1(UEr). Hence
p1 is a measure. Furthermore, if p1(E) = oo, then for any N, there exists F' C E with N < p(F) < oo.
Then N < p1(F) < oo. Hence i is semifinite.

Now define p2(E) = Suppc g, (F)<co (W(F) — p1(F)). Then o is a measure (c.f. Q5b). If u(F) < oo
for all F C E with p1(F) < oo, then u(F) = pu1(F) for all F C E with p1(F) < 0o so ua(E) = 0. If
w(F) = oo for some F C E with u1(F) < oo, then p(F) — p1(F) = 0o so p2(E) = co. Hence ps only
assumes the values 0 and oco.

*6c.

7. Given a measure space (X, B, u), let B be the collection of sets AU B where A € B and B C C for
some C € B with u(C) = 0. Clearly 0 € By. If (E,) is a sequence in By, then E,, = A, U B, for each
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n where A, € B and B,, C C, for some C,, € B with u(C,) = 0. Now JE, = JA, U B,, where
UA, e B and B, C UC, with u(JC,) =0. If E € By, then E = AU B where A € B and B C C
for some C € B with u(C) = 0. Then E° = A°NB°=A°N(C\(C\B))*=A°N(C°U(C\B)) =
(A°NC°)U (A°N (C\ B)) where A°NC° € B and A°N (C\ B) C C with u(C) = 0. Hence By is a
o-algebra. Furthermore 8 C 9B.

If E € By with E=AUB = A'UB’ with A,A € B, B c C and B’ ¢ (' for some C,C’' € B
with p(C) = p(C’") = 0, then AUBUCUC" = AAUB UCUC"so AUCUC = AuCuUc.
Now p(A) < p(AuCUC") < u(A) + u(C) + pu(C") = u(A). Thus p(A) = u(AUCUC). Similarly,
w(A") = p(A’uCuUC’). Hence u(A) = p(A’).

For FE € B, define uo(E) = p(A). Then pg is well-defined. Clearly, po(0) = 0. If (E,,) is a sequence of
disjoint sets in By, then JE, = JA, U Bn so po(UErn) = p(JAn) = > pu(4n) =3 po(Ey). Thus
to is a measure. Furthermore, if F € B, then po(F) = u(F).

If po(AUB) =0and F C AUB, then E = AU(ENA) where ENA C B C C with u(C) =0so E € By.
Hence (X, By, po) is a complete measure space extending (X, B, u).

8a. Let p be a o-finite measure. If E is locally measurable, then E N B € B for each B € B with
uw(B) < oo. Now X = |JX,, with X,, € B and u(X,) < oo for all n. Thus E = |J(E N X,,) where
ENX, €B for all n. Thus F € ‘B. i.e. E is measurable. Hence  is saturated.

8b. Let € be the collection of locally measurable sets. Clearly ) € €. If C' € €, then C N B € B for each
B € B with u(B) < co. Now for any such set B, C°NB = B\ (CNB) e B. Thus C° € €. If (Cy,)
is a sequence of sets in €, then C,, N B € B for each B € B with u(B) < oo. Now for any such set B,
UC.NnB=(C,NB)eB. Thus |JC,, € €. Hence € is a o-algebra.

8c. Let (X, 9, 1) be a measure space and € the o-algebra of locally measurable sets. For E € €, set
pE =puFE if E €% and gF = 0o if E ¢ B. Clearly p(0) = 0. If (E,) is a sequence of disjoint sets in
¢, then we consider a few cases. If |J F,, ¢ B, then a(|J E,) = oco. Furthermore, FE,, ¢ 9B for some n so
> a(Ey) = oo = a(J En). Now suppose |J Ey, € B. If u(|J En) < oo, then E,, = E, NUE, € B for
each nso p(UEn) = p(UEn) = pu(En) = > B(Ey). If u(lJ En) = oo, then either E,, € B for all n, so
SE(EL) =2 u(Ey) = w(UE,) =00 =a(UE,), or E, ¢ B for some n, so Y a(E,) = o0 = a(UE,).
Hence j1 is a measure on €.

Let E be a locally measurable set in (X,€, ;). Then ENC € € for any C € € with a(C) < co. ie.
ENC e ¢ for any C € B with u(C) < co. Thus ENC € B for any C € B with u(C) < oo and F is a
locally measurable set in (X,9, 1) so E € €. Hence (X, €, i) is a saturated measure space.

*8d. Suppose p is semifinite and F € €. Set u(F) = sup{u(B) : B € B,B C E}. Clearly () = 0.
If (E,) is a sequence of disjoint sets in €, for any B € B with B C |JE,, provided u(B) < oo, we
have pu(B) = p(UBNE,)) = > u(BNE,) < > u(E,). On the other hand, if u(B) = oo, then
w(UE,) = oo. Thus u(UFE,) < > u(E,). If Fi,Ey € ¢ with Ey N Ey = 0 and By, B, € B with
By C Ey and By C Es, then p(E1) + p(Bs) < p(B1) + p(B2) = p(By U Bs) < p(Ey U Ey). Now for any
N, we have ny:l w(ky,) < H(Uf:;l E,) < p(UEn). Thus > u(E,) < p(lUEy). Hence p is a measure
on C.

Let E be a locally measurable set in (X, €, p). Then ENC € € for any C € € with u(C) < co. If B € B

with p(B) < oo, then B € € with u(B) = u(B) < co. Thus EN B € €. It follows that EN B € B so
E € €. Hence (X, ¢, H) is a saturated measure space. Furthermore, y is an extension of y.

9a. Let R be a o-ring that is not a o-algebra. Let B be the smallest o-algebra containing R and set
R = {F: E° € R}. Note that ) e RC RUNR'. If A € RUNR/, then either A € Rso A° € R CRUR
or Ae R so A° e RC RUR'. If (4,,) is a sequence in RUNR', then |J A4, = {4, : 4, e RFUU{A4, :
A, € R} € RUR'. If A is a o-algebra containing MR, then A also contains R’. Thus A D KUNR'. Hence
RUR = B. Furthermore, if £ € RNR/, then E,E° € Rso X = EUE° € R and R is a o-algebra.
Contradiction. Hence R NR’' = 0.

9b. If p is a measure on R, define t on B by a(E) = u(E) if E € R and a(E) = oo if E € R, Clearly
(@) = p(@) = 0. Let (E,) be a sequence of disjoint sets in B. If E; € R and Ey € R/, then (E?)¢ € R
s0 (E1)¢ N (E2)¢ = (E2)¢\ E1 € R. Thus Eq U Ey € R so i(E1 U Es) = 00 = i(E1) + a(Es). If E, € R
for all n, then | E, € R. Similarly, if E,, € R for all n, then |JE, € %'. In both cases we have
B(UEn) = a(Ey,). Thus in general, g(U E,) = g(U{Fn : Bn € RYUU{Fn : B, € R'}) = p(U{Ex :
E, € R} + W(U{En : Bn € R'}) =35 cn (En) + 25 cov (En) = >0 i(Ey). Hence fi is a measure
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on ‘B.

9c. Define u on B by u(E)
w(0) = p(0) = 0. Let (E,
for all n, then u(|J E,) =
on ‘B. B

*9d.

*9e.

= u(E) if E € R and p(F) =sup{u(A): AC E,Ac R} if £ € R, Clearly
) be a sequence of disjoint sets in B. Note that if F,, € R for all n or E,, € R’
> u(Ey). It follows that in general pu(|J E,) = > u(Ey). Hence p is a measure

11.2 Measurable functions

10. Let f be a nonnegative measurable function. For each pair (n, k) of integers, set E,, j = {2 : k27" <
2n

f(z) < (k+1)27"} and set ¢, = 27" Ei:o kxE, . + (22" + 1)27"x(f>(22211)2-n}- Then each E,
is measurable and each ¢, is a simple function. Note that E,, ; = Epi+1,0k U Ept1 2641 for all (n, k).
Suppose « € E,, ;. Then ¢, (z) = k27". If x € Ey,41 2k, then pp41(x) = (21@)2*("“) = k27" = ¢, (x).
If # € Epy10611, then ¢n1(x) = (2k + 1)27FD > (2k)2= (g, (z). Also, if f(z) > (22" +1)27™,
then o, (z) = (22" +1)27" < p,41(x). Thus ¢, < @u11. For z € X, if f(z) < oo, then for sufficiently
large n, f(x) — pn(x) < 27" If f(z) = oo, then ¢, (z) = (22" +1)27" > 2" — oo. Thus f = lim¢p,, at
each point of X.

If f is defined on a o-finite measure space (X, B, u), then X = |JX,, where u(X,) < oo for each n.

_n 2271, n
Define ¢, == 27", o kXE, .U _, X, T (22 +1)27" X{f2(2n+1)2-7}0U" _, X,n- LThen oni1 > oy
and f = lim¢,,. Furthermore, each apn vanishes outside ' _; X, a set of ﬁnlte measure.

(*) Proof of Proposition 7
11. Suppose p is a complete measure and f be a measurable function. Suppose f = g a.e. Then

{z:g(@) <a}={a:f=gf@) <alUfa:f#gg9@@) <o}=({z:f(z)<a}\{z:f#g fx) <
aP)U{z: f#g,9()<a}. Now{z: f#g, f(x)<a}and {z: f#g,9(z) < a} are subsets of a set of
measure zero so they are measurable. Also, {z : f(z) < a} is measurable since f is measurable. Hence
{z : g(x) < a} is measurable for any « and g is measurable.

Q3.28 gives an example of a set A of Lebesgue measure zero that is not a Borel set so Lebesgue measures
restricted to the o-algebra of Borel sets is not complete. Now x4 is not measurable since {x : xa(z) >
1/2} = A but m(A) =0 so x4 = 0 a.e. and the constant zero function is measurable.

(*) Proof of Proposition 8

12. Let (f,) be a sequence of measurable functions that converge to a function f except at the points of a
set E of measure zero. Suppose j is complete. Given a, {z : f(z) > a} = {z ¢ E : limf,(x) > a}U{z €
E: f(xr) > a}. Since u(E) =0, {x € E: f(x) > a} is measurable. Also, {z ¢ E : limf,(z) > a} =
Ecn{z:limf,(z) > a} so it is measurable. Hence {z : f(x) > a} is measurable and f is measurable.
Note: If f,,(x) — f(x) for all z, then completeness is not required.

13a. Let (f,) be a sequence of measurable real-valued functions that converge to f in measure. For
any k, there exists nj and a measurable set Ey with u(Ey) < 27 such that |f,, (z) — f(z)] < 27F
for v ¢ Ey,. If o ¢ \Jg—,, Ex, then |f,, (z) — ( )| < 27% for k > m. Thus if z ¢ (O, Ur—,, Bk,
then for some m, we have |f,, (z) — f(z)| < 27F for k 2 80 {fn,) converges to f. Furthermore,

1y U Br) < (U2 Bi) < 2202 i(Er) < 3232, 27F =277 for all m so (), Uy, E) =
0 and (f,,) converges to f a.e.

(c.f. Proposition 4.18)

13b. Let (f,) be a sequence of measurable functions each of which vanishes outside a fixed measurable set
A with p(A) < oo. Suppose that f,,(z) — f(z) for almost all z, say except on a set B of measure zero. If
x € A°\B, then f,(x) =0forallnso f(z) = 0. Givene > 0, let G,, = {x € A\B : |fn(x)—f(z)| > €} and
let Ey = U, 2y Gn. Note that Ex41 C Ey. If z € A\ B, then there exists N such that | f,,(z)— f(z)| < e
forn > N. ie. ¢ Ey for some N. Thus ((Ex = () and lim u(ExN) = 0 so there exists N such that
w(En) < e. Furthermore, u(Exy U B) < ¢ and if © ¢ Eny U B, then either © € A and = ¢ G¢ for all
n> N so|fn(z)— f(x)] <eforallnm > N orz ¢ Aso|f,(z)— f(x)] =0 for all n. Hence (f,,) converges
to f in measure.
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13c. Let (f,) be a sequence that is Cauchy in measure. We may choose ny41 > ni such that p{z :
| frnis (@) = [ (@) = 277} < 27% Let By = {z : |fn,,, (x) = fo, ()| = 27%} and let F,, = Up—,, Ex.
Then (N Fn) < (U, Ex) < 27%+ for all k so u( Ey) = 0. If 2 ¢ () Fy, then z ¢ F, for some m
SO | frpys (@) = fop (@) < 27F for all k > m and |fn, (z) — fn, (x)| < 27%*! for I > k > m. Thus the series
> (fruyio1 — fn),) converges a.e. to a function g. Let f = g+ f,,. Then f,, — f in measure since the partial
sums are of the form f,, — f,,. Given € > 0, choose N such that p{z : |fn(z) — fm(2)] > &/2} < /2
forn >m > N and p{z : |fn, () — f(x)] > €/2} <e/2 for k> N. Then {x : |fu(z) — f(z)| > e} C {x:
(@)~ fon (0)] = 2/2Y Ut fy (2) — F(@)] = /2) for all n,k > N. Thus jufo : | (o) — f(2)] = ¢} < e
for all n > N and (f,) converges to f in measure.

(cf. Q4.25)

14. Let (X,%B,u) be a measure space and (X, DBy, o) its completion. Suppose ¢ is measurable with
respect to B and there is a set E € B with u(E) =0and f = gon X\ E. For any o, {z : g(x) < o} € B.
Now {z: f(z)<a}={ze X\ F:g(z)<a}lU{z € FE: f(z)<a} where {r e X\ E:g(z) <a} €B
and {x € E: f(z) < a} C E. Thus {x: f(z) < a} € By and [ is measurable with respect to By.

For the converse, first consider the case of characteristic functions. Suppose x4 is measurable with
respect to Bg. Then A € By so A = AU B’ where A’ € B and B’ C ¢’ with ¢! € B and u(C’) = 0.
Define f(z) = xa(z) if 2 ¢ C" and f(z) =1ifx € C'. f @ <0, then {z : f(z) >a} =X. If a > 1,
then {z : f(z) >a} =0. 0 < a <1, then {z: f(z) >a} ={z: f(z) =1} = AuC' = A uC.
Thus {z : f(z) > a} € B for all a and f is measurable with respect to B. Next consider the case
of simple functions. Suppose g = Y. | ¢;xa, is measurable with respect to By. Then each ya, is
measurable with respect to By. For each i, there is a function h; measurable with respect to B and
a set B; € B with u(E;) = 0 and xa, = h; on X \ E;. Then g = Y I", ¢;h; on X \ Ui, E; where
U, E; € B and p(J;_, E;) = 0. Furthermore, Y ., ¢;h; is measurable with respect to B. Now for
a nonnegative measurable function f, there is a sequence of simple functions (¢,,) converging pointwise
to f on X. For each n, there is a function ,, measurable with respect to 8 and a set F, € B with
w(Ey) =0 and ¢, = ¢, on X \ E,,. Then f =lim, on X \ |JE,, where |JE,, € B and u(JE,) = 0.
Furthermore, lim 1, is measurable with respect to 2. Finally, for general a measurable function f, we
have f = f* — f~ where f* and f~ are nonnegative measurable functions and the result follows from
the previous case.

15. Let D be the rationals. Suppose that to each 3 € D there is assigned a Bg € B such that
B, C Bg for a < 8. Then there is a unique measurable function f on X such that f < 3 on B and
f=pBon X\ Bg. Now {z: f(z) <a}=Us,Bsgand {z: f(z) <a} =(,.,Us., Bs. Similarly,
{o: f@) > a} = X\ Nyoo By and {2 : f(z) = a} = M, (X \ Ny, Bs). Also, {o: f(z) = a} =
n'y>a Uﬁ<fy BB N ﬂ'y<o¢(X \ mﬁ>'y Bﬁ)

16. Egoroff’s Theorem: Let (f,,) be a sequence of measurable functions each of which vanishes outside
a fixed measurable set A of finite measure. Suppose that f,(z) — f(z) for almost all . By Q13b, (f,)
converges to f in measure. Given ¢ > 0 and n, there exist N,, and a measurable set E,, with pu(FE,) < 27"
such that |f,(z) — f(z)| < 1/nfor n > N, and z ¢ E,,. Let E =JE,. Then p(JEn) < > u(E,) <e.
Choose ng such that 1/ng < e. If x ¢ E and n > N,,, we have |f,(z) — f(z)| < 1/ng < e. Thus f,
converges uniformly to f on X \ E.

11.3 Integration

17. Let f and g be measurable functions and E a measurable set.

(i) For a constant ci, note that if ¢; > 0, then (c1f)t = e1f" and (c1f)” = af” so [paf =
Jpaft—Jgaf - =a [y fT—ca [, f~ =c [; f. Onthe other hand, if ¢; <0, then (c1f)* = —c1f~
and (c1f)” = —cift so [paf = [p(—af7) = [p(—eift) = —c1 [ f~ —(—c1) [ [T =c1 [, f. Note
that if f = f1 — fo where fi, fo are nonnegative integrable functions, then f™ + fo = f~ + f1 so
Jft+[fo=)f+[fiand [f=[fT—[f = [fi— [ f. Now since f and g are integrable, so
are f* + g% and f~ 4 ¢~. Furthermore, f+g= (f*+¢%)—(f~+¢7). Thus [(f+g) = [(fT+9¢T)—
JUf+g ) =Jft+J9"=[f —[g = [f+]g Together, wehave [, (c1f+cag) =c1 [, f+ec2 [n9-
(ii) Suppose |h| < |f] and h is measurable. Since f is integrable, so are f* and f~. Thus |f| = fT+ f~
is integrable. By (iii), we have [h < [|h| < [|f] < oo. Thus h is integrable.
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(iii) Suppose f > g a.e. Then f — g >0 a.e. and [(f —g) > 0. By (i), we have [(f—g)=[f— [gso
Jf—[g=0.ie [f>[g
(*) Proof of Proposition 15

18. Suppose that y is not complete. Define a bounded function f to be integrable over a set E of finite
measure if sup,< [ dp = infy>¢ [ dp for all simple functions ¢ and 4. If f is integrable, then
given n, there are simple functions ¢,, and 1, such that ¢, < f < 1, and f?/)n dp — f on dp < 1/n.
Then the functions ¥* = inf, and ¢* = supy, are measurable and ¢* < f < ¢*. Now the set
A ={z:¢*(z) <y*(x)} is the union of the sets A, = {x : ¢*(z) < ¢¥*(x) —1/v}. Each A, is contained
in the set {z : ¢n(z) < ¥, (x) — 1/v}, which has measure less than v/n. Since n is arbitrary, u(A,) =0
so (A) = 0. Thus ¢* = f = ¢* except on a set of measure zero. Hence f is measurable with respect to
the completion of p by Q14.

Conversely, if f is measurable with respect to the completion of u, then by Ql4, f = g on X \ E
where g is measurable with respect to pu and p(E) = 0. We may assume that g is bounded by M. By
considering the sets By, = {x : kM/n > g(z) > (k — 1)M/n}, —n < k < n, and the simple functions
Y = (M/n)>F_  kxe, and ¢, = (M/n)>";__, (k—1)xE,, we see that g is integrable. Note that
SUP,<, [ dp = sup < [ dp and infy>, [0 du = infy> g [ 4 du. Tt follows that f is integrable.
19. Let f be an integrable function on the measure space (X, %, ). Let € > 0 be given. Suppose f is
nonnegative and bounded by M. If u(E) < /M, then [ f < e. In particular, the result holds for all
simple functions. If f is nonnegative, there is an increasing sequence (., ) of nonnegative simple functions
converging to f on X. By the Monotone Convergence Theorem, we have [ f = lim [ ¢, so there exists
N such that [(f — fn) < &/2. Choose 6 < ¢/2sup |pn]|. If p(E) <6, then [, f= [(f—fn)+ [z fn <
€/2 +¢/2 = € so the result holds for nonnegative measurable functions. For an integrable function f,
there exists 6 > 0 such that if (E) < 6, then [ |f| <e. Thus | [ f| < [p|fl <e.

20. Fatou’s Lemma: Let (f,) be a sequence of nonnegative measurable functions that converge in
measure on a set F to a function f. There is a subsequence (f,, ) such that lim fE fre = h—me fn. Now
(fn,) converges to f in measure on E so by Q13a it has a subsequence ( fnkj> that converges to f almost
everywhere on E. Thus [, f <lim [, foi, = lim [}, fr, = lim [, fn.

Monotone Convergence Theorem: Let (f,) be a sequence of nonnegative measurable functions which
converge in measure to a function f and suppose that f,, < f for all n. Since f, < f, we have [ f, < [ f.
By Fatou’s Lemma, we have [ f <lim [ f, <lim [ f, < [ f so equality holds and [ f = lim [ f,.
Lebesgue Convergence Theorem: Let g be integrable over E and suppose that (f,) is a sequence of
measurable functions such that on F we have |f,(x)| < g(x) and such that (f,,) converges in measure
to f almost everywhere on E. The functions g — f,, are nonnegative so by Fatou’s Lemma, [ slg—1) <
lim [,,(g — fn). There is a subsequence (fn, ) that converges to f almost everywhere on E so [f| < |g| on
E and f integrable. Thus [, 9— [, f < [,9—1lim [, f, and lim [}, f,, < [, f. Similarly, by considering
the functions g + fn, we have [, f <lim [, f,. Thus equality holds and [, f = lim [, f,.

21a. Suppose f is integrable. Then |f| is integrable. Now {z : f(z) # 0} = {x : |f(x)] > 0} =
U{z : |f(z)| = 1/n}. Each of the sets {z : |f(x)| > 1/n} is measurable. If u{x : |f(z)| > 1/n} =
for some n, then [[f| > [o iy s1/my [fI = (/n)p{z + [f(z)] = 1/n} = co. Contradiction. Thus
p{z :|f(z)| > 1/n} < oo for all n and {x : f(x) # 0} is of o-finite measure.

21b. Suppose f is integrable and f > 0. There is an increasing sequence () of simple functions such
that f = lim ¢,. We may redefine each ¢,, to be zero on {z : f(z) = 0}. Since {z : f(x) # 0} is o-finite,
we may further redefine each ¢, to vanish outside a set of finite measure by Proposition 7 (c.f. Q10).
21c. Suppose f is integrable with respect to p. Then f* and f~ are nonnegative integrable functions
so by part (b), there are increasing sequences (¢,) and (1,) of simple functions each of which vanishes
outside a set of finite measure such that lim ¢, = f* and lim, = f~. By the Monotone Convergence
Theorem, [ f* dp=1lim [ ¢, dpand [ f~ dp = lim [, du. Given e > 0, there is a simple function ¢y
such that [ f* du— [ ¢, du < £/2 and there is a simple function ¢ such that [ f~ du— [N du < £/2.
Let ¢ = on — ¢ns. Then ¢ is a simple function and [ |f — | du = [|fT —on — [~ +¥n/| du <
Sl —enldu+ [1f~ =ndldu= ([ fdu— [ondp)+ ([ [~ dp— [on dp) <e.

22a. Let (X,,n) be a measure space and g a nonnegative measurable function on X. Set v(E) =
J5 9 dp. Clearly v(0) = 0. Let (E,) be a sequence of disjoint sets in B. Then v(|J E,) = fU B, 9 dn=
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Joxue, dp= [ gxe, du=>" [gxp, dp=3" [; g du =3 v(E,). Hence v is a measure on B.
22b. Let f be a nonnegative measurable function on X. If ¢ is a simple function given by > 1" | ¢;xg,-
Then [ dv =31, civ(Ey) = 30 ¢i [ g du =32 ¢i [ gxe, dp = [ 3212, cigxe, du = [ g dp.
Now if f is a nonnegative measurable function, there is an increasing sequence (p,,) of simple functions
such that f = lim¢,,. Then (p,g) is an increasing sequence of nonnegative measurable functions such
that fg = limy,g. By the Monotone Convergence Theorem, we have [ fg dp = lim [¢,g du =
lim [, dv = [ f dv.

23a. Let (X,%, ) be a measure space. Suppose f is locally measurable. For any « and any E € 9B
with u(F) < oo, {z : f(z) > a}NE ={z: fxg(z) >a}lifa>0and {z: f(z) > a}NE ={z:
fxex) >0tU{z: fxelx) =0tNE)U{z:0> fxe(z) >a}if a <0. Thus {z: f(z) > a}NEis
measurable so {z : f(x) > a} is locally measurable and f is measurable with respect to the o-algebra of
locally measurable sets.

Conversely, suppose f is measurable with respect to the o-algebra of locally measurable sets. For
any o and any E € B with u(F) < oo, {z : fxe®) > a} ={z: f(z) > a}NEif « > 0 and
{z: fxe()>a}t={z: f(x) >a}NE)UE°if a <0. Thus {z: fxg(x) > a} is measurable and f is
locally measurable.

23b. Let u be a o-finite measure. Define integration for nonnegative locally measurable functions f by
taking [ f to be the supremum of [ ¢ as ¢ ranges over all simple functions less than f. For a simple
function ¢ = 371" | ¢ixg,, we have [ @ =371 eu(Ey) = Y0 cip(E) = [ ¢ du.

Let X = |JX, where each X,, is measurable and p(X,) < co. Then [f = [fxyx, = /> . [Xx.-

Now fxx, is measurable for each n so there is an increasing sequence (gp,(:)) of simple functions con-

verging to fxx,. Thus [f = [, fxx, = >, [ fxx, = animkfgofcn) = animkfap,i") dp =
Yol fxx.dp= 3, fxx, du= [ fxyx, dp= [ fdp

11.4 General convergence theorems

24. Let (X,B) be a measurable space and (u,) a sequence of measures on B such that for each E € B,
pnt1(E) > pn(E). Let p(E) = limp,(E). Clearly p(0) = 0. Let (Ey) be a sequence of disjoint sets
in B. Then p(J, Ex) = limy, pr (Uy Ex) = limy, D) pn (Ex) = Y, limy, py (Ex) = Y-, (Eg) where the
interchanging of the limit and the summation is valid because u, (E}j) is increasing in n for each k. Hence
[t 18 a measure.

*25. Let m be Lebesgue measure. For each n, define p, by p,(E) = m(E)2™"™. Then (u,) is a
decreasing sequence of measures. Note that R = |, ., [k, k+1). Now p(lU, [k, k+1) = limy, p, (U, [k, &+
1)) = lim, m(R)2™" = oo but Y, u([k,k + 1)) = >, limy, pn([k, k + 1)) = >, lim, m([k,k +1))27" =
> i limy, 27" = 0. Hence p is not a measure.

*26. Let (X, %) be a measurable space and (u,,) a sequence of measures on 9B that converge setwise to to
a set function p. Clearly p(@) = 0. If 1, Fy € B and E1 N FEy = 0, then p(F1 U Ey) = lim p, (F1UEy) =
Hm(py, (E1) 4 pn (E2)) = lim py, (Er) +lm oy, (E2) = p(Er) 4+ p(Es). Thus pis finitely additive. If p is not
a measure, then it is not (-continuous. i.e. there is a decreasing sequence (E,,) of set in B with (| E, =0
and lim (E,,) = € > 0. Define oy = 81 = 1. If a; and §; have been defined for j < k, let ag+1 > oy such
that fia,,, (Eg,) > 7¢/8. Then let Br41 > B such that £/8 > piq, ., (Ep,,,). Define F, = Eg \ Eg, .

Then fia, ., (Fn) > 3¢/4. Now for j odd and 1 < k < j, we have fia; (3, cyen n>k In) = 3¢/4 so for
k > 1, we have u(3_,, cyenn>k I'n) = 3¢/4. This inequality is also true for odd n. Thus for k > 1, we

have p(Eg, ) = u(>. F,,) > 3¢/2. Contradiction. Hence p is a measure.

11.5 Signed measures

27a. Let v be a signed measure on a measurable space (X,%) and let {4, B} be a Hahn decomposition
for v. Let N be a null set and consider {A U N,B\ N}. Note that (AUN)U(B\ N) = AUB =
X and (AUN)N(B\N) = AN (B\ N) = 0. For any measurable subset £ of AU N, we have
v(E)y=v(ENA)+v(EN(N\A)) =v(ENA)>0. For any measurable subset E’ of B\ N, we have
v(E')=v(E'NB)—v(E'NBNN)=v(E'NB) <0. Thus {AUN, B\ N} is also a Hahn decomposition
for v.

79



Consider a set {a, b, ¢} with the o-algebra being its power set. Define v({a}) = —1,v({b}) =0,v({c}) =1
and extend it to a signed measure on {a,b, c} in the natural way. Then {{a,b}, {c}} and {{a}, {b,c}}
are both Hahn decompositions for v.

27b. Suppose {A, B} and {A4’, B’} are Hahn decompositions for v. Then A\ A’ = ANB and A'\ A=
A'NB. Thus A\ A" and A"\ A are null sets. Since AAA" = (A\ A" YU (A"\ A), AAA’ is also a null set.
Similarly, BAB’ is a null set. Hence the Hahn decomposition is unique except for null sets.

28. Let {A, B} be a Hahn decomposition for v. Suppose v = v — v~ = p; — ps where py Lps. There
are disjoint measurable sets A’, B’ such that X = A’ U B’ and u1(B’) = u2(A’) = 0. If E C A’, then
V(E) = (E)—p2(E) = (F) >0. If EC B, then v(E) = —ps(E) < 0. Thus {4’, B’} is also a Hahn
decomposition for v. Now for any measurable set E, we have v (E) = v(ENA) = v(ENANA")+v(EN(A\
A")) =v(ENANA)+v(EN(A'\A)) = p1 (ENANA) +u1 (EN(AN\A)) = i (ENA)+ i (ENB’) = pa (E).
Similarly, v~ (E) = p2(E).

29. Let {A, B} be a Hahn decomposition for v and let E be any measurable set. Since v5(E) > 0, we
have v(E) = v (E) — v (E) < vT(E). Since v1(E) > 0, we have —v~ (E) < v (E) — v~ (E) = v(E).
Thus —v~(E) < v(E) < v (E).

Now v(E) < vH(E) <vT(E)+v (E) = |v|(F) and —v(E) < v~ (E) < v (E)+v (E) = [v|(E). Hence
v(E)| < [VI(E).

30. Let v1 and v be finite signed measures and let o, § € R. Then av + [Bivs is a signed measure. Then
avy + Py is a finite signed measure since (avy + o) (U Ey) = avh (U En) + Bro(U En) = ad i (Ey) +
B> va(En) = > (i (Ey) + Bra(E,)) for any sequence (E,) of disjoint measurable sets where the last
series converges absolutely.

Let {A, B} be a Hahn decomposition for v. Suppose a > 0. Then |av|(E) = (av)"(E) + (av) " (E) =
)

+
~—~

avt(E) + av™(E) = |a| |[v|(E) since av = av™ — av™ and avtLav™ as av™(B) = 0 = av™ (A)
Suppose a < 0. Then |av|(E) = (aw)T(E) + () (E) = —av™(E) — av™(E) = |a| |v|(F) since
av = avt —av™ = —av™ — (—avt) and —avtl —av™ as —avT(B) = 0 = —av~(A). Hence
av| = |af |v].

Also, [v1 +12[(E) = |[v1(E) +12(E)| < [vi(E)|+|va2(E)| = [1|(E) +[v2|(E). Hence |1 +va| < [va]+|vaf.
31. Define integration with respect to a signed measure v by defining [ f dv = [ f dvt — [ f dv™.
Suppose |f| < M. Then | [, fdv|=| [, fdvt — [ fdv | <| [, fdvt|+]| [, fdv| < [,|f] dvt +
S lfl dv™ < Myt (E)+ My~ (E) = M|v|(E).

Let {A, B} be a Hahn decomposition for v. Then [, (xgna — XEnB) dv = [ 4,1 dv — [ ;1 dv =
VTH(ENA)—v= (ENA)]—[vT(ENB)—v (ENB)|=vT(ENA)+v (ENA)+vT(ENB)+v (ENB) =
vH(E)+ v~ (E) = |v|(E) where Xgna — XEnp is measurable and |xgpna — Xgne| < 1.

32a. Let p and v be finite signed measures. Define p A v by (u A v)(E) = min(u(E), v(E)). Note that
UAv = %(,u +v—|u—v|) so pAvis a finite signed measure by Q30 and it is smaller than p and v.
Furthermore, if 7 is a signed measure smaller than p and v, then n < p A v.

32b. Define uV v by (uV v)(E) = max(u(E),v(E)). Note that pVv = (u+v+|p—v|])sopVrisa
finite signed measure by Q30 and it is larger than p and v. Furthermore, if 1 is a signed measure larger
than g and v, then n > p V. Also, uV v+ pAv=max(u,v) + min(u,v) = p + v.

32c. Suppose p and v are positive measures. If p v, then there are disjoint measurable sets A and
B such that X = AU B and pu(B) = 0 = v(A). For any measurable set E, we have (u A v)(E) =
(WAV(ENA)+ (pAv)(ENB) =min(u(ENA),v(ENA))+min(u(ENB),v(EN B)) = 0. Conversely,
suppose p Av = 0. If u(E) = v(E) = 0 for all measurable sets, then = v = 0 and pyLlv. Thus we may
assume that u(E) = 0 < v(FE) for some E. If v(E€) = 0, it follows that pulv. On the other hand, if
v(E°) > 0, then u(E°) =0 so u(X) = u(F) + p(E°) =0. Thus 4 = 0 and we still have plv.

11.6 The Radon-Nikodym Theorem

33a. Let (X,®,u) be a o-finite measure space and let v be a measure on B which is absolutely
continuous with respect to . Let X = [JX; with u(X;) < oo for each i. We may assume the X; are
pairwise disjoint. For each i, let B; = {E € B : E C E;}, u; = plss, and v; = v|gs,. Then (X;, B, ;) is a
finite measure space and v; << p;. Thus for each ¢ there is a nonnegative p;-measurable function f; such
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that v;(E) = [}, fi dp; for all E € B;. Define f by f(z) = fi(z) if z € X;. If E C X, then ENX; € B;
for each 4. Thus v(E) =X v(ENX;) = vi(ENXi) =3 [pny, fidpi =3 [pax, [ du =[5 [ dp.
33b. If f and g are nonnegative measurable functions such that v(E) = fEf dp = ng dp for any
measurable set E, then [ fdu= [gduso f =g ae.

34a. Radon-Nikodym derivatives: Suppose v << p and f is a nonnegative measurable function. For

a nonnegative simple function o = Y"1 | ¢ixp,, wehave [ dv =" civ(E;) = >0 il [ [g—ﬂ dp) =

I3t cixEs {g—ﬂ dp= [¢ [ ”] du. For a nonnegative measurable function f, let (¢;) be an increas-

ing sequence of nonnegative simple functions converging pointwise to f. Then [ f dv = lim [ ¢; dv =
lim [ ¢; [fﬁﬂ dp=[f {2%} dp

34b. If 11 << p and vy << p, then v1 + vy << ,u For any measurable set E, we have v4(F) =

e |:dV1:| dp and vy (E) = [, [dm} dp. Thus (v1 +12)(E) = [, {d”l} {fgﬂ dp. By uniqueness of the
Radon-Nikodym derivative, we have [d(yili::w“)} = [‘%} + [%}.
34c. Suppose v << pu << A. For any measurable set F, we have v(F fE {du] dp = fE [ ] {%} d\

where the last equality follows from part (a). Hence [%\] = [g—ﬂ {%}

-1
34d. Suppose v << pand p << v. Then [Z—Z] = {Z—ﬂ [Z—’;} by part (¢). But [%] =1so {j—ﬂ = {d—“} .

35a. Suppose v is a signed measure such that v1pu and v << p. There are disjoint measurable sets A
and B such that X = AU B and |v|(B) =0 = |u|(A4). Then |v(A)| =0 so |[v|(X) = |v|(A) + |v|(B) = 0.
Hence vt =0=v"so v =0.

35b. Suppose v; and v, are singular with respect to u. There are disjoint measurable sets A; and By
such that X = A; UB; and pu(B;1) =0 = v1(A4;). Similarly, there are disjoint measurable sets Ay and Bs
such that X = AQUBQ and M(Bg) =0= VQ(AQ). Now X = (Al ﬂAg)U(Bl UBQ), (AlmAQ)ﬂ(BluBg) = @
and (611/1 + CQVQ)(Al N Ag) =0= ,LL(Bl @] BQ) Hence civy + CQVQJ_'LL.

35c. Suppose v; << p and vo << p. If u(E) =0, then v1(F) =0 = v(E). Thus (c1v1 + covn)(E) =0
and c1v1 + covy << p.

35d. Let (X,%,u) be a o-finite measure space and let v be a o-finite measure on B. Suppose v =
vo +v1 = 1) + v§ where vo L, viLu, 1 << p and vo << p. Now vy — 1y = v] — v1 where vy — 1) and
vj — 11 are signed measures such that vop — v Ly and v] — v; << p by parts (b) and (c). Then by part
(a), we have vy — v, =0=1v] —v1 so vy = 1) and 11 = 1.

36. Let (X, B, 1) be a o-finite measure space and suppose v is a signed measure on B which is absolutely
continuous with respect to u. Consider the Jordan decomposition v = v; — vy where either v+ or v~ must
be finite. There are measurable functions f and g such that v*(E) = [, f du and v~ (E) = [, g dp.
Then v(E) = v*(E) — v~ (E) = [,(f — g) dp.

37a. Complex measures: Given a complex measure v, its real and imaginary parts are finite signed
measures and so have Jordan decompositions 1 —po and p3—p4 respectively. Hence v = pq—po+ips—ifig
where p1, po, i3, 44 are finite measures.

*37b.

*37c.

*37d.

*37e.

(*) Polar decomposition for complex measures

38a. Let p and v be finite measures on a measurable space (X,%) and set A = u + v. Define F(f) =
[ f du. Note that L2(\) € LY(X\) € L'(p) since [[f| dX < (MX)Y2([|f)? dN)Y? and [|f] du <
[ d\. Thus F is well-defined. Clearly F is linear. Furthermore |F(f)| < (u(X))Y/?||f||2- Hence F is
a bounded linear functional on L?(\).

38b. There exists a unique function g € L?(\) such that F( ) = (f,g). Note that {g > 1} =U{g >
1+1/n}. Let E, = {g > 1+ 1/n}. Then u(E,) = B.) = Jg 9 d\ > (1 +1/n)A(E,) so
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(I/n)u(Ey) + v(E,) < 0. Tt follows that u(E,) = 0 = v(E,) and A(E,) = 0. Thus A({g > 1}) = 0.
Similarly, A({g < 0}=0. Now u(E) = F(xg) = (xg,9) = [p9 d\ and v(E) = XNE) — u(E) =
fE(l —g) dA.

38c. Suppose v << p. If u(F) =0, then v(E) =0so A(E) =0. Thus A << p. Let E = {z: g(z) = 0}.
Then p(E) = ng d\ = 0. Thus g = 0 only on a set of y-measure zero. In this case, we have
MNE) = [pld\= [pg97  dX= [,g7" du by Q22.

38d. Suppose v << p. Then [,(1—g)g  du= [L97" du— [997" du = ANE) — w(E) = v(E). In
particular, (1 — g)g~! is integrable with respect to p.

(*) Alternate proof of the Radon-Nikodym Theorem

39. Let X = [0,1], B the class of Lebesgue measurable subsets of [0,1] and take v to be Lebesgue
measure and g to be the counting measure on 9. Then v is finite and absolutely continuous with respect
to . Suppose there is a function f such that v(E) = fEf dp for all E € B. Since v is finite, f is
integrable with respect to u. Thus Ey = {z : f(x) # 0} is countable. Now 0 = v(Fy) = on f du.
Contradiction. Hence there is no such function f.

40a. Decomposable measures: Let { X, } be a decomposition for a measure p and E a measurable set.
Note that p(| {XaNE : p(XaNE) =0}) =0and u(E\|UXy) = 0. Thus pu(E) = p(H{XaNE : p(XoN
E) > 0}). If u(X, N E) > 0 for countably many «, then we have a countable union and it follows that
WE)=> wXaNE). If f(XoNE) > 0 for uncountably many «, then > u(X,NE) = co. If u(E) < oo,
then for any finite union (J;_, (X% N E), we have pu(U;_,(Xx NE)) < p(UXaNE)) < p((H{XaNE:
wWXaNE)>0}) = pu(E)so > w(XaNE) < u(E) < co. Contradiction. Thus u(E) =00 = >, u(XaNE).
40b. Let {X,} be a decomposition for a complete measure p. If f is locally measurable, then since
w(X,) < oo for each a, the restriction of f to each X, is measurable. Conversely, suppose the restriction
of f to each X, is measurable. Given a measurable set E with pu(E) < oo, let A = (JH{Xa N E :
wWXaNE)>0}, B=J{XaNE:w(XoNE)=0}and C =FE\JXa). For 8 >0, {z: fxe(x) >
B} ={x € A: f(z) > ptu{e € B: f(z) > B}U{z € C : f(x) > B}. The last two sets are
measurable since they are subsets of sets of measure zero. The first set is measurable since it is simply
{z: fxx,(x) > B} NE for some a. For 8 <0, {z: fxe(z)>pF} =E°UEN{z: f(x) > F}). By a
similar argument as before, {z : fxg(x) > 8} is measurable. Hence f is locally measurable.

Let f be a nonnegative locally measurable function of X. Now [ f du > fUCEL=1 x, [dp= Dy in fdu
for any finite set {X1,..., X, }. Thus [ fdu >3, fXa f dp. On the other hand, for any simple function

@ =31 cixp, with o < f, we have [y o dp =377 cin(E NUXa) = 3500 ai(3, (B N Xa)) =
ZQ(Z:‘L:1 (BN Xy)) = Ea fxa ¢ du. Thus fX fdp < Za fXa [ dp.

*40c. Let v be absolutely continuous with respect to p and suppose that there is a collection { X, } which
is a decomposition for both p and v. Let v, be defined by v, (E) = v(X, N E) for each . Then there is
a nonnegative measurable function f, such that v, (E) = [ i fo dp. The function f = 3" f, is locally
measurable and v(E) = 30, v(Xa N E) =3 va(E) =3, [pfadu =32, [x. opfdu= [g [ du.

40d. If instead of assuming {X,} to be a decomposition for v, we merely assume that if £ € B and
v(ENX,) =0 for all o, then v(E) = 0, the reverse implication in part (b) remains valid although
the forward implication may not be true. Thus the argument in part (c¢) remains valid and so does the
conclusion.

11.7 The L” spaces

41. Let f € LP(u),1 < p < oo, and € > 0. First assume that f > 0. Let (®,) be an increasing sequence
of nonnegative simple functions converging pointwise to f, each of which vanishes outside a set of finite
measure. Then the sequence (|f — ¢,|P) converges pointwise to zero and is bounded by 2fP. By the
Lebesgue Convergence Theorem, lim [ |f — ¢, [P du = 0. i.e. im||f — ¢n||, = 0. Thus ||f — ¢||, < e for
some .

Now for a general f, there are simple functions ¢ and ¥ vanishing outside sets of finite measure such
that ||f* — ¢ll, <e/2 and [|f~ = 9|l <e/2. Then ||f — (¢ +¥)[l, <e.

(*) Proof of Proposition 26

42. Let (X,B, 1) be a finite measure space and g an integrable function such that for some constant
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M, | [ gp du| < M]|gl||; for all simple functions ¢. Let E = {x : |g(x)| > M +¢} and let ¢ = (sgng)xe-
Then (M +e)u(E) < [ lgl du=1[ gp dul < Mlp|ls = Mp(E). Thus u(E) =0 and g € L.

(*) Proof of Lemma 27 for p =1

43. Let (X, B, 1) be a o-finite measure space and g an integrable function such that for some constant
M, | [ gp du] < M|jp||, for all simple functions ¢. Now X = [JX,, where p(X,,) < oo for each n. Let
9n = gxyr_, x,- Then g, € L9, g, — g and |g,| < |g| for each n. Thus lim |g — g,|? du = 0. It follows
that lim ||g — gn|lq =0 and g € LA.

44. Let (E,,) be a sequence of disjoint measurable sets and for each n let f,, be a function in LP,1 <
p < 00, that vanishes outside E,. Set f = > f,. Then [|f|P = [|> ful? = [ |fulP =X [|fal? =
ST fnllP. Hence f € LP if and only if > || fn|/? < oco. In this case, ||f||P = D ||fn][P. Also, since the
norm is continuous, we have || 3352, fill, — [|f|lp so [|f =222, fill, — 0 (c.f. Q6.16).

45. For g € L%, let F be the linear functional on L? defined by F(f) = [ fg du. By the Holder
inequality, we have |F(f)| = | [ fg du| < [|fg] di < |Ifllpllgllq so [|F]] < ||g|lq- For 1 < p < oo, let
f = |9|"/?(sgng). Then |f|P = |g|? = fg so f € L¥ and [|f|l, = [lgll§'*. Now |F(f)| = | [ fg dp| =
Jlgl® du = llglld = llgllq||f]lp- Thus [[F]| > [lgllg- If ¢ = 1 and p = oo, we may assume ||g|[s > 0.
Let f = sgng. Then f € L™, [[fllc = 1 and |F(f)| = | [ fg dp| = [ |g| du = llglls = ||fllllgll1 so
[|1FI| > llglli- f g =00 and p =1, given ¢ > 0, let £ = {z : g(z) > ||g|lcc — €} and let f = xg. Then
feLl |[fllh=[Ifldp=p(E)and |[F(f)| = | [ fg dpl =[5 g dul = (llgllec =)l f]lx so [|Fl] = [|g]lo-
46a. Let p be the counting measure on a countable set X. We may enumerate the elements of X by
(xn). By considering simple functions, we see that |f|P is integrable if and only if > |f(z,)|? < oo.
Hence LP(u) = ¢P.

*46b.

*47a.

*4Tb.

*48. Let A and B be uncountable sets with different numbers of elements and let X = A x B. Let B be
the collection of subsets E of X such that for every horizontal or vertical line L either ENL or E€N L
is countable. Clearly () € 9B. Suppose E € 9B. By the symmetry in the definition, F¢ € 9. Suppose
(Ey) is a sequence of sets in B. For every horizontal or vertical line L, (UE,) N L = J(E, N L) and
(UE,)*NL=NE;NL. If E,NL is countable for all n, then (|JE,) N L is countable. Otherwise,
E¢ N L is countable for some n and (|J E, )¢ N L is countable. Thus |J E,, € B. Hence B is a o-algebra.

Let p(E) be the number of horizontal and vertical lines L for which E° N L is countable and v(E)
be the number of horizontal lines with E° N L countable. Clearly p(f) = 0 = v(0) since A and B are
uncountable. Suppose (E,,) is a sequence of disjoint sets in B. Then u(|J Ey,) is the number of horizontal
and vertical lines L for which () ES N L is countable. Note that if ES N L is countable, then E,, N L is
countable for m # n since E,, C ES. If ES N L is countable, then (| ES N L is countable. On the other
hand, if (| ES N L is countable, then ES N L is countable for some n, for otherwise we have (|J E,,) N L
being countable. It follows that u(|J E,) = > pu(Ey). Thus p is a measure on B and similarly, v is a
measure on ‘B.

Define a bounded linear functional F on L'(p) by setting F(f) = [ f dv.

12 Measure and Outer Measure

12.1 Outer measure and measurability

1. Suppose i(E) = p*(E) = 0. For any set A, we have p*(ANE) = 0since ANE C E. Also, ANE°C E
so pw*(E) > p*(ANE°®) = p*(ANE) + p* (AN E°). Thus E is measurable. If F' C E, then p*(F) =0 so
F' is measurable. Hence fi is complete.

2. Suppose that (E;) is a sequence of disjoint measurable sets and E = |J E;. For any set A, we have
W (ANE) <> u*(ANE;) by countable subadditivity. Now u*(AN (E1 U Es)) > p*(AN (E1 U E2) N
E\)+u*(AN(E1 UEY)NES) = p* (AN Ey) + p*(AN Ey) by measurability of E;. By induction we have
p(ANUL, E) > > w (AN E;) for all n. Thus p*(ANE) > p*(AnNUi, Ei) > > (AN E;)
for all n so p*(ANE) > > p*(ANE;). Hence p*(ANE) =3 u* (AN E;).
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12.2 The extension theorem

*3. Let X be the set of rational numbers and 20 be the algebra of finite unions of intervals of the
form (a,b] with p(a,b] = oo and p(@) = 0. Note that the smallest o-algebra containing 2 will contain
one-point sets. Let k be a positive number. Define uy(A) = k|A|. Then uy is a measure on the smallest
o-algebra containing 2 and extends p.

4a. If A is the union of each of two finite disjoint collections {C;} and {D,} of sets in C, then for
each 4, we have p(C;) = >, u(C; N D;). Similarly, for each j, we have u(D;) = >, u(C; N D;). Thus
2im(Ci) =323, m(CinDy) =323 m(CiNDy) =32 w(Dy).

4b. Defining p(A) = >°1" ; u(C;) whenever A is the disjoint union of the sets C; € C, we have a finitely
additive set function on . Thus p(JC;) > p(Ui; Ci) = Doy w(C;) for all nso pu(UCi) > > u(Cy).
Condition (ii) gives the reverse inequality p(lJC;) < > u(C;) so p is countably additive.

(*) Proof of Proposition 9

5a. Let C be a semialgebra of sets and 2 the smallest algebra of sets containing C. The union of two finite
unions of sets in C is still a finite union of sets in C. Also, (Ui, C;)¢ = (i, Cf is a finite intersection
of finite unions of sets in C, which is then a finite union of sets in C. Thus the collection of finite unions
of sets in C is an algebra containing C. Furthermore, if 2’ is an algebra containing C, then it contains all
finite unions of sets in C. Hence 2 is comprised of sets of the form A = J;"_, C;.

5b. Clearly C, C 2,. On the other hand, since each set in 2 is a finite union of sets in C, we have
A, C C,. Hence A, =C,,.

6a. Let 2 be a collection of sets which is closed under finite unions and finite intersections. Countable
unions of sets in A, are still countable unions of sets in . Also, if 4;, B; € A, then (U, A;) N (U; B;) =
Ui, j(AZ- N B;), which is a countable union of sets in . Hence %, is closed under countable unions and
finite intersections.

6b. If N B; € Uys, then N B; =, Niey Bi where ()_, B; € A, and (,_, B; D ﬂ?ill B; for each n.
Hence each set in 2,4 is the intersection of a decreasing sequence of sets in 2, .

7. Let p be a finite measure on an algebra 2, and p* the induced outer measure. Suppose that for each
g > 0 there is a set A € A,s5, A C E, such that p*(F \ A) < . Note that A is measurable. Thus for
any set B, we have p*(B) = p*(BNA)+ pu*(BNA°) > u*(BNE)—p*(BN(E\ A)) + p (BN E°) >
pw*(BNE)+ pu* (BN E°) —e. Thus p*(B) > p*(BNE) + p*(B N E°) and F is measurable.

Conversely, suppose E is measurable. Given € > 0, there is a set B € %, such that £ C B and
w*(B) < p*(E°) +e. Let A= B° Then A € U5 and A C E. Furthermore, p*(E\ A) = p*(ENB) =
u*(B) = p* (B A E°) = 1 (B) — " (B) < e,

8a. If we start with an outer measure p* on X and form the induced measure i on the p*-measurable
sets, we can use ji to induce an outer measure pu. For each set F, we have u*(E) < Y u*(4;) for any
sequence of p*-measurable sets A; with E C |J A;. Taking the infimum over all such sequences, we have
W (E) < inf Y i (4,) = inf Y (A) = u* (B).

8b. Suppose there is a p*-measurable set A D E with p*(A) = p*(E). Then u™(E) > a(A) = p*(A4) =
w*(E). Thus by part (a), we have u*(FE) = pu*(E).

Conversely, suppose ut(E) = p*(E). For each n, there is a y*-measurable set (a countable union of p*-
measurable sets) A,, with £ C A, and p*(4,) = i(4,) < ut(E) +1/n=p*(E) + 1/n. Let A= A4,.
Then A is p*-measurable, E C A and p*(A) < p*(E) 4+ 1/n for all n so pu*(A) = p*(E).

8c. If u™(E) = pu*(E) for each set E, then by part (b), for each set E, there is a p*-measurable set A
with A D F and p*(A) = p*(F). In particular, p*(A) < p*(E) + € so pu* is regular.

Conversely, if p* is regular, then for each set F and each n, there is a u*-measurable set A,, with A, D E
and p*(A,) < p*(E) +1/n. Let A =) A,. Then A is p*-measurable, A D E and p*(A4) = p*(E). By
part (b), uT(E) = u*(E) for each set E.

8d. If p* is regular, then u™(E) = p*(E) for every E by part (c). In particular, g* is induced by the
measure i on the o-algebra of p*-measurable sets.

Conversely, suppose p* is induced by a measure p on an algebra 2. For each set E and any ¢ > 0, there
is a sequence (A;) of sets in 2 with £ C |JA; and p*(|J A;) < pu*(F) +e. Each A; is p*-measurable so
U A; is p*-measurable. Hence p* is regular.
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8e. Let X be a set consisting of two points a and b. Define p*(0) = p*({a}) = 0 and p*({b}) = p*(X) =
1. Then p* is an outer measure on X. The set X is the only p*-measurable set containing {a} and
w*(X)=1>p*({a}) + 1/2. Hence p* is not regular.

9a. Let u* be a regular outer measure. The measure i induced by p* is complete by Q1. Let E be locally
p-measurable. Then E'N B is p*-measurable for any p*-measurable set B with p*(B) = i(B) < co. We
may assume p*(F) < co. Since p* is regular, it is induced by a measure on an algebra 2 so there is a
set B € A, with E C B and p*(B) < u*(F)+ 1 < 0o. Thus E = EN B is p*-measurable.

*9b.

10. Let o be a measure on an algebra 21 and i the extension of it given by the Carathéodory process.
Let E be measurable with respect to i and fi(F) < oo. Given ¢ > 0, there is a countable collection
{A,} of sets in & such that E C (JA, and > u(A4,) < u*(E) + e/2. There exists N such that
Yooy M(An) < e/2. Let A = Uﬁf:l w(Ayp). Then A € A and a(AAE) = p(A\E)+ p(E\ A) <
S p(An) = i (B) + X0 v 4(An) < e

1la. Let p be a measure on 2 and [ its extension. Let ¢ > 0. If f is f-integrable, then there is
a simple function > | ¢;xg, where each E; is p*-measurable and [ |f — Y I ¢ixg,| di < €/2. The
simple function may be taken to vanish outside a set of finite measure so we may assume each FE; has
finite p*-measure. For each E;, there exists A; € % such that i(A4;AE;) < e/2n. Consider the ™A-simple
function ¢ = 31" | ¢ixa,. Then [|f —¢|du <e.

*11b.

12.3 The Lebesgue-Stieltjes integral

12. Let F be a monotone increasing function continuous on the right. Suppose (a,b] C ;= (as, bil.
Let € > 0. There exists n; > 0 such that F(b; + n;) < F(b;) +€27%. There exists § > 0 such that
F(a+9d) < F(a) + . Then the open intervals (a;,b; + ;) cover the closed interval [a + ,b]. By the
Heine-Borel Theorem, a finite subcollection of the open intervals covers [a 4 §,b]. Pick an open interval
(a1,b1 + m1) containing a + 0. If by + 71 < b, then there is an interval (aq, by + 12) containing by + ;.
Continuing in this fashion, we obtain a sequence (a1,b1+m), . .., (ag, bx+nx) from the finite subcollection
such that a; < b;—1 + ;-1 < b; + eta;. The process must terminate with some interval (ay, by + 1y but it
terminates only if b € (ak, by +nx). Thus Yooy F(b;) — F(a;) > (F(by+mi) —e27" — F(ay)) + (F(bg—1 +
nk—l) — g2 F(ak_l)) +---+ (F(bl Jr’lh) —e27 1 — F(al)) > F(bk Jr’r]k) - F(al) > F(b) — F(a+5).
Now F(b)— F(a) = (F(b)— F(a+06))+ (F(a+6)—F(a)) < >.i2, F(b;)— F(a;)+¢. Hence F(b) — F(a) <
o2 F(bi) — F(a;). If (a,b] is unbounded, we may approximate it by a bounded interval by considering
limits.

(*) Proof of Lemma 11

13. Let F' be a monotone increasing function and define F"*(x) = lim,_,,+ F(y). Clearly F* is monotone
increasing since F' is. Given € > 0, there exists 6 > 0 such that F'(y) — F*(x) < € whenever y € (z,x+9).
Now when z € (y,y + 0") where 0 < ¢’ < x4 0 — y, we have F(z) — F*(z) < e. Thus F*(y) — F*(z) <
F(z) — F*(x) < e. Hence F* is continuous on the right. If F' is continuous on the right at z, then
F*(x) = lim,_,,+ F(y) = F(x). Thus since F* is continuous on the right, we have (F*)* = I*. Suppose
F and G are monotone increasing functions which agree wherever they are both continuous. Then F™*
and G* agree wherever both F' and G are continuous. Since they are monotone, their points of continuity
are dense. It follows that F* = G* since F* and G* are continuous on the right.

14a. Let I be a bounded function of bounded variation. Then F' = G — H where G and H are monotone
increasing functions. There are unique Baire measures pg and pp such that pg(a,b) = G*(b) — G*(a)
and pg = H*(b) — H*(a). Let v = pg — ppir. Then v is a signed Baire measure and v(a,b] = ug(a,b] —
pr(a,b] = (G*(b) = G*(a)) — (H*(b) — H"(a)) = (G(b+) = G(a+)) — (H(b+) — H(a+)) = F(b+) — F(a+).
14b. The signed Baire measure in part (a) has a Jordan decomposition v = v+t —v~. Now F =G — H
where G corresponds to the positive variation of F and H corresponds to the negative variation of F.
Then G and H give rise to Baire measures pg and py with v = pg — pg. By the uniqueness of the
Jordan decomposition, v+ = ug and v~ = puy so v and v~ correspond to the positive and negative
variations of F.

14c. If F is of bounded variation, define [ ¢ dF = [ dv = [¢@ dvT — [ ¢ dv™ where v is the signed
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Baire measure in part (a).

14d. Suppose |¢| < M and the total variation of F is T. Then | [ ¢ dF| = | [ ¢ dv| < MT since v*
and v~ correspond to the positive and negative variations of /' and T'= P + N.

15a. Let F be the cumulative distribution function of the Baire measure v and assume that F is
continuous. Suppose the interval (a,b) is in the range of F. Since F is monotone, F~1[(a,b)] = (c,d)
where F(c) = a and F(d) = b. Thus m(a,b) = b —a = F(d) — F(¢) = v[F~*[(a,b)]]. Since the class
of Borel sets is the smallest o-algebra containing the algebra of open intervals, the uniqueness of the
extension in Theorem 8 gives the result for general Borel sets.

15b. For a discontinuous cumulative distribution function F', note that the set C' of points at which F'
is continuous is a Gs and thus a Borel set. Similarly, the set D of points at which F' is discontinuous
is a Borel set. Furthermore, D is at most countable since F' is monotone. Thus F~![D] is also at most
countable. Now for a Borel set E, we have m(E) = m(ENC)+m(END) = m(ENC) = v[F~{ENC]] =
v[F7YENC) + v[F~YE N D]] = v[F~[E]].

16. Let F be a continuous increasing function on [a, b] with F'(a) = ¢, F(b) = d and let ¢ be a nonnegative
Borel measurable function on [¢,d]. Now F' is the cumulative distribution function of a finite Baire
measure v. First assume that <p is a characteristic function XE of a Borel set. Then fb o(F(z)) dF(z) =
f; xe(F(x)) f xe(F(x)) dv = v[F7lE] = f xe(y) dy = f o(y) dy. Since simple
functions are ﬁmte linear combmatlons of charactenstw functlons of Borel sets, the result follows from
the linearity of the integrals. For a general ¢, there is an increasing sequence of nonnegative simple
functions converging pointwise to ¢ and the result follows from the Monotone Convergence Theorem.

*17a. Suppose a measure y is absolutely continuous with respect to Lebesgue measure and let F' be
its cumulative distribution function. Given € > 0, there exists § > 0 such that u(E) < ¢ whenever
m(E) < é. For any finite collection {(z;,2})} of nonoverlapping intervals with >, |2} — ;| < §, we
have (Ui, (z;, 2})) <e. ie. Y i |F(x}) — F(z;)| < e. Thus F is absolutely continuous.

Conversely, suppose F' is absolutely continuous. Given € > 0, there exists § > 0 such that Y., |f(2}) —
f(z;)| < e for any finite collection {(z;,2})} of nonoverlapping intervals with >"" |2} — z;| < 6. Let E
be a measurable set with m(E) < §/2. There is a sequence of open intervals (I,,) such that £ C |J I,
and > m(I,) < §. We may assume the intervals are nonoverlapping. Now u(E) < p(UI,) = > p(l,) =
S (F(b,) — F(ay)) where I, = (an,by,). Since ZZ:1(bn —a,) = 2221 m(I,) < § for each n, we have
S (F(by) — F(ayn)) < ¢ for each n. Thus u(E) < S2(F(by) — F(ay)) < € and p << m.

n=1

17b. If y is absolutely continuous with respect to Lebesgue measure, then its cumulative distribution

functlon F is absolutely continuous so by Theorem 5.14, we have F(z) = [ F'(t) dt + F(a). i.e.
= fa F'(t) dt. It follows that u(E) = [ p I’ dt for any measurable set E. By uniqueness of the
Radon-Nikodym derivative [—m] F' ae.

17c. If F is absolutely continuous, then the Baire measure for which p(a,b] = F(b) — F(a) is absolutely
continuous with respect to Lebesgue measure and F” is its Radon-Nikodym derivative. By Q11.34a, we
have [ fdF = [ fdu= [ fF' dx.

*18. Riemann’s Convergence Criterion: Let f be a nonnegative monotone decreasing function on
(0,00), g a nonnegative increasing function on (0,00) and {a,) a nonnegative sequence. Suppose that
for each x € (0,00) the number of n such that a, > f(x) is at most g(z).

12.4 Product measures

19. Let X =Y be the set of positive integers, A = B = P(X), and let v = u be the counting measure.

Fubini’s Theorem: Let f be a function on X x Y such that >°,  [f(z,y)| < cc.
(i) For (almost) all z, the function f,(y) = f(x,y) satisfies > |f,;( )| < 0.

(i’) For (almost) all y, the function fY(x) = f(x,y) satisfies Zic |fY(z)| < oo
(i) 25 22, f(z,y) < oo

(i) Doy 2p (@) < o0

(iif) Z S f@y) =2, flay)=>,>, flz.y)

Tonelli’s Theorem: Let f be a nonnegative function on X x Y.

Parts (i), (i), (ii) and (ii’) are trivial.
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(i) D2 D2y f(@,y) = 200, fy) = 52, 32, f(a,y)

20. Let (X, 1) be any o-finite measure space and Y the set of positive integers with v the counting
measure. Let f be a nonnegative measurable function on X x Y. For each n € Y, the function
fn(x) = f(z,n) is a nonnegative measurable function on X. Both Theorem 20 and Corollary 11.14 give
the result that [, > f(x,n) =3, [y f(z,n). Note that Corollary 11.14 is valid even if y is not o-finite
so the Tonelli Theorem is true without o-finiteness if (Y, B, v) is this special measure space.

21. Let X =Y = [0,1] and let u = v be the Lebesgue measure. Note that X x Y satisfies the second
axiom of countability and has a countable basis consisting of measurable rectangles. Thus each open set
in X XY is a countable union of measurable rectangles and is itself measurable. Since each open set is
measurable and the collection of Borel sets is the smallest o-algebra containing all the open sets, each
Borel set in X x Y is measurable.

22. Let h and g be integrable functions on X and Y, and define f(x,y) = h(z)g(y). If h = x4 and g = x5
where A C X and B C Y are measurable sets, then f = xaxp where A x B is a measurable rectangle.
Thus f is integrable on X x Y and [y f d(px v) = (p x v)(A x B) = p(A)w(B) = [y hdu [, g dv.
It follows that the result holds for simple functions and thus nonnegative integrable functions. For
general integrable functions h and g, note that f* = hTgt +h~¢g~ and f~ = htg~ + h~g*. Thus f is
integrable on X xY and [, fd(uxv) = [y [T dlpxv)—= [y [~ dlpxv) = [ hT dp [, g* dv+
Jxh™dp [y 97 dv— [y hFdp [y g7 dv— [ h™ dp [y 9T dv = [ hT dp [y gdv — [ b7 dp [y g dv =
S v hdp fY g dv.

23. Suppose that instead of assuming p and v to be o-finite, we merely assume that {(z,y) : f(x,y) # 0}
is a set of o-finite measure. Then there is still an increasing sequence of simple functions each vanishing
outside a set of finite measure and converging pointwise to f. Thus the proof of Tonelli’s Theorem is
still valid and the theorem is still true.

24. Let X =Y be the positive integers and p = v be the counting measure. Let
2-27" ifx =y,

flz,y)=4¢ —2+27% ifz=y+1,
0 otherwise.
Then}_, >, f(z,y) = f(1,1) = 3 but Doy 2 f(@y) = Zy(2—2_y)—|—(—2+2_9_1) =2, 2-v—l_9-v =

_ Zy 2-y—1 — _%.
(*) We cannot remove the hypothesis that f be nonnegative from Tonelli’s Theorem or that f be inte-
grable from Fubini’s Theorem.

25. Let X =Y be the interval [0,1], with 2 = B the class of Borel sets. Let 1 be Lebesgue measure

and v the counting measure. Let A = {(z,y) € X x Y : x = y} be the diagonal. Let I, = [L1, 1]

for j =1,...,n and let I, = J;_, Ijn. Note that A =1, I,. Hence A is measurable (and in fact an
Ros). Now [[fyxa dv)dp= [y v({y:y=2a})dp= [y 1du=1but [ [[yxa dy] dv= [, p({z:
x=y})dv=[,0dvr=0. Let A C [J(A, x By) where A, € % and B,, € B. Then some B,, must be
infinite so that (u x v)(A, X By) = co. Thus > (¢ x v)(4, X B,) = co. By definition of outer measure,
it follows that [y, xa d(px v) = (u x v)(A) = oo.

(*) We cannot remove the hypothesis that f be integrable from Fubini’s Theorem or that p and v be
o-finite from Tonelli’s Theorem.

26. Let X =Y be the set of ordinals less than or equal to the first uncountable ordinal 2. Let 21 = B be
the o-algebra consisting of all countable sets and their complements. Define u = v by setting pu(E) = 0
if F is countable and p(E) = 1 otherwise. Define a subset S of X x Y by S = {(z,y) : « < y}.
Now S, = {y : y > z} and S, = {z : © < y} are measurable for each z and y. Let f be the
characteristic function of S. Then [ [[y f du(z)] dv(y) = [, u(Sy) dv(Y) = f{Q} 1 dv(y) = 0 and

Jxly fdvy)] duz) = [ v(Se) du(z) = [ 1du(x) = 1.
If we assume the continuum hypothesis, i.e. that X can be put in one-one correspondence with [0, 1],

then we can take f to be a function on the unit square such that f, and f¥ are bounded and measurable
for each = and y but such that the conclusions of the Fubini and Tonelli Theorems do not hold.

(*) The hypothesis that f be measurable with respect to the product measure cannot be omitted from
the Fubini and Tonelli Theorems even if we assume the measurability of f¥ and f, and the integrability

87



of [ f(z,y) dv(y) and [ f(z,y) du(z).

*27. Suppose (X,2p) and (Y,B,v) are two o-finite measure spaces. Then the extension of the
nonnegative set function \(A x B) = u(A)r(B) on the semialgebra of measurable rectangles to 2 x B
is o-finite. It follows from the Carathéodory extension theorem that the product measure is the only
measure on 2 x B which assigns the value u(A)v(B) to each measurable rectangle A x B.

28a. Suppose E € AxB. If y and v are o-finite, then so is uxv so F = | J(ENF;) where (uxv)(F;) < 0o
for each i. By Proposition 18, (E N F;), is measurable for almost all z so E, = |J(E N F;); € B for
almost all z.

28b. Suppose f is measurable with respect to 2 x B. For any «, we have E = {{z,y) : f(z,y) > a} €
Ax B so E, € B for almost all z. Now E, = {y : f(z,y) > a} ={y: fu(y) > a}. Thus f, is measurable
with respect to 8 for almost all x.

29a. Let X =Y = R and let u = v be Lebesgue measure. Then p X v is two-dimensional Lebesgue
measure on X x Y = R?. For each measurable subset E of R, let 0(E) = {(z,y) : x —y € E}. If E'is an
open set, then o(FE) is open and thus measurable. If F is a G5 with E = [ E; where each E; is open,
then o(F) = (o(E;), which is measurable. If E is a set of measure zero, then o(F) is a set of measure
zero and is thus measurable. A general measurable set E is thhe difference of a G5 set A and a set B of
measure zero and o(E) = 0(A) \ o(B) so o(F) is measurable.

29b. Let f be a measurable function on R and define the function F by F(z,y) = f(z—y). For any «, we
have {(z,y) : F(z,y) > a} = {(z,y) : flz —y) > o} = {{z,y) : 2 —y € 7 [(a, 00)]} = o(f7[(cx, 00)]).
The interval (o, 00) is a Borel set so f~1[(c, o0)] is measurable. It follows from part (a) that {(z,y) :
F(z,y) > a} is measurable. Hence F is a measurable function on R2.

29c. Let f and g be integrable functions on R and define the function ¢ by ¢(y) = f(z — y)g9(y).
By Tonelli’s Theorem Sy [f@ = y)gW)| dedy = [, [[ |f(z — v)gW)| dz] dy = [ lgW)|[[x 1f (2 —
y)| dz] dy = [, l9W)I[fx |f(@)| dz] dy = [|f] [ |g|. Thus the function |f(z — y)g(y)| is integrable. By
Fubini’s Theorem, for almost all z, the function ¢ is integrable. Let h = [}, ¢. Then [ |h| = [, ] [} ¢| <
fX fy ol = fX><Y o] < f | f] f lg].
30a. Let f and g be functions in L'(—o00,00) and define f * g to be the function defined by [ f(y —
x)g(x) de. I f(y — x)g(x) is integrable at y, then define F(z) = f(y — z)g(z) and G(z) = F(y — ).
Then G is integrable and [ G(z) dz = [ F(z) dz. ie. [ f(z)g(y —z) dz = [ f(y — x)g(x) dz. Thus
for y € R, f(y — z)g(z) is integrable if and only if f(z)g(y — x) is integrable and their integrals are the
same in this case. When f(y — z)g(z) is not integrable, (f % g)(y) = (g * f)(y) = 0 since the function is
integrable for almost all y. Hence fxg =g * f.

30b. For z,y € R such that f(y — x — u)g(u) is integrable, define F(u ) fly =z —u)g(u). Consider
G(u) = F(u—=). Then G is integrable and [ f(y—u)g(u—=) du = [ G(u) du = [ F(u) du = (f*g)(y—x).
The function H(u,x) = f(y—u)g(u—z)h(x) is integrable. Then ((fxg)xh)(y) = [(f*g)(y—z)h(z) dz =
JU f(y (u—z) dulh(z) dz = [ f(y — w)g(u — z)h(z) dudz = [[[ f(y — u)g(u — z)h(z) dz] du =
Jfly—u g*h)( ) du = (f (g*h))( )-

30c. For f € L', define f by f fe”tf dt. Then |f| < f |f| so fisa bounded complex function.

Furthermore, for any s E R, we havef*g( ) = {e“‘t(f*g = [e'st ff (t—x)g(x) dx] dt = [[[ f(t—
) is(t—x)g( ) isx de fff zs(t—ar g(x)eisx dt dl‘ _ f ff 1€(t x) dt] ( ) IST o —

SIS fu)e™ dulg(z)e d:r = f(8)9(8)~

31. Let f be a nonnegative integrable function on (—oco,00) and let mo be two-dimensional Lebesgue

measure on R2. There is an increasing sequence of nonnegative simple functions (p,,) converging point-

wise to f. Let E, = {(z,y) : 0 < y < ¢n(x)}. Then {{z,y) : 0 < y < f(z)} = UE,. Write

On = Zfl E )XK(,L) We may assume the Ki(n) are disjoint. Also, al(n) > 0 for each i. Then

E, = (F™ x (O,ag MU U (F,E:) X (O,a,g:))). Hence E, is measurable so {{z,y) : 0 < y <
f(z)} is measurable. Furthermore, mo(E,) — ma{(z,y) : 0 < y < f(z)}. On the other hand,
mo(E,) = Sk m(Fi(n))m(O,az(»")) =y a{™ m(F™) = [, dz. By Monotone Convergence The-

orem, [, dv — [ f dx so mo{(z,y) : 701<1y < f(x)} = [ f dz. Now {(z,y) : 0 <y < f(z)} =
{(z,y) : 0 <y < f2)} U{(z,0) : © € R}U{(z, f(z)) : # € R}. Note that mo{(z,0) : z € R} =

m(R)m{0} = oo -0 = 0. Also, ma{{z, f(z)) : x € R} = 0 by considering a covering of the set by
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An U[(n — 1e,ne) where A, = {z € R: f(z) € [(n — 1)e,ne)}. Thus {(z,y) : 0 < y < f(x)} is
measurable and mo{(z,y) : 0 <y < f(2)} = [ f da.

Let o(t) = m{x : f(x) > t}. Since {z : f(z) >t} C {x : f(x) > t'} when t > t/, ¢ is a decreas-
ing function. Now [ ¢(t) dt = [°[f X(wp)>e3(@) da] dt = [[f X{uo:f)>e3 (@) X[0,00) (1) da] dt =
I Xt@pyo<i<r@y =ma{{z,y) : 0 <t < f(a)} = [ f da.

*32. Let ((X;, %, 1i)), be a finite collection of measure spaces. We can form the product measure
1 X +++ X py on the space X7 X -+ x X, by starting with the semialgebra of rectangles of the form
R =A; x---x A, and pu(R) = [[ui(A;), and using the Carathéodory extension procedure. If E C
X7 x -+ x X, is covered by a sequence of measurable rectangles Ry C X; X --- x X, then Ry =
R} U R? where R, C X; x - x X, and R} C Xp41 X --- x X,, are measurable rectangles. Then
((pa XX ) X (ppg1 X X)) (E) < 30 (ka XX ) (B ) (b X - % ) (RE) = 30 (p %+ % ) (R )
50 (1 X -+ X i) X (fipr X -+ X 1)) () < (i1 X -+ % pin)* (E),

On the other hand, if R = F' x G is a measurable rectangle in (X7 x -+ x Xp) x (Xpp1 X -+ x Xp),
then FF C |JFy, and G C |JG; where F}j is a measurable rectangle in X; x --- x X, and Gj is a
measurable rectangle in Xp 1 X -++ x Xy. Now R C Uy, ;(Fie x G;) and ((pu1 X+ X fip) X (pip1 X -+ X
pn))(R) + & = (1 X - X pap)(F)(prpg1 X oo X pn)(G) 4 € > 355 i(pa X -+ X pn ) (Fi X Gj). Now if
EC (Xix- - xX,)x (Xpp1X---xXp), then E C |UR; and ((p1 X - - X pp) X (fbpt1 X - - X fu))*(E) +€ >
Do XX pap ) X (ppr X X)) (Ri) > 305 50 s(pn X+ X ) (Bl X G) =€ = (pa X+ - i)™ (E) —€.
Thus (i X -+ X fip) X (ftp1 X - X )" (B) = (i1 % -+ % pn)* (E).

Hence ((p1 X -+ X fp) X (fpt1 X -+ X pn))* = p1 X -+ X pp*. It then follows that (pq x -+ X pp) X
(Hpr1 X o X fin) = fi1 X =+ X fip.

*33. Let {(X, %, )} be a collection of probability measure spaces.

12.5 Integral operators

*34. By Proposition 21, we have ||T|| < My g.

35. Let k(z,y) be a measurable function on X x Y of absolute operator type (p,q) and g € L?(v). Then
|k| is of operator type (p,q) so by Proposition 21, for almost all x, the integral [, [k(z,y)|g(y) dv exists.
Thus for almost all z, the integral f(x) = [, k(z,y)g(y) dv exists. Furthermore, the function f belongs
to LP(p) an ||fllp < [ fy [k(2,9)lg() dvilp < [[1&] l]p.qllgllq-

(*) Proof of Corollary 22

36. Let g, h and k be functions on R™ of class L2, LP and L" respectively, with 1/p+ 1/q+ 1/r = 2.
We may write 1/p=1— (1 —X)/r and 1/g =1 — A/r for some 0 < XA < 1. Then k is of covariant type
(p, q) so the integral f(z) = [z, k(z,y)g(y) dy exists for almost all 2 and the function f belongs to i
with |||, < ||k|l+]lgllq by Proposition 21. Now [ [eo. |h(z)k(z — y)g(y)| dedy = [, |h(z)f(z)| dz <
[Allp K+ 1gllq-

(*) Proof of Proposition 25

37. Let g€ L?and k€ L", with 1/g+1/r > 1. Let 1/p =1/q¢+ 1/r — 1. We may write 1/¢g=1—\/r
and 1/p =1 — (1 — A)/r where 0 < A < 1. Then k is of covariant type (p,q) so the function f(z) =
Jon k(x —y)g(y) dy is defined for almost all = and || f||, < ||k||-||g||l; by Proposition 21.

(*) Proof of Proposition 26

*38. Let g, h and k be functions on R™ of class LY, LP and L" with 1/p+1/q+ 1/r < 2.

12.6 Inner measure

39a. Suppose u(X) < oco. By definition, p.(E) > u(X) — p*(E). Conversely, since E and E° are
disjoint, we have p.(E) + p*(E°) < p*(E U E°) = u(X). Hence p.(E) = p(X) — p*(E°).

39b. Suppose 2 is a o-algebra. If A € A and E C A, then p*(E) < pu(A). Thus p*(E) < inf{u(A) :
E C A A € 2}. Conversely, for any sequence (A4;) of sets in 2 covering E, we have |JA4; € A so
inf{u(A) : E C A/ A € A} < p(JA:) <> u(A;). Thus inf{u(A) : E C AJA € A} < p*(E). Hence
w*(E) =inf{u(A): E C A, A € 2A}.

If Ae2Aand A C E, then pu(A4) = p(A) — p*(A\ E). Thus sup{u(4) : A C E,A € A} < u(E).
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Conversely, if A € % and p*(A\ F) < oo, then for any € > 0, there is a sequence (A4;) of sets in 2 such that
A\E C|JA; and > u(A;) < p*(A\E)+e. Let B=|JA;. Then B € 2Aand u(B) < u*(A\E)+e. Also,
A\B € and A\B C E. Thus p(A)—p*(A\E)—¢e = u(A) —pu(B) = p(A\B) < sup{u(A): AC E, A€
A}. Tt follows that p.(E) < sup{u(A): AC E, A € A}. Hence pu.(F) =sup{u(4) : AC E, A € A}
39c. Let p be Lebesgue measure on R. By part (c), we have pu.(FE) = sup{u(4) : A C E, A measurable}.
If A is measurable and A C E, then given ¢ > 0, there is a closed set F' C A with p*(A\ F) < e. Thus
w(A) = p(F) + w(A\ F) < u(F) + . Tt follows that p.(E) < sup{u(F): F C E, F closed}. Conversely,
if F C E and F is closed, then F' is measurable so p(F) < p.(F). Thus sup{u(F) : F C E, F closed} <
1« (E). Hence py(E) = sup{u(F) : F C E, F closed}.

40. Let (B;) be a sequence of disjoint sets in B. Then (U B;) = p*(UB; N E) + u«(UB; N E°) =
St (BN E) + 3 (BiN E*) = S (By). Also, pl(U By) = fie(U Bi N E) + (U Bi N E¥) = 3 po(Bi)
E)+> p*(BiNE°) =) u(B;). Hence the measures fi and p in Theorem 38 are countably additive on
B.

41. Let p be a measure on an algebra 2, and let E be a p*-measurable set. If B € B, then B
is of the form (AN E)U (A’ N E°) where A, A" € 2. Thus i(B) = p* (AN E) + p. (A’ N E°) and
w*(B) = p (AN E)+ p (A NES). If p. (A’ NE°) = oo, then p*(A’' N E°) = oo and fa(B) = pu*(B). If
(A" N E°) < 0o, then since A’ N E° is p*-measurable, p. (A’ N E°) = a(A’' N E°) = p*(A’ N E°) where
i is the measure induced by p*. Thus i(B) = p*(B).

42a. Let G and H be two measurable kernels for Eso G C E, H C E and u.(E\G) =0 = pu.(E\ H).
Then u.(G\ H) =0 = p(H\ G) since G\ H C E\ H and H\ G C E\ G. In particular, GAH
is measurable and u(GAH) = 0. Let G’ and H' be two measurable covers for F so G' D E, H D FE
and p(G'\E) =0 = p(H' \ E). Then p (G’ \ H') =0 = p(H' \ G') since G'\ H' € G’ \ E and
H'\ G' C H'\ E. In particular, G’AH’ is measurable and u(G'AH") = 0.

42b. Suppose F is a set of o-finite outer measure. Then E = |J E,, where each F,, is p*-measurable and
w*(Fyp) < 0o. Then p.(E,) < oo so there exist G,, € s, such that G, C E,, and f(Gp) = u«(Fyp) =
w*(Ey). Let G = |JG,,. Then G is measurable, G C F and u.(F\G) < p*(E\G) <> p*(E,\Hy,) =0.
Hence p«(E \ G) = 0 and G is a measurable kernel for F.

Also, there exist H, € 2,5 such that E, C H, and p*(H,) =
measurable, E C H and p.(H\ E) < p*(H\ E) <> pu*(H, \ E,,
a measurable cover for E.

43a. Let P be the nonmeasurable set in Section 3.4. Note that m.(P) < m*(P) < 1. By Q3.15,
for any measurable set E with E C P, we have m(E) = 0. Hence m.(P) = sup{m(FE) : E C
P, E measurable, m(E) < oo} = 0.

43b. Let E = [0,1] \ P. Let (I,) be a sequence of open intervals such that £ C (JI,. We may

w*(Ey). Let H = |JH,. Then H is
) =0. Hence pu,(H\ E) =0 and H is

assume that I, C [0,1] for all n. Then [0,1]\ UL, C P so m([0,1]\ UI,) = 0. Thus m(JI,) =1
Hence m*(E) = 1. Suppose AN [0,1] is a measurable set. Note that m*(AN E) < m(AN0,1]) and
m*(E\ A) <m([0,1]\ 4). Thus 1 = m*(E) = m*(ANE)+m*(E\ A) <m(ANJ0,1])+m([0,1]\4) =1

so m*(ANE)=m(AN]0,1]).

*43c.

*44. Let p be a measure on an algebra 2 and E a set with u*(E) < co. Let 8 be a real number with
1. (E) < B < y*(E).

*45a.

*45b.

46a. Let 2 be the algebra of finite unions of half-open intervals of R and let u(f) = 0 and pu(4) =
for A# Q. If E# 0 and (4;) is a sequence of sets in A with £ C (J4;, then A; # 0 for some i and
1(A;) = oo. Thus Y p(A;) = 0o so p*(E) = co.

46b. If F contains no interval, then the only A € A with m*(A\ F) < oo is §. Thus p.(E) =0. If E
contains an interval I, then p,(E) > p(I) — p*(I\ E) = p(I) = oco.

46¢. Note that R = QUQ°, u.(R) = 00, p«(Q) = p(Q°) = 0. Thus p, restricted to 9B is not a measure
and there is no smallest extension of u to B.

46d. The counting measure is a measure on B and counting measure restricted to 2 equals u. Hence
the counting measure on B is an extension of u to 8.
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46e. Let E be an interval. Then u.(E) = oo but p«(ENQ) = 0 and p«(E NQ°) = 0. Hence Lemma 37
fails if we replace “sets in ” by “measurable sets”.

47a. Let X = {a,b,c} and set p*(X) = 2, p*(@) = 0 and p*(E) = 1 if F is not X or (). Setting
we(E) = p*(X) — p*(E€), we have . (X) = 2, p.(0) =0 and p.(E) = 1if E is not X or (.

47b. () and X are the only measurable subsets of X.

47c. . (E) = p*(E) for all subsets E of X but all subsets except ) and X are nonmeasurable.

47d. By taking F = {a} and F = {b}, we have p.(FE) + p«(F) = p(E) + p*(F) =2 but p(EUF) =
w*(E UF) = 1. Hence the first and third inequalities of Theorem 35 fail.

(*) If p* is not a regular outer measure (i.e. it does not come from a measure on an algebra), then we
do not get a reasonable theory of inner measure by setting p.(E) = p*(X) — p*(E°).

48a. Let X = R? and U the algebra consisting of all disjoint unions of vertical intervals of the form
I={(x,y): a <y <b}. Let u(A) be the sum of the lengths of the intervals of which A is composed.
Then p is a measure on A. Let E = {(z,y) : y = 0}. If E C |J A, where (4,) is a sequence in 2, then
some A, must be an uncountable union of vertical intervals so > u(A,) = co. Thus p*(E) = co. If
A € A with p*(A\ E) < oo, then p*(A\ E) = u(A) so u.(E) =0.

48b. Let E' C E and let Ay = Uy, (p.00ep {(@: ) 1 =1/n <y < 1/n}. Then E' = (A, so E' is an 2s.
*48c.

12.7 Extension by sets of measure zero

49. Let 2 be a g-algebra on X and 991 a collection of subsets of X which is closed under countable unions
and which has the property that each subset of a set in 91 is in 9. Consider B = {B: B= AAM,A €
A, M € M}. Clearly ) € B. If B= AAM € B, then B¢ = (A\M)*N(M\ A)¢ = (A°UM)N(M°UA) =
(AUM)*U(ANM) = (A°\ M)U (M \ A°) = A°AM € %B. Suppose (B;) is a sequence in B with
B; = A;AM;. Then | B; = U(A4:\ M) UM\ A;) = (U A\U M) U(UMAUA) =UAAUM,; € B.
Hence ‘B is a o-algebra.

*50.

12.8 Carathéodory outer measure

51. Let (X, p) be a metric space and let u* be an outer measure on X with the property that y*(AUB) =
w*(A)+p*(B) whenever p(A, B) > 0. Let T be the set of functions ¢ of the form ¢(x) = p(z, E). Suppose
A and B are separated by some ¢ € I'. Then there are numbers a and b with a > b, p(x, E) > a on A
and p(x, E) < bon B. Thus p(4,B) > 0so u*(AUB) = u*(A) + p*(B) and p* is a Carathéodory outer
measure with respect to I'. Now for a closed set F', we have F = {x : p(z, F) < 0}, which is measurable
since ¢(x) = p(x, F) is p*-measurable. Thus every closed set (and hence every Borel set) is measurable
with respect to p*.

(*) Proof of Proposition 41

12.9 Hausdorff measures

52. Suppose E C |JE,. If ¢ > 0 and (B, ,); is a sequence of balls covering E,, with radii r; , < ¢,
then (B, n)in is a sequence of balls covering E so AP (B) <D inrin = 22n 2 iy Thus /\gf)(E) <
>on /\ff)(En). Letting € — 0, we have mJ,(E) < ), mk(E,) so m}, is countably subadditive.

53a. If F is a Borel set and (B;) is a sequence of balls covering E with radii r; < e, then (B; + y)

is a sequence of balls covering E + y with radii r;. Conversely, if (B;) is a sequence of balls covering
E + y with radii r; < ¢, then (B; — y) is a sequence of balls covering E with radii r;. It follows that

)\S)(E +y) = )\,(f)(E). Letting € — 0, we have m,(E + y) = mq(E).
53b. Since m, is invariant under translations, it suffices to consider rotations about 0. Let 7' denote
rotation about 0. If (B;) is a sequence of balls covering E with radii r; < &, then (T'(B;)) is a sequence

of balls covering T'(F) with radii r;. It follows that )\(;)(E) = )\,(;)(T(E)) for all € > 0. Letting ¢ — 0,
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we have my (E) = mq(T(E)).

*54,

*55a. Let FE be a Borel subset of some metric space X. Suppose m,(F) is finite for some .

55b. Suppose mq(E) > 0 for some a. If mg(E) < oo for some § > «, then by part (a), mq(E) = 0.
Contradiction. Hence mg(E) = oo for all 5 > «a.

55c. Let I = inf{a: my(F) = co}. If a > I, then m,(E) = oo by part (a). Thus [ is an upper bound
for {8 : mg(E) = 0}. If U < I, then there exists § such that U < 3 < I and mg(E) = 0 by part (b).
Hence I = sup{f : mg(E) = 0}.

*55d. Let o =log2/log3. Given € > 0, choose n such that 37™ < . Then since the Cantor ternary set
C' can be covered by 2™ intervals of length 37", we have )\Sf)(C) <2™(37™)* = 1. Thus m%(C) < 1.
Conversely, given € > 0, if (I,,) is any sequence of open intervals covering C' and with lengths less than
€, then we may enlarge each interval slightly and use compactness of C' to reduce to the case of a finite
collection of closed intervals. We may further take each I to be the smallest interval containing some pair
of intervals J, J' from the construction of C. If J, J’ are the largest such intervals, then there is an interval
K C C¢between them. Now [(1)* > (I(J)+U(K)+I(J)* = (ZUJ)+U(J"))* = 2(3(UI))*+5(U(])*) >
(1(J))* 4+ (I(J"))*. Proceed in this way until, after a finite number of steps, we reach a covering of C by
equal intervals of length 377. This must include all intervals of length 377 in the construction of C. It
follows that S>1(I,) > 1. Thus AS)(C) > 1 for all € > 0 and m*(C) > 1.

Since m’(C) = 1, by parts (a) and (b), we have mg(C) =0 for 0 < 8 < a and mg(C) = oo for 5 > a.
Hence the Hausdorff dimension of C is o = log 2/ log 3.

13 Measure and Topology

13.1 Baire sets and Borel sets

1.

[Incomplete: Q5.20c, Q5.22¢, d, Q7.42b, d, Q7.46a, Q8.17b, Q8.29, 38.40b, ¢, 39.38, 39.49, Q9.50,
Q10.47, Q10.48b, Q10.49¢, Q11.5d, Q11.6c, Q11.8d, Q11.9d, e, Q11.37b, c, d, e, Q11.46b, Q11.47a,
b, Q11.48, Q12.9b, Q12.11b, Q12.18, Q12.27, Q12.33, Q12.34, Q12.38, Q12.43c, Q12.44, Q12.45a, b,
Q12.48¢, Q12.50, Q12.54, Q12.55a]
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