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1 Set Theory

1.1 Introduction

1. If {x : x 6= x} 6= ∅, then there exists x such that x 6= x. Contradiction.
2. ∅ ⊂ {green-eyed lions}.
3. X × (Y × Z) = {〈x, 〈y, z〉〉}, (X × Y )× Z = {〈〈x, y〉, z〉}; 〈x, 〈y, z〉〉 ↔ 〈〈x, y〉, z〉 ↔ 〈x, y, z〉.
4. Suppose P (1) is true and P (n)⇒ P (n+ 1) for all n. Suppose that {n ∈ N : P (n) is false} 6= ∅. Then
it has a smallest element m. In particular, m > 1 and P (m) is false. But P (1)⇒ P (2)⇒ · · · ⇒ P (m).
Contradiction.
5. Given a nonempty subset S of natural numbers, let P (n) be the proposition that if there exists m ∈ S
with m ≤ n, then S has a smallest element. P (1) is true since 1 will then be the smallest element of
S. Suppose that P (n) is true and that there exists m ∈ S with m ≤ n + 1. If m ≤ n, then S has a
smallest element by the induction hypothesis. If m = n+1, then either m is the smallest element of S or
there exists m′ ∈ S with m′ < m = n+ 1, in which case the induction hypothesis again gives a smallest
element.

1.2 Functions

6. (⇒) Suppose f is one-to-one. For each y ∈ f [X], there exists a unique xy ∈ X such that f(xy) = y.
Fix x0 ∈ X. Define g : Y → X such that g(y) = xy if y ∈ f [X] and g(y) = x0 if y ∈ Y \ f [X]. Then g is
a well-defined function and g ◦ f = idX .
(⇐) Suppose there exists g : Y → X such that g ◦ f = idX . If f(x1) = f(x2), then g(f(x1)) = g(f(x2)).
i.e. x1 = x2. Thus f is one-to-one.
7. (⇒) Suppose f is onto. For each y ∈ Y , there exists xy ∈ X such that f(xy) = y. Define g : Y → X
such that g(y) = xy for all y ∈ Y . Then g is a well-defined function and f ◦ g = idY .
(⇐) Suppose there exists g : Y → X such that f ◦ g = idY . Given y ∈ Y , g(y) ∈ X and f(g(y)) = y.
Thus f is onto.

8. Let P (n) be the proposition that for each n there is a unique finite sequence 〈x(n)
1 , . . . , s

(n)
n 〉 with

x
(n)
1 = a and x

(n)
i+1 = fi(x

(n)
1 , . . . , x

(n)
i ). Clearly P (1) is true. Given P (n), we see that P (n + 1) is true

by letting x(n+1)
i = x

(n)
i for 1 ≤ i ≤ n and letting x(n+1)

n+1 = fn(x(n+1)
1 , . . . , x

(n+1)
n ). By letting xn = x

(n)
n

for each n, we get a unique sequence 〈xi〉 from X such that x1 = a and xi+1 = fi(x1, . . . , xi).

1.3 Unions, intersections and complements

9. A ⊂ B ⇒ A ⊂ A ∩ B ⇒ A ∩ B = A⇒ A ∪ B = (A \ B) ∪ (A ∩ B) ∪ (B \ A) = (A ∩ B) ∪ (B \ A) =
B ⇒ A ⊂ A ∪B = B.
10. x ∈ A∩ (B ∪C)⇔ x ∈ A and x ∈ B or C ⇔ x ∈ A and B or x ∈ A and C ⇔ x ∈ (A∩B)∪ (A∩C).
Thus A∩ (B ∪C) = (A∩B)∪ (A∩C). x ∈ A∪ (B ∩C)⇔ x ∈ A or x ∈ B and C ⇔ x ∈ A or B and x ∈
A or C ⇔ x ∈ (A ∪B) ∩ (A ∪ C). Thus A ∪ (B ∩ C) = (A ∪B) ∩ (A ∪ C).
11. Suppose A ⊂ B. If x /∈ B, then x /∈ A. Thus Bc ⊂ Ac. Conversely, if Bc ⊂ Ac, then A = (Ac)c ⊂
(Bc)c = B.
12a. A∆B = (A \B) ∪ (B \A) = (B \A) ∪ (A \B) = B∆A.
A∆(B∆C) = [A \ ((B \ C) ∪ (C \B))] ∪ [((B \ C) ∪ (C \B)) \ A] = [A ∩ ((B \ C) ∪ (C \B))c] ∪ [((B \
C)∪ (C \B))∩Ac] = [A∩ ((Bc ∪C)∩ (Cc ∪B))]∪ [((B ∩Cc)∪ (C ∩Bc))∩Ac] = [A∩ (Bc ∪C)∩ (B ∪
Cc)] ∪ (Ac ∩B ∩ Cc) ∪ (Ac ∩Bc ∩ C) = (A ∩Bc ∩ Cc) ∪ (A ∩B ∩ C) ∪ (Ac ∩B ∩ Cc) ∪ (Ac ∩Bc ∩ C).
(A∆B)∆C = [((A \B)∪ (B \A)) \C]∪ [C \ ((A \B)∪ (B \A))] = [((A \B)∪ (B \A))∩Cc]∪ [C ∩ ((A \
B) ∪ (B \ A))c] = [((A ∩ Bc) ∪ (B ∩ Ac)) ∩ Cc] ∪ [C ∩ ((Ac ∪ B) ∩ (Bc ∪ A))] = (A ∩ Bc ∩ Cc) ∪ (Ac ∩
B ∩ Cc) ∪ (Ac ∩Bc ∩ C) ∪ (A ∩B ∩ C).
Hence A∆(B∆C) = (A∆B)∆C.
12b. A∆B = ∅ ⇔ (A \B) ∪ (B \A) = ∅ ⇔ A \B = ∅ and B \A = ∅ ⇔ A ⊂ B andB ⊂ A⇔ A = B.
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12c. A∆B = X ⇔ (A \B) ∪ (B \A) = X ⇔ A ∩B = ∅ and A ∪B = X ⇔ A = Bc.
12d. A∆∅ = (A \ ∅) ∪ (∅ \A) = A ∪ ∅ = A; A∆X = (A \X) ∪ (X \A) = ∅ ∪Ac = Ac.
12e. (A∆B)∩E = ((A \B)∪ (B \A))∩E = ((A \B)∩E)∪ ((B \A)∩E) = [(A∩E) \ (B ∩E)]∪ [(B ∩
E) \ (A ∩ E)] = (A ∩ E)∆(B ∩ E).
13. x ∈ (

⋃
A∈C A)c ⇔ x /∈ A for any A ∈ C ⇔ x ∈ Ac for all A ∈ C ⇔ x ∈

⋂
A∈C A

c.
x ∈ (

⋂
A∈C A)c ⇔ x /∈

⋂
A∈C A⇔ x ∈ Ac for some A ∈ C ⇔ x ∈

⋃
A∈C A

c.
14. x ∈ B ∩ (

⋃
A∈C A) ⇔ x ∈ B and x ∈ A for some A ∈ C ⇔ x ∈ B ∩ A for some A ∈ C ⇔ x ∈⋃

A∈C(B ∩A). Thus B ∩ (
⋃
A∈C A) =

⋃
A∈C(B ∩A).

15. (
⋃
A∈AA) ∩ (

⋃
B∈BB) =

⋃
B∈B((

⋃
A∈AA) ∩B) =

⋃
B∈B(

⋃
A∈A(A ∩B)) =

⋃
A∈A

⋃
B∈B(A ∩B).

16a. If x ∈
⋃
Aλ, then x ∈ Aλ0 for some λ0 and f(x) ∈ f [Aλ0 ] ⊂

⋃
f [Aλ]. Thus f [

⋃
Aλ] ⊂

⋃
f [Aλ].

Conversely, if y ∈
⋃
f [Aλ], then y ∈ f [Aλ0 ] for some λ0 so y ∈ f [

⋃
Aλ]. Thus

⋃
f [Aλ] ⊂ f [

⋃
Aλ].

16b. If x ∈
⋂
Aλ, then x ∈ Aλ for all λ and f(x) ∈ f [Aλ] for all λ. Thus f(x) ∈

⋂
f [Aλ] and

f [
⋂
Aλ] ⊂

⋂
f [Aλ].

16c. Consider f : {1, 2, 3} → {1, 3} with f(1) = f(2) = 1 and f(3) = 3. Let A1 = {1, 3} and A2 = {2, 3}.
Then f [A1 ∩A2] = f [{3}] = {3} but f [A1] ∩ f [A2] = {1, 3}.
17a. If x ∈ f−1[

⋃
Bλ], then f(x) ∈ Bλ0 for some λ0 so x ∈ f−1[Bλ0 ] ⊂

⋃
f−1[Bλ]. Thus f−1[

⋃
Bλ] ⊂⋃

f−1[Bλ]. Conversely, if x ∈
⋃
f−1[Bλ], then x ∈ f−1[Bλ0 ] for some λ0 so f(x) ∈ Bλ0 ⊂

⋃
Bλ and

x ∈ f−1[
⋃
Bλ].

17b. If x ∈ f−1[
⋂
Bλ], then f(x) ∈ Bλ for all λ and x ∈ f−1[Bλ] for all λ so x ∈

⋂
f−1[Bλ]. Thus

f−1[
⋂
Bλ] ⊂

⋂
f−1[Bλ]. Conversely, if x ∈

⋂
f−1[Bλ], then x ∈ f−1[Bλ] for all λ and f(x) ∈

⋂
Bλ so

x ∈ f−1[
⋂
Bλ].

17c. If x ∈ f−1[Bc], then f(x) /∈ B so x /∈ f−1[B]. i.e. x ∈ (f−1[B])c. Thus f−1[Bc] ⊂ (f−1[B])c.
Conversely, if x ∈ (f−1[B])c, then x /∈ f−1[B] so f(x) ∈ Bc. i.e. x ∈ f−1[Bc]. Thus (f−1[B])c ⊂ f−1[Bc].
18a. If y ∈ f [f−1[B]], then y = f(x) for some x ∈ f−1[B]. Since x ∈ f−1[B], f(x) ∈ B. i.e. y ∈ B.
Thus f [f−1[B]] ⊂ B. If x ∈ A, then f(x) ∈ f [A] so x ∈ f−1[f [A]]. Thus f−1[f [A]] ⊃ A.
18b. Consider f : {1, 2} → {1, 2} with f(1) = f(2) = 1. Let B = {1, 2}. Then f [f−1[B]] = f [B] =
{1} ( B. Let A = {1}. Then f−1[f [A]] = f−1[{1}] = {1, 2} ) A.
18c. If y ∈ B, then there exists x ∈ X such that f(x) = y. In particular, x ∈ f−1[B] and y ∈ f [f−1[B]].
Thus B ⊂ f [f−1[B]]. This, together with the inequality in Q18a, gives equality.

1.4 Algebras of sets

19a. P(X) is a σ-algebra containing C. Let F be the family of all σ-algebras containing C and let
A =

⋂
{B : B ∈ F}. Then A is a σ-algebra containing C. Furthermore, by definition, if B is a σ-algebra

containing C, then B ⊃ A.
19b. Let B1 be the σ-algebra generated by C and let B2 be the σ-algebra generated by A. B1, being
a σ-algebra, is also an algebra so B1 ⊃ A. Thus B1 ⊃ B2. Conversely, since C ⊂ A, B1 ⊂ B2. Hence
B1 = B2.
20. Let A′ be the union of all σ-algebras generated by countable subsets of C. If E ∈ C, then E is in the
σ-algebra generated by {E}. Thus C ⊂ A′. If E1, E2 ∈ A′, then E1 is in some σ-algebra generated by
some countable subset C1 of C and E2 is in some σ-algebra generated by some countable subset C2 of C.
Then E1 ∪E2 is in the σ-algebra generated by the countable subset C1 ∪ C2 so E1 ∪E2 ∈ A′. If F ∈ A′,
then F is in some σ-algebra generated by some countable set and so is F c. Thus F c ∈ A′. Furthermore,
if 〈Ei〉 is a sequence in A′, then each Ei is in some σ-algebra generated by some countable subset Ci
of C. Then

⋃
Ei is in the σ-algebra generated by the countable subset

⋃
Ci. Hence A′ is a σ-algebra

containing C and it contains A.

1.5 The axiom of choice and infinite direct products

21. For each y ∈ Y , let Ay = f−1[{y}]. Consider the collection A = {Ay : y ∈ Y }. Since f is onto,
Ay 6= ∅ for all y. By the axiom of choice, there is a function F on A such that F (Ay) ∈ Ay for all y ∈ Y .
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i.e. F (Ay) ∈ f−1[{y}] so f(F (Ay)) = y. Define g : Y → X, y 7→ F (Ay). Then f ◦ g = idY .

1.6 Countable sets

22. Let E = {x1, . . . , xn} be a finite set and let A ⊂ E. If A = ∅, then A is finite by definition. If A 6= ∅,
choose x ∈ A. Define a new sequence 〈y1, . . . , yn〉 by setting yi = xi if xi ∈ A and yi = x if xi /∈ A. Then
A is the range of 〈y1, . . . , yn〉 and is therefore finite.
23. Consider the mapping 〈p, q, 1〉 7→ p/q, 〈p, q, 2〉 7→ −p/q, 〈1, 1, 3〉 7→ 0. Its domain is a subset of the
set of finite sequences from N, which is countable by Propositions 4 and 5. Thus its range, the set of
rational numbers, is countable.
24. Let f be a function from N to E. Then f(v) = 〈avn〉∞n=1 with avn = 0 or 1 for each n. Let
bv = 1− avv for each v. Then 〈bn〉 ∈ E but 〈bn〉 6= 〈avn〉 for any v. Thus E cannot be the range of any
function from N and E is uncountable.
25. Let E = {x : x /∈ f(x)} ⊂ X. If E is in the range of f , then E = f(x0) for some x0 ∈ X. Now if
x0 /∈ E, then x0 ∈ f(x0) = E. Contradiction. Similarly when x0 ∈ E. Hence E is not in the range of f .
26. Let X be an infinite set. By the axiom of choice, there is a choice function F : P(X) \ {∅} → X.
Pick a ∈ X. For each n ∈ N, let fn : Xn → X be defined by fn(x1, . . . , xn) = F (X \ {x1, . . . , xk}). By
the generalised principle of recursive definition, there exists a unique sequence 〈xi〉 from X such that
x1 = a, xi+1 = fi(x1, . . . , xi). In particular, xi+1 = F (X \ {x1, . . . , xi}) ∈ X \ {x1, . . . , xi} so xi 6= xj if
i 6= j and the range of the sequence 〈xi〉 is a countably infinite subset of X.

1.7 Relations and equivalences

27. Let F,G ∈ Q = X/ ≡. Choose x1, x2 ∈ F and y1, y2 ∈ G. Then x1 ≡ x2 and y1 ≡ y2 so
x1 + x2 ≡ y1 + y2. Thus y1 + y2 ∈ Ex1+x2 and Ex1+x2 = Ey1+y2 .
28. Suppose ≡ is compatible with +. Then x ≡ x′ implies x + y ≡ x′ + y since y ≡ y. Conversely,
suppose x ≡ x′ implies x + y ≡ x′ + y. Now suppose x ≡ x′ and y ≡ y′. Then x + y ≡ x + y′ and
x+ y′ ≡ x′ + y′ so x+ y ≡ x′ + y′.
Let E1, E2, E3 ∈ Q = X/ ≡. Choose xi ∈ Ei for i = 1, 2, 3. Then (E1 + E2) + E3 = Ex1+x2 +
E3 = E(x1+x2)+x3 and E1 + (E2 + E2) = E1 + Ex2+x3 = Ex1+(x2+x3). Since X is a group under +,
(x1 + x2) + x3 = x1 + (x2 + x3) so + is associative on Q. Let 0 be the identity of X. For any F ∈ Q,
choose x ∈ F . Then F + E0 = Ex+0 = Ex = F . Similarly for E0 + F . Thus E0 is the identity of Q.
Let F ∈ Q and choose x ∈ F and let −x be the inverse of x in X. Then F + E−x = Ex+(−x) = E0.
Similarly for E−x + F . Thus E−x is the inverse of F in Q. Hence the induced operation + makes the
quotient space Q into a group.

1.8 Partial orderings and the maximal principle

29. Given a partial order ≺ on X, define x < y if x ≺ y and x 6= y. Also define x ≤ y if x ≺ y or
x = y. Then < is a strict partial order on X and ≤ is a reflexive partial order on X. Furthermore,
x ≺ y ⇔ x < y ⇔ x ≤ y for x 6= y. Uniqueness follows from the definitions.
30. Consider the set (0, 1] ∪ [2, 3) with the ordering ≺ given by x ≺ y if and only if either x, y ∈ (0, 1]
and x < y, or x, y ∈ [2, 3) and x < y. Then ≺ is a partial ordering on the set, 2 is the unique minimal
element and there is no smallest element.

1.9 Well ordering and the countable ordinals

31a. Let X be a well-ordered set and let A ⊂ X. Any strict linear ordering on X is also a strict linear
ordering on A and every nonempty subset of A is also a nonempty subset of X. Thus any nonempty
subset of A has a smallest element.
31b. Let < be a partial order on X with the property that every nonempty subset has a least element.
For any two elements x, y ∈ X, the set {x, y} has a least element. If the least element is x, then x < y.
If the least element is y, then y < x. Thus < is a linear ordering on X with the property that every
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nonempty subset has a least element and consequently a well ordering.
32. Let Y = {x : x < Ω} and let E be a countable subset of Y . Y is uncountable so Y \E is nonempty.
If for every y ∈ Y \E there exists xy ∈ E such that y < xy, then y 7→ xy defines a mapping from Y \E
into the countable set E so Y \ E is countable. Contradiction. Thus there exists y ∈ Y \ E such that
x < y for all x ∈ E. i.e. E has an upper bound in Y . Consider the set of upper bounds of E in Y . This
is a nonempty subset of Y so it has a least element, which is then a least upper bound of E.
33. Let {Sλ : λ ∈ Λ} be a collection of segments. Suppose

⋃
Sλ 6= X. Then each Sλ is of the form

{x ∈ X : x < yλ} for some yλ ∈ X. X \
⋃
Sλ is a nonempty subset of the well-ordered set X so it

has a least element y0. If y0 < yλ for some λ, then y0 ∈ Sλ. Contradiction. Thus y0 ≥ yλ for all λ.
Clearly,

⋃
Sλ ⊂ {x ∈ X : x < y0}. Conversely, if x < y0, then x /∈ X \

⋃
Sλ so x ∈

⋃
Sλ. Hence⋃

Sλ = {x ∈ X : x < y0}.
34a. Suppose f and g are distinct successor-preserving maps from X into Y . Then {x ∈ X : f(x) 6= g(x)}
is a nonempty subset of X and has a least element x0. Now gx0 is the first element of Y not in
g[{z : z < x0}] = f [{z : z < x0}] and so is f(x0). Thus f(x0) = g(x0). Contradiction. Hence there is at
most one successor-preserving map from X into Y .
34b. Let f be a successor-preserving map from X into Y . Suppose f [X] 6= Y . Then {y : y /∈ f [X]} is a
nonempty subset of Y and has a least element y0. Clearly, {y : y < y0} ⊂ f [X]. Conversely, if y ∈ f [X],
then y = f(x) is the first element not in f [{z : z < x}]. Since y0 /∈ f [X] ⊃ f [{z : z < x}], y < y0. Thus
f [X] ⊂ {y : y < y0}. Hence f [X] = {y : y < y0}.
34c. Suppose f is successor-preserving. Let x, y ∈ X with x < y. f(y) is the first element of Y
not in f [{z : z < y}] so f(y) 6= f(x). Furthermore, if f(y) < f(x), then f(y) ∈ f [{z : z < x}] and
y < x. Contradiction. Thus f(x) < f(y). Hence f is a one-to-one order preserving map. Since f is
one-to-one, f−1 is defined on f [X]. If f(x1) < f(x2), then x1 < x2 since f is order preserving. i.e.
f−1(f(x1)) < f−1(f(x2)). Thus f−1 is order preserving.
34d. Let S = {z : z < x} be a segment of X and let z ∈ S. f |S(z) = f(z) is the first element of Y not
in f [{w : w < z}]. Thus f |S(z) /∈ f |S [{w : w < z}]. Suppose y < f |S(z). Then y ∈ f [{w : w < z}] so
y = f(w) for some w < z. Thus w ∈ S and y = f |S(w) ∈ f |S [{w : w < z}]. Hence f |S(z) is the first
element of Y not in f |S [{w : w < z}].
34e. Consider the collection of all segments of X on which there is a successor-preserving map into
Y . Let S be the union of all such segments Sλ and let fλ be the corresponding map on Sλ. Given
s ∈ S, define f(s) = fλ(s) if s ∈ Sλ. f is a well-defined map because if s belongs to two segments Sλ
and Sµ, we may assume Sλ ⊂ Sµ so that fµ|Sλ = fλ by parts (d) and (a). Also, f(s) = fλ(s) is the
first element of Y not in fλ[{z : z < s}] = f [{z : z < s}]. Thus f is a successor-preserving map from
S into Y . By Q33, S is a segment so either S = X or S = {x : x < x0} for some x0 ∈ X. In the
second case, suppose f [S] 6= Y . Then there is a least y0 /∈ Y \ f [S]. Consider S ∪ {x0}. If there is no
x ∈ X such that x > x0, then S ∪ {x0} = X. Otherwise, {x ∈ X : x > x0} has a least element x′ and
S ∪ {x0} = {x : x < x′}. Thus S ∪ {x0} is a segment of X. Define f(x0) = y0. Then f(x0) is the first
element of Y not in f [{x : x < x0}]. Thus f is a successor-preserving map on the segment S ∪ {x0}
so S ∪ {x0} ⊂ S. Contradiction. Hence f [S] = Y . Now if S = X, then by part (b), f [X] = f [S] is
a segment of Y . On the other hand, if f [S] = Y , then f−1 is a successor-preserving map on Y and
f−1[Y ] = S is a segment of X.
34f. Let X be the well-ordered set in Proposition 8 and let Y be an uncountable set well-ordered by ≺
such that there is a last element ΩY in Y and if y ∈ Y and y 6= ΩY , then {z ∈ Y : z < y} is countable.
By part (e), we may assume there is a successor-preserving map f from X onto a segment of Y . If
f [X] = Y , then we are done. Otherwise, f [X] = {z : z < y0} for some y0 ∈ Y . If y0 6= ΩY , then f [X] is
countable and since f is one-to-one, X is countable. Contradiction. If y0 = ΩY , then f(ΩX) < ΩY and
f(ΩX) is the largest element in f [X]. i.e. f [X] = {z : z ≤ f(ΩX)}, which is countable. Contradiction.
Hence f is an order preserving bijection from X onto Y .
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2 The Real Number System

2.1 Axioms for the real numbers

1. Suppose 1 /∈ P . Then −1 ∈ P . Now take x ∈ P . Then −x = (−1)x ∈ P so 0 = x + (−x) ∈ P .
Contradiction.
2. Let S be a nonempty set of real numbers with a lower bound. Then the set −S = {−s : s ∈ S} has
an upper bound and by Axiom C, it has a least upper bound b. −b is a lower bound for S and if a is
another lower bound for S, then −a is an upper bound for −S and b ≤ −a so −b ≥ a. Thus −b is a
greatest lower bound for S.
3. Let L and U be nonempty subsets of R with R = L ∪ U and such that for each l ∈ L and u ∈ U we
have l < u. L is bounded above so it has a least upper bound l0. Similarly, U is bounded below so it
has a greatest lower bound u0. If l0 ∈ L, then it is the greatest element in L. Otherwise, l0 ∈ U and
u0 ≤ l0. If u0 < l0, then there exists l ∈ L with u0 < l. Thus l is a lower bound for U and is greater
than u0. Contradiction. Hence u0 = l0 so u0 ∈ U and it is the least element in U .
4a.

x ≤ y ≤ z x ≤ z ≤ y y ≤ x ≤ z y ≤ z ≤ x z ≤ x ≤ y z ≤ y ≤ x
x ∧ y x x y y x y
y ∧ z y z y y z z

(x ∧ y) ∧ z x ∧ z = x x ∧ z = x y ∧ z = y y ∧ z = y x ∧ z = z y ∧ z = z
x ∧ (y ∧ z) x ∧ y = x x ∧ z = x x ∧ y = y x ∧ y = y x ∧ z = z x ∧ z = z

4b. Suppose x ≤ y. Then x ∧ y = x and x ∨ y = y so x ∧ y + x ∨ y = x+ y. Similarly for y ≤ x.
4c. Suppose x ≤ y. Then −y ≤ −x so (−x) ∧ (−y) = −y = −(x ∨ y). Similarly for y ≤ x.
4d. Suppose x ≤ y. Then x+ z ≤ y + z so x ∨ y + z = y + z = (x+ z) ∨ (y + z). Similarly for y ≤ x.
4e. Suppose x ≤ y. Then zx ≤ zy if z ≥ 0 so z(x ∨ y) = zy = (zx) ∨ (zy). Similarly for y ≤ x.
5a. If x, y ≥ 0, then xy ≥ 0 so |xy| = xy = |x||y|. If x, y < 0, then xy > 0 so |xy| = xy = (−x)(−y) =
|x||y|. If x ≥ 0 and y < 0, then xy ≤ 0 so |xy| = −xy = x(−y) = |x||y|. Similarly when x < 0 and y ≥ 0.
5b. If x, y ≥ 0, then x + y ≥ 0 so |x + y| = x + y = |x| + |y|. If x, y < 0, then x + y < 0 so
|x+ y| = −x− y = |x|+ |y|. If x ≥ 0, y < 0 and x+ y ≥ 0, then |x+ y| = x+ y ≤ x− y = |x|+ |y|. If
x ≥ 0, y < 0 and x+ y < 0, then |x+ y| = −x− y ≤ x− y = |x|+ |y|. Similarly when x < 0 and y ≥ 0.
5c. If x ≥ 0, then x ≥ −x so |x| = x = x ∨ (−x). Similarly for x < 0.
5d. If x ≥ y, then x− y ≥ 0 so x ∨ y = x = 1

2 (x+ y + x− y) = 1
2 (x+ y + |x− y|). Similarly for y ≥ x.

5e. Suppose −y ≤ x ≤ y. If x ≥ 0, then |x| = x ≤ y. If x < 0, then |x| = −x ≤ y since −y ≤ x.

2.2 The natural and rational numbers as subsets of R

No problems

2.3 The extended real numbers

6. If E = ∅, then supE = −∞ and inf E = ∞ so supE < inf E. If E 6= ∅, say x ∈ E, then
inf E ≤ x ≤ supE.

2.4 Sequences of real numbers

7. Suppose l1 and l2 are (finite) limits of a sequence 〈xn〉. Given ε > 0, there exist N1 and N2 such that
|xn − l1| < ε for n ≥ N1 and |xn − l2| < ε for n ≥ N2. Then |l1 − l2| < 2ε for n ≥ max(N1, N2). Since ε
is arbitrary, |l1 − l2| = 0 and l1 = l2. The cases where ∞ or −∞ is a limit are clear.
8. Suppose there is a subsequence 〈xnj 〉 that converges to l ∈ R. Then given ε > 0, there exists N ′ such
that |xnj − l| < ε for j ≥ N ′. Given N , choose j ≥ N ′ such that nj ≥ N . Then |xnj − l| < ε and l is a
cluster point of 〈xn〉. Conversely, suppose l ∈ R is a cluster point of 〈xn〉. Given ε > 0, there exists n1 ≥ 1
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such that |xn1 − l| < ε. Suppose xn1 , . . . , xnk have been chosen. Choose nk+1 ≥ 1 + max(xn1 , . . . , xnk)
such that |xnk+1 − l| < ε. Then the subsequence 〈xnj 〉 converges to l. The cases where l is ∞ or −∞ are
similarly dealt with.
9a. Let l = limxn ∈ R. Given ε > 0, there exists n1 such that xk < l + ε for k ≥ n1. Also, there
exists k1 ≥ n1 such that xk1 > l − ε. Thus |xk1 − l| < ε. Suppose n1, . . . , nj and xk1 , . . . , xkj have been
chosen. Choose nj+1 > max(k1, . . . , kj). Then xk < l + ε for k ≥ nj+1. Also, there exists kj+1 ≥ nj+1

such that xkj+1 > l − ε. Thus |xkj+1 − l| < ε. Then the subsequence 〈xkj 〉 converges to l and l is a
cluster point of 〈xn〉. If l is ∞ or −∞, it follows from the definitions that l is a cluster point of 〈xn〉.
If l′ is a cluster point of 〈xn〉 and l′ > l, we may assume that l ∈ R. By definition, there exists N such
that supk≥N xk < (l + l′)/2. If l′ ∈ R, then since it is a cluster point, there exists k ≥ N such that
|xk − l′| < (l′ − l)/2 so xk > (l + l′)/2. Contradiction. By definition again, there exists N ′ such that
supk≥N ′ xk < l + 1. If l′ =∞, then there exists k ≥ N ′ such that xk ≥ l + 1. Contradiction. Hence l is
the largest cluster point of 〈xn〉. Similarly for limxn.
9b. Let 〈xn〉 be a bounded sequence. Then limxn ≤ supxn < ∞. Thus limxn is a finite real number
and by part (a), there is a subsequence converging to it.
10. If 〈xn〉 converges to l, then l is a cluster point. If l′ 6= l and l′ is a cluster point, then there is
a subsequence of 〈xn〉 converging to l′. Contradiction. Thus l is the only cluster point. Conversely,
suppose there is exactly one extended real number x that is a cluster point of 〈xn〉. If x ∈ R, then
limxn = limxn = x. Given ε > 0, there exists N such that supk≥N xk < x+ ε and there exists N ′ such
that infk≥N ′ xk > x − ε. Thus |xk − x| < ε for k ≥ max(N,N ′) and 〈xn〉 converges to x. If x = ∞,
then limxn = ∞ so for any ∆ there exists N such that infk≥N xk > ∆. i.e. xk > ∆ for k ≥ N . Thus
limxn =∞. Similarly when x = −∞.
The statement does not hold when the word “extended” is removed. The sequence 〈1, 1, 1, 2, 1, 3, 1, 4, . . .〉
has exactly one real number 1 that is a cluster point but it does not converge.
11a. Suppose 〈xn〉 converges to l ∈ R. Given ε > 0, there exists N such that |xn − l| < ε/2 for n ≥ N .
Now if m,n ≥ N , |xn − xm| ≤ |xn − l|+ |xm − l| < ε. Thus 〈xn〉 is a Cauchy sequence.
11b. Let 〈xn〉 be a Cauchy sequence. Then there exists N such that ||xn| − |xm|| ≤ |xn − xm| < 1 for
m,n ≥ N . In particular, ||xn| − |xN || < 1 for n ≥ N . Thus the sequence 〈|xn|〉 is bounded above by
max(|x1|, . . . , |xN−1|, |xN |+ 1) so the sequence 〈xn〉 is bounded.
11c. Suppose 〈xn〉 is a Cauchy sequence with a subsequence 〈xnk〉 that converges to l. Given ε > 0,
there exists N such that |xn − xm| < ε/2 for m,n ≥ N and |xnk − l| < ε/2 for nk ≥ N . Now choose k
such that nk ≥ N . Then |xn − l| ≤ |xn − xnk |+ |xnk − l| < ε for n ≥ N . Thus 〈xn〉 converges to l.
11d. If 〈xn〉 is a Cauchy sequence, then it is bounded by part (b) so it has a subsequence that converges
to a real number l by Q9b. By part (c), 〈xn〉 converges to l. The converse holds by part (a).
12. If x = limxn, then every subsequence of 〈xn〉 also converges to x. Conversely, suppose every
subsequence of 〈xn〉 has in turn a subsequence that converges to x. If x ∈ R and 〈xn〉 does not converge
to x, then there exists ε > 0 such that for all N , there exists n ≥ N with |xn− x| ≥ ε. This gives rise to
a subsequence 〈xnk〉 with |xnk − x| ≥ ε for all k. This subsequence will not have a further subsequence
that converges to x. If x = ∞ and limxn 6= ∞, then there exists ∆ such that for all N , there exists
n ≥ N with xn < ∆. This gives rise to a subsequence 〈xnk〉 with xnk < ∆ for all k. This subsequence
will not have a further subsequence with limit ∞. Similarly when x = −∞.
13. Suppose l = limxn. Given ε, there exists n such that supk≥n xk < l + ε so xk < l + ε for all k ≥ n.
Furthermore, given ε and n, supk≥n xk > l − ε so there exists k ≥ n such that xk > l − ε. Conversely,
suppose conditions (i) and (ii) hold. By (ii), for any ε and n, supk≥n xk ≥ l− ε. Thus supk≥n xk ≥ l for
all n. Furthermore by (i), if l′ > l, then there exists n such that xk < l′ for all k ≥ n. i.e. supk≥n xk ≤ l′.
Hence l = infn supk≥n xk = limxn.

14. Suppose limxn = ∞. Then given ∆ and n, supk≥n xk > ∆. Thus there exists k ≥ n such that
xk > ∆. Conversely, suppose that given ∆ and n, there exists k ≥ n such that xk > ∆. Let xn1 = x1

and let nk+1 > nk be chosen such that xnk+1 > xnk . Then limxnk =∞ so limxn =∞.
15. For all m < n, infk≥m xk ≤ infk≥n xk ≤ supk≥n xk. Also, infk≥n xk ≤ supk≥n xk ≤ supk≥m xk. Thus
infk≥m xk ≤ supk≥n xk whenever m 6= n. Hence limxn = supn infk≥n xk ≤ infn supk≥n xk = limxn.

If limxn = limxn = l, then the sequence has exactly one extended real number that is a cluster point
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so it converges to l by Q10. Conversely, if l = limxn and limxn < limxn, then the sequence has a
subsequence converging to limxn and another subsequence converging to limxn. Contradiction. Thus
limxn = limxn = l.
16. For all n, xk+yk ≤ supk≥n xk+supk≥n yk for k ≥ n. Thus supk≥n(xk+yk) ≤ supk≥n xk+supk≥n yk
for all n. Then infn supk≥n(xk+yk) ≤ infn supk≥n xk+infn supk≥n yk. i.e. lim (xn+yn) ≤ limxn+lim yn.
Now limxn ≤ lim (xn + yn) + lim (−yn) = lim (xn + yn)− lim yn. Thus limxn + lim yn ≤ lim (xn + yn).
17. For any n and any k ≥ n, xkyk ≤ supk≥n xk supk≥n yk. Thus for all n, supk≥n xk > 0 and
supk≥n xkyk ≤ supk≥n xk supk≥n yk. Now, taking limits, we get limxnyn ≤ limxnlim yn.
18. Since each xv ≥ 0, the sequence 〈sn〉 is monotone increasing. If the sequence 〈sn〉 is bounded,
then lim sn = sup sn ∈ R so sup sn =

∑∞
v=1 xv. If the sequence 〈sn〉 is unbounded, then lim sn = ∞ so

∞ =
∑∞
v=1 xv.

19. For each n, let tn =
∑n
v=1 |xv|. Since

∑∞
v=1 |xv| < ∞, the sequence 〈tn〉 is a Cauchy sequence so

given ε, there exists N such that |tn − tm| < ε for n > m ≥ N . Then |sn − sm| = |xm+1 + · · · + xn| ≤
|xm+1| + · · · + |xn| = |tn − tm| < ε for n > m ≥ N . Thus the sequence 〈sn〉 is a Cauchy sequence so it
converges and 〈xn〉 has a sum.
20. x1 +

∑∞
v=1(xv+1 − xv) = x1 + limn

∑n
v=1(xv+1 − xv) = limn[x1 +

∑n
v=1(xv+1 − xv)] = limn xn+1 =

limn xn. Thus x = limn xn if and only if x = x1 +
∑∞
v=1(xv+1 − xv).

21a. Suppose
∑
x∈E x <∞. For each n, let En = {x ∈ E : x ≥ 1/n}. Then each En is a finite subset of

E. Otherwise, if En0 is an infinite set for some n0, then letting Fk be a subset of En0 with kn0 elements
for each k ∈ N, sFk ≥ k. Then

∑
x∈E x ≥ sFk ≥ k for each k. Contradiction. Now E =

⋃
En so E is

countable.
21b. Clearly, {x1, . . . , xn} ∈ F for all n. Thus sup sn ≤ supF∈F sF . On the other hand, given
F ∈ F , there exists n such that F ⊂ {x1, . . . , xn} so sF ≤ sn and supF∈F sF ≤ sup sn. Hence∑
x∈E x = supF∈F sF = sup sn =

∑∞
n=1 xn.

22. Given x ∈ R, let a1 be the largest integer such that 0 ≤ a1 < p and a1/p ≤ x. Suppose a1, . . . , an have
been chosen. Let an+1 be the largest integer such that 0 ≤ an+1 < p and an+1/p

n+1 ≤ x−
∑n
k=1 ak/p

k.
This gives rise to a sequence 〈an〉 of integers with 0 ≤ an < p and x −

∑n
k=1 ak/p

k < 1/pn for all n.
Now given ε, there exists N such that 1/pN < ε. Then |x−

∑n
k=1 an/p

n| < 1/pN < ε for n ≥ N . Thus
x =

∑∞
n=1 an/p

n. This sequence is unique by construction. When x = q/pn with q ∈ {1, . . . , p− 1}, the
sequence 〈an〉 obtained in this way is such that an = q and am = 0 for m 6= n. However the sequence
〈bn〉 with bm = 0 for m < n, bn = q − 1 and bm = p− 1 for m > n also satisfies x =

∑∞
n=1 bn.

Conversely, if 〈an〉 is a sequence of integers with 0 ≤ an < p, let sn =
∑n
k=1 ak/p

k. Then 0 ≤ sn ≤
(p− 1)

∑∞
k=1 1/pk = 1 for all n. Thus 〈sn〉 is a bounded monotone increasing sequence so it converges.

Furthermore, since 0 ≤ sn ≤ 1 for all n, the sequence converges to a real number x with 0 ≤ x ≤ 1.
23. Given a real number x with 0 ≤ x ≤ 1, form its binary expansion (by taking p = 2 in Q22), which
we may regard as unique by fixing a way of representing those numbers of the form q/2n. By Q22, this
gives a bijection from [0, 1] to the set of infinite sequences from {0, 1}, which is uncountable by Q1.24.
Thus [0, 1] is uncountable and since R ⊃ [0, 1], R is uncountable.

2.5 Open and closed sets of real numbers

24. The set of rational numbers is neither open nor closed. For each x ∈ Qc and for each δ > 0, there is
a rational number r with x < r < x + δ so Qc is not open and Q is not closed. On the other hand, for
each x ∈ Q and for each δ > 0, there is an irrational number s with x < s < x+ δ so Q is not open.
(*) Given x, y ∈ R with x < y, there exists r ∈ Q such that x/

√
2 < r < y/

√
2. We may assume 0 /∈ (x, y)

by taking x = 0 if necessary. Then r 6= 0 so r
√

2 is irrational and x < r
√

2 < y.
25. ∅ and R are both open and closed. Suppose X is a nonempty subset of R that is both open and
closed. Take x ∈ X. Since X is open, there exists δ > 0 such that (x − δ, x + δ) ⊂ X. Thus the set
S = {y : [x, y) ⊂ X} is nonempty. Suppose [x, y) 6⊂ X for some y > x. Then S is bounded above. Let
b = supS. Then b ∈ S and b is a point of closure of X so b ∈ X since X is closed. But since X is open,
there exists δ′ > 0 such that (b− δ′, b+ δ′) ⊂ X. Then [x, b+ δ′) = [x, b)∪ [b, b+ δ′) ⊂ X. Contradiction.
Thus [x, y) ⊂ X for all y > x. Similarly, (z, x] ⊂ X for all z < x. Hence X = R.
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26. Let A = (−1, 0) and B = (0, 1). Then A ∩B = ∅ but Ā ∩ B̄ = [−1, 0] ∩ [0, 1] = {0}.
27. Suppose x is a point of closure of E. Then for every n, there exists yn ∈ E with |yn − x| < 1/n.
Given ε > 0, choose N such that 1/N < ε. Then |yn − x| < 1/N < ε for n ≥ N so 〈yn〉 is a sequence
in E with x = lim yn. Conversely, suppose there is a sequence 〈yn〉 in E with x = lim yn. Then for any
δ > 0, there exists N such that |x− yn| < δ for n ≥ N . In particular, |x− yN | < δ. Thus x is a point of
closure of E.
28. Let x be a point of closure of E′. Given δ > 0, there exists y ∈ E′ such that |x− y| < δ. If y = x,
then x ∈ E′ and we are done. Suppose y 6= x. We may assume y > x. Let δ′ = min(y − x, x + δ − y).
Then x /∈ (y − δ′, y + δ′) and (y − δ′, y + δ′) ⊂ (x− δ, x+ δ). Since y ∈ E′, there exists z ∈ E \ {y} such
that z ∈ (y − δ′, y + δ′). In particular, z ∈ E \ {x} and |z − x| < δ. Thus x ∈ E′. Hence E′ is closed.
29. Clearly E ⊂ Ē and E′ ⊂ Ē so E ∪ E′ ⊂ Ē. Conversely, let x ∈ Ē and suppose x /∈ E. Then given
δ > 0, there exists y ∈ E such that |y− x| < δ. Since x /∈ E, y ∈ E \ {x}. Thus x ∈ E′ and Ē ⊂ E ∪E′.
30. Let E be an isolated set of real numbers. For any x ∈ E, there exists δx > 0 such that |y − x| ≥ δx
for all y ∈ E \{x}. We may take each δx to be rational and let Ix = {y : |y−x| < δx}. Then {Ix : x ∈ E}
is a countable collection of open intervals, each Ix contains only one element of E, namely x, and
E ⊂

⋃
x∈E Ix. If E is uncountable, then Ix0 will contain two elements of E for some x0. Contradiction.

Thus E is countable.
31. Let x ∈ R. Given δ > 0, there exists r ∈ Q such that x < r < x + δ. Thus x is an accumulation
point of Q. Hence Q′ = R and Q̄ = R.
32. Let F1 and F2 be closed sets. Then F c1 and F c2 are open so F c1 ∩ F c2 is open. i.e. (F1 ∪ F2)c is open.
Thus F1 ∪ F2 is closed. Let C be a collection of closed sets. Then F c is open for any F ∈ C so

⋃
F∈F F

c

is open. i.e. (
⋂
F∈C F )c is open. Thus

⋂
F∈C F is closed.

33. Let O1 and O2 be open sets. Then Oc1 and Oc2 are closed so Oc1 ∪ Oc2 is closed. i.e. (O1 ∩ O2)c is
closed. Thus O1 ∩ O2 is open. Let C be a collection of open sets. Then Oc is closed for any O ∈ C so⋂
O∈C O

c is closed. i.e. (
⋃
O∈C O)c is closed. Thus

⋃
O∈C O is open.

34a. Clearly A◦ ⊂ A for any set A. A is open if and only if for any x ∈ A, there exists δ > 0 such that
{y : |y− x| < δ} ⊂ A if and only if every point of A is an interior point of A. Thus A is open if and only
if A = A◦.
34b. Suppose x ∈ A◦. Then there exists δ > 0 such that (x− δ, x+ δ) ⊂ A. In particular, x /∈ Ac and
x /∈ (Ac)′. Thus x ∈ (Ac)c. Conversely, suppose x ∈ (Ac)c. Then x ∈ A and x is not an accumulation
point of Ac. Thus there exists δ > 0 such that |y−x| ≥ δ for all y ∈ Ac\{x} = Ac. Hence (x−δ, x+δ) ⊂ A
so x ∈ A◦.
35. Let C be a collection of closed sets of real numbers such that every finite subcollection of C has
nonempty intersection and suppose one of the sets F ∈ C is bounded. Suppose

⋂
F∈C F = ∅. Then⋃

F∈C F
c = R ⊃ F . By the Heine-Borel Theorem, there is a finite subcollection {F1, . . . , Fn} ⊂ C such

that F ⊂
⋃n
i=1 F

c
i . Then F ∩

⋂n
i=1 Fi = ∅. Contradiction. Hence

⋂
F∈C F 6= ∅.

36. Let 〈Fn〉 be a sequence of nonempty closed sets of real numbers with Fn+1 ⊂ Fn. Then for any finite
subcollection {Fn1 , . . . , Fnk} with n1 < · · · < nk,

⋂k
i=1 Fni = Fnk 6= ∅. If one of the sets Fn is bounded,

then by Proposition 16,
⋂∞
i=1 Fi 6= ∅.

For each n, let Fn = [n,∞). Then 〈Fn〉 is a sequence of nonempty closed sets of real numbers with
Fn+1 ⊂ Fn but none of the sets Fn is bounded. Now

⋂∞
n=1 Fn = {x : x ≥ n for all n} = ∅.

37. Removing the middle third (1/3, 2/3) corresponds to removing all numbers in [0, 1] with unique
ternary expansion 〈an〉 such that a1 = 1. Removing the middle third (1/9, 2/9) of [0, 1/3] corresponds
to removing all numbers with unique ternary expansion such that a1 = 0 and a2 = 1 and removing the
middle third (7/9, 8/9) of [2/3, 1] corresponds to removing all numbers with unique ternary expansion
such that a1 = 2 and a2 = 1. Suppose the middle thirds have been removed up to the n-th stage, then
removing the middle thirds of the remaining intervals corresponds to removing all numbers with unique
ternary expansion such that ai = 0 or 2 for i ≤ n and an+1 = 1. Each stage of removing middle thirds
results in a closed set and C is the intersection of all these closed sets so C is closed.
38. Given an element in the Cantor ternary set with (unique) ternary expansion 〈an〉 such that an 6= 1
for all n, let 〈bn〉 be the sequence obtained by replacing all 2’s in the ternary expansion by 1’s. Then
〈bn〉 may be regarded as the binary expansion of a number in [0, 1]. This gives a one-to-one mapping
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from the Cantor ternary set into [0, 1]. This mapping is also onto since given a number in [0, 1], we can
take its binary expansion and replace all 1’s by 2’s to get a sequence consisting of only 0’s and 2’s, which
we may then regard as the ternary expansion of a number in the Cantor ternary set.
39. Since the Cantor ternary set C is closed, C ′ ⊂ C. Conversely, given x ∈ C, let 〈an〉 be its ternary
expansion with an 6= 1 for all n. Given δ > 0, choose N such that 1/3N < δ. Now let 〈bn〉 be the sequence
with bN+1 = |aN+1 − 2| and bn = an for n 6= N + 1. Let y be the number with ternary expansion 〈bn〉.
Then y ∈ C \ {x} and |x− y| = 2/3N+1 < 1/3N < δ. Thus x ∈ C ′. Hence C = C ′.

2.6 Continuous functions

40. Since F is closed, F c is open and it is the union of a countable collection of disjoint open intervals.
Take g to be linear on each of these open intervals and take g(x) = f(x) for x ∈ F . Then g is defined
and continuous on R and g(x) = f(x) for all x ∈ F .
41. Suppose f is continuous on E. Let O be an open set and let x ∈ f−1[O]. Then f(x) ∈ O so
there exists εx > 0 such that (f(x) − εx, f(x) + εx) ⊂ O. Since f is continuous, there exists δx > 0
such that |f(y) − f(x)| < εx when y ∈ E and |y − x| < δx. Hence (x − δx, x + δx) ∩ E ⊂ f−1[O]. Let
U =

⋃
x∈f−1[O](x − δx, x + δx). Then U is open and f−1[O] = E ∩ U . Conversely, suppose that for

each open set O, there is an open set U such that f−1[O] = E ∩ U . Let x ∈ E and let ε > 0. Then
O = (f(x)− ε, f(x) + ε) is open so there is an open set U such that f−1[O] = E ∩U . Now x ∈ U and U
is open so there exists δ > 0 such that (x− δ, x+ δ) ⊂ U . Thus E ∩ (x− δ, x+ δ) ⊂ f−1[O]. i.e. for any
y ∈ E with |y − x| < δ, |f(y)− f(x)| < ε. Thus f is continuous on E.
42. Suppose 〈fn〉 is a sequence of continuous functions on E and that 〈fn〉 converges uniformly to f on
E. Given ε > 0, there exists N such that for all x ∈ E and n ≥ N , |fn(x) − f(x)| < ε/3. Also, there
exists δ > 0 such that |fN (y) − fN (x)| < ε/3 if y ∈ E and |y − x| < δ. Now if y ∈ E and |y − x| < δ,
then |f(y)− f(x)| ≤ |f(y)− fN (y)|+ |fN (y)− fN (x)|+ |fN (x)− f(x)| < ε. Thus f is continuous on E.
*43. f is discontinuous at the nonzero rationals:
Given a nonzero rational q, let ε = |f(q) − q| > 0. If q > 0, given any δ > 0, pick an irrational
x ∈ (q, q+ δ). Then |f(x)− f(q)| = x− f(q) > q− f(q) = ε. If q < 0, given any δ > 0, pick an irrational
x ∈ (q − δ, q). Then |f(x)− f(q)| = f(q)− x > f(q)− q = ε.
f is continuous at 0:
Given ε > 0, let δ = ε. Then when |x| < δ, |f(x)| ≤ |x| < ε.
f is continuous at each irrational:
Let x be irrational. First we show that for any M , there exists δ > 0 such that q ≥ M for any
rational p/q ∈ (x − δ, x + δ). Otherwise, there exists M such that for any n, there exists a rational
pn/qn ∈ (x− 1/n, x+ 1/n) with qn < M . Then |pn| ≤ max(|x− 1|, |x+ 1|)qn < M max(|x− 1|, |x+ 1|)
for all n. Thus there are only finitely many choices of pn and qn for each n. This implies that there
exists a rational p/q in (x− 1/n, x+ 1/n) for infinitely many n. Contradiction.
Given ε > 0, choose M such that M2 > max(|x + 1|, |x − 1|)/6ε. Then choose δ > 0 such that
δ < min(1, ε) and q ≥ M for any rational p/q ∈ (x − δ, x + δ). Suppose |x − y| < δ. If y is irrational,
then |f(x)− f(y)| = |x− y| < δ < ε. If y = p/q is rational, then |f(y)− f(x)| ≤ |f(y)− y|+ |y − x| =
|p||1/q−sin(1/q)|+|y−x| < |p|/6q3+δ < max(|x+1|, |x−1|)/6q2+δ ≤ max(|x+1|, |x−1|)/6M2+δ < 2ε.
(*) Note that sinx < x for all x > 0 and x < sinx for all x < 0. Also, |x − sinx| < x3/6 for all x 6= 0
(by Taylor’s Theorem for example).
44a. Let f and g be continuous functions. Given ε > 0, choose δ > 0 such that |f(x)− f(y)| < ε/2 and
|g(x)− g(y)| < ε/2 whenever |x− y| < δ. Then |(f + g)(x)− (f + g)(y)| = |f(x)− f(y) + g(x)− g(y)| ≤
|f(x)− f(y)|+ |g(x)− g(y)| < ε whenever |x− y| < δ. Thus f + g is continuous at x. Now choose δ′ > 0
such that |g(x) − g(y)| < ε/2|f(x)| and |f(x) − f(y)| < ε/2 max(|g(x) − ε/2|f(x)||, |g(x) + ε/2|f(x)||)
whenever |x − y| < δ′. Then |(fg)(x) − (fg)(y)| = |f(x)g(x) − f(x)g(y) + f(x)g(y) − f(y)g(y)| ≤
|f(x)||g(x)− g(y)|+ |f(x)− f(y)||g(y)| < ε whenever |x− y| < δ′. Thus fg is continuous at x.
44b. Let f and g be continuous functions. Given ε > 0, there exists δ > 0 such that |f(a) − f(b)| < ε
whenever |a − b| < δ. There also exists δ′ > 0 such that |g(x) − g(y)| < δ whenever |x − y| < δ′. Thus
|(f ◦ g)(x)− (f ◦ g)(y)| = |f(g(x))− f(g(y))| < ε when |x− y| < δ′. Thus f ◦ g is continuous at x.
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44c. Let f and g be continuous functions. Given ε > 0, choose δ > 0 such that |f(x)− f(y)| < ε/2 and
|g(x)−g(y)| < ε/2 whenever |x−y| < δ. Now |(f ∨g)(x)− (f ∨g)(y)| ≤ |f(x)−f(y)|+ |g(x)−g(y)| < ε.
Thus f ∨ g is continuous at x. Furthermore, f ∧ g = f + g − (f ∨ g) so f ∧ g is continuous at x.
44d. Let f be a continuous function. Then |f | = (f ∨ 0)− (f ∧ 0) so f is continuous.
45. Let f be a continuous real-valued function on [a, b] and suppose that f(a) ≤ γ ≤ f(b). Let
S = {x ∈ [a, b] : f(x) ≤ γ}. Then S 6= ∅ since a ∈ S and S is bounded. Let c = supS. Then c ∈ [a, b]. If
f(c) < γ, there exists δ > 0 such that δ < b − c and |f(x) − f(c)| < γ − f(c) whenever |x − c| < δ. In
particular, |f(c + δ/2)− f(c)| < γ − f(c). Then f(c + δ/2) < γ so c + δ/2 ∈ S. Contradiction. On the
other hand, if f(c) > γ, there exists δ′ > 0 such that δ′ < c − a and |f(x) − f(c)| < f(c) − γ whenever
|x − c| < δ′. Then |f(x) − f(c)| < f(c) − γ for all x ∈ (c − δ′, c] so f(x) > γ and x /∈ S for all such x.
Contradiction. Hence f(c) = γ.
46. Let f be a continuous function on [a, b]. Suppose f is strictly monotone. We may assume f
is strictly monotone increasing. Then f is one-to-one. Also, by the Intermediate Value Theorem, f
maps [a, b] onto [f(a), f(b)]. Let g = f−1 : [f(a), f(b)] → [a, b]. Then g(f(x)) = x for all x ∈ [a, b].
Let y ∈ [f(a), f(b)]. Then y = f(x) for some x ∈ [a, b]. Given ε > 0, choose δ > 0 such that
δ < min(f(x) − f(x − ε), f(x + ε) − f(x)). When |y − z| < δ, z = f(x′) for some x′ ∈ [a, b] with
|g(y) − g(z)| = |g(f(x)) − g(f(x′))| = |x′ − x| < ε. Thus g is continuous on [f(a), f(b)]. Conversely,
suppose there is a continuous function g such that g(f(x)) = x for all x ∈ [a, b]. If x, y ∈ [a, b] with x < y,
then g(f(x)) < g(f(y)) so f(x) 6= f(y). We may assume x 6= a and f(a) < f(b). If f(x) < f(a), then
by the Intermediate Value Theorem, f(a) = f(x′) for some x′ ∈ [x, b] and a = g(f(a)) = g(f(x′)) = x′.
Contradiction. Thus f(a) < f(x). Now if f(x) ≥ f(y), then f(a) < f(y) ≤ f(x) so f(y) = f(x′′) for
some x′′ ∈ [a, x] and y = g(f(y)) = g(f(x′′)) = x′′. Contradiction. Thus f(x) < f(y). Hence f is strictly
monotone increasing.
47. Let f be a continuous function on [a, b] and ε a positive number. Then f is uniformly continuous
so there exists δ > 0 such that |f(x) − f(y)| < ε/2 whenever x, y ∈ [a, b] and |x − y| < δ. Choose N
such that (b − a)/N < δ and let xi = a + i(b − a)/N for i = 1, . . . , N . Now define ϕ on [a, b] to be
linear on each [xi, xi+1] with ϕ(xi) = f(xi) for each i so that ϕ is polygonal on [a, b]. Let x ∈ [a, b].
Then x ∈ [xi, xi+1] for some i. We may assume f(xi) ≤ f(xi+1). Then ϕ(xi) ≤ ϕ(x) ≤ ϕ(xi+1) and
|ϕ(x)− f(x)| ≤ |ϕ(x)− ϕ(xi)|+ |ϕ(xi)− f(x)| ≤ |ϕ(xi+1)− ϕ(xi)|+ |f(xi)− f(x)| < ε.
48. Suppose x ∈ [0, 1] is of the form q/3n0 with q = 1 or 2. Then x has two ternary expansions
〈an〉 and 〈a′n〉 where an0 = q, an = 0 for n 6= n0, a′n0

= q − 1, a′n = 0 for n < n0 and a′n = 2 for
n > n0. If q = 1, then from the first expansion we get N = n0, bN = 1 and bn = 0 for n < N so∑N
n=1 bn/2

n = 1/2n0 . From the second expansion we get N = ∞, bn = 0 for n < n0 and bn = 1 for
n > n0 so

∑N
n=1 bn/2

n =
∑∞
n=n0+1 1/2n = 1/2n0 . If q = 2, then from the first expansion we get N =∞,

bn0 = 1 and bn = 0 for n 6= n0 so
∑N
n=1 bn/2

n =
∑∞
n=1 bn/2

n = 1/2n0 . From the second expansion we
get N = n0, bN = 1 and bn = 0 for n < N so

∑N
n=1 bn/2

n = 1/2n0 . Hence the sum is independent of
the ternary expansion of x.
Let f(x) =

∑N
n=1 bn/2

n. Given x, y ∈ [0, 1] with ternary expansions 〈an〉 and 〈a′n〉 respectively, suppose
x < y and let n0 be the smallest value of n such that an0 6= a′n0

. Then an0 < a′n0
and bn0 ≤ b′n0

. Thus
f(x) =

∑Nx
n=1 bn/2

n ≤
∑Ny
n=1 b

′
n/2

n = f(y). Given x ∈ [0, 1] and ε > 0, choose M such that 1/2M < ε.
Now choose δ > 0 such that δ < 1/3M+2. Then when |x−y| < δ, |f(x)−f(y)| < ε. Hence f is monotone
and continuous on [0, 1].
Each interval contained in the complement of the Cantor ternary set consists of elements with ternary
expansions containing 1. Furthermore, for any x, y in the same interval and having ternary expansions
〈an〉 and 〈a′n〉 respectively, the smallest n such that an = 1 is also the smallest such that a′n = 1. Hence f
is constant on each such interval. For any y ∈ [0, 1], let 〈bn〉 be its binary expansion. Take x ∈ [0, 1] with
ternary expansion 〈an〉 such that an = 2bn for all n. Then x is in the Cantor ternary set and f(x) = y.
Thus f maps the Cantor ternary set onto [0, 1].
49a. Suppose lim

x→y
f(x) ≤ A. Given ε > 0, there exists δ > 0 such that sup

0<|x−y|<δ
f(x) < A + ε.

Thus for all x with 0 < |x − y| < δ, f(x) ≤ A + ε. Conversely, suppose there exists for any ε > 0
some δ > 0 such that f(x) ≤ A + ε for all x with 0 < |x − y| < δ. Then for each n, there exists
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δn > 0 such that f(x) ≤ A + 1/n for all x with 0 < |x − y| < δn so sup
0<|x−y|<δn

f(x) ≤ A + 1/n. Thus

lim
x→y

f(x) = inf
δ>0

sup
0<|x−y|<δ

f(x) ≤ inf
n

sup
0<|x−y|<δn

f(x) ≤ A+ 1/n for all n so lim
x→y

f(x) ≤ A.

49b. Suppose lim
x→y

f(x) ≥ A. Given ε > 0 and δ > 0, sup
0<|x−y|<δ

f(x) > A− ε so there exists x such that

0 < |x − y| < δ and f(x) ≥ A − ε. Conversely, suppose that given ε > 0 and δ > 0, there exists x such
that 0 < |x− y| < δ and f(x) ≥ A− ε. Then for each n, there exists xn such that 0 < |xn − y| < δ and
f(xn) ≥ A− 1/n. Thus for each δ > 0, sup

0<|x−y|<δ
f(x) ≥ A− 1/n for all n so sup

0<|x−y|<δ
f(x) ≥ A. Hence

lim
x→y

f(x) = inf
δ>0

sup
0<|x−y|<δ

f(x) ≥ A.

49c. For any δ1, δ2 > 0, if δ1 < δ2, then inf
0<|x−y|<δ2

f(x) ≤ inf
0<|x−y|<δ1

f(x) ≤ sup
0<|x−y|<δ1

f(x) ≤

sup
0<|x−y|<δ2

f(x). In particular, inf
0<|x−y|<δ1

f(x) ≤ sup
0<|x−y|<δ2

f(x) and inf
0<|x−y|<δ2

f(x) ≤ sup
0<|x−y|<δ1

f(x).

Hence sup
δ>0

inf
0<|x−y|<δ

f(x) ≤ sup
0<|x−y|<δ0

f(x) for any δ0 > 0 so sup
δ>0

inf
0<|x−y|<δ

f(x) ≤ inf
δ>0

sup
0<|x−y|<δ

f(x). i.e.

lim
x→y

f(x) ≤ lim
x→y

f(x).

Suppose lim
x→y

f(x) = lim
x→y

f(x) with limf 6= ±∞. Let L be the common value. Given ε > 0, there exists

δ1 > 0 such that sup
0<|x−y|<δ1

f(x) < L + ε. i.e. f(x) < L + ε whenever 0 < |x − y| < δ1. There also

exists δ2 > 0 such that inf
0<|x−y|<δ2

f(x) > L − ε. i.e. f(x) > L − ε whenever 0 < |x − y| < δ2. Let

δ = min(δ2, δ2). Then when 0 < |x − y| < δ, |f(x) − L| < ε so lim
x→y

f(x) exists. Conversely, suppose

lim
x→y

f(x) exists and let L be its value. Given ε, there exists δ > 0 such that |f(x) − L| < ε whenever

0 < |x − y| < δ. By part (a), lim
x→y

f(x) ≤ L. Similarly, lim
x→y

f(x) ≥ L. i.e. lim
x→y

f(x) ≤ lim
x→y

f(x). Thus

equality holds.
49d. Suppose lim

x→y
f(x) = A and 〈xn〉 is a sequence with xn 6= y such that y = limxn. For any δ > 0,

there exists Nδ such that 0 < |xn−y| < δ for n ≥ Nδ. Thus for any δ > 0, inf
N

sup
n≥N

f(xn) ≤ sup
n≥Nδ

f(xn) ≤

sup
0<|x−y|<δ

f(x) so inf
N

sup
n≥N

f(xn) ≤ inf
δ>0

sup
0<|x−y|<δ

f(x). i.e. limf(xn) ≤ lim
x→y

f(x) = A.

49e. Suppose lim
x→y

f(x) = A. By part (a), for each n, there exists δn > 0 such that f(x) < A + 1/n

whenever 0 < |x − y| < δn. By part (b), there exists xn such that 0 < |xn − y| < min(δn, 1/n) and
f(xn) > A − 1/n. Thus 0 < |xn − y| < 1/n and |f(xn) − A| < 1/n for each n. i.e. 〈xn〉 is a sequence
with xn 6= y such that y = limxn and A = lim f(xn).
49f. Suppose l = lim

x→y
f(x) and let 〈xn〉 be a sequence with xn 6= y and y = limxn. Given ε > 0,

there exists δ > 0 such that |f(x) − l| < ε whenever 0 < |x − y| < δ. Also there exists N such that
0 < |xn − y| < δ for n ≥ N . Thus for n ≥ N , |f(xn) − l| < ε. i.e. l = lim f(xn). Conversely, suppose
l 6= lim

x→y
f(x). Then there exists ε > 0 such that for each n there exists xn with 0 < |xn − y| < 1/n and

|f(xn)− l| ≥ ε. Thus 〈xn〉 is a sequence with xn 6= y and y = limxn but l 6= lim f(xn).
50a. Let f(y) be finite. Then f is lower semicontinuous at y if and only if −f is upper semicontinuous
at y if and only if −f(y) ≥ lim

x→y
(−f(x)) if and only if given ε > 0, there exists δ > 0 such that

−f(x) ≤ −f(y) + ε whenever 0 < |x − y| < δ if and only if given ε > 0, there exists δ > 0 such that
−f(x) ≤ −f(y) + ε whenever |x − y| < δ if and only if given ε > 0, there exists δ > 0 such that
f(y) ≤ f(x) + ε whenever |x− y| < δ.
50b. Suppose f is both upper and lower semicontinuous at y. Then lim

x→y
f(x) ≤ f(y) ≤ lim

x→y
f(x). Thus

lim
x→y

f(x) exists and equals f(y) so f is continuous at y. Conversely, if f is continuous at y, then lim
x→y

f(x)

exists and equals f(y). Thus lim
x→y

f(x) = lim
x→y

f(x) = f(y) so f is both upper and lower semicontinuous
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at y. The result for intervals follows from the result for points.
50c. Let f be a real-valued function. Suppose f is lower semicontinuous on [a, b]. For λ ∈ R, consider
the set S = {x ∈ [a, b] : f(x) ≤ λ}. Let y be a point of closure of S. Then there is a sequence 〈xn〉 with
xn ∈ S and y = limxn. Thus f(y) ≤ limf(xn) ≤ λ so y ∈ S. Hence S is closed so {x ∈ [a, b] : f(x) > λ}
is open (in [a, b]). Conversely, suppose {x ∈ [a, b] : f(x) > λ} is open (in [a, b]) for each λ ∈ R. Let
y ∈ [a, b]. Given ε > 0, the set {x ∈ [a, b] : f(x) > f(y) − ε} is open so there exists δ > 0 such that
f(x) > f(y)− ε whenever |x− y| < δ. i.e. f(y) < f(x) + ε whenever |x− y| < δ. By part (a), f is lower
semicontinuous at y. Since y is arbitrarily chosen from [a, b], f is lower semicontinuous on [a, b].
50d. Let f and g be lower semicontinuous functions. Let y be in the domain of f and g. Given ε > 0,
there exists δ > 0 such that f(y) ≤ f(x) + ε/2 and g(y) ≤ g(x) + ε/2 whenever |x − y| < δ. Thus
(f ∨ g)(y) ≤ (f ∨ g)(x) + ε and (f + g)(y) ≤ (f + g)(x) + ε whenever |x− y| < δ. By part (a), f ∨ g and
f + g are lower semicontinuous.
50e. Let 〈fn〉 be a sequence of lower semicontinuous functions and define f(x) = supn fn(x). Given
ε > 0, f(y) − ε/2 < fn(y) for some n. There also exists δ > 0 such that fn(y) ≤ fn(x) + ε/2 whenever
|x− y| < δ. Thus f(y) ≤ fn(x) + ε ≤ f(x) + ε whenever |x− y| < δ. Hence f is lower semicontinuous.
50f. Let ϕ : [a, b] → R be a step function. Suppose ϕ is lower semicontinuous. Let ci and ci+1 be the
values assumed by ϕ in (xi−1, xi) and (xi, xi+1) respectively. For each n, there exists δ > 0 such that
ϕ(xi) ≤ ϕ(x)+1/n whenever |x−xi| < δ. In particular, ϕ(xi) ≤ ci+1/n and ϕ(xi) ≤ ci+1 +1/n for each
n. Thus ϕ(xi) ≤ min(ci, ci+1). Conversely, suppose ϕ(xi) ≤ min(ci, ci+1) for each i. Let ε > 0 and let
y ∈ [a, b]. If y = xi for some i, let δ = min(xi−xi−1, xi+1−xi). Then f(y) = f(xi) ≤ f(x) + ε whenever
|x− y| < δ. If y ∈ (xi, xi+1) for some i, let δ = min(y − xi, xi+1 − y). Then f(y) < f(y) + ε = f(x) + ε
whenever |x− y| < δ. Thus ϕ is lower semicontinuous.
*50g. Let f be a function defined on [a, b]. Suppose there is a monotone increasing sequence 〈ϕn〉 of
lower semicontinuous step functions on [a, b] such that for each x ∈ [a, b] we have f(x) = limϕn(x).
Since 〈ϕn〉 is monotone increasing, for each x ∈ [a, b] we have f(x) = supn ϕn(x). By part (e), f is lower
semicontinuous. Conversely, suppose that f is lower semicontinuous. The sets {x ∈ [a, b] : f(x) > c}
with c ∈ Z form an open covering of [a, b] so by the Heine-Borel Theorem, there is a finite subcovering.
Thus there exists c ∈ Z such that f(x) > c for all x ∈ [a, b]. Now for each n, let x(n)

k = a+k(b−a)/2n and
let I(n)

k = (x(n)
k−1, x

(n)
k ) for k = 0, 1, 2, . . . , 2n. Define ϕn(x) = inf

x∈I(n)
k

f(x) if x ∈ I(n)
k and ϕn(x(n)

k ) =

min(c(n)
k , c

(n)
k+1, f(x(n)

k )) where c(n)
k = inf

x∈I(n)
k

f(x) and c
(n)
k+1 = inf

x∈I(n)
k+1

f(x). Then each ϕn is a lower

semicontinuous step function on [a, b] by part (f) and f ≥ ϕn+1 ≥ ϕn for each n. Let y ∈ [a, b]. Given
ε > 0, there exists δ > 0 such that f(y) ≤ f(x) + ε whenever |x− y| < δ. Choose N such that 1/2N < δ.
For n ≥ N , if y ∈ I(n)

k for some k, then ϕn(y) = inf
x∈I(n)

k

f(x) ≥ f(y) − ε since I(n)
k ⊂ (y − δ, y + δ).

Thus f(y)−ϕn(y) ≤ ε. If y = x
(n)
k for some k, then ϕn(y) =≥ f(y)− ε since I(n)

k ∪ I(n)
k+1 ⊂ (y− δ, y+ δ).

Thus f(y)− ϕn(y) ≤ ε. Hence f(y) = limϕn(y).
*50h. Let f be a function defined on [a, b]. Suppose there is a monotone increasing sequence 〈ψn〉
of continuous functions on [a, b] such that for each x ∈ [a, b] we have f(x) = limψn(x). Then each
ψn is lower semicontinuous by part (b) and f(x) = supn ψn(x). By part (e), f is lower semicontinuous.
Conversely, suppose that f is lower semicontinuous. By part (g), there is a monotone increasing sequence
〈ϕn〉 of lower semicontinuous step functions on [a, b] with f(x) = limϕn(x) for each x ∈ [a, b]. For each
n, define ψn by linearising ϕn at a neighbourhood of each partition point such that ψn ≤ ψn+1 and
0 ≤ ϕn(x)−ψn(x) < ε/2 for each x ∈ [a, b]. Then 〈ψn〉 is a monotone increasing sequence of continuous
functions on [a, b] and f(x) = limψn(x) for each x ∈ [a, b].
(*) More rigorous proof: Define ψn by ψn(x) = inf{f(t) + n|t− x| : t ∈ [a, b]}. Then ψn(x) ≤ inf{f(t) +
n|t − y| + n|y − x| : t ∈ [a, b]} = ψn(y) + n|y − x|. Thus ψn is (uniformly) continuous on [a, b]. Also
ψn ≤ ψn+1 ≤ f for all n. In particular, f(x) is an upper bound for {ψn(x) : n ∈ N}. Now if α < f(x),
then there exists δ > 0 such that α ≤ f(y) ≤ f(y) + n|y − x| whenever |y − x| < δ. On the other hand,
when |y − x| ≥ δ, we have α ≤ f(y) + nδ ≤ f(y) + n|y − x| for sufficiently large n. Thus α ≤ ψn(x) for
sufficiently large n. Hence f(x) = supψn(x) = limψn(x).
50i. Let f be a lower semicontinuous function on [a, b]. The sets {x ∈ [a, b] : f(x) > c} with c ∈ Z form
an open covering of [a, b] so by the Heine-Borel Theorem, there is a finite subcovering. Thus there exists
c ∈ Z such that f(x) > c for all x ∈ [a, b]. Hence f is bounded from below. Let m = infx∈[a,b] f(x), which
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is finite since f is bounded from below. Suppose f(x) > m for all x ∈ [a, b]. For each x ∈ [a, b], there exists
δx > 0 such that f(x) ≤ f(y) +m−f(x) for y ∈ Ix = (x− δx, x+ δx). The open intervals {Ix : x ∈ [a, b]}
form an open covering of [a, b] so by the Heine-Borel Theorem, there is a finite subcovering {Ix1 , . . . , Ixn}.
Let c = min(f(x1), . . . , f(xn)). Each y ∈ [a, b] belongs to some Ixk so f(y) ≥ 2f(xk)−m ≥ 2c−m. Thus
2c −m is a lower bound for f on [a, b] but 2c −m > m. Contradiction. Hence there exists x0 ∈ [a, b]
such that m = f(x0).
51a. Let x ∈ [a, b]. Then inf

|y−x|<δ
f(y) ≤ f(x) ≤ sup

|y−x|<δ
f(y) for any δ > 0. Hence we have g(x) =

sup
δ>0

inf
|y−x|<δ

f(y) ≤ f(x) ≤ inf
δ>0

sup
|y−x|<δ

f(y) = h(x). Suppose g(x) = f(x). Then given ε > 0, there exists

δ > 0 such that f(x) − ε = g(x) − ε < inf
|y−x|<δ

f(y). Thus f(x) − ε < f(y) whenever |y − x| < δ and

f is lower semicontinuous at x. Conversely, suppose f is lower semicontinuous at x. f(x) is an upper
bound for { inf

|x−y|<δ
f(y) : δ > 0} and given ε > 0, there exists δ > 0 such that f(x)− ε ≤ f(y) whenever

|x − y| < δ. Thus f(x) − ε ≤ inf
|x−y|<δ

f(y) so f(x) = sup
δ>0

inf
|x−y|<δ

f(y) = g(x). By a similar argument,

f(x) = h(x) if and only if f is upper semicontinuous at x. Thus f is continuous at x if and only if f is
both upper semicontinuous and lower semicontinuous at x if and only if f(x) = h(x) and g(x) = f(x) if
and only if g(x) = h(x).
51b. Let λ ∈ R. Suppose g(x) > λ. Then there exists δ > 0 such that f(y) > λ whenever |x − y| < δ.
Hence {x : g(x) > λ} is open in [a, b] and g is lower semicontinuous. Suppose h(x) < λ. Then there
exists δ > 0 such that f(y) < λ whenever |x − y| < δ. Hence {x : h(x) < λ} is open in [a, b] and h is
upper semicontinuous.
51c. Let ϕ be a lower semicontinuous function such that ϕ(x) ≤ f(x) for all x ∈ [a, b]. Suppose
ϕ(x) > g(x) for some x ∈ [a, b]. Then there exists δ > 0 such that ϕ(x) ≤ ϕ(y) + ϕ(x)− g(x) whenever
|x − y| < δ. i.e. g(x) ≤ ϕ(y) whenever |x − y| < δ. In particular, g(x) ≤ ϕ(x). Contradiction. Hence
ϕ(x) ≤ g(x) for all x ∈ [a, b].

2.7 Borel sets

52. Let f be a lower semicontinuous function on R. Then {x : f(x) > α} is open. {x : f(x) ≥
α} =

⋂
n{x : f(x) > α − 1/n} so it is a Gδ set. {x : f(x) ≤ α} = {x : f(x) > α}c is closed.

{x : f(x) < α} = {x : f(x) ≥ α}c so it is an Fσ set. {x : f(x) = α} = {x : f(x) ≥ α} ∩ {x : f(x) ≤ α} is
the intersection of a Gδ set with a closed set so it is a Gδ set.
53. Let f be a real-valued function defined on R. Let S be the set of points at which f is continuous.
If f is continuous at x, then for each n, there exists δn,x > 0 such that |f(x) − f(y)| < 1/n whenever
|x − y| < δn,x. Consider Gn =

⋃
x∈S(x − δn,x/2, x + δn,x/2) and G =

⋂
nGn. Then x ∈ G for every

x ∈ S. Conversely, suppose x0 ∈ G for some x0 /∈ S. There exists ε > 0 such that for every δ > 0, there
exists y with |y − x0| < δ and |f(x0)− f(y)| ≥ ε. Choose N such that 1/N < ε/2. There exists y with
|y−x0| < δN,x/2 and |f(y)−f(x0)| ≥ ε. On the other hand, x0 ∈ GN =

⋃
x∈S(x−δN,x/2, x+δN,x/2) so

x0 ∈ (x−δN,x/2, x+δN,x/2) for some x ∈ S. Thus |f(x)−f(x0)| < 1/N < ε/2. Also, |y−x| ≤ |y−x0|+
|x0 − x| < δN,x so |f(y)− f(x)| < 1/N < ε/2. Thus |f(y)− f(x0)| ≤ |f(y)− f(x)|+ |f(x)− f(x0)| < ε.
Contradiction. Hence G = S and S is a Gδ set.
54. Let 〈fn〉 be a sequence of continuous functions on R and let C be the set of points where the
sequence converges. If x ∈ C, then for any m, there exists n such that |fk(x) − fn(x)| ≤ 1/m for all
k ≥ n. Consider Fn,m = {x : |fk(x) − fn(x)| ≤ 1/m for k ≥ n}. Now C ⊂

⋂
m

⋃
n Fn,m. Conversely,

if x ∈
⋂
m

⋃
n Fn,m, then given ε > 0, choose M such that 1/M < ε. Now x ∈

⋃
n Fn,M so there exists

N such that |fk(x) − fN (x)| ≤ 1/M < ε for k ≥ N . Thus 〈fn(x)〉 converges so
⋂
m

⋃
n Fn,m ⊂ C. By

continuity of each fk, each Fn,m is closed. Hence C is an Fσδ set.

3 Lebesgue Measure

3.1 Introduction

1. Let A and B be two sets in M with A ⊂ B. Then mA ≤ mA+m(B \A) = mB.
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2. Let 〈En〉 be a sequence of sets in M. Let F1 = E1 and let Fn+1 = En+1 \
⋃n
k=1Ek. Then Fm∩Fn = ∅

for m 6= n, Fn ⊂ En for each n and
⋃
En =

⋃
Fn. Thus m(

⋃
En) = m(

⋃
Fn) =

∑
mFn ≤

∑
mEn.

3. Suppose there is a set A in M with mA <∞. Then mA = m(A ∪ ∅) = mA+m∅ so m∅ = 0.
4. Clearly n is translation invariant and defined for all sets of real numbers. Let 〈Ek〉 be a sequence of
disjoint sets of real numbers. We may assume Ek 6= ∅ for all k since n∅ = 0. If some Ek is an infinite
set, then so is

⋃
Ek. Thus n(

⋃
Ek) =∞ =

∑
nEk. If all Ek’s are finite sets and {Ek : k ∈ N} is a finite

set, then
⋃
Ek is a finite set and since the Ek’s are disjoint, n(

⋃
Ek) =

∑
nEk. On the other hand,

if all Ek’s are finite sets and {Ek : k ∈ N} is an infinite set, then
⋃
Ek is a countably infinite set so

n(
⋃
Ek) =∞ and since nEk ≥ 1 for all k,

∑
nEk =∞.

3.2 Outer measure

5. Let A be the set of rational numbers between 0 and 1. Also let {In} be a finite collection of open
intervals covering A. Then 1 = m∗([0, 1]) = m∗A ≤ m∗(

⋃
In) = m∗(

⋃
In) ≤

∑
m∗In =

∑
l(In) =∑

l(In).
6. Given any set A and any ε > 0, there is a countable collection {In} of open intervals covering
A such that

∑
l(In) ≤ m∗A + ε. Let O =

⋃
In. Then O is an open set such that A ⊂ O and

m∗O ≤
∑
m∗In =

∑
l(In) ≤ m∗A+ ε. Now for each n, there is an open set On such that A ⊂ On and

m∗On ≤ m∗A+ 1/n. Let G =
⋂
On. Then G is a Gδ set such that A ⊂ G and m∗G = m∗A.

7. Let E be a set of real numbers and let y ∈ R. If {In} is a countable collection of open intervals such
that E ⊂

⋃
In, then E+y ⊂

⋃
(In+y) so m∗(E+y) ≤

∑
l(In+y) =

∑
l(In). Thus m∗(E+y) ≤ m∗E.

Conversely, by a similar argument, m∗E ≤ m∗(E + y). Hence m∗(E + y) = m∗E.
8. Suppose m∗A = 0. Then m∗(A ∪ B) ≤ m∗A + m∗B = m∗B. Conversely, since B ⊂ A ∪ B,
m∗B ≤ m∗(A ∪B). Hence m∗(A ∪B) = m∗B.

3.3 Measurable sets and Lebesgue measure

9. Let E be a measurable set, let A be any set and let y ∈ R. Then m∗A = m∗(A−y) = m∗((A−y)∩E)+
m∗((A−y)∩Ec) = m∗(((A−y)∩E)+y)+m∗(((A−y)∩Ec)+y) = m∗(A∩(E+y))+m∗(A∩(Ec+y)) =
m∗(A ∩ (E + y)) +m∗(A ∩ (E + y)c). Thus E + y is a measurable set.
10. Suppose E1 and E2 are measurable. Then m(E1 ∪E2) +m(E1 ∩E2) = mE1 +m(E2 \E1) +m(E1 ∩
E2) = mE1 +mE2.
11. For each n, let En = (n,∞). Then En+1 ⊂ En for each n,

⋂
En = ∅ and mEn =∞ for each n.

12. Let 〈Ei〉 be a sequence of disjoint measurable sets and let A be any set. Then m∗(A ∩
⋃∞
i=1Ei) =

m∗(
⋃∞
i=1(A ∩ Ei)) ≤

∑∞
i=1m

∗(A ∩ Ei) by countable subadditivity. Conversely, m∗(A ∩
⋃∞
i=1Ei) ≥

m∗(A∩
⋃n
i=1Ei) =

∑n
i=1m

∗(A∩Ei) for all n by Lemma 9. Thus m∗(A∩
⋃∞
i=1Ei) ≥

∑∞
i=1m

∗(A∩Ei).
Hence m∗(A ∩

⋃∞
i=1Ei) =

∑∞
i=1m

∗(A ∩ Ei).
13a. Suppose m∗E <∞.
(i)⇒ (ii). Suppose E is measurable. Given ε > 0, there is a countable collection {In} of open intervals
such that E ⊂

⋃
In and

∑
l(In) < m∗E + ε. Let O =

⋃
In. Then O is an open set, E ⊂ O and

m∗(O \ E) = m(O \ E) = m(
⋃
In)−mE = m∗(

⋃
In)−m∗E ≤

∑
l(In)−m∗E < ε.

(ii)⇒ (vi). Given ε > 0, there is an open set O such that E ⊂ O and m∗(O \E) < ε/2. O is the union
of a countable collection of disjoint open intervals {In} so

∑
l(In) = m(

⋃
In) < mE + ε/2. Thus there

exists N such that
∑∞
n=N+1 l(In) < ε/2. Let U =

⋃N
n=1 In. Then m∗(U∆E) = m∗(U \E)+m∗(E \U) ≤

m∗(O \ E) +m∗(O \ U) < ε/2 + ε/2 = ε.
(vi) ⇒ (ii). Given ε > 0, there is a finite union U of open intervals such that m∗(U∆E) < ε/3. Also
there is an open set O such that E \ U ⊂ O and m∗O ≤ m∗(E \ U) + ε/3. Then E ⊂ U ∪ O and
m∗((U ∪O) \ E) = m∗((U \ E) ∪ (O \ E)) ≤ m∗((O \ (E \ U)) ∪ (E \ U) ∪ (U \ E)) < ε.
13b. (i)⇒ (ii). Suppose E is measurable. The case where m∗E <∞ was proven in part (a). Suppose
m∗E =∞. For each n, let En = [−n, n] ∩E. By part (a), for each n, there exists an open set On ⊃ En
such that m∗(On \ En) < ε/2n. Let O =

⋃
On. Then E ⊂ O and m∗(O \ E) = m∗(

⋃
On \

⋃
En) ≤

m∗(
⋃

(On \ En)) < ε.
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(ii) ⇒ (iv). For each n, there exists an open set On such that E ⊂ On and m∗(On \ E) < 1/n. Let
G =

⋂
On. Then E ⊂ G and m∗(G \ E) ≤ m∗(On \ E) < 1/n for all n. Thus m∗(G \ E) = 0.

(iv) ⇒ (i). There exists a Gδ set G such that E ⊂ G and m∗(G \ E) = 0. Now G and G \ E are
measurable sets so E = G \ (G \ E) is a measurable set.
13c. (i) ⇒ (iii). Suppose E is measurable. Then Ec is measurable. By part (b), given ε > 0, there is
an open set O such that Ec ⊂ O and m∗(O \ Ec) < ε. i.e. m∗(O ∩ E) < ε. Let F = Oc. Then F is
closed, F ⊂ E and m∗(E \ F ) = m∗(E \Oc) = m∗(E ∩O) < ε.
(iii)⇒ (v). For each n, there is a closed set Fn such that Fn ⊂ E and m∗(E \Fn) < 1/n. Let F =

⋃
Fn.

Then F ⊂ E and m∗(E \ F ) ≤ m∗(E \ Fn) < 1/n for all n. Thus m∗(E \ F ) = 0.
(v) ⇒ (i). There exists an Fσ set F such that F ⊂ E and m∗(E \ F ) = 0. Now F and E \ F are
measurable sets so E = F ∪ (E \ F ) is a measurable set.
14a. For each n, let En be the union of the intervals removed in the nth step. Then mEn = 2n−1/3n so
m(
⋃
En) =

∑
mEn = 1. Thus mC = m([0, 1])−m(

⋃
En) = 0.

14b. Each step of removing open intervals results in a closed set and F is the intersection of all these
closed sets so F is closed. Let x ∈ [0, 1] \ F c. Note that removing intervals in the nth step results in
2n disjoint intervals, each of length less than 1/2n. Given δ > 0, choose N such that 1/2N < 2δ. Then
(x−δ, x+δ) must intersect one of the intervals removed in step N . i.e. there exists y ∈ (x−δ, x+δ)∩F c.
Thus F c is dense in [0, 1]. Finally, mF = m([0, 1])−

∑
α2n−1/3n = 1− α.

3.4 A nonmeasurable set

15. Let E be a measurable set with E ⊂ P . For each i, let Ei = E
◦
+ ri. Since Ei ⊂ Pi for each i, 〈Ei〉 is

a disjoint sequence of measurable sets with mEi = mE. Thus
∑
mEi = m(

⋃
Ei) ≤ m([0, 1)) = 1. Since∑

mEi =
∑
mE, we must have mE = 0.

16. Let A be any set with m∗A > 0. If A ⊂ [0, 1), let 〈ri〉∞i=0 be an enumeration of Q ∩ [−1, 1). For
each i, let Pi = P + ri. Then [0, 1) ⊂

⋃
Pi since for any x ∈ [0, 1), there exists y ∈ P such that x and y

differ by some rational ri. Also, Pi ∩ Pj = ∅ if i 6= j since if pi + ri = pj + rj , then pi ∼ pj and since
P contains exactly one element from each equivalence class, pi = pj and ri = rj . Now let Ei = A ∩ Pi
for each i. If each Ei is measurable, then mEi = m(A ∩ Pi) = m((A − ri) ∩ P ) = 0 for each i by Q15.
On the other hand,

∑
m∗Ei ≥ m∗(

⋃
Ei) ≥ m∗(A ∩ [0, 1)) = m∗A > 0. Hence Ei0 is nonmeasurable for

some i0 and Ei0 ⊂ A. Similarly, if A ⊂ [n, n+ 1) where n ∈ Z, then there is a nonmeasurable set E ⊂ A.
In general, A = A ∩

⋃
n∈Z[n, n+ 1) and 0 < m∗A ≤

∑
n∈Z m

∗(A ∩ [n, n+ 1)) so m∗(A ∩ [n, n+ 1)) > 0
for some n ∈ Z and there is a nonmeasurable set E ⊂ A ∩ [n, n+ 1) ⊂ A.
17a. Let 〈ri〉∞i=0 be an enumeration of Q∩ [−1, 1) and let Pi = P + ri for each i. Then 〈Pi〉 is a disjoint
sequence of sets with m∗(

⋃
Pi) ≤ m∗[−1, 2) = 3 and

∑
m∗Pi =

∑
m∗P = ∞. Thus m∗(

⋃
Pi) <∑

m∗Pi.
17b. For each i, let Pi be as defined in part (a) and let Ei =

⋃
n≥i Pn. Then 〈Ei〉 is a sequence with

Ei ⊃ Ei+1 for each i and m∗Ei ≤ m∗(
⋃
Pn) <∞ for each i. Furthermore,

⋂
Ei = ∅ since if x ∈ Pk, then

x /∈
⋃
n≥k+1 Pn so m∗(

⋂
Ei) = 0. On the other hand, Pi ⊂ Ei for each i so 0 < m∗P = m∗Pi ≤ m∗Ei

for each i and limm∗Ei ≥ m∗P > 0 = m∗(
⋂
Ei).

3.5 Measurable functions

18. Let E be the nonmeasurable set defined in Section 3.4. Let f be defined on [0, 1] with f(x) = x+ 1
if x ∈ E and f(x) = −x if x /∈ E. Then f takes each value at most once so {x : f(x) = α} has at most
one element for each α ∈ R and each of these sets is measurable. However, {x : f(x) > 0} = E, which is
nonmeasurable.
19. Let D be a dense set of real numbers and let f be an extended real-valued function on R such that
{x : f(x) > α} is measurable for each α ∈ D. Let β ∈ R. For each n, there exists αn ∈ D such that
β < αn < β + 1/n. Now {x : f(x) > β} =

⋃
{x : f(x) ≥ β + 1/n} =

⋃
{x : f(x) > αn} so {x : f(x) > β}

is measurable and f is measurable.
20. Let ϕ1 =

∑n1
i=1 αiχAi and let ϕ2 =

∑n2
i=1 βiχBi . Then ϕ1 + ϕ2 =

∑n1
i=1 αiχAi +

∑n2
i=1 βiχBi is a
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simple function. Also ϕ1ϕ2 =
∑
i,j αiβjχAiχBj is a simple function. χA∩B(x) = 1 if and only if x ∈ A

and x ∈ B if and only if χA(x) = 1 = χB(x). Thus χA∩B = χAχB . If χA∪B(x) = 1, then x ∈ A ∪B. If
x ∈ A∩B, then χA(x) +χB(x) +χAχB(x) = 1 + 1− 1 = 1. If x /∈ A∩B, then x ∈ A \B or x ∈ B \A so
χA(x)+χB(x) = 1 and χAχB(x) = 0. If χA∪B(x) = 0, then x /∈ A∪B so χA(x) = χB(x) = χAχB(x) = 0.
Hence χA∪B = χA +χB +χAχB . If χAc(x) = 1, then x /∈ A so χA(x) = 0. If χAc(x) = 0, then x ∈ A so
χA(x) = 1. Hence χAc = 1− χA.
21a. Let D and E be measurable sets and f a function with domain D ∪ E. Suppose f is measurable.
SinceD and E are measurable subsets ofD∪E, f |D and f |E are measurable. Conversely, suppose f |D and
f |E are measurable. Then for any α ∈ R, {x : f(x) > α} = {x ∈ D : f |D(x) > α}∪{x ∈ E : f |E(x) > α}.
Each set on the right is measurable so {x : f(x) > α} is measurable and f is measurable.
21b. Let f be a function with measurable domain D. Let g be defined by g(x) = f(x) if x ∈ D and
g(x) = 0 if x /∈ D. Suppose f is measurable. If α ≥ 0, then {x : g(x) > α} = {x : f(x) > α}, which
is measurable. If α < 0, then {x : g(x) > α} = {x : f(x) > α} ∪ Dc, which is measurable. Hence
g is measurable. Conversely, suppose g is measurable. Then f = g|D and since D is measurable, f is
measurable.
22a. Let f be an extended real-valued function with measurable domain D and let D1 = {x : f(x) =
∞}, D2 = {x : f(x) = −∞}. Suppose f is measurable. Then D1 and D2 are measurable by Proposition
18. Now D \ (D1∪D2) is a measurable subset of D so the restriction of f to D \ (D1∪D2) is measurable.
Conversely, suppose D1 and D2 are measurable and the restriction of f to D \ (D1 ∪D2) is measurable.
For α ∈ R, {x : f(x) > α} = D1∪{x : f |D\(D1∪D2)(x) > α}, which is measurable. Hence f is measurable.
22b. Let f and g be measurable extended real-valued functions defined on D. D1 = {fg = ∞} =
{f = ∞, g > 0} ∪ {f = −∞, g < 0} ∪ {f > 0, g = ∞} ∪ {f < 0, g = −∞}, which is measurable.
D2 = {fg = −∞} = {f = ∞, g < 0} ∪ {f = −∞, g > 0} ∪ {f > 0, g = −∞} ∪ {f < 0, g = ∞},
which is measurable. Let h = fg|D\(D1∪D2) and let α ∈ R. If α ≥ 0, then {x : h(x) > α} = {x :
f |D\{x:f(x)=±∞}(x) · g|D\{x:g(x)=±∞}(x) > α}, which is measurable. If α < 0, then {x : h(x) > α} = {x :
f(x) = 0} ∪ {x : g(x) = 0} ∪ {x : f |D\{f=±∞}(x) · g|D\{g=±∞}(x) > α}, which is measurable. Hence fg
is measurable.
22c. Let f and g be measurable extended real-valued functions defined on D and α a fixed number.
Define f+g to be α whenever it is of the form∞−∞ or −∞+∞. D1 = {f+g =∞} = {f ∈ R, g =∞}∪
{f = g =∞} ∪ {f =∞, g ∈ R}, which is measurable. D2 = {f + g = −∞} = {f ∈ R, g = −∞} ∪ {f =
g = −∞} ∪ {f = −∞, g ∈ R}, which is measurable. Let h = (f + g)|D\(D1∪D2) and let β ∈ R. If β ≥ α,
then {x : h(x) > β} = {x : f |D\{f=±∞}(x) + g|D\{g=±∞}(x) > β}, which is measurable. If β < α, then
{x : h(x) > β} = {f =∞, g = −∞} ∪ {f = −∞, g =∞} ∪ {x : f |D\{f=±∞}(x) + g|D\{g=±∞}(x) > β},
which is measurable. Hence f + g is measurable.
22d. Let f and g be measurable extended real-valued functions that are finite a.e. Then the sets
D1, D2, {x : h(x) > β} can be written as unions of sets as in part (c), possibly with an additional set of
measure zero. Thus these sets are measurable and f + g is measurable.
23a. Let f be a measurable function on [a, b] that takes the values ±∞ only on a set of measure zero
and let ε > 0. For each n, let En = {x ∈ [a, b] : |f(x)| > n}. Each En is measurable and En+1 ⊂ En
for each n. Also, mE1 ≤ b − a < ∞. Thus limmEn = m(

⋂
En) = 0. Thus there exists M such that

mEM < ε/3. i.e. |f | ≤M except on a set of measure less than ε/3.
23b. Let f be a measurable function on [a, b]. Let ε > 0 and M be given. Choose N such that M/N < ε.
For each k ∈ {−N,−N + 1, . . . , N − 1}, let Ek = {x ∈ [a, b] : kM/N ≤ f(x) < (k + 1)M/N}. Each Ek
is measurable. Define ϕ by ϕ =

∑N−1
k=−N (kM/N)χEk . Then ϕ is a simple function. If x ∈ [a, b] such

that |f(x)| < M , then x ∈ Ek for some k. i.e. kM/N ≤ f(x) < (k + 1)M/N and ϕ(x) = kM/N . Thus
|f(x) − ϕ(x)| < M/N < ε. If m ≤ f ≤ M , we may take ϕ so that m ≤ ϕ ≤ M by replacing M/N by
(M −m)/N < ε in the preceding argument.
23c. Let ϕ be a simple function on [a, b] and let ε > 0 be given. Let ϕ =

∑n
i=1 aiχAi . For each i, there

is a finite union Ui =
⋃Ni
k=1 Ii,k of (disjoint) open intervals such that m(Ui∆Ai) < ε/3n. Define g by

g =
∑n
i=1 aiχUi\

⋃i−1
m=1 Um

. Then g is a step function on [a, b]. If g(x) 6= ϕ(x), then either g(x) = ai 6= ϕ(x),
or g(x) = 0 and ϕ(x) = ai. In the first case, x ∈ Ui \ Ai. In the second case, x ∈ Ai \ Ui. Thus
{x ∈ [a, b] : ϕ(x) 6= g(x)} ⊂

⋃n
i=1((Ui \Ai) ∪ (Ai \ Ui)) =

⋃n
i=1(Ui∆Ai) so it has measure less than ε/3.

If m ≤ ϕ ≤M , we may take g so that m ≤ g ≤M since both g and ϕ take values in {a1, . . . , an}.
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23d. Let g be a step function on [a, b] and let ε > 0 be given. Let x0, . . . , xn be the partition points
corresponding to g. Let d = min{xi−xi−1 : i = 1, . . . , n}. For each i, let Ii be an open interval of length
less than min(ε/3(n+ 1), d/2) centred at xi. Define h by linearising g in each Ii. Then h is continuous
and {x ∈ [a, b] : g(x) 6= h(x)} ⊂

⋃n
i=0 Ii, which has measure less than ε/3. If m ≤ g ≤ M , we may take

h so that m ≤ h ≤M by construction.
24. Let f be measurable and B a Borel set. Let C be the collection of sets E such that f−1[E] is
measurable. Suppose E ∈ C. Then f−1[Ec] = (f−1[E])c, which is measurable, so Ec ∈ C. Suppose 〈Ei〉
is a sequence of sets in C. Then f−1[

⋃
Ei] =

⋃
f−1[Ei], which is measurable, so

⋃
Ei ∈ C. Thus C is

a σ-algebra. Now for any a, b ∈ R with a < b, {x : f(x) > a} and {x : f(x) < b} are measurable. i.e.
(a,∞) and (−∞, b) are in C. Thus (a, b) ∈ C and C is a σ-algebra containing all the open intervals so it
contains all the Borel sets. Hence f−1[B] is measurable.
25. Let f be a measurable real-valued function and g a continuous function defined on (−∞,∞). Then
g is also measurable. For any α ∈ R, {x : (g ◦ f)(x) > α} = (g ◦ f)−1[(α,∞)] = f−1[g−1[(α,∞)]], which
is measurable by Q24. Hence g ◦ f is measurable.
26. Propositions 18 and 19 and Theorem 20 follow from arguments similar to those in the original proofs
and the fact that the collection of Borel sets is a σ-algebra. If f is a Borel measurable function, then
for any α ∈ R, the set {x : f(x) > α} is a Borel set so it is Lebesgue measurable. Thus f is Lebesgue
measurable. If f is Borel measurable and B is a Borel set, then consider the collection C of sets E such
that f−1[E] is a Borel set. By a similar argument to that in Q24, C is a σ-algebra containing all the
open intervals. Thus C contains all the Borel sets. Hence f−1[B] is a Borel set. If f and g are Borel
measurable, then for α ∈ R, {x : (f ◦g)(x) > α} = (f ◦g)−1[(α,∞)] = g−1[f−1[(α,∞)]], which is a Borel
set. Thus f ◦ g is Borel measurable. If f is Borel measurable and g is Lebesgue measurable, then for
any α ∈ R, f−1[(α,∞)] is a Borel set and g−1[f−1[(α,∞)]] is Lebesgue measurable by Q24. Thus f ◦ g
is Lebesgue measurable.
27. Call a function A-measurable if for each α ∈ R the set {x : f(x) > α} is in A. Propositions 18
and 19 and Theorem 20 still hold. An A-measurable function need not be Lebesgue measurable. For
example, let A be the σ-algebra generated by the nonmeasurable set P defined in Section 4. Then χP is A-
measurable but not Lebesgue measurable. There exists a Lebesgue measurable function g and a Lebesgue
measurable set A such that g−1[A] is nonmeasurable (see Q28). If f and g are Lebesgue measurable, f ◦g
may not be Lebesgue measurable. For example, take g and A to be Lebesgue measurable with g−1[A]
nonmeasurable. Let f = χA so that f is Lebesgue measurable. Then {x : (f ◦ g)(x) > 1/2} = g−1[A],
which is nonmeasurable. This is also a counterexample for the last statement.
28a. Let f be defined by f(x) = f1(x) + x for x ∈ [0, 1]. By Q2.48, f1 is continuous and monotone on
[0, 1] so f is continuous and strictly monotone on [0, 1] and f maps [0, 1] onto [0, 2]. By Q2.46, f has a
continuous inverse so it is a homeomorphism of [0, 1] onto [0, 2].
28b. By Q2.48, f1 is constant on each interval contained in the complement of the Cantor set. Thus f
maps each of these intervals onto an interval of the same length. Thus m(f [[0, 1]\C]) = m([0, 1]\C) = 1
and since f is a bijection of [0, 1] onto [0, 2], mF = m(f [C]) = m([0, 2])− 1 = 1.
28c. Let g = f−1 : [0, 2]→ [0, 1]. Then g is measurable. Since mF = 1 > 0, there is a nonmeasurable set
E ⊂ F . Let A = f−1[E]. Then A ⊂ C so it has outer measure zero and is measurable but g−1[A] = E
so it is nonmeasurable.
28d. The function g = f−1 is continuous and the function h = χA is measurable, where A is as defined
in part (c). However the set {x : (h ◦ g)(x) > 1/2} = g−1[A] is nonmeasurable. Thus h ◦ g is not
measurable.
28e. The set A in part (c) is measurable but by Q24, it is not a Borel set since g−1[A] is nonmeasurable.

3.6 Littlewood’s three principles

29. Let E = R and let fn = χ[n,∞) for each n. Then fn(x)→ 0 for each x ∈ E. For any measurable set
A ⊂ E with mA < 1 and any integer N , pick x ≥ N such that x /∈ A. Then |fN (x)− 0| ≥ 1.
30. Egoroff’s Theorem: Let 〈fn〉 be a sequence of measurable functions that converges to a real-valued
function f a.e. on a measurable set E of finite measure. Let η > 0 be given. For each n, there exists
An ⊂ E with mAn < η/2n and there exists Nn such that for all x /∈ An and k ≥ Nn, |fk(x)−f(x)| < 1/n.
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Let A =
⋃
An. Then A ⊂ E and mA <

∑
η/2n = η. Choose n0 such that 1/n0 < η. If x /∈ A and

k ≥ Nn0 , we have |fk(x)− f(x)| < 1/n0 < η. Thus fn converges to f uniformly on E \A.
31. Lusin’s Theorem: Let f be a measurable real-valued function on [a, b] and let δ > 0 be given. For
each n, there is a continuous function hn on [a, b] such that m{x : |hn(x) − f(x)| ≥ δ/2n+2} < δ/2n+2.
Let En = {x : |hn(x)−f(x)| ≥ δ/2n+2}. Then |hn(x)−f(x)| < δ/2n+2 for x ∈ [a, b]\En. Let E =

⋃
En.

Then mE < δ/4 and 〈hn〉 is a sequence of continuous, thus measurable, functions that converges to f on
[a, b] \ E. By Egoroff’s Theorem, there is a subset A ⊂ [a, b] \ E such that mA < δ/4 and hn converges
uniformly to f on [a, b]\(E∪A). Thus f is continuous on [a, b]\(E∪A) with m(E∪A) < δ/2. Now there
is an open set O such that O ⊃ (E ∪ A) and m(O \ (E ∪ A)) < δ/2. Then f is continuous on [a, b] \O,
which is closed, and mO < δ. By Q2.40, there is a function ϕ that is continuous on (−∞,∞) such that
f = ϕ on [a, b] \ O. In particular, ϕ is continuous on [a, b] and m{x ∈ [a, b] : f(x) 6= ϕ(x)} = mO < δ.
If f is defined on (−∞,∞), let δ′ = min(δ/2n+3, 1/2). Then for each n, there is a continuous function
ϕn on [n + δ′, n + 1 − δ′] such that m{x ∈ [n + δ′, n + 1 − δ′] : f(x) 6= ϕn(x)} < δ/2n+2. Similarly for
[−n− 1 + δ′,−n− δ′]. Linearise in each interval [n− δ′, n+ δ′]. Similarly for intervals [−n− δ′,−n+ δ′].
Then we have a continuous function ϕ defined on (−∞,∞) with m{x : f(x) 6= ϕ(x)} < 4

∑
δ/2n+2 = δ.

*32. For t ∈ [0, 1) with 1/2i+1 ≤ t < 1/2i, define ft : [0, 1) → R by ft(x) = 1 if x ∈ Pi = P + ri
and x = 2i+1t − 1, and ft(x) = 0 otherwise. For each t, there is at most one x such that ft(x) = 1
so each ft is measurable. For each x, x ∈ Pi(x) for some i(x). Let t(x) = (x + 1)/2i(x)+1. Then
1/2i(x)+1 ≤ t(x) < 1/2i(x) and ft(x)(x) = 1. This is the only t such that ft(x) = 1. Thus for each x,
ft(x)→ 0 as t→ 0. Note that any measurable subset of [0, 1) with positive measure intersects infinitely
many of the sets Pi. Thus for any measurable set A ⊂ [0, 1) with mA < 1/2, m([0, 1) \ A) ≥ 1/2 so
there exists x ∈ [0, 1) \ A with i(x) arbitrarily large and so with t(x) arbitrarily small. i.e. there exist
an x ∈ [0, 1) \A and arbitrarily small t such that ft(x) ≥ 1/2.
(*) Any measurable set A ⊂ [0, 1) with positive measure intersects infinitely many of the sets Pi:
Suppose A intersects only finitely many of the sets Pi. i.e. A ⊂

⋃n
i=1 Pqi , where Pqi = P + qi. Choose

r1 ∈ Q∩ [−1, 1] such that r1 6= qi−qj for all i, j. Suppose r1, . . . , rn have been chosen. Choose rn+1 such
that rn+1 6= qi−qj+rk for all i, j and k ≤ n. Now the measurable sets A+ri are disjoint by the definition
of P and the construction of the sequence 〈ri〉. Then m(

⋃n
i=1(A + ri)) =

∑n
i=1m(A + ri) = nmA for

each n. Since
⋃n
i=1(A+ ri) ⊂ [−1, 2], nmA ≤ 3 for all n and mA = 0.

4 The Lebesgue Integral

4.1 The Riemann integral

1a. Let f be defined by f(x) = 0 if x is irrational and f(x) = 1 if x is rational. For any subdivision
a = ξ0 < ξ1 < · · · < ξn = b of [a, b], Mi = supξi−1<x≤ξi f(x) = 1 and mi = infξi−1<x≤ξi f(x) = 0 for each
i. Thus S =

∑n
i=1(ξi − ξi−1)Mi = b − a and s =

∑n
i=1(ξi − ξi−1)mi = 0 for any subdivision of [a, b].

Hence R
∫ b
a
f(x) = b− a and R

∫ b
a
f(x) = 0.

1b. Let 〈rn〉 be an enumeration of Q∩ [a, b]. For each n, let fn = χ{r1,...,rn}. Then 〈fn〉 is a sequence of
nonnegative Riemann integrable functions increasing monotonically to f . Thus the limit of a sequence
of Riemann integrable functions may not be Riemann integrable so in general we cannot interchange the
order of integration and the limiting process.

4.2 The Lebesgue integral of a bounded function over a set of finite measure

2a. Let f be a bounded function on [a, b] and let h be the upper envelope of f . i.e. h(y) = inf
δ>0

sup
|y−x|<δ

f(x).

Since f is bounded, h is upper semicontinuous by Q2.51b and h is bounded. For any α ∈ R, the set
{x : h(x) < α} is open. Thus h is measurable. Let ϕ be a step function on [a, b] such that ϕ ≥ f .

Then ϕ ≥ h except at a finite number of points (the partition points). Thus R
∫ b
a
f = infϕ≥f

∫ b
a
ϕ ≥

∫ b
a
h.

Conversely, there exists a monotone decreasing sequence 〈ϕn〉 of step functions such that h(x) = limϕn(x)

for each x ∈ [a, b]. Thus
∫ b
a
h = lim

∫ b
a
ϕn ≥ R

∫ b
a
f . Hence R

∫ b
a
f =

∫ b
a
h.
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2b. Let f be a bounded function on [a, b] and let E be the set of discontinuities of f . Let g be the
lower envelope of f . By a similar argument as in part (a), R

∫ b
a
f =

∫ b
a
g. Suppose E has measure zero.

Then g = h a.e. so R
∫ b
a
f =

∫ b
a
g =

∫ b
a
h = R

∫ b
a
f so f is Riemann integrable. Conversely, suppose f is

Riemann integrable. Then
∫ b
a
g =

∫ b
a
h. Thus

∫ b
a
|g − h| = 0 so g = h a.e. since

∫ b
a
|g − h| ≥ (1/n)m{x :

|g(x)− h(x)| > 1/n} for all n. Hence f is continuous a.e. and mE = 0.

4.3 The integral of a nonnegative function

3. Let f be a nonnegative measurable function and suppose inf f = 0. Let E = {x : f(x) > 0}. Then
E =

⋃
En where En = {x : f(x) ≥ 1/n}. Now

∫
f ≥ (1/n)mEn for each n so mEn = 0 for each n and

mE = 0. Thus f = 0 a.e.
4a. Let f be a nonnegative measurable function. For n = 1, 2, . . ., let En,i = f−1[(i−1)2−n, i2−n) where
i = 1, . . . , n2n and let En,0 = f−1[n,∞). Define ϕn =

∑n2n

i=1 (i − 1)2−nχ(En,i∩[−n,n]) + nχ(En,0∩[−n,n]).
Then each ϕn is a nonnegative simple function vanishing outside a set of finite measure and ϕn ≤ ϕn+1

for each n. Furthermore, for sufficiently large n, fn(x)−ϕn(x) ≤ 2−n if x ∈ [−n, n] and f(x) < n. Thus
ϕn(x)→ f(x) when f(x) <∞. Also, for sufficiently large n, ϕn(x) = n→∞ if f(x) =∞.
4b. Let f be a nonnegative measurable function. Then by part (a), there is an increasing sequence 〈ϕn〉
of simple functions such that f = limϕn. By the Monotone Convergence Theorem,

∫
f = lim

∫
ϕn =

sup
∫
ϕn. Thus

∫
f ≤ sup

∫
ϕ over all simple functions ϕ ≤ f . On the other hand,

∫
f ≥

∫
ϕ for all

simple functions ϕ ≤ f . Thus
∫
f ≥ sup

∫
ϕ over all simple functions ϕ ≤ f . Hence

∫
f = sup

∫
ϕ over

all simple functions ϕ ≤ f .
5. Let f be a nonnegative integrable function and let F (x) =

∫ x
−∞ f . For each n, let fn = fχ(−∞,x−1/n].

Then 〈fn〉 is an increasing sequence of nonnegative measurable functions with fχ(−∞,x] = lim fn. By
the Monotone Convergence Theorem, limF (x − 1/n) = lim

∫
fn =

∫
fχ(−∞,x] = F (x). Now for each

n, let gn = fχ(x+1/n,∞). Then 〈gn〉 is an increasing sequence of nonnegative measurable functions with
fχ(x,∞) = lim gn. By the Monotone Convergence Theorem, lim

∫
gn =

∫
fχ(x,∞). i.e. lim

∫∞
x+1/n

f =∫∞
x
f . Since f is integrable, we have lim(

∫
f −

∫ x+1/n

−∞ f) =
∫
f −

∫ x
−∞ f so lim

∫ x+1/n

−∞ f =
∫ x
−∞ f .

i.e. limF (x + 1/n) = F (x). Now given ε > 0, there exists N such that F (x) − F (x − 1/n) < ε and
F (x+1/n)−F (x) < ε whenever n ≥ N . Choose δ < 1/N . Then |F (y)−F (x)| < ε whenever |x−y| < δ.
Hence F is continuous.
6. Let 〈fn〉 be a sequence of nonnegative measurable functions converging to f and suppose fn ≤ f for
each n. By Fatou’s Lemma,

∫
f ≤ lim

∫
fn. On the other hand,

∫
f ≥ lim

∫
fn since f ≥ fn for each n.

Hence
∫
f = lim

∫
fn.

7a. For each n, let fn = χ[n,n+1). Then 〈fn〉 is a sequence of nonnegative measurable functions with
lim fn = 0. Now

∫
0 = 0 < 1 = lim

∫
fn and we have strict inequality in Fatou’s Lemma.

7b. For each n, let fn = χ[n,∞). Then 〈fn〉 is a decreasing sequence of nonnegative measurable functions
with lim fn = 0. Now

∫
0 = 0 <∞ = lim

∫
fn so the Monotone Convergence Theorem does not hold.

8. Let 〈fn〉 be a sequence of nonnegative measurable functions. For each n, let hn = infk≥n fk. Then
each hn is a nonnegative measurable function with hn ≤ fn. By Fatou’s Lemma,

∫
limfn =

∫
limhn ≤

lim
∫
hn ≤ lim

∫
fn.

9. Let 〈fn〉 be a sequence of nonnegative measurable functions such that fn → f a.e. and suppose
that

∫
fn →

∫
f <∞. Then for any measurable set E, 〈fnχE〉 is a sequence of nonnegative measurable

functions with fnχE → fχE a.e. By Fatou’s Lemma,
∫
E
f ≤ lim

∫
E
fn. Now fχE is integrable since

fχE ≤ f . Also, fn is integrable for sufficiently large n so fnχE is integrable for sufficiently large n. By
Fatou’s Lemma,

∫
(f−fχE) ≤ lim

∫
(fn−fnχE). i.e.

∫
f−

∫
E
f ≤ lim

∫
fn− lim

∫
E
fn =

∫
f− lim

∫
E
fn.

Thus lim
∫
E
fn ≤

∫
E
f and we have

∫
E
fn →

∫
E
f .

4.4 The general Lebesgue integral

10a. If f is integrable over E, then so are f+ and f−. Thus |f | = f+ + f− is integrable over E and
|
∫
E
f | = |

∫
E
f+ −

∫
E
f−| ≤ |

∫
E
f+|+ |

∫
E
f−| =

∫
E
f+ +

∫
E
f− =

∫
E
|f |. Conversely, if |f | is integrable
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over E, then
∫
E
f+ ≤

∫
E
|f | <∞ and

∫
E
f− ≤

∫
E
|f | <∞ so f+ and f− are integrable over E and f is

integrable over E.
10b. f(x) = sinx/x is not Lebesgue integrable on [0,∞] although R

∫∞
0
f(x) = π/2 (by contour

integration for example). In general, suppose f is Lebesgue integrable and the Riemann integral R
∫ b
a
f

exists with improper lower limit a. If a is finite, let fn = fχ[a+1/n,b]. Then fn → f on [a, b] and |fn| ≤ |f |
so R

∫ b
a
f = limR

∫ b
a+1/n

f = lim
∫
fn =

∫ b
a
f . If a = −∞, let gn = fχ[−n,b]. Then gn → f on [a, b]

and |gn| ≤ |f | so R
∫ b
a
f = limR

∫ b
−n f = lim

∫
gn =

∫ b
a
f . The cases where the Riemann integral has

improper upper limit are similar.
11. Let ϕ =

∑n
i=1 aiχAi be a simple function with canonical representation. Let S+ = {i : ai ≥ 0}

and let S− = {i : ai < 0}. Then ϕ+ =
∑
i∈S+ aiχAi and ϕ− = −

∑
i∈S− aiχAi . Clearly ϕ+ and ϕ−

are simple functions. Then
∫
ϕ+ =

∑
i∈S+ aimAi and

∫
ϕ− = −

∑
i∈S− aimAi so

∫
ϕ =

∫
ϕ+ −

∫
ϕ− =∑n

i=1 aimAi.
12. Let g be an integrable function on a set E and suppose that 〈fn〉 is a sequence of measurable
functions with |fn| ≤ g a.e. on E. Then 〈fn + g〉 is a sequence of nonnegative measurable functions on
E. Thus

∫
limfn +

∫
g ≤

∫
lim(fn + g) ≤ lim

∫
(fn + g) ≤ lim

∫
fn +

∫
g so

∫
limfn ≤ lim

∫
fn. Also,

〈g−fn〉 is a sequence of nonnegative measurable functions on E. Thus
∫
g+
∫

lim(−fn) ≤
∫

lim(g−fn) ≤
lim
∫

(g − fn) ≤
∫
g + lim(−

∫
fn) so

∫
lim(−fn) ≤ lim(−

∫
fn). i.e. lim

∫
fn ≤

∫
limfn. Hence we have∫

limfn ≤ lim
∫
fn ≤ lim

∫
fn ≤

∫
limfn.

13. Let h be an integrable function and 〈fn〉 a sequence of measurable functions with fn ≥ −h and
lim fn = f . For each n, fn + h is a nonnegative measurable function. Since h is integrable,

∫
fn =∫

(fn + h) −
∫
h. Similarly,

∫
f =

∫
(f + h) −

∫
h. Now

∫
f +

∫
h ≤

∫
lim(fn + h) ≤ lim

∫
fn +

∫
h so∫

f ≤ lim
∫
fn.

14a. Let 〈gn〉 be a sequence of integrable functions which converges a.e. to an integrable function
g and let 〈fn〉 be a sequence of measurable functions such that |fn| ≤ gn and 〈fn〉 converges to f
a.e. Suppose

∫
g = lim

∫
gn. Since |fn| ≤ gn, |f | ≤ g. Thus |fn − f | ≤ |fn| + |f | ≤ gn + g and

〈gn + g − |fn − f |〉 is a sequence of nonnegative measurable functions. By Fatou’s Lemma,
∫

lim(gn +
g − |fn − f |) ≤ lim

∫
(gn + g − |fn − f |). i.e.

∫
2g ≤

∫
2g + lim(−

∫
|fn − f |) =

∫
2g − lim

∫
|fn − f |.

Hence lim
∫
|fn − f | ≤ 0 ≤ lim

∫
|fn − f | and we have

∫
|fn − f | → 0.

14b. Let 〈fn〉 be a sequence of integrable functions such that fn → f a.e. with f integrable. If∫
|fn − f | → 0, then

∣∣∫ |fn| − ∫ |f |∣∣ ≤ ∫ ||fn| − |f || ≤ ∫ |fn − f | → 0. Thus
∫
|fn| →

∫
|f |. Conversely,

suppose
∫
|fn| →

∫
|f |. By part (a), with |fn| in place of gn and |f | in place of g, we have

∫
|fn−f | → 0.

15a. Let f be integrable over E and let ε > 0 be given. By Q4, there is a simple function ψ ≤ f+ such
that

∫
E
f+ − ε/2 <

∫
E
ψ. Also, there is a simple function ψ′ ≤ f− such that

∫
E
f− − ε/2 <

∫
E
ψ′. Let

ϕ = ψ−ψ′. Then ϕ is a simple function and
∫
E
|f−ϕ| =

∫
E
|f+−ψ−f−+ψ′| ≤

∫
E
|f+−ψ|+

∫
E
|f−−ψ′| =∫

E
(f+ − ψ) +

∫
E

(f− − ψ′) < ε.
15b. Let fn = fχ[−n,n]. Then fn → f and |fn| ≤ |f |. By Lebesgue’s Dominated Convergence Theorem,∫
E
|f − fχ[−n,n]| → 0. i.e.

∫
E∩[−n,n]c

|f | → 0. Thus there exists N such that
∫
E∩[−N,N ]c

|f | < ε/3.
By part (a), there is a simple function ϕ such that

∫
E
|f − ϕ| < ε/3. By Proposition 3.22, there

is a step function ψ on [−N,N ] such that |ϕ − ψ| < ε/12NM except on a set of measure less than
ε/12NM , where M ≥ max(|ϕ|, |ψ|) + 1. We may regard ψ as a function on R taking the value 0
outside [−N,N ]. Then

∫ N
−N |ϕ − ψ| < ε/3 so

∫
E
|f − ψ| =

∫
E∩[−N,N ]

|f − ψ| +
∫
E∩[−N,N ]c

|f − ψ| ≤∫
E∩[−N,N ]

|f−ϕ|+
∫
E∩[−N,N ]

|ϕ−ψ|+
∫
E∩[−N,N ]c

|f−ψ| ≤
∫
E
|f−ϕ|+

∫ N
−N |ϕ−ψ|+

∫
E∩[−N,N ]c

|f | < ε.

15c. By part (b), there is a step function ψ such that
∫
E
|f − ψ| < ε/2. Suppose ψ is defined on [a, b].

We may regard ψ as a function on R taking the value 0 outside [a, b]. By linearising ψ at each partition
point, we get a continuous function g vanishing outside a finite interval such that ψ = g except on a set
of measure less than ε/4M , where M ≥ |ψ|. Then

∫
E
|f − g| ≤

∫
E
|f − ψ|+

∫
E
|ψ − g| < ε.

16. Riemann-Lebesgue Theorem: Suppose f is integrable on (−∞,∞). By Q15, given ε > 0,
there is a step function ψ such that

∫
|f − ψ| < ε/2. Now |

∫
f(x) cosnx dx| ≤

∫
|f(x) cosnx| dx ≤∫

|(f(x)− ψ(x)) cosnx| dx+
∫
|ψ(x) cosnx| dx < ε/2 +

∫
|ψ(x) cosnx| dx. Integrating |ψ(x) cosnx| over

each interval on which ψ is constant, we see that
∫
|ψ(x) cosnx| dx → 0 as n → ∞. Thus there

exists N such that
∫
|ψ(x) cosnx| dx < ε/2 for n ≥ N so |

∫
f(x) cosnx dx| < ε for n ≥ N . i.e.
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limn→∞
∫
f(x) cosnx dx = 0.

17a. Let f be integrable over (−∞,∞). Then f+ and f− are nonnegative integrable functions. There
exists an increasing sequence 〈ϕn〉 of nonnegative simple functions such that f+ = limϕn. Now since∫
χE(x) dx = mE = m(E − t) =

∫
χE(x + t) dx for any measurable set E, we have

∫
ϕn(x) dx =∫

ϕn(x+ t) dx for all n. By the Monotone Convergence Theorem,
∫
f+(x) dx =

∫
f+(x+ t) dx. Similarly

for f−. Thus
∫
f(x) dx =

∫
f(x+ t) dx.

17b. Let g be a bounded measurable function and letM be such that |g| ≤M . Since f is integrable, given
ε > 0, there is a continuous function h vanishing outside a finite interval [a, b] such that

∫
|f−h| < ε/4M .

Now
∫
|g(x)[f(x)− f(x+ t)]| ≤

∫
|g(x)[h(x)− h(x+ t)]|+

∫
|g(x)[(f − h)(x)− (f − h)(x+ t)]|. Now h is

uniformly continuous on [a, b] so there exists δ > 0 such that |h(x)−h(x+t)| < ε/2M(b−a) whenever |t| <
δ. Then

∫
|g(x)[f(x)−f(x+ t)]| ≤ ε/2+M

(∫
|(f − h)(x)|+

∫
|(f − h)(x+ t)|

)
= ε/2+2M

∫
|f−h| < ε

whenever |t| < δ. i.e. limt→0

∫
|g(x)[f(x)− f(x+ t)]| = 0.

18. Let f be a function of 2 variables 〈x, t〉 defined on the square Q = [0, 1] × [0, 1] and which is a
measurable function of x for each fixed t. Suppose that limt→0 f(x, t) = f(x) and that for all t we have
|f(x, t)| ≤ g(x) where g is an integrable function on [0, 1]. Let 〈tn〉 be a sequence such that tn 6= 0 for all
n and limn tn = 0. Then limn f(x, tn) = f(x). For each n, hn(x) = f(x, tn) is measurable and |hn| ≤ g.
By Lebesgue’s Dominated Convergence Theorem, limn

∫
hn =

∫
f . i.e. limt→0

∫
f(x, t) dx =

∫
f(x) dx.

Suppose further that f(x, t) is continuous in t for each x and let h(t) =
∫
f(x, t) dx. Let 〈tn〉 be a

sequence converging to t. Then lim f(x, tn) = f(x, t) for each x. By Lebesgue’s Dominated Convergence
Theorem, lim

∫
f(x, tn) dx =

∫
f(x, t) dx. i.e. limh(tn) = h(t). Hence h is a continuous function of t.

19. Let f be a function defined and bounded in the square Q = [0, 1]× [0, 1] and suppose that for each
fixed t the function f is a measurable function of x. For each 〈x, t〉 in Q, let the partial derivative ∂f/∂t
exist. Suppose that ∂f/∂t is bounded in Q. Let 〈sn〉 be a sequence such that sn 6= 0 for all n and
limn sn = 0. Then limn[f(x, t + sn) − f(x, t)]/sn → ∂f/∂t. Since ∂f/∂t is bounded, there exists M
such that |[f(x, t + sn) − f(x, t)]/sn| ≤ M + 1 for sufficiently large n. For each fixed t, f is a bounded
measurable function of x so [

∫ 1

0
f(x, t+sn) dx−

∫ 1

0
f(x, t) dx]/sn =

∫ 1

0
([f(x, t+sn)−f(x, t)]/sn) dx. Thus

d
dt

∫ 1

0
f(x, t) dx = limn[

∫ 1

0
f(x, t + sn) dx −

∫ 1

0
f(x, t) dx]/sn = limn

∫ 1

0
([f(x, t + sn) − f(x, t)]/sn) dx =∫ 1

0
∂f
∂t dx, the last equality following from Lebesgue’s Dominated Convergence Theorem.

4.5 Convergence in measure

20. Let 〈fn〉 be a sequence that converges to f in measure. Then given ε > 0, there exists N such that
m{x : |fn(x) − f(x)| ≥ ε} < ε for n ≥ N . For any subsequence 〈fnk〉, choose M such that nk ≥ N for
k ≥M . Then m{x : |fnk(x)− f(x)| ≥ ε} < ε for k ≥M . Thus 〈fnk〉 converges to f in measure.
21. Fatou’s Lemma: Let 〈fn〉 be a sequence of nonnegative measurable functions that converges in
measure to f on E. Then there is a subsequence 〈fnk〉 such that lim

∫
E
fnk = lim

∫
E
fn. By Q20, 〈fnk〉

converges in measure to f on E so it in turn has a subsequence 〈fnkj 〉 that converges to f a.e. Thus∫
E
f ≤ lim

∫
E
fnkj = lim

∫
E
fnk = lim

∫
E
fn.

Monotone Convergence Theorem: Let 〈fn〉 be an increasing sequence of nonnegative measurable functions
that converges in measure to f . Any subsequence 〈fnk〉 also converges in measure to f so it in turn has
a subsequence 〈fnkj 〉 that converges to f a.e. Thus

∫
f = lim

∫
fnkj . By Q2.12,

∫
f = lim

∫
fn.

Lebesgue’s Dominated Convergence Theorem: Let g be integrable over E and let 〈fn〉 be a sequence of
measurable functions such that |fn| ≤ g on E and converges in measure to f on E. Any subsequence
〈fnk〉 also converges in measure to f so it in turn has a subsequence 〈fnkj 〉 that converges to f a.e. Thus∫
f = lim

∫
fnkj . By Q2.12,

∫
f = lim

∫
fn.

22. Let 〈fn〉 be a sequence of measurable functions on a set E of finite measure. If 〈fn〉 converges to
f in measure, then so does any subsequence 〈fnk〉. Thus any subsequence of 〈fnk〉 also converges to f
in measure. Conversely, if 〈fn〉 does not converge in measure to f , then there exists ε > 0 such that for
any N there exists n ≥ N with m{x : |fn(x) − f(x)| ≥ ε} ≥ ε. This gives rise to a subsequence 〈fnk〉
such that m{x : |fnk(x)− f(x) ≥ ε} ≥ ε for all k. This subsequence will not have a further subsequence
that converges in measure to f .
23. Let 〈fn〉 be a sequence of measurable functions on a set E of finite measure. If 〈fn〉 converges to f
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in measure, then so does any subsequence 〈fnk〉. Thus 〈fnk〉 has in turn a subsequence that converges to
f a.e. Conversely, if every subsequence 〈fnk〉 has in turn a subsequence 〈fnkj 〉 that converges to f a.e.,
then 〈fnkj 〉 converges to f in measure so by Q22, 〈fn〉 converges to f in measure.

24. Suppose that fn → f in measure and that there is an integrable function g such that |fn| ≤ g for
all n. Let ε > 0 be given. Now |fn − f | is integrable for each n and |fn − f |χ[−k,k] converges to |fn − f |.
By Lebesgue’s Dominated Convergence Theorem,

∫ k
−k |fn− f | converges to

∫
|fn− f |. Thus there exists

N such that
∫
|x|≥N |fn − f | < ε/3. By Proposition 14, for each n, given ε > 0, there exists δ > 0 such

that for any set A with mA < δ,
∫
A
|fn − f | < ε/3. We may assume δ < ε/6N . There also exists N ′

such that m{x : |fn(x) − f(x)| ≥ δ} < δ for all n ≥ N ′. Let A = {x : |fn(x) − f(x)| ≥ δ}. Then∫
|fn − f | =

∫
|x|≥N |fn − f | +

∫
A∩[−N,N ]

|fn − f | +
∫
Ac∩[−N,N ]

|fn − f | < ε/3 + ε/3 + 2Nδ < ε for all
n ≥ N ′. i.e.

∫
|fn − f | → 0.

25. Let 〈fn〉 be a Cauchy sequence in measure. Then we may choose nv+1 > nv such that m{x :
|fnv+1(x) − fnv (x)| ≥ 1/2v} < 1/2v. Let Ev = {x : |fnv+1(x) − fnv (x)| ≥ 1/2v} and let Fk =

⋃
v≥k Ev.

Then m(
⋂
k Fk) ≤ m(

⋃
v≥k Ev) ≤ 1/2k−1 for all k so m(

⋂
k Fk) = 0. If x /∈

⋂
k Fk, then x /∈ Fk for

some k so |fnv+1(x) − fnv (x)| < 1/2v for all v ≥ k and |fnw(x) − fnv (x)| < 1/2v−1 for w ≥ v ≥ k.
Thus the series

∑
(fnv+1 − fnv ) converges a.e. to a function g. Let f = g + fn1 . Then fnv → f in

measure since the partial sums of the series are of the form fnv − fn1 . Given ε > 0, choose N such that
m{x : |fn(x) − fr(x)| ≥ ε/2} < ε/2 for all n, r ≥ N and m{x : |fnv (x) − f(x)| ≥ ε/2} < ε/2 for all
v ≥ N . Now {x : |fn(x)− f(x)| ≥ ε} ⊂ {x : |fn(x)− fnv (x)| ≥ ε/2} ∪ {x : |fnv (x)− f(x)| ≥ ε/2} for all
n, v ≥ N . Thus m{x : |fn(x)− f(x)| ≥ ε} < ε for all n ≥ N . i.e. fn → f in measure.

5 Differentiation and Integration

5.1 Differentiation of monotone functions

1. Let f be defined by f(0) = 0 and f(x) = x sin(1/x) for x 6= 0. Then D+f(0) = limh→0+
f(0+h)−f(0)

h =
limh→0+ sin(1/h) = 1. Similarly, D−f(0) = 1, D+f(0) = D−f(0) = −1.

2a. D+[−f(x)] = limh→0+
[−f(x+h)]−[−f(x)]

h = −limh→0+
f(x+h)−f(x)

h = −D+f(x).

2b. Let g(x) = f(−x). Then D+g(x) = limh→0+
g(x+h)−g(x)

h = limh→0+
f(−x−h)−f(−x)

h = limh→0+ −
f(−x)−f(−x−h)

h = −limh→0+
f(−x)−f(−x−h)

h = −D−f(−x).
3a. Suppose f is continuous on [a, b] and assumes a local maximum at c ∈ (a, b). Now there exists
δ > 0 such that f(c + h) < f(c) for 0 < h < δ. Then f(c+h)−f(c)

h < 0 for 0 < h < δ. Thus
D+f(c) = limh→0+

f(c+h)−f(c)
h ≤ 0. Similarly, there exists δ′ > 0 such that f(c) > f(c − h) for 0 <

h < δ′. Then f(c)−f(c−h)
h > 0 for 0 < h < δ′. Thus D−f(c) = limh→0+

f(c)−f(c−h)
h ≥ 0. Hence

D+f(c) ≤ D+f(c) ≤ 0 ≤ D−f(c) ≤ D−f(c).
(*) Note error in book.
3b. If f has a local maximum at a, then D+f(a) ≤ D+f(a) ≤ 0. If f has a local maximum at b, then
0 ≤ D−f(b) ≤ D−f(b).
4. Suppose f is continuous on [a, b] and one of its derivates, say D+f , is everywhere nonnegative on
(a, b). First consider a function g such that D+g(x) ≥ ε > 0 for all x ∈ (a, b). Suppose there exist
x, y ∈ [a, b] with x < y and g(x) > g(y). Since D+g(x) > 0 for all x ∈ (a, b), g has no local maximum in
(a, b) by Q3. Thus g is decreasing on (a, y] and D+g(c) ≤ 0 for all c ∈ (a, y). Contradiction. Hence g is
nondecreasing on [a, b]. Now for any ε > 0, D+(f(x) + εx) ≥ ε on (a, b) so f(x) + εx is nondecreasing on
[a, b]. Let x < y. Then f(x)+εx ≤ f(y)+εy. Suppose f(x) > f(y). Then 0 < f(x)−f(y) ≤ ε(y−x). In
particular, choosing ε = (f(x)−f(y))/(2(y−x)), we have f(x)−f(y) ≤ (f(x)−f(y))/2. Contradiction.
Hence f is nondecreasing on [a, b].
The case where D−f is everywhere nonnegative on (a, b) follows from a similar argument and the cases
where D+f or D−f is everywhere nonnegative on (a, b) follow from the previous cases.

5a. For any x, D+(f + g)(x) = limh→0+
(f+g)(x+h)−(f+g)(x)

h = limh→0+( f(x+h)−f(x)
h + g(x+h)−g(x)

h ) ≤
limh→0+

f(x+h)−f(x)
h + limh→0+

g(x+h)−g(x)
h = D+f(x) +D+g(x).
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5b. For any x, D+(f + g)(x) = limh→0+
(f+g)(x+h)−(f+g)(x)

h = limh→0+( f(x+h)−f(x)
h + g(x+h)−g(x)

h ) ≤
limh→0+

f(x+h)−f(x)
h + limh→0+

g(x+h)−g(x)
h = D+f(x) +D+g(x).

Similarly, D−(f + g) ≤ D−f +D−g and D−(f + g) ≤ D−f +D−g.

5c. Let f and g be nonnegative and continuous at c. Then D+(fg)(c) = limh→0+
(fg)(c+h)−(fg)(c)

h =
limh→0+

f(c+h)g(c+h)−f(c)g(c)
h = limh→0+

(f(c+h)−f(c))g(c+h)+f(c)(g(c+h)−g(c))
h ≤ g(c)limh→0+

f(c+h)−f(c)
h +

f(c)limh→0+
g(c+h)−g(c)

h = f(c)D+g(c) + g(c)D+f(c).
*6a. Let f be defined on [a, b] and g a continuous function on [α, β] that is differentiable at γ with
g(γ) = c ∈ (a, b). Suppose g′(γ) > 0. Note that if D+(f ◦ g)(γ) = ±∞, then D+f(c) = ±∞. Now
suppose D+f(c) <∞. Let ε > 0 be given and let ε1 = min(1, ε

g′(γ)+1+D+f(c) ). There exists δ1 > 0 such

that | g(γ+h)−g(γ)
h − g′(γ)| < ε1 for 0 < h < δ1. There exists δ2 > 0 such that f(c+h′)−f(c)

h′ −D+f(c) < ε1

for 0 < h′ < δ2 so that f(c+h′)−f(c)−h′D+f(c) < ε1h
′. By continuity of g, there exists δ3 > 0 such that

g(γ+h′′)−g(γ) < δ2 for 0 < h′′ < δ3. Now let δ = min(δ1, δ3). When 0 < h < δ, | g(γ+h)−g(γ)
h −g′(γ)| < ε1

and f(g(γ + h))− f(g(γ))− (g(γ + h)− g(γ))D+f(c) < ε1(g(γ + h)− g(γ)). Hence f(g(γ+h))−f(g(γ))
h −

D+f(c)g′(γ) = f(g(γ+h))−f(g(γ))−D+f(c)(g(γ+h)−g(γ))
h +D+f(c)(g(γ+h)−g(γ))−hD+f(c)g′(γ)

h < ε1
g(γ+h)−g(γ)

h +
D+f(c)( g(γ+h)−g(γ)

h − g′(γ)) < ε1(g′(γ) + 1) + ε1D
+f(c) < ε. Thus D+(f ◦ g)(γ) ≤ D+f(c)g′(γ) and

similarly, it can be shown that D+(f ◦ g)(γ) ≥ D+f(c)g′(γ). Hence D+(f ◦ g)(γ) = D+f(c)g′(γ).
*6b. Suppose g′(γ) < 0. Note that if D+(f ◦ g)(γ) = ±∞, then D−f(c)g′(γ) = ∓∞. Also note that
there exists δ > 0 such that g(γ + h) − g(γ) < 0 for 0 < h < δ. By a similar argument to that in part
(a), D+(f ◦ g)(γ) = D−f(c)g′(γ).
*6c. Suppose g′(γ) = 0 and all the derivates of f at c are finite. By a similar argument to that in part
(a), D+(f ◦ g)(γ) = 0.

5.2 Functions of bounded variation

7a. Let f be of bounded variation on [a, b]. Then f = g − h where g and h are monotone increasing
functions on [a, b]. Let c ∈ (a, b). Also let A = supx∈[a,c) g(x) and let B = supx∈[a,c) h(x). Note that
A,B <∞. Given ε > 0, there exists δ > 0 such that A−ε/2 < g(c−δ) ≤ A and B−ε/2 < h(c−δ) ≤ B.
Then for x ∈ (c − δ, c), A − ε/2 < g(x) ≤ A and B − ε/2 < h(x) ≤ B. i.e. 0 ≤ A − g(x) < ε/2 and
0 ≤ B − h(x) < ε/2. Now 0 ≤ |A − B − f(x)| ≤ (A − g(x)) + (B − h(x)) < ε for x ∈ (c − δ, c). Hence
f(c−) exists. Similarly f(c+) exists. Let g be a monotone function and let E be the set of discontinuities
of g. Now for c ∈ E, g(c−) < g(c+) so there is a rational rc such that g(c−) < rc < g(c+). Note that
if x1 < x2, then g(x1+) ≤ g(x2−) so rx1 6= rx2 . Thus we have a bijection between E and a subset of Q
so E is countable. Since a function f of bounded variation is a difference of two monotone functions, f
also has only a countable number of discontinuities.
7b. Let 〈xn〉 be an enumeration of Q ∩ [0, 1]. Define f on [0, 1] by f(x) =

∑
xn<x

2−n. Then f is
monotone. Also, at each xn, for any δ > 0, there exists x ∈ (xn, xn + δ) such that f(x)− f(xn) > 2−n−1

so f is discontinuous at each xn.
8a. Suppose a ≤ c ≤ b. Let a = x0 < x1 < · · · < xn = b be a subdivision of [a, b]. If c = xk for
some k, then

∑n
1 |f(xi) − f(xi−1)| =

∑k
1 |f(xi) − f(xi−1)| +

∑n
k+1 |f(xi) − f(xi−1)| ≤ T ca(f) + T bc (f).

Thus T ba(f) ≤ T ca(f) + T bc (f). The case where c ∈ (xk, xk+1) for some k is similar. Conversely, let
a = x0 < x1 < · · · < xn = c be a subdivision of [a, c] and let c = y0 < y1 < · · · < ym = b be a
subdivision of [c, b]. Then a = x0 < x1 < · · · < xn = c < y1 < · · · < ym = b is a subdivision of [a, b] and∑n

1 |f(xi) − f(xi−1)| +
∑m

1 |f(yi) − f(yi−1)| ≤ T ba(f). It follows that T ca(f) + T bc (f) ≤ T ba(f). Hence
T ba(f) = T ca(f) + T bc (f) and T ca(f) ≤ T ba(f).
8b. Let a = x0 < x1 < · · · < xn = b be a subdivision of [a, b]. Then

∑n
1 |(f + g)(xi)− (f + g)(xi−1)| ≤∑n

1 |f(xi)−f(xi−1)|+
∑n

1 |g(xi)−g(xi−1)| ≤ T ba(f)+T ba(g). Hence T ba(f+g) ≤ T ba(f)+T ba(g). Let c ∈ R.
If c = 0, then T ba(cf) = 0 = |c|T ba(f). If c 6= 0, then

∑n
1 |cf(xi)− cf(xi−1)| = |c|

∑n
1 |f(xi)− f(xi−1)| ≤

|c|T ba(f). Thus T ba(cf) ≤ |c|T ba(f). On the other hand,
∑n

1 |f(xi) − f(xi−1)| = |c|−1
∑n

1 |cf(xi) −
cf(xi−1)| ≤ |c|−1T ba(cf). Thus T ba(f) ≤ |c|−1T ba(cf) so |c|T ba(f) ≤ T ba(cf). Hence T ba(cf) = |c|T ba(f).
9. Let 〈fn〉 be a sequence of functions on [a, b] that converges at each point of [a, b] to f . Let a =
x0 < x1 < · · · < xn = b be a subdivision of [a, b] and let ε > 0. Then there exists N such that
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∑n
1 |f(xi)−f(xi−1)| ≤

∑n
1 |f(xi)−fn(xi)|+

∑n
1 |f(xi−1)−fn(xi−1)|+

∑n
1 |fn(xi)−fn(xi−1)| < ε+T ba(fn)

for n ≥ N . Thus T ba(f) ≤ ε + T ba(fn) for n ≥ N so T ba(f) ≤ ε + limT ba(fn). Since ε is arbitrary,
T ba(f) ≤ limT ba(fn).
10a. Let f be defined by f(0) = 0 and f(x) = x2 sin(1/x2) for x 6= 0. Consider the subdivision
−1 <

√
2/nπ <

√
2/(n− 1)π < · · · <

√
2/π < 1 of [−1, 1]. Note that tba(f)→∞ as n→∞. Thus f is

not of bounded variation on [−1, 1].
10b. Let g be defined by g(0) = 0 and g(x) = x2 sin(1/x) for x 6= 0. Note that g is differentiable
on [−1, 1] and |g′(x)| ≤ 3 on [−1, 1]. Thus for any subdivision a = x0 < x1 < · · · < xn = b of [a, b],∑n

1 |g(xi − g(xi−1)| ≤ 4
∑n

1 |xi − xi−1| = 3(g(1)− g(−1)). Hence T 1
−1(g) ≤ 3(g(−1)− g(1)) <∞.

11. Let f be of bounded variation on [a, b]. For any x ∈ [a, b], f(x) = P xa (f) − Nx
a (f) − f(a) so

f ′(x) = d
dxP

x
a (f)− d

dxN
x
a (f) a.e. in [a, b]. Thus |f ′| ≤ d

dxP
x
a (f) + d

dxN
x
a (f) = d

dxT
x
a (f) a.e. in [a, b] and∫ b

a
|f ′| ≤

∫ b
a

d
dxT

x
a (f) ≤ T ba(f)− T aa (f) = T ba(f).

5.3 Differentiation of an integral

No problems

5.4 Absolute continuity

*12. The function f defined by f(0) = 0 and f(x) = x2 sin(1/x2) for x 6= 0 is absolutely continuous on
[ε, 1] for ε > 0, continuous at 0 but not of bounded variation on [0, 1], thus not absolutely continuous on
[0, 1].
Suppose f is absolutely continuous on [η, 1] for η > 0, continuous at 0 and of bounded variation on [0, 1].
For η ∈ (0, 1], let 0 = x0 < x1 < · · · < xn = η be a subdivision of [0, η]. Then since f is continuous at 0,∑n

1 |f(xi)−f(xi−1)| → 0 as η → 0+. Thus T η0 (f)→ 0 as η → 0+. Given ε > 0, there exists η ∈ (0, 1] such
that T η0 (f) < ε/2. Since f is absolutely continuous on [η, 1], there exists δ > 0 such that for any finite
collection {(xi, x′i)}n1 of disjoint intervals in [η, 1] with

∑n
1 |x′i−xi| < δ, we have

∑n
1 |f(x′i)−f(xi)| < ε/2.

Now let {(yi, y′i)}n1 be a finite collection of disjoint intervals in [0, 1] with
∑n

1 |y′i−yi| < δ. If η ∈ [y′k, yk+1]
for some k, then

∑n
1 |f(y′i) − f(yi)| ≤

∑k
1 |f(y′i) − f(yi)| +

∑n
k+1 |f(y′i) − f(yi)| < T η0 (f) + ε/2 < ε. If

η ∈ (yk, y′k) for some k, then
∑n

1 |f(y′i)−f(yi)| ≤
∑k−1

1 |f(y′i)−f(yi)|+ |f(η)−f(yk)|+ |f(y′k)−f(η)|+∑n
k+1 |f(y′i)− f(yi)| < T η0 (f) + ε/2 < ε. Hence f is absolutely continuous on [0, 1].

13. Let f be absolutely continuous on [a, b]. Then f is of bounded variation on [a, b] so by Q11,∫ b
a
|f ′| ≤ T ba(f). Conversely, since f is absolutely continuous on [a, b], for any subdivision a = x0 <

x1 < · · · < xn = b of [a, b],
∑n

1 |f(xi) − f(xi−1)| =
∑n

1 |
∫ xi
xi−1

f ′| ≤
∑n

1

∫ xi
xi−1
|f ′| =

∫ b
a
|f ′|. Thus

T ba(f) ≤
∫ b
a
|f ′|. Hence T ba(f) =

∫ b
a
|f ′|.

For any x ∈ [a, b], f(x) = P xa (f) − Nx
a (f) − f(a) so f ′(x) = d

dxP
x
a (f) − d

dxN
x
a (f) a.e. in [a, b]. Thus

(f ′)+ ≤ ( d
dxP

x
a (f))+ + ( d

dxN
x
a (f))− = d

dxP
x
a (f). Thus

∫ b
a

(f ′)+ ≤
∫ b
a

d
dxP

x
a (f) ≤ P ba(f)−P aa (f) = P ba(f).

Conversely, for any subdivision a = x0 < x1 < · · · < xn = b of [a, b],
∑n

1 (f(xi) − f(xi−1))+ =∑n
1 (
∫ xi
xi−1

f ′)+ ≤
∑n

1

∫ xi
xi−1

(f ′)+ =
∫ b
a

(f ′)+. Thus P ba(f) ≤
∫ b
a

(f ′)+. Hence P ba(f) =
∫ b
a

(f ′)+.

(*) If
∫
g < 0, then (

∫
g)+ = 0 ≤

∫
g+. If

∫
g ≥ 0, then (

∫
g)+ =

∫
g ≤

∫
g+.

14a. Let f and g be two absolutely continuous functions on [a, b]. Given ε > 0, there exists δ > 0 such
that

∑n
1 |f(x′i)−f(xi)| < ε/2 and

∑n
1 |g(x′i)−g(xi)| < ε/2 for any finite collection {(xi, x′i)}n1 of disjoint

intervals in [a, b] with
∑n

1 |x′i − xi| < δ. Then
∑n

1 |(f ± g)(x′i) − (f ± g)(xi)| ≤
∑n

1 |f(x′i) − f(xi)| +∑n
1 |g(x′i)− g(xi)| < ε. Thus f + g and f − g are absolutely continuous.

14b. Let f and g be two absolutely continuous functions on [a, b]. There exists M such that |f(x)| ≤M
and |g(x)| ≤M for any x ∈ [a, b]. Given ε > 0, there exists δ > 0 such that

∑n
1 |f(x′i)− f(xi)| < ε/2M

and
∑n

1 |g(x′i) − g(xi)| < ε/2M for any finite collection {(xi, x′i)} of disjoint intervals in [a, b] with∑n
1 |x′i−xi| < δ. Then

∑n
1 |(fg)(x′i)−(fg)(xi)| ≤

∑n
1 |f(x′i)||g(x′i)−g(xi)|+

∑n
1 |g(xi)||f(x′i)−f(xi)| < ε.

Thus fg is absolutely continuous.
14c. Suppose f is absolutely continuous on [a, b] and is never zero there. Let g = 1/f . There exists M
such that |f(x)| ≥M for x ∈ [a, b]. Given ε > 0, there exists δ > 0 such that

∑n
1 |f(x′i)− f(xi)| < εM2
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for any finite collection {(xi, x′i)} of disjoint intervals in [a, b] with
∑n

1 |x′i−xi| < δ. Then |g(x′i)−g(xi)| =
|f(x′i)−f(xi)|
|f(xi)f(x′i)|

< ε. Thus g is absolutely continuous.

15. Let f be the Cantor ternary function. By Q2.48, f is continuous and monotone on [0, 1]. Note
that f ′ = 0 a.e. on [0, 1] since f is constant on each interval in the complement of the Cantor set and
the Cantor set has measure zero. If f is absolutely continuous, then 1 = f(1) =

∫ 1

0
f ′ + f(0) = 0.

Contradiction. Thus f is not absolutely continuous.
16a. Let f be a monotone increasing function on [a, b]. Let g be defined by g(x) =

∫ x
a
f ′ and let

h = f − g. Then g is absolutely continuous, h′(x) = f ′(x) − d
dx

∫ x
a
f ′ = 0 a.e. so h is singular, and

f = g + h.
16b. Let f be a nondecreasing singular function on [a, b]. Let ε, δ > 0 be given. Since f is singular on
[a, b], for each x ∈ [a, b], there is an arbitrarily small interval [x, x+h] ⊂ [a, b] such that |f(x+h)−f(x)| <
εh/(b− a). Then there exists a finite collection {[xk, yk]} of nonoverlapping intervals of this sort which
cover all of [a, b] except for a set of measure less than δ. Labelling xk such that xk ≤ xk+1, we have
y0 = a ≤ x1 < y1 ≤ x2 < · · · ≤ yn ≤ b = xn+1. Then

∑n
0 |xk+1 − yk| < δ and

∑n
1 |f(yk) − f(xk)| < ε.

Since f is nondecreasing,
∑n

0 |f(xk+1)− f(yk)| > f(b)− f(a)− ε.
16c. Let f be a nondecreasing function on [a, b] with property (S). i.e. Given ε, δ > 0, there is a finite
collection {[yk, xk]} of nonoverlapping intervals in [a, b] such that

∑n
1 |xk − yk| < δ and

∑n
1 (f(xk) −

f(yk)) > f(b)− f(a)− ε. By part (a), f = g + h where g =
∫ x
a
f ′ and h is singular. It suffices to show

that g = 0 a.e. Letting x0 = a and yn+1 = b, we have
∑n

1 (f(yk+1)− f(xk)) < ε. We may choose δ such
that

∫⋃n
1 [yk,xk]

f ′ < ε. Then
∫ b
a
f ′ < 2ε so

∫ b
a
f ′ = 0 and g = 0.

16d. Let 〈fn〉 be a sequence of nondecreasing singular functions on [a, b] such that the function f(x) =∑
fn(x) is everywhere finite. Let ε, δ > 0 be given. Now f(b) − f(a) =

∑
(fn(b) − fn(a)) < ∞ so

there exists N such that
∑∞
N+1(fn(b)− fn(a)) < ε/2. Let F (x) =

∑N
1 fn(x). Then F is nondecreasing

and singular. By part (b), there exists a finite collection {[yk, xk]} of nonoverlapping intervals such that∑
|xk−yk| < δ and

∑
(F (yk)−F (xk)) > F (b)−F (a)−ε/2. Now

∑
(f(yk)−f(xk)) ≥

∑
(F (yk)−F (xk)) >

F (b) − F (a) − ε/2 = f(b) − f(a) −
∑∞
N+1(fn(b) − fn(a)) − ε/2 > f(b) − f(a) − ε. By part (c), f is

singular.
*16e. Let C be the Cantor ternary function on [0, 1]. Extend C to R by defining C(x) = 0 for x < 0 and
C(x) = 1 for x > 1. For each n, define fn by fn(x) = 2−nC( x−anbn−an ) where {[an, bn]} is an enumeration of
the intervals with rational endpoints in [0, 1]. Then each fn is a nondecreasing singular function on [0, 1].
Define f(x) =

∑
fn(x). Then f is everywhere finite, strictly increasing and by part (d), f is singular.

17a. Let F be absolutely continuous on [c, d]. Let g be monotone and absolutely continuous on [a, b]
with c ≤ g ≤ d. Given ε > 0, there exists δ > 0 such that for any finite collection {(yi, y′i)} of disjoint
intervals with

∑n
1 |y′i − yi| < δ, we have

∑n
1 |F (y′i) − F (yi)| < ε. Now there exists δ′ > 0 such that for

any finite collection {(xi, x′i)} of disjoint intervals with
∑n

1 |x′i−xi| < δ′, we have
∑n

1 |g(x′i)−g(xi)| < δ.
Now {(g(xi), g(x′i))} is a finite collection of disjoint intervals so

∑n
1 |F (g(x′i)) − F (g(xi))| < ε. Hence

F ◦ g is absolutely continuous.
(*) Additional assumption that g is monotone. Counterexample: Consider f(x) =

√
x for x ∈ [0, 1] and

g(0) = 0, g(x) = (x sinx−1)2 for x ∈ (0, 1]. Then (f ◦ g)(0) = 0 and (f ◦ g)(x) = x sinx−1 for x ∈ (0, 1].
f and g are absolutely continuous but not f ◦ g.
*17b. Let E = {x : g′(x) = 0}. Note that |g(x) − g(a)| = |

∫ x
a
g′| ≤

∫ x
a
|g′| for all x ∈ [a, b]. Let ε > 0.

There exists δ > 0 such that
∫
A
|g′| < ε/2 whenever mA < δ. Let η = ε/4(b − a). For any x ∈ E,

there exists hx > 0 such that |g(x + h) − g(x)| < ηh for 0 < h ≤ hx. Define V = {[x, x + hx] : x ∈
E, |g(y)− g(x)| < η(y − x) for y ∈ (x, x+ hx]}. Then V is a Vitali covering for E so there exists a finite
disjoint collection {I1, . . . , IN} of intervals in V such that m(E \

⋃N
n=1 In) < δ. Now let O be an open set

such that O ⊃ E \
⋃N
n=1 In and mO < δ. Then O is a countable union of disjoint open intervals Jm and

g[E \
⋃N
n=1 In] ⊂

⋃
g[Jm]. Thus m(g[E \

⋃N
n=1 In)] ≤

∑
m(g[Jm]) ≤

∑∫
Jm
|g′| =

∫
O
|g′| < ε/2. Also,

g[E ∩
⋃N
n=1 In] ⊂

⋃N
n=1 g[In] so m(g[E ∩

⋃N
n=1 In)] ≤

∑
2hxnη < 2(b − a)η = ε/2. Hence m(g[E]) < ε.

Since ε is arbitrary, m(g[E]) = 0.
18. Let g be an absolutely continuous monotone function on [0, 1] and E a set of measure zero. Let
ε > 0. There is an open set O ⊃ E such that mO = m(O\E) < δ where δ is given by absolute continuity
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of g. Now O is a countable union
⋃
In of disjoint open intervals so

∑
l(In) < δ and

∑
l(g[In∩ [0, 1]]) < ε.

Now g[E] ⊂
⋃
g[In ∩ [0, 1]] so m(g[E]) < ε. Since ε is arbitrary, m(g[E]) = 0.

19a. Let G be the complement of a generalised Cantor set of positive measure and let g =
∫ x

0
χG. Then

g is absolutely continuous and strictly monotone on [0, 1]. Also, g′ = χG = 0 on Gc.
19b. Since {x : g′(x) = 0} has positive measure, it has a nonmeasurable subset F . By Q17(b),
m(g[F ]) = 0. Also, g−1[g[F ]] = F is nonmeasurable.
20a. Suppose f is Lipschitz. There exists M such that |f(x) − f(y)| ≤ M |x − y| for all x, y. Given
ε > 0, let δ = ε/M . For any finite collection {(xi, x′i)} of nonoverlapping intervals with

∑n
1 |x′i−xi| < δ,

we have
∑n

1 |f(x′i)− f(xi)| ≤M
∑n

1 |x′i − xi| < ε. Thus f is absolutely continuous.

20b. Let f be absolutely continuous. Suppose f is Lipschitz. Now f ′(x) = limy→x
f(y)−f(x)

y−x so |f ′(x)| =
limy→x | f(y)−f(x)

y−x | ≤ M for all x. Conversely, if f is not Lipschitz, then for any M , there exist x and y

such that |f(x)− f(y)| > M |x− y|. Then |f ′(c)| > M for some c ∈ (x, y) by the Mean Value Theorem.
Thus for any M , there exists c such that |f ′(c)| > M so |f ′| is unbounded.
*20c.
21a. Let O be an open set in [c, d]. Then O is a countable union

⋃
In of disjoint open intervals. Now

for each n, In = (g(cn), g(dn)) for some cn, dn ∈ [c, d]. Also, g−1[O] =
⋃
g−1[In] =

⋃
(cn, dn). Thus

mO =
∑
l(In) =

∑
(g(dn)− g(cn)) =

∑∫ dn
cn

g′ =
∫
g−1[O]

g′.

21b. Let H = {x : g′(x) 6= 0}. Let E ⊂ [c, d] with mE = 0 and let δ > 0. Then there exists an open
set O ⊃ E with mO < δ. By part (a),

∫
g−1[O]

g′ < δ. Thus
∫
g−1[E]∩H g

′ =
∫
g−1[E]

g′ < δ. Since δ > 0 is
arbitrary,

∫
g−1[E]∩H g

′ = 0. Since g′ > 0 on g−1[E] ∩H, the set g−1[E] ∩H has measure zero.

21c. Let E be a measurable subset of [c, d] and let F = g−1[E]∩H. Since g is absolutely continuous, it
is continuous and thus measurable so g−1[E] is measurable. Also, g′ is measurable so H is measurable.
Thus F = g−1[E] ∩H is measurable.
There exists a Gδ set G ⊃ E with m(G \ E) = 0. We may assume G ⊂ [c, d]. By part (b), m((g−1[G] \
g−1[E]) ∩H) = 0 so

∫
g−1[G]∩H g

′ =
∫
g−1[E]∩H g

′. Now G is a countable intersection
⋂
On of open sets.

Let Gk =
⋂k
n=1On. Then G1 ⊃ G2 ⊃ · · · so limmGk = m(

⋂
Gk) = mG. Now mE = mG = limmGk =

lim
∫
g−1[Gk]∩H g

′ = lim
∫⋂k

n=1 g
−1[On]∩H g

′ =
∫⋂

g−1[On]∩H g
′ =

∫
g−1[G]∩H g

′ =
∫
g−1[E]∩H g

′ =
∫
F
g′. Also,∫

F
g′ =

∫
g−1[E]

g′ =
∫ b
a
χE(g(x))g′(x) dx.

21d. Let f be a nonnegative measurable function on [c, d]. Then there is an increasing sequence
〈ϕn〉 of simple functions on [c, d] with limϕn = f so limϕn(g(x))g′(x) = f(g(x))g′(x). Since each
(ϕn ◦g)g′ is measurable, (f ◦g)g′ is measurable. Now

∫ b
a
ϕn(g(x))g′(x) dx =

∑∫ b
a
ckχEk(g(x))g′(x) dx =∑

ckmEk =
∫ d
c
ϕn(y) dy. By the Monotone Convergence Theorem, lim

∫
ϕn =

∫
f . Thus

∫ d
c
f(y) dy =

lim
∫ d
c
ϕn(y) dy = lim

∫ b
a
ϕn(g(x))g′(x) dx =

∫ b
a
f(g(x))g′(x) dx.

22a. F is absolutely continuous on [c, d], g is monotone and absolutely continuous on [a, b] with c ≤ g ≤ d.
By Q17(a), H = F ◦ g is absolutely continuous. Whenever H ′ and g′ exist with g′(x) 6= 0, we have
D+F (g(x)) = D+F (g(x)) = D−F (g(x)) = D−F (g(x)) = H ′(x)/g′(x) by Q6a so F ′(g(x)) exists. Now
H ′ and g′ exist a.e. so H ′(x) = F ′(g(x))g′(x) a.e. except on E = {x : g′(x) = 0}.
22b. Let f0 be defined by f0(y) = f(y) if y /∈ g[E] and f0(y) = 0 if y ∈ g[E]. By Q17b, m(g[E]) = 0 so
f0 = f a.e. Hence H ′(x) = f(g(x))g′(x) = f0(g(x))g′(x) a.e.
*22c.
*22d.

5.5 Convex functions

23a. Let ϕ be convex on a finite interval [a, b). Let x0 ∈ (a, b) and let f(x) = m(x− x0) + ϕ(x0) be the
equation of a supporting line at x0. Then ϕ(x) ≥ f(x) for all x ∈ (a, b). Since ϕ is continuous at a, we
have ϕ(x) ≥ f(x) ≥ min(f(a), f(b)) for all x ∈ [a, b). Hence ϕ is bounded from below.
23b. Suppose ϕ is convex on (a, b). If ϕ is monotone on (a, b), then ϕ(x) has limits (possibly infinite)
as it approaches a and b respectively from within (a, b). If ϕ is not monotone, then there exists c ∈ (a, b)
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such that D+ϕ(x) ≤ 0 on (a, c] and D+ϕ(x) ≥ 0 on [c, b) since the right-hand derivative of ϕ is increasing
on (a, b). Thus ϕ is monotone on (a, c] and on [c, b) and it follows that the right-hand and left-hand
limits exist at a and b respectively. If a (or b) is finite, then by part (a), the limits at a (or b) cannot be
−∞.
23c. Let ϕ be continuous on an interval I (open, closed, half-open) and convex in the interior of I.
Then ϕ(tx + (1 − t)y) ≤ tϕ(x) + (1 − t)ϕ(y) for all x, y in the interior of I and all t ∈ [0, 1]. Since ϕ is
continuous, the inequality also holds at the included endpoints.
24. Let ϕ have a second derivative at each point of (a, b). If ϕ′′(x) ≥ 0 for all x ∈ (a, b), then ϕ′ is
increasing on (a, b). Also, ϕ is continuous on (a, b). Hence ϕ is convex on (a, b). Conversely, if ϕ is convex
on (a, b), then its left- and right-hand derivatives are monotone increasing on (a, b) so ϕ′ is monotone
increasing on (a, b). Hence ϕ′′(x) ≥ 0 for all x ∈ (a, b).
25a. Suppose a ≥ 0 and b > 0. Let ϕ(t) = (a + bt)p. Then ϕ is continuous on [0,∞) for all p. For
p = 1, ϕ(t) = a + bt so ϕ′′(t) = 0. For 1 < p < ∞, ϕ′′(t) = b2p(p − 1)(a + bt)p−2 > 0. For 0 < p < 1,
−ϕ′′(t) = −b2p(p − 1)(a + bt)p−2 > 0. Hence, by Q24, ϕ is convex for 1 ≤ p < ∞ and concave for
0 < p ≤ 1.
25b. For p > 1, ϕ′′(t) > 0 for all t ∈ (0,∞) so ϕ′ is strictly increasing on (0,∞). Now for x < y,
ϕ(λx+(1−λ)y)−ϕ(x)

(1−λ)(y−x) = ϕ′(ξ1) for some ξ1 ∈ (x, λx+(1−λ)y). Also, ϕ(y)−ϕ(λ(x)+(1−λ)(y))
λ(y−x) = ϕ′(ξ2) for some

ξ2 ∈ (λx + (1 − λ)y, y). Since ϕ′(ξ1) < ϕ′(ξ2), ϕ(λx+(1−λ)y)−ϕ(x)
(1−λ)(y−x) < ϕ(y)−ϕ(λ(x)+(1−λ)(y))

λ(y−x) . Equivalently,
ϕ(λx + (1 − λ)y) < λϕ(x) + (1 − λ)ϕ(y). Hence ϕ is strictly convex for p > 1. Similarly, ϕ is strictly
concave for 0 < p < 1.
*26. Let α =

∫
f(t) dt and let g(x) = m(x − α) + exp(α) be the equation of a supporting line at α.

Equality holds when
∫

exp(f(t)) dt = exp(α). Now
∫

exp(f(t)) dt − exp(α) =
∫

exp(f(t)) dt − g(α) =∫
exp(f(t)) dt − g(

∫
f(t) dt) =

∫
(exp(f(t)) − g(f(t))) dt. Since exp(f(t)) − g(f(t)) ≥ 0, the integral is

zero only when exp(f(t))− g(f(t)) = 0 a.e. and this can happen only when f(t) = α a.e.
27. Let 〈αn〉 be a sequence of nonnegative numbers whose sum is 1 and let 〈ξn〉 be a sequence of positive
numbers. Define f on [0, 1] by f(x) = log ξn if x ∈ [

∑k−1
n=1 αn,

∑k
n=1 αn). For each k,

∏k
n=1 ξ

αn
n =

exp(
∑k
n=1 αn log ξn) = exp(

∫∑k
n=1 αn

0
f(t) dt). Thus

∏k
n=1 ξ

αn
n ≤

∫∑k
n=1 αn

0
exp(f(t)) dt =

∑k
n=1 αnξn.

Letting k →∞, we have
∏∞
n=1 ξ

αn
n ≤

∑∞
n=1 αnξn.

28. Let g be a nonnegative measurable function on [0, 1]. Since log is concave,
∫
− log(g(t)) dt ≥

− log(
∫
g(t) dt) by Jensen’s inequality. Hence log(

∫
g(t) dt) ≥

∫
log(g(t)) dt.

6 The Classical Banach Spaces

6.1 The Lp spaces

1. If |f(t)| ≤M1 a.e. and |g(t)| ≤M2 a.e., then |f(t) + g(t)| ≤M1 +M2 a.e. so ||f + g||∞ ≤M1 +M2.
Note that |f(t)| ≤ ||f ||∞ a.e. and |g(t)| ≤ ||g||∞ a.e. Thus ||f + g||∞ ≤ ||f ||∞ + ||g||∞.

2. Let f be a bounded measurable function on [0, 1]. Now ||f ||p = (
∫ 1

0
|f |p)1/p ≤ (

∫ 1

0
||f ||p∞)1/p = ||f ||∞.

Thus limp→∞||f ||p ≤ ||f ||∞. Let ε > 0 and let E = {x ∈ [0, 1] : |f(x)| > ||f ||∞ − ε}. Then ||f ||p =
(
∫ 1

0
|f |p)1/p ≥ (

∫
E
|f |p)1/p ≥ (||f ||∞ − ε)(mE)1/p. If mE = 0, then ||f ||∞ ≤ ||f ||∞ − ε. Contradiction.

Thus mE > 0 and limp→∞||f ||p ≥ ||f ||∞ − ε. Since ε > 0 is arbitrary, limp→∞||f ||p ≥ ||f ||∞. Hence
limp→0 ||f ||p = ||f ||∞.

3. ||f + g||1 =
∫ 1

0
|f + g| ≤

∫ 1

0
(|f |+ |g|) =

∫ 1

0
|f |+

∫ 1

0
|g| = ||f ||1 + ||g||1.

4. Suppose f ∈ L1 and g ∈ L∞. Then
∫
|fg| ≤

∫
|f |||g||∞ = ||g||∞

∫
|f | = ||f ||1||g||∞.

6.2 The Minkowski and Hölder inequalities

5a. Let f and g be two nonnegative functions in Lp with 0 < p < 1. We may assume ||f ||p > 0 and
||g||p > 0. Let α = ||f ||p and β = ||g||p so f = αf0 and g = βg0 where ||f0||p = ||g0||p = 1. Set
λ = α/(α + β). Then 1 − λ = β/(α + β) and |f + g|p = (f + g)p = (αf0 + βg0)p = (α + β)p(λf0 +
(1 − λ)g0)p ≥ (α + β)p(λfp0 + (1 − λ)gp0) by concavity of the function ϕ(t) = tp for 0 < p < 1. Thus
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||f+g||pp ≥ (α+β)p(λ||f0||pp+(1−λ)||g0||pp) = (α+β)p = (||f ||p+ ||g||p)p. Hence ||f+g||p ≥ ||f ||p+ ||g||p.
5b. Suppose f ∈ Lp and g ∈ Lp. For 1 ≤ p ≤ ∞, f+g ∈ Lp by the Minkowski inequality. For 0 < p < 1,
||f + g||pp ≤ ||2 max(f, g)||pp = 2p||max(f, g)||pp ≤ 2p(||f ||pp + ||g||pp). Thus f + g ∈ Lp.
*6. Suppose 0 < p < 1. Let p′ = 1/p so p′ > 1. Let q be such that 1/p + 1/q = 1. Note that
q = pp′/(1 − p′). Let u = (fg)p and let v = g−p. Then fg = up

′
, fp = uv and gq = vp

′/(p′−1).
Let q′ be such that 1/p′ + 1/q′ = 1. By the Hölder inequality,

∫
|uv| ≤ ||u||p′ ||v||q′ . i.e.

∫
|f |p ≤

(
∫
|fg|pp′)1/p′(

∫
|g|pp′/(1−p′))(p′−1)/p′ = (

∫
|fg|)p(

∫
|g|q)1−p. Hence

∫
|fg| ≥ (

∫
|f |p)1/p(

∫
|g|q)1/q =

||f ||p||g||q.
7a. For p =∞, ||〈ξv+ηv〉||∞ = sup |ξv+ηv| ≤ sup(|ξv|+ |ηv|) ≤ sup |ξv|+sup |ηv| = ||〈ξv〉||∞+ ||〈ηv〉||∞.
For 1 ≤ p < ∞, let α = ||〈ξv〉||p and β = ||〈ηv〉||p so 〈ξv〉 = α〈ξ′v〉 and 〈ηv〉 = β〈η′v〉 where ||ξ′v||p =
||η′v||p = 1. Set λ = α/(α + β). Then 1 − λ = β/(α + β) and ||〈ξv + ηv〉||p = (

∑
|ξv + ηv|p)1/p ≤

(
∑

(|ξv|+ |ηv|)p)1/p = (
∑

(α|ξ′v|+β|η′v|)p)1/p = (
∑

(α+β)p[λ|ξ′v|+(1−λ)|η′v|]p)1/p ≤ (
∑

(α+β)p[λ|ξ′v|p+
(1− λ)|η′v|p])1/p = α+ β = ||〈ξv〉||p + ||〈ηv〉||p.
7b. For p = 1, q =∞,

∑
|ξvηv| ≤ sup |ηv|

∑
|ξv| = ||〈ξv〉||1||〈ηv〉||∞.

For 1 < p <∞, let αv = |ηv|q/p. Then |ηv| = αp−1
v and pt|ξv||ηv| = pt|ξv|αp−1

v ≤ (αv+ t|ξv|)p−αpv. Thus∑
pt|ξv||ηv| ≤

∑
(αv + t|ξv|)p −

∑
αpv = ||〈αv + t|ξv|〉||pp − ||〈αv〉||pp ≤ (||〈αv〉||p + t||〈ξv〉||p)p − ||〈αv〉||pp.

Differentiating with respect to t at t = 0, we get p
∑
|ξv||ηv| ≤ p||〈ξv〉||p||〈αv〉||p−1

p = p||〈ξv〉||p||〈ηv〉||q.
Hence

∑
|ξv||ηv| ≤ ||〈ξv〉||p||〈ηv〉||q.

8a. Let a, b be nonnegative, 1 < p <∞, 1/p+ 1/q = 1. Consider the graph of the function f(x) = xp−1.
The area of the rectangle bounded by the x-axis, the y-axis, x = a and y = b is ab. The area of the
region bounded by f(x), the x-axis and x = a is

∫ a
0
xp−1 dx = ap

p . The area of the region bounded by

f(x), the y-axis and y = b is
∫ b

0
y1/(p−1) dy = bp/(p−q)

p/(p−q) = bq

q . By comparing these areas, we see that

ab ≤ ap

p + bq

q .

8b. We may assume that ||f ||p > 0 and ||g||q > 0. By part (a),
∫ |f |
||f ||p

|g|
||g||q ≤

∫ |f |p
p||f ||pp+ |g|q

q||g||qq = 1
p+ 1

q = 1.
Hence

∫
|fg| ≤ ||f ||p||g||q. Equality holds in part (a) if and only if b = ap−1. Thus equality holds here if

and only if ||f ||p−1
p |g| = ||g||q|f |p−1. Equivalently, ||f ||pp |g|q = ||g||qq |f |p.

8c. Suppose 0 < p < 1 and 1/p + 1/q = 1. Let p′ = 1/p and q′ = −q/p. Then p′ > 1, q′ > 1 and

1/p′ + 1/q′ = 1. Thus (ab)pb−p ≤ (ab)pp
′

p′ + b−pq
′

q′ = pab− pbq

q so ap ≤ pab− pbq

q and ab ≥ ap

p + bq

q .

8d. By a similar argument as part (b),
∫
|fg| ≥ ||f ||p||g||q.

6.3 Convergence and completeness

9. Let 〈fn〉 be a convergent sequence in Lp. There exists f ∈ Lp such that for any ε > 0, there exists N
such that ||fn − f ||p < ε/2 for n ≥ N . Now for n,m ≥ N , ||fn − fm||p ≤ ||fn − f ||p + ||fm − f ||p < ε.
Thus 〈fn〉 is a Cauchy sequence.
10. Let 〈fn〉 be a sequence of functions in L∞. Suppose ||fn−f ||∞ → 0. Given ε > 0, there exists N such
that inf{M : m{t : |fn(t)−f(t)| > M} = 0} < ε for n ≥ N . Thus m{t : |fn(t)−f(t)| ≥ ε} = 0 for n ≥ N .
Let E = {t : |fn(t) − f(t)| ≥ ε}. Then mE = 0 and 〈fn〉 converges uniformly to f on Ec. Conversely,
suppose there exists a set E with mE = 0 and 〈fn〉 converges uniformly to f on Ec. Given ε > 0, there
exists N such that |fn(t) − f(t)| < ε/2 for n ≥ N and t ∈ Ec. Thus {t : |fn(t) − f(t)| > ε/2} ⊂ E for
n ≥ N . Hence inf{M : m{t : |fn(t)− f(t)| > M} = 0} < ε for n ≥ N . i.e. ||fn − f ||∞ → 0.
11. Let 〈fn〉 be a Cauchy sequence in L∞. Given ε > 0, there exists N such that inf{M : m{t :
|fn(t)−fm(t)| > M} = 0} = ||fn−fm||∞ < ε/2 for n,m ≥ N . Thus for n,m ≥ N , there exists M < ε/2
such that m{t : |fn(t)− fm(t)| > M} = 0 so m{t : |fn(t)− fm(t)| > ε/2} = 0. Then 〈fn〉 converges a.e.
to a function f and |fn − f | < ε/2 a.e. for n ≥ N so |f | ≤ |fN | + ε/2 a.e. and f ∈ L∞. Furthermore,
inf{M : m{t : |fn(t)− f(t)| > M} = 0} < ε for n ≥ N . i.e. ||fn − f ||∞ → 0.

12. Let 1 ≤ p < ∞ and let 〈ξ(n)
v 〉 be a Cauchy sequence in `p. Given ε > 0, there exists N such that∑

|ξ(n)
v − ξ(m)

v |p < εp for n,m ≥ N . In particular, |ξ(n)
v − ξ(m)

v |p < εp for n,m ≥ N and each v. Thus for
each v, 〈ξ(n)

v 〉 is Cauchy in R so it converges to some ξv. Consider 〈ξv〉. Then
∑k
v=1 |ξ

(n)
v − ξv|p < εp for

each k and each n ≥ N so
∑
|ξ(n)
v − ξv|p < εp for n ≥ N . Thus 〈ξ(n)

v − ξv〉 ∈ `p for n ≥ N so 〈ξv〉 ∈ `p
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and ||〈ξ(n)
v 〉 − 〈ξv〉||p → 0.

13. Let C = C[0, 1] be the space of all continuous functions on [0, 1] and define ||f || = max |f(x)| for
f ∈ C. It is straightforward to check that || · || is a norm on C. Let 〈fn〉 be a Cauchy sequence in C.
Given ε > 0, there exists N such that max |fn(x) − fm(x)| < ε for n,m ≥ N so |fn(x) − fm(x)| < ε
for n,m ≥ N and x ∈ [0, 1]. Thus 〈fn(x)〉 converges to some f(x) for each x ∈ [0, 1]. Furthermore, the
convergence is uniform. Thus f ∈ C. Also, max |fn(x)− f(x)| < ε for n ≥ N . i.e. ||fn − f || → 0.

14. It is straightforward to check that || · ||∞ is a norm on `∞. Let 〈ξ(n)
v 〉 be a Cauchy sequence in `∞.

Given ε > 0, there exists N such that sup |ξ(n)
v − ξ(m)

v | < ε for n,m ≥ N . Then |ξ(n)
v − ξ(m)

v | < ε for
each v and n,m ≥ N . Thus 〈ξ(n)

v 〉 converges to some ξv for each v and |ξ(n)
v − ξv| < ε for n ≥ N . Then

|ξv| ≤ |ξ(N)
v |+ ε for each v and 〈ξv〉 ∈ `∞. Also, sup |ξ(n)

v − ξv| < ε for n ≥ N . i.e. ||〈ξ(n)
v 〉− 〈ξv〉||∞ → 0.

15. Let c be the space of all convergent sequences of real numbers and let c0 be the space of all sequences
which converge to 0. It is straightforward to check that || · ||∞ is a norm on c and c0. Let 〈ξ(n)

v 〉 be a
Cauchy sequence in c. Given ε > 0, there exists N such that sup |ξ(n)

v − ξ(m)
v | < ε for n,m ≥ N . Then

|ξ(n)
v − ξ(m)

v | < ε for each v and n,m ≥ N . Thus 〈ξ(n)
v 〉 converges to some ξv for each v. Now for each v

and v′, there exists N ′ such that |ξv − ξv′ | ≤ |ξv − ξ(N ′)
v |+ |ξ(N ′)

v − ξ(N ′)
v′ |+ |ξv′ − ξ

(N ′)
v′ | < ε. Thus 〈ξv〉

is Cauchy in R. Hence 〈ξv〉 ∈ c and sup |ξ(n)
v − ξv| < ε. i.e. ||〈ξ(n)

v 〉 − 〈ξv〉||∞ → 0. If 〈ξ(n)
v 〉 is a Cauchy

sequence in c0, then 〈ξv〉 converges to 0 since |ξv| ≤ |ξ(n)
v − ξv|+ |ξ(n)

v |.
16. Let 〈fn〉 be a sequence in Lp, 1 ≤ p < ∞, which converges a.e. to a function f in Lp. Suppose
||fn − f ||p → 0. Then ||fn||p → ||f ||p since | ||fn||p − ||f ||p | ≤ ||fn − f ||p. Conversely, suppose
||fn||p → ||f ||p. Now 2p(|fn|p + |f |p) − |fn − f |p ≥ 0 for each n so by Fatou’s Lemma,

∫
2p+1|f |p ≤

lim
∫

2p(|fn|p+ |f |p)−|fn−f |p =
∫

2p+1|f |p− lim
∫
|fn−f |p. Thus lim

∫
|fn−f |p ≤ 0 ≤ lim

∫
|fn−f |p.

Hence ||fn − f ||p → 0.
17. Let 〈fn〉 be a sequence in Lp, 1 < p <∞, which converges a.e. to a function f in Lp. Suppose there
is a constant M such that ||fn||p ≤ M for all n. Let g ∈ Lq. Given ε > 0, there exists δ > 0 such that∫
E
|g|q < (ε/4M)q whenever mE < δ. By Egoroff’s Theorem, there exists E such that mE < δ and 〈fn〉

converges uniformly to f on Ec. Thus there exists N such that |fn(x) − f(x)| < ε/(2(mEc)1/p||g||q)
for n ≥ N and x ∈ Ec. Now |

∫
fng −

∫
fg| ≤

∫
|fn − f ||g| ≤ (

∫
E
|fn − f |p)1/p(

∫
E
|g|q)1/q + (

∫
Ec
|fn −

f |p)1/p(
∫
Ec
|g|q)1/q ≤ 2M(ε/4m) + (ε/(2(mEc)1/p||g||q))(mEc)1/p||g||q = ε for n ≥ N . i.e.

∫
fg =

lim
∫
fng.

For p = 1, it is not true. Let fn = nχ[0,1/n] for each n. Then fn → 0 and ||fn||1 = 1 for each n. Let
g = χ[0,1] ∈ L∞. Then

∫
fg = 0 but

∫
fng =

∫
fn = 1 for each n.

18. Let fn → f in Lp, 1 ≤ p <∞ and let 〈gn〉 be a sequence of measurable functions such that |gn| ≤M
for all n and gn → g a.e. Given ε > 0, there exists δ > 0 such that

∫
E
|f |p < (ε/8M)p whenever

mE < δ. By Egoroff’s Theorem, there exists E such that mE < δ and 〈gn〉 converges uniformly to
g on Ec. Thus there exists N such that ||fn − f ||p < ε/2M and |gn(x) − g(x)| < ε/(4(mEc)1/p||f ||p)
for n ≥ N and x ∈ Ec. Now ||gnfn − gf ||p ≤ ||gnfn − gnf ||p + ||gnf − gf ||p = (

∫
|gn|p|fn − f |p)1/p +

(
∫
|gn− g|p|f |p)1/p ≤M ||fn− f ||p + (

∫
E
|gn− g|p|f |p)1/p + (

∫
Ec
|gn− g|p|f |p)1/p < ε/2 + (ε/8M)(2M) +

ε/(4(mEc)1/p||f ||p)(mEc)1/p||f ||p = ε for n ≥ N . Thus ||gnfn − gf ||p → 0.

6.4 Approximation in Lp

*19. ||T∆(f)||pp = ||
∑m−1
k=0

1
ξk+1−ξk (

∫ ξk+1

ξk
f)χ[ξk,ξk+1)||pp ≤

∑m−1
k=0 ||

1
ξk+1−ξk (

∫ ξk+1

ξk
f)χ[ξk,ξk+1)||pp. Now

|| 1
ξk+1−ξk (

∫ ξk+1

ξk
f)χ[ξk,ξk+1)||pp =

∫ b
a
| 1
ξk+1−ξk (

∫ ξk+1

ξk
f)χ[ξk,ξk+1)|p =

∫ ξk+1

ξk
1

(ξk+1−ξk)p |
∫ ξk+1

ξk
f |p. By the

Hölder inequality, |
∫ ξk+1

ξk
f |p ≤

∫ ξk+1

ξk
|f |p(

∫ ξk+1

ξk
1)p/q =

∫ ξk+1

ξk
|f |p(

∫ ξk+1

ξk
1)p−1. Thus ||T∆(f)||pp ≤∑m−1

k=0

∫ ξk+1

ξk

(
1

(ξk+1−ξk)p

∫ ξk+1

ξk
|f |p(

∫ ξk+1

ξk
1)p−1

)
=
∑m−1
k=0

1
(ξk+1−ξk)p−1

∫ ξk+1

ξk
|f |p(ξk+1− ξk)p−1 =

∫ b
a
|f |p.

Hence ||T∆(f)||pp ≤ ||f ||pp and ||T∆(f)||p ≤ ||f ||p.
*20. By Chebyshev’s inequality, for any ε > 0,

∫
|ϕ∆ − f |p ≥ εpm{x : |ϕ∆(x) − f(x)|p > εp}. Thus

m{x : |ϕ∆(x)− f(x)| > ε} = m{x : |ϕ∆(x)− f(x)|p > εp} ≤ ε−p||ϕ∆ − f ||pp < ε for sufficiently small δ.
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6.5 Bounded linear functionals on the Lp spaces

21a. Let g be an integrable function on [0, 1]. If ||g||1 6= 0, let f = sgn(g). Then f is a bounded
measurable function, ||f ||∞ = 1 and

∫
fg =

∫
|g| = ||g||1||f ||∞. If ||g||1 = 0, then g = 0 a.e. Let f = 1.

Then f is a bounded measurable function, ||f ||∞ = 1 and
∫
fg =

∫
g = 0 = ||g||1||f ||∞.

21b. Let g be a bounded measurable function. Given ε > 0, let E = {x : g(x) > ||g||∞ − ε} and let
f = χE . Then

∫
fg =

∫
E
g ≥ (||g||∞ − ε)mE = (||g||∞ − ε)||f ||1.

22. Let F be a bounded linear functional on `p. For each v, let ev be the sequence with 1 in the
v-th entry and 0 elsewhere. For p = 1, note that ||〈ξv〉 −

∑n
v=1 ξvev||1 → 0 for each 〈ξv〉 ∈ `1 so

F (〈ξv〉) =
∑
ξvF (ev) by linearity and continuity of F . Now |F (ev)| = |F (ev)|/||ev||1 ≤ ||F || for all v so

〈F (ev)〉 ∈ `∞ and ||〈F (ev)〉||∞ ≤ ||F ||. Conversely, |F (〈ξv〉)| = |
∑
ξvF (ev)| ≤ ||〈ξv〉||1||〈F (ev)〉||∞ so

||〈F (ev)〉||∞ ≥ |F (〈ξv〉)|/||〈ξv〉||1 for all nonzero 〈ξv〉 ∈ `1. Thus ||〈F (ev)〉||∞ ≥ ||F ||.
For 1 < p < ∞, note that ||〈ξv〉 −

∑n
v=1 ξvev||p → 0 for each 〈ξv〉 ∈ `p so F (〈ξv〉) =

∑
ξvF (ev)

by linearity and continuity of F . For each v, let xv = |F (ev)|q/F (ev) = |F (ev)|q−1sgn(F (ev)) and let
x = 〈x1, . . . , xn, 0, 0, . . .〉. Then F (x) =

∑n
v=1 xvF (ev) =

∑n
v=1 |F (ev)|q. Now ||x||p = (

∑n
v=1 |xv|p)1/p =

(
∑n
v=1 |F (ev)|p(q−1))1/p = (

∑n
v=1 |F (ev)|q)1/p so (

∑n
v=1 |F (ev)|q)1/q =

∑n
v=1 |F (ev)|q

(
∑n
v=1 |F (ev)|q)1/p = |F (x)|

||x||p ≤
||F || for all n. Thus 〈F (ev)〉 ∈ `q and ||〈F (ev)〉||q ≤ ||F ||. Conversely, |F (〈ξv〉)| = |

∑
ξvF (ev)| ≤

||〈ξv〉||p||〈F (ev)〉||q so ||〈F (ev)〉||q ≥ |F (〈ξv〉)|/||〈ξv〉||p for all nonzero 〈ξv〉 ∈ `p. Thus ||〈F (ev)〉||q ≥ ||F ||.
23. Note that ||〈ξv〉 −

∑n
v=1 ξvev −

∑∞
v=n+1 ξev||∞ → 0 for each 〈ξv〉 ∈ c with lim ξv = ξ so F (〈ξv〉) =∑

ξvF (ev) by linearity and continuity of F . For each v, let xv = sgn(F (ev)) and let x be defined as
before. Then F (x) =

∑n
v=1 xvF (ev) =

∑n
v=1 |F (ev)| so

∑n
v=1 |F (ev)| = |F (x)|/||x||∞ ≤ ||F || for all n.

Thus 〈F (ev)〉 ∈ `1 and ||〈F (ev)〉||1 ≤ ||F ||. Conversely, |F (〈ξv〉)| = |
∑
ξvF (ev)| ≤ ||〈ξv〉||∞||〈F (ev)〉||1

so ||〈F (ev)〉||1 ≥ |F (〈ξv〉)|/||〈ξv〉||∞ for all nonzero 〈ξv〉 ∈ c. Thus ||〈F (ev)〉||1 ≥ ||F ||. Similarly for c0.
*24. Let F be a bounded linear functional on Lp, 1 ≤ p <∞, and suppose there exist functions g and
h in Lq such that F (f) =

∫
fg =

∫
fh for all f ∈ Lp. For p > 1, choose f = |g − h|q−2(g − h). Then

|f |p = |g−h|p(q−1) = |g−h|q so f ∈ Lp. Now
∫
|g−h|q−2(g−h)g =

∫
|g−h|q−2(g−h)h so

∫
|g−h|q = 0.

Thus g = h a.e. For p = 1, choose f = sgn(g−h). Then f ∈ L1 and f(g−h) = |g−h|. Now
∫
fg =

∫
fh

so
∫
|g − h| =

∫
f(g − h) = 0. Thus g = h a.e.

7 Metric Spaces

7.1 Introduction

1a. Clearly, ρ∗(x, y) ≥ 0 for all x, y. Now ρ∗(x, y) = 0 if and only if |xi − yi| = 0 for all i if and only if
xi = yi for all i if and only if x = y. Since |xi − yi| = |yi − xi| for each i, ρ∗(x, y) = ρ∗(y, x). Finally,
ρ∗(x, y) =

∑n
i=1 |xi−yi| ≤

∑n
i=1(|xi−zi|+ |zi−yi|) =

∑n
i=1 |xi−zi|+

∑n
i=1 |zi−yi| = ρ∗(x, z)+ρ∗(z, y).

The argument for ρ+ is similar except for the last property. For any xj , yj , zj , |xj − yj | ≤ |xj − zj | +
|zj − yj | ≤ maxi |xi − zi|+ maxi |zi − yi| = ρ+(x, z) + ρ+(z, y). Thus ρ+(x, y) ≤ ρ+(x, z) + ρ+(z, y).
1b. For n = 2 (resp. n = 3), {x : ρ(x, y) < 1} is the interior of the circle (resp. sphere) with center
y and radius 1. {x : ρ∗(x, y) < 1} is the interior of the diamond (resp. bi-pyramid) with center y with
height and width 2. {x : ρ+(x, y) < 1} is the interior of the square (resp. cube) with center y and sides
of length 1.
2. Suppose 0 < ε < δ − ρ(x, z) and y ∈ Sz,ε. Then ρ(z, y) < ε < δ − ρ(x, z). Hence ρ(x, y) ≤
ρ(x, z) + ρ(z, y) < δ so y ∈ Sx,δ.
3a. For any x, ρ(x, x) = 0. If ρ(x, y) = 0, then ρ(y, x) = ρ(x, y) = 0. If ρ(x, z) = 0 and ρ(z, y) = 0,
then 0 ≤ ρ(x, y) ≤ ρ(x, z) + ρ(z, y) = 0 so ρ(x, y) = 0. Thus ρ(x, y) = 0 is an equivalence relation. Let
X∗ be the set of equivalence classes under this relation. Suppose x and x′ are in the same equivalence
class. Also suppose that y and y′ are in the same equivalence class. Then ρ(x, y) ≤ ρ(x, x′) + ρ(x′, y) =
ρ(x′, y) ≤ ρ(x′, y′) + ρ(y′, y) = ρ(x′, y′). If ρ(x, y) = 0, then x and y are in the same equivalence class.
Thus ρ defines a metric on X∗.
3b. Let ρ be an extended metric on X. For any x, ρ(x, x) = 0 < ∞. If ρ(x, y) < ∞, then ρ(y, x) =
ρ(x, y) <∞. If ρ(x, z) <∞ and ρ(z, y) <∞, then ρ(x, y) ≤ ρ(x, z)+ρ(z, y) <∞. Thus ρ(x, y) <∞ is an
equivalence relation. Let Xα0 be a part of the extended metric space (X, ρ) and let x be a representative
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of Xα0 . If y ∈ Xα0 , then for any z ∈ Sy,δ with δ > 0, ρ(x, z) ≤ ρ(x, y) + ρ(y, z) < ∞ so z ∈ Xα0 . i.e.
Sy,δ ⊂ Xα0 . Thus Xα0 is open. Now X =

⋃
Xα so Xα0 = X \

⋃
α6=α0

Xα. Since the union is open, Xα0

is closed.

7.2 Open and closed sets

4a. Since continuous functions on [0, 1] are bounded, C ⊂ L∞. By Q6.3.13, C is complete. Let g be
a point of closure of C. For every n, there exists fn ∈ C such that ||fn − g||∞ < 1/n. Then 〈fn〉 is a
Cauchy sequence in C and it converges to g so g ∈ C. Thus C is a closed subset of L∞.
4b. Let g be a point of closure of the set of integrable functions that vanish for 0 ≤ t < 1/2. For each
n, there exists fn in the set such that ||fn − g||1 < 1/n. Then

∫ 1/2

0
|g| ≤

∫ 1/2

0
|fn − g| +

∫ 1/2

0
|fn| ≤∫ 1

0
|fn − g| < 1/n for all n. Hence g vanishes a.e. and the set of integrable functions that vanish for

0 ≤ t < 1/2 is closed in L1.
4c. Let x(t) be a measurable function with

∫
x < 1. Let δ = 1−

∫
x. For any y ∈ Sx,δ,

∫
|y − x| < δ so∫

y =
∫

(y − x) +
∫
x < δ +

∫
x < 1. Hence the set of measurable functions x(t) with

∫
x < 1 is open in

L1.
5. If E ⊂ F and F is closed, then Ē ⊂ F̄ = F . Thus Ē ⊂

⋂
E⊂F F for closed sets F . Conversely, since

Ē is a closed set containing E,
⋂
E⊂F F ⊂ Ē.

5a. From the definition, E◦ is an open subset of E so E◦ ⊂
⋃
O⊂E O. Conversely, for any open subset

O ⊂ E and y ∈ O, there exists δ > 0 such that x ∈ O ⊂ E for all x with ρ(x, y) < δ. Thus O ⊂ E◦ for
any open subset O ⊂ E so

⋃
O⊂E ⊂ E◦.

5b. (Ē)c = (
⋂
E⊂F F )c =

⋃
E⊂F F

c =
⋃
F c⊂Ec F

c = (Ec)◦.
6a. Consider the ball Sy,δ = {x : ρ(x, y) < δ}. For any x ∈ Sy,δ, let 0 < ε < δ − ρ(x, y). By Q2,
Sx,ε ⊂ Sy,δ so Sy,δ is open.
6b. Consider the set S = {x : ρ(x, y) ≤ δ}. Take x ∈ Sc. Then ρ(x, y) > δ. Let δ′ = ρ(x, y) − δ. For
any z ∈ Sx,δ′ , ρ(z, y) ≥ ρ(x, y)− ρ(x, z) > ρ(x, y)− δ′ = δ so z ∈ Sc. Thus Sc is open and S is closed.
6c. The set in part (b) is not always the closure of the ball {x : ρ(x, y) < δ}. For example, let X be any
metric space with |X| > 1 and ρ being the discrete metric. i.e. ρ(x, y) = 1 if x 6= y and ρ(x, y) = 0 if
x = y. Then {x : ρ(x, y) < 1} = {y}, {x : ρ(x, y) < 1} = {y} and {x : ρ(x, y) ≤ 1} = X.
*7. Rn is separable with the set of n-tuples of rational numbers being a countable dense subset. C is
separable with the set of polynomials on [0, 1] with rational coefficients being a countable dense subset
(Weierstrass approximation theorem).
L∞ is not separable. Consider χ[0,x] and χ[0,y] where x, y ∈ [0, 1]. Then ||χ[0,x] − χ[0,y]||∞ = 1 if x 6= y.
If there exists a countable dense subset D, then there exists d ∈ D and x, y ∈ [0, 1] with x 6= y such that
||χ[0,x] − d||∞ < 1/2 and ||χ[0,y] − d||∞ < 1/2. Then ||χ[0,x] − χ[0,y]||∞ < 1. Contradiction.
L1 is separable. By Proposition 6.8, given f ∈ L1 and ε > 0, there exists a step function ϕ such that
||f − ϕ||1 < ε. We may further approximate ϕ by a step function where the partition intervals have
rational endpoints and the coefficients are rational to get a countable dense subset.

7.3 Continuous functions and homeomorphisms

8. Let h be the function on [0, 1) given by h(x) = x/(1− x). The function h, being a rational function,
is continuous on [0, 1). If h(x) = h(y), then x(1− y) = y(1− x) so x = y. Thus h is one-to-one. For any
y ∈ [0,∞), let x = y/(1 + y). Then x ∈ [0, 1) and h(x) = y. Thus h is onto. The inverse function h−1

is given by h−1(x) = x/(1 + x), which is continuous. Hence h is a homeomorphism between [0, 1) and
[0,∞).
9a. For a fixed set E, let f(x) = ρ(x,E) = infy∈E ρ(x, y). Given ε > 0, let δ = ε. When ρ(x, z) < δ,
take any y ∈ E. Then f(x) = ρ(x,E) ≤ ρ(x, y) ≤ ρ(x, z) + ρ(z, y) < δ + ρ(z, E) ≤ ε + f(z). Thus
f(x)− f(z) < ε. Similarly, by interchanging x and z, f(z)− f(x) < ε. Thus |f(x)− f(z)| < ε and f is
continuous.
9b. If ρ(x,E) = 0, then for any δ > 0, there exists y ∈ E such that ρ(x, y) < δ so x ∈ Ē. Conversely, if
ρ(x,E) > 0, say ρ(x,E) = α, then ρ(x, y) > α/2 for all y ∈ E so x /∈ Ē. Hence {x : ρ(x,E) = 0} = Ē.
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10a. Suppose ρ and σ are equivalent metrics on X. The identity mapping is a homeomorphism between
(X, ρ) and (X,σ). Thus given x ∈ X and ε > 0, there exists δ > 0 such that if ρ(x, y) < δ, then
σ(x, y) < ε. By considering the inverse function, we see that if σ(x, y) < δ, then ρ(x, y) < ε. Conversely,
the two implications show that the identity mapping is continuous from (X, ρ) to (X,σ) as well as from
(X,σ) to (X, ρ). Since the identity mapping is clearly bijective, it is a homeomorphism so ρ and σ are
equivalent metrics.
10b. Given ε > 0, let δ = ε/n. When ρ+(x, y) < δ, ρ∗(x, y) < nδ = ε. When ρ∗(x, y) < δ, ρ+(x, y) <
δ < ε. Thus ρ+ and ρ∗ are equivalent metrics. When ρ+(x, y) < δ, ρ(x, y) < (nδ2)1/2 = (ε2/n)1/2 < ε.
When ρ(x, y) < δ, (ρ+(x, y))2 < δ2 so ρ+(x, y) < δ < ε. Thus ρ+ and ρ are equivalent metrics. There
exists δ′ > 0 with δ′ < ε/

√
n such that ρ∗(x, y) < δ′ implies ρ+(x, y) < δ. Then when ρ∗(x, y) < δ′,

ρ(x, y) < ε. When ρ(x, y) < δ′, ρ∗(x, y) ≤ ρ(x, y)
√
n < ε. Thus ρ and ρ∗ are equivalent metrics.

10c. Consider the discrete metric ψ. Let x = (0, . . . , 0). For any δ > 0, we can choose y 6= x such that
ρ(x, y) < δ but ψ(x, y) = 1. Similarly for ρ∗ and ρ+. Thus ψ is not equivalent to the metrics in part (b).
11a. Let ρ be a metric on a set X and let σ = ρ/(1 + ρ). Clearly, σ(x, y) ≥ 0 with σ(x, y) = 0 if and
only if x = y. Also, σ(x, y) = σ(y, x). Now σ(x, y) = ρ(x,y)

1+ρ(x,y) = 1 − 1
1+ρ(x,y) ≤ 1 − 1

1+ρ(x,z)+ρ(z,y) =
ρ(x,z)+ρ(z,y)

1+ρ(x,z)+ρ(z,y) ≤ σ(x, z) + σ(z, y). Hence σ is a metric on X. Note that ρ(x, y) = σ(x,y)
1−σ(x,y) = h(σ(x, y))

where h is the function in Q8. Since h is continuous at 0, given ε > 0, there exists δ′ > 0 such
that h(σ(x, y)) < ε when σ(x, y) < δ′. Now given ε > 0, let δ < min(δ′, ε). When ρ(x, y) < δ,
σ(x, y) < ρ(x, y) < δ < ε. When σ(x, y) < δ, ρ(x, y) = h(σ(x, y)) < ε. Hence σ and ρ are equivalent
metrics for X. Furthermore, σ(x, y) ≤ 1 for all x, y ∈ X so (X,σ) is a bounded metric space.
11b. If ρ is an extended metric (resp. pseudometric), then σ is an extended metric (resp. pseudometric).
The rest of the argument in part (a) follows.

7.4 Convergence and completeness

12. Suppose the sequence 〈xn〉 has x as a cluster point. There exists n1 ≥ 1 such that ρ(x, xn1) < 1.
Suppose xn1 , . . . , xnk have been chosen. There exists nk+1 ≥ nk such that ρ(x, xnk+1) < 1/(k + 1). The
subsequence 〈xnk〉 converges to x. Conversely, suppose there is a subsequence 〈xnk〉 that converges to
x. Given ε > 0 and given N , there exists N ′ such that ρ(x, xnk) < ε for k ≥ N ′. Pick k ≥ max(N,N ′).
Then nk ≥ k ≥ N and ρ(x, xnk) < ε. Thus x is a cluster point of the sequence 〈xn〉.
13. Suppose the sequence 〈xn〉 converges to x. Then every subsequence of 〈xn〉 also converges to x
and so has x as a cluster point. Conversely, suppose 〈xn〉 does not converge to x. There exists ε > 0
such that for each N , there exists n ≥ N with ρ(x, xn) ≥ ε. Pick n1 such that ρ(x, xn1) ≥ ε. Suppose
xn1 , . . . , xnk have been chosen. Then pick nk+1 ≥ nk such that ρ(x, xnk+1) ≥ ε. The subsequence 〈xnk〉
does not have x as a cluster point.
If every subsequence of 〈xn〉 has in turn a subsequence that converges to x, then every subsequence of
〈xn〉 has x as a cluster point by Q12. Hence the sequence 〈xn〉 converges to x.
14. Let E be a set in a metric space X. If x is a cluster point of a sequence from E, then given ε > 0,
there exists n such that ρ(x, xn) < ε. Since xn ∈ E, x ∈ Ē. On the other hand, if x ∈ Ē, then for each
n, there exists xn ∈ E with ρ(x, xn) < 1/n. The sequence 〈xn〉 converges to x.
15. Suppose a Cauchy sequence 〈xn〉 in a metric space has a cluster point x. By Q12, there is a
subsequence 〈xnk〉 that converges to x. Given ε > 0, there exists N such that ρ(x, xnk) < ε/2 for k ≥ N
and ρ(xn, xm) < ε/2 for n,m ≥ N . Now for k ≥ N , ρ(x, xk) ≤ ρ(x, xnk) + ρ(xnk , xk) < ε. Thus 〈xn〉
converges to x.
16. Let X and Y be metric spaces and f a mapping from X to Y . Suppose f is continuous at x and let
〈xn〉 be a sequence in X that converges to x. Given ε > 0, there exists δ > 0 such that σ(f(x), f(y)) < ε
if ρ(x, y) < δ. There also exists N such that ρ(x, xn) < δ for n ≥ N . Thus σ(f(x), f(xn)) < ε for n ≥ N
so the sequence 〈f(xn)〉 converges to f(x) in Y . Conversely, suppose f is not continuous at x. Then
there exists ε > 0 such that for every n, there exists xn with ρ(x, xn) < 1/n but σ(f(x), f(xn)) ≥ ε. The
sequence 〈xn〉 converges to x but 〈f(xn)〉 does not converge to f(x).
17a. Let 〈xn〉 and 〈yn〉 be Cauchy sequences from a metric spaceX. Given ε > 0, there existsN such that
ρ(xn, xm) < ε/2 and ρ(yn, ym) < ε/2 for n,m ≥ N . Now ρ(xn, yn) ≤ ρ(xn, xm)+ρ(xm, ym)+ρ(ym, yn) so
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ρ(xn, yn)− ρ(xm, ym) ≤ ρ(xn, xm) + ρ(yn, ym). Similarly, ρ(xm, ym)− ρ(xn, yn) ≤ ρ(xn, xm) + ρ(yn, ym).
Thus |ρ(xn, yn)− ρ(xm, ym)| ≤ ρ(xn, xm) + ρ(yn, ym) < ε for n,m ≥ N . Hence the sequence 〈ρ(xn, yn)〉
is Cauchy in R and thus converges.
17b. Define ρ∗(〈xn〉, 〈yn〉) = lim ρ(xn, yn) for Cauchy sequences 〈xn〉 and 〈yn〉. Then ρ∗(〈xn〉, 〈yn〉) ≥ 0
since ρ(xn, yn) ≥ 0 for each n. Also, ρ∗(〈xn〉, 〈xn〉) = lim ρ(xn, xn) = 0. Furthermore, ρ∗(〈xn〉, 〈yn〉) =
lim ρ(xn, yn) = lim ρ(yn, xn) = ρ∗(〈yn〉, 〈xn〉). Finally, ρ∗(〈xn〉, 〈yn〉) = lim ρ(xn, yn) ≤ lim ρ(xn, zn) +
lim ρ(zn, yn) = ρ∗(〈xn〉, 〈zn〉) +ρ∗(〈zn〉, 〈yn〉). Hence the set of all Cauchy sequences from a metric space
becomes a pseudometric space under ρ∗.
17c. Define 〈xn〉 to be equivalent to 〈yn〉 (written as 〈xn〉 ∼ 〈yn〉) if ρ∗(〈xn〉, 〈yn〉) = 0. If 〈xn〉 ∼
〈x′n〉 and 〈yn〉 ∼ 〈y′n〉, then |ρ∗(〈xn〉, 〈yn〉) − ρ∗(〈x′n〉, 〈y′n〉)| ≤ ρ∗(〈xn〉, 〈x′n〉) + ρ∗(〈yn〉, 〈y′n〉) = 0 so
ρ∗(〈xn〉, 〈yn〉) = ρ∗(〈x′n〉, 〈y′n〉). If ρ∗(〈xn〉, 〈yn〉) = 0, then 〈xn〉 ∼ 〈yn〉 so they are equal in X∗. Thus
the pseudometric space becomes a metric space.
Associate each x ∈ X with the equivalence class in X∗ containing the constant sequence 〈x, x, . . .〉. This
defines a mapping T from X onto T [X]. Since ρ∗(Tx, Ty) = lim ρ(x, y) = ρ(x, y), if Tx = Ty, then
ρ(x, y) = 0 so x = y. Thus T is one-to-one. Also, T is continuous on X and its inverse is continuous on
T [X]. Hence T is an isometry between X and T [X] ⊂ X∗. Furthermore, T [X] is dense in X∗.
17d. If 〈xn〉 is a Cauchy sequence from X, we may assume (by taking a subsequence) that ρ(xn, xn+1) <
2−n. Let 〈〈xn,m〉∞n=1〉∞m=1 be a sequence of such Cauchy sequences which represents a Cauchy se-
quence in X∗. Given ε > 0, there exists N such that for m,m′ ≥ N , ρ∗(〈xn,m〉, 〈xn,m′〉) < ε/2.
i.e. limn ρ(xn,m, xn,m′) < ε/2. We may assume that for n ≥ N , ρ(xn,m, xn,m′) < ε/2. In particular,
ρ(xm,m, xm,m′) < ε/2. We may also assume that ρ(xm,m′ , xm′,m′) < ε/2 since the sequence 〈xn,m′〉∞n=1

is Cauchy in X. Thus ρ(xm,m, xm′,m′) < ε for m,m′ ≥ N so the sequence 〈xn,n〉 is Cauchy in X and
represents the limit of the Cauchy sequence in X∗.
*17e. T is an isometry from X onto T [X] and T−1 is an isometry from T [X] onto X. Thus there is a
unique isometry T ′ from X̄ ∩ Y onto X∗ that extends T . Similarly, there is a unique isometry T ′′ from
X∗ onto X̄ ∩ Y that extends T−1. Then T ′|X = T and T ′′|T [X] = T−1 so (T ′ ◦ T ′′)|T [X] = idT [X] and
(T ′′ ◦ T ′)|X = idX . Since T [X] is dense in X∗ and X is dense in X̄ ∩ Y , we have T ′ ◦ T ′′ = idX∗ and
T ′′ ◦ T ′ = idX̄∩Y so (T ′ = T ′′)−1. Hence X∗ is isometric with the closure of X in Y .
18. Let (X, ρ) and (Y, σ) be two complete metric spaces. Let 〈(xn, yn)〉 be a Cauchy sequence in X×Y .
Since ρ(xn, xm) ≤ (ρ(xn, xm)2 + σ(yn, ym)2)1/2 = τ((xn, yn), (xm, ym)), the sequence 〈xn〉 is Cauchy in
X. Similarly, the sequence 〈yn〉 is Cauchy in Y . Since X is complete, 〈xn〉 converges to some x ∈ X.
Similarly, 〈yn〉 converges to some y ∈ Y . Given ε > 0, there exists N such that ρ(xn, x) < ε/2 and
σ(yn, y) < ε/2 for n ≥ N . Then τ((xn, yn), (x, y)) = (ρ(xn, x)2 +σ(yn, y)2)1/2 < ε for n ≥ N . Hence the
sequence 〈(xn, yn)〉 converges to (x, y) ∈ X × Y and X × Y is complete.

7.5 Uniform continuity and uniformity

19. ρ1(〈x, y〉, 〈x′, y′〉) = ρ(x, x′) + σ(y, y′) ≥ 0. ρ1(〈x, y〉, 〈x′, y′〉) = 0 if and only if ρ(x, x′) = 0 and
σ(y, y′) = 0 if and only if x = x′ and y = y′ if and only if 〈x, y〉 = 〈x′, y′〉. ρ1(〈x, y〉, 〈x′, y′〉) =
ρ(x, x′) + σ(y, y′) = ρ(x′, x) + σ(y′, y) = ρ1(〈x′, y′〉, 〈x, y〉). ρ1(〈x, y〉, 〈x′, y′〉) = ρ(x, x′) + σ(y, y′) ≤
ρ(x, x′′) + ρ(x′′, x′) + σ(y, y′′) + σ(y′′, y′) = ρ1(〈x, y〉, 〈x′′, y′′〉) + ρ1(〈x′′, y′′〉, 〈x′, y′〉). Hence ρ1 is a
metric. Similarly, ρ∞ is a metric.
Given ε > 0, let δ = ε/2. When τ(〈x, y〉, 〈x′, y′〉) < δ, ρ(x, x′)2 < ε2/4 and σ(y, y′)2 < ε2/4 so
ρ1(〈x, y〉, 〈x′, y′〉) = ρ(x, x′) + σ(y, y′) < ε. Also, ρ∞(〈x, y〉, 〈x′, y′〉) = max(ρ(x, x′), σ(y, y′)) < ε. When
ρ1(〈x, y〉, 〈x′, y′〉) < δ, ρ(x, x′) < ε/2 and σ(y, y′) < ε/2 so τ(〈x, y〉, 〈x′, y′〉) <

√
ε2/4 + ε2/4 < ε. When

ρ∞ < δ, ρ(x, x′) < ε/2 and σ(y, y′) < ε/2 so τ(〈x, y〉, 〈x′, y′〉) <
√
ε2/4 + ε2/4 < ε. Hence ρ1 and ρ∞

are uniformly equivalent to the usual product metric τ .
20. Let f be a uniformly continuous mapping of a metric space X into a metric space Y and let 〈xn〉 be
a Cauchy sequence in X. Given ε > 0, there exists δ > 0 such that ρ(x, y) < δ implies σ(f(x), f(y)) < ε.
There exists N such that ρ(xn, xm) < δ for n,m ≥ N . Thus σ(f(xn), f(xm)) < ε for n,m ≥ N . Hence
〈f(xn)〉 is a Cauchy sequence in Y .
21a. Let 〈xn〉 be a sequence from E that converges to a point x ∈ Ē. Then 〈xn〉 is Cauchy in X so
〈f(xn)〉 is Cauchy in Y . Since Y is complete, 〈f(xn)〉 converges to some y ∈ Y .
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21b. Suppose 〈xn〉 and 〈x′n〉 both converge to x. Suppose 〈f(xn)〉 converges to y and 〈f(x′n)〉 converges to
y′ with y 6= y′. Let ε = σ(y, y′)/4 > 0. There exists δ > 0 such that ρ(x, x′) < δ implies σ(f(x), f(x′)) <
ε. There also exists N such that ρ(xn, x) < δ/2 and ρ(x′n, x) < δ/2 for n ≥ N . Thus ρ(xn, x′m) < δ
for n,m ≥ N so σ(f(xn), f(x′m)) < ε for n,m ≥ N . We may assume that σ(f(xn), y) < ε and
σ(f(x′n), y′) < ε for n ≥ N . Then σ(y, y′) ≤ σ(y, f(xn)) + σ(f(xn), f(x′n)) + σ(f(x′n), y′) < 3ε =
3σ(y, y′)/4. Contradiction. Hence 〈f(xn)〉 and 〈f(x′n)〉 converge to the same point. By defining y = g(x),
we get a function on Ē extending f .
21c. Given ε > 0, there exists δ > 0 such that ρ(x, x′) < δ implies σ(f(x), f(x′)) < ε/3 for x, x′ ∈ E.
Suppose ρ(x̄, x̄′) < δ/3 with x̄, x̄′ ∈ Ē. Let 〈xn〉 be a sequence in E converging to x̄ and let 〈x′n〉 be a
sequence in E converging to x̄′. There exists N such that ρ(xn, x̄) < δ/3 and ρ(x′n, x̄

′) < δ/3 for n ≥ N .
Then ρ(xn, x′n) < δ for n ≥ N so σ(f(xn), f(x′n)) < ε/3 for n ≥ N . Also, 〈f(xn)〉 converges to some
y = g(x̄) ∈ Y and 〈f(x′n)〉 converges to some y′ = g(x̄′) ∈ Y . We may assume σ(f(xn), g(x̄)) < ε/3 and
σ(f(x′n), g(x̄′)) < ε/3 for n ≥ N . Thus σ(g(x̄), g(x̄′)) < ε. Hence g is uniformly continuous on Ē.
21d. Let h be a continuous function from Ē to Y that agrees with f on E. Let x ∈ Ē and let 〈xn〉 be
a sequence in E converging to x. Then 〈h(xn)〉 converges to h(x) and 〈g(xn)〉 converges to g(x). Since
h(xn) = g(xn) for all n, g(x) = h(x). Hence h ≡ g.
22a. Given ε > 0, let δ = ε/n. When ρ+(x, y) < δ, ρ∗(x, y) < nδ = ε. When ρ∗(x, y) < δ, ρ+(x, y) <
δ < ε. Thus ρ+ and ρ∗ are uniformly equivalent metrics. When ρ+(x, y) < δ, ρ(x, y) < (nδ2)1/2 =
(ε2/n)1/2 < ε. When ρ(x, y) < δ, (ρ+(x, y))2 < δ2 so ρ+(x, y) < δ < ε. Thus ρ+ and ρ are uniformly
equivalent metrics. There exists δ′ > 0 with δ′ < ε/sqrtn such that ρ∗(x, y) < δ′ implies ρ+(x, y) < δ.
Then when ρ∗(x, y) < δ′, ρ(x, y) < ε. When ρ(x, y) < δ′, ρ∗(x, y) ≤ ρ(x, y)

√
n < ε. Thus ρ and ρ∗ are

uniformly equivalent metrics.
*22b. Define ρ′(x, y) = |x3

1 − y3
1 | +

∑n
i=2 |xi − yi|. Then ρ′ is a metric on the set of n-tuples of real

numbers. Given x ∈ Rn and ε > 0, choose δ < min(1, |x1|, ε/3n|x1 + 1|2, ε/3n|x1 − 1|2, ε/n, 3ε|x1 −
1|2/n, 3ε|x1 + 1|2/n). When ρ∗(x, y) < δ, |xi − yi| < δ for each i and |x3

1 − y3
1 | = |3ξ2||x1 − y1| for

some ξ ∈ (x1 − δ, x1 + δ). Thus |x3
1 − y3

1 | < 3 max(|x1 + 1|, |x1 − 1|)2δ < ε/n and ρ′(x, y) < ε. When
ρ′(x, y) < δ, |xi − yi| < ε/n for i = 2, . . . , n and |x3

1 − y3
1 | < δ. Then |x1 − y1| = |x3

1 − y3
1 |/|3ξ2| < ε/n.

Thus ρ∗(x, y) < ε. Hence ρ′ and ρ∗ are equivalent metrics and since ρ∗ and ρ are equivalent metrics, ρ′

and ρ are equivalent metrics.
However ρ and ρ′ are not uniformly equivalent metrics. Let ε = 1. Given δ > 0, choose n large
enough so that 3n2δ > 1. Let x = 〈n, 0, . . . , 0〉 and let y = 〈n + δ, 0, . . . , 0〉. Then ρ(x, y) = δ and
ρ′(x, y) = (n+ δ)3 − n3 > 3n2δ > 1.

22c. Note that ρ(x, y) = σ(x,y)
1−σ(x,y) = h(σ(x, y)) where h is the function in Q8. Since h is continuous at

0, given ε > 0, there exists δ′ > 0 such that h(σ(x, y)) < ε when σ(x, y) < δ′. Now given ε > 0, let
δ < min(δ′, ε). When ρ(x, y) < δ, σ(x, y) < ρ(x, y) < δ < ε. When σ(x, y) < δ, ρ(x, y) = h(σ(x, y)) < ε.
Hence σ and ρ are uniformly equivalent metrics for X. (c.f. Q11a)
23a. [0,∞) with the usual metric ρ is an unbounded metric space. By Q22c, the metric σ = ρ/(1 +ρ) is
uniformly equivalent to ρ so there is a uniform homeomorphism between ([0,∞), ρ) and ([0,∞), σ). By
Q11a, ([0,∞), σ) is a bounded metric space. Hence boundedness is not a uniform property.
23b. Let (X, ρ) and (Y, σ) be metric spaces with X totally bounded. Let f : (X, ρ)→ (Y, σ) be a uniform
homeomorphism. Given ε > 0, there exists δ > 0 such that ρ(x, x′) < δ implies σ(f(x), f(x′)) < ε. There
exist finitely many balls Sxn,δ that cover X. i.e. X =

⋃k
n=1 Sxn,δ. Take y ∈ Y . Then y = f(x) for some

x ∈ X. Now x ∈ Sxn,δ for some n so ρ(x, xn) < δ and σ(f(x), f(xn)) < ε. Hence Y =
⋃k
n=1 Sf(xn),ε so

Y is totally bounded. Thus total boundedness is a uniform property.
23c. By Q8, the function h(x) = x/(1 − x) is a homeomorphism between [0, 1) and [0,∞). Let ε > 0
be given. Choose N such that N > 2/ε and let xn = (n − 1)/N for n = 1, . . . , N . The intervals
(xn − 1/N, xn + 1/N) ∩ [0, 1) are balls of radius ε that cover [0, 1). Thus [0, 1) is totally bounded.
Suppose [0,∞) is totally bounded. Then there are a finite number of balls of radius 1 that cover [0,∞),
say [0,∞) =

⋃k
n=1 Sxn,1. We may assume that x1, . . . , xk are arranged in increasing order. But then

xk + 2 is not in any of the balls Sxn,1. Contradiction. Hence [0,∞) is not totally bounded. Thus total
boundedness is not a topological property.
23d. Let (X, ρ) be a totally bounded metric space. For each n, there are a finite number of balls of
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radius 1/n that cover X. Let Sn be the set of the centres of these balls. Then each Sn is a finite
set and S =

⋃
Sn is a countable set. Given ε > 0, choose N such that N > 1/ε. For any x ∈ X,

ρ(x, x′) < 1/N < ε for some x′ ∈ SN ⊂ S. Thus S is a dense subset of X. Hence X is separable.
24a. Let 〈Xk, ρk〉 be a sequence of metric spaces and define their direct product Z =

∏∞
k=1Xk. Define

τ(x, y) =
∑∞
k=1 2−kρ∗k(xk, yk) where ρ∗k = ρk/(1 + ρk). Then τ(x, y) ≥ 0 since ρ∗k(xk, yk) ≥ 0 for all k.

Also, τ(x, y) = 0 if and only if ρ∗k(xk, yk) = 0 for all k if and only if xk = yk for all k if and only if
x = y. Furthermore, τ(x, y) = τ(y, x) since ρ∗k(xk, yk) = ρ∗k(yk, xk) for all k. Now for each n, τ(x, y) =∑n
k=1 2−kρ∗k(x, y) ≤

∑n
k=1 2−kρ∗k(x, z) +

∑n
k=1 2−kρ∗k(z, y) ≤

∑∞
k=1 2−kρ∗k(x, z) +

∑∞
k=1 2−kρ∗k(z, y) =

τ(x, z) + τ(z, y). Hence τ(x, y) ≤ τ(x, z) + τ(z, y). Thus τ is a metric on Z.
Suppose a sequence 〈x(n)〉 in Z converges to x ∈ Z. Given ε > 0, let ε′ = min(2−k−1ε, 2−k−2). There
exists N such that τ(x(n), x) < ε′ for n ≥ N . i.e.

∑∞
k=1 2−kρ∗k(x(n)

k , xk) < ε′ for n ≥ N . Then
ρk0(x(n)

k0
, xk0) < 2k0ε′(1 + ρk0(x(n)

k0
, xk0)) for n ≥ N so (1− 2k0ε′)ρk0(x(n)

k0
, xk0) < 2k0ε′ for n ≥ N . Since

2k0ε′ = min(ε/2, 1/4), we have 3ρk0(x(n)
k0
, xk0)/4 < 2k0ε′ < ε/2 for n ≥ N . Hence ρk0(x(n)

k0
, xk0) < ε for

n ≥ N and 〈x(n)
k 〉 converges to xk for each k.

Conversely, suppose 〈x(n)
k 〉 converges to xk for each k. Then given ε > 0, there exists N such that∑∞

k=N+1 2−kρ∗k(xk, xk) < ε/2. For k = 1, . . . , N , there exists M such that ρk(x(n)
k , xk) < ε/2 for n ≥M .

Thus τ(x(n), x) =
∑N
k=1 2−kρ∗k(xk, xk) +

∑∞
k=N+1 2−kρ∗k(xk, xk) <

∑N
k=1 ε/2

k+1 + ε/2 < ε for n ≥ M .
Hence 〈x(n)〉 converges to x.
24b. Suppose each (Xk, ρk) is complete. Let 〈x(n)〉 be a Cauchy sequence in (Z, τ). Then for each k,
〈x(n)
k 〉 is a Cauchy sequence in (Xk, ρk) so it converges to xk ∈ Xk. By part (a), 〈x(n)〉 converges to
〈xk〉 ∈ Z. Hence (Z, τ) is complete.
24c. Suppose that for each k, the spaces (Xk, ρk) and (Yk, σk) are homeomorphic with fk : Xk → Yk a
homeomorphism. Define f :

∏∞
k=1Xk →

∏∞
k=1 Yk by f(〈xk〉) = 〈f(xk)〉. Then f is bijective since each fk

is. Also, note that f is continuous if and only if pYk ◦ f is continuous for each k, where pYk :
∏∞
k=1 → Yk

is the projection map. Now pYk ◦f = fk ◦pXk so it is continuous. Thus f is continuous. Similarly, f−1 is
continuous since pXk ◦ f−1 = f−1

k ◦ pYk is continuous for each k. Hence f is a homeomorphism between∏∞
k=1Xk and

∏∞
k=1 Yk.

24d. If for each k, the spaces (Xk, ρk) and (Yk, σk) are uniformly homeomorphic, then by a similar
argument as part (c), the spaces

∏∞
k=1Xk and

∏∞
k=1 Yk are uniformly homeomorphic.

7.6 Subspaces

25. Let A be a complete subset of a metric space X. Let x ∈ Ā. Then by Q14, there is a sequence from
A that converges to x. Since A is complete, x ∈ A. Thus A is closed. Now suppose B is a closed subset
of a complete metric space Y . Let 〈yn〉 be a Cauchy sequence in B. Then it is a Cauchy sequence in Y
so it converges to some y ∈ Y . Now y ∈ B̄ = B so B is complete.
*26. Let O be an open subset of a complete metric space (X, ρ). Let ϕ(x) = ρ(x,Oc) for each x ∈ O.
Then S = {〈x, y〉 : x ∈ O, y = ϕ(x)} is closed in X × R. Since X × R is complete, S is complete.
Consider f : (O, ρ) → (S, ρ∞) with f(x) = 〈x, ϕ(x)〉. Since ρ∞ is uniformly equivalent to the usual
product metric by Q19, S is complete under the metric ρ∞. Now f is bijective. Given ε > 0, there
exists δ > 0 such that |ϕ(x) − ϕ(y)| < ε/2 when ρ(x, y) < δ. Let δ′ = min(δ, ε/2). When ρ(x, y) < δ′,
ρ∞(f(x), f(y)) = ρ(x, y) + |ϕ(x)−ϕ(y)| < ε. When ρ∞(〈x, ϕ(x)〉, 〈y, ϕ(y)〉) < δ′, ρ(x, y) < δ′ < ε. Thus
f is a uniform homeomorphism and (O, ρ) is complete. Let σ = ρ/(1 + ρ). By Q22c, σ is uniformly
equivalent to ρ. Hence σ is a bounded metric for which (O, σ) is a complete metric space.

7.7 Compact metric spaces

27. Let X be a metric space, K a compact subset and F a closed subset. Consider the function
f(x) = ρ(x, F ) = infy∈F ρ(x, y). By Q9b, {x : ρ(x, F ) = 0} = F̄ = F . Thus if F ∩ K = ∅, then
ρ(x, F ) > 0 for all x ∈ K. The function f |K is continuous on a compact set so it attains a minimum
δ > 0. Thus ρ(x, y) > δ for all x ∈ K and all y ∈ F . Conversely, if F ∩K 6= ∅, then there exists x ∈ K
and y ∈ F such that ρ(x, y) = 0 so ρ(F,K) = 0.
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28a. Let X be a totally bounded metric space and let f : X → Y be a uniformly continuous map onto
Y . Given ε > 0, there exists δ > 0 such that ρ(x, x′) < δ implies σ(f(x), f(x′)) < ε. There exist finitely
many balls {Bxn,δ}kn=2 that cover X. Take y ∈ Y . Then y = f(x) for some x ∈ X. Now x ∈ Bxn,δ for
some n so ρ(x, xn) < δ and σ(f(x), f(xn)) < ε. Hence the balls {Bf(xn),ε}kn=1 cover Y and Y is totally
bounded.
28b. The function h(x) = x/(1−x) is a continuous map from [0, 1) onto [0,∞). [0, 1) is totally bounded
but [0,∞) is not.
29a. We may assume X /∈ U . Set ϕ(x) = sup{r : ∃O ∈ U with Bx,r ⊂ O}. For each x ∈ X, there exists
O ∈ U such that x ∈ O. Since O is open, there exists r such that Bx,r ⊂ O. Thus ϕ(x) > 0. Since X is
compact, it is bounded so ϕ(x) <∞.
29b. Suppose Bx,r ⊂ O for some O ∈ U . If 0 < r′ < r − ρ(x, y), then By,r′ ⊂ Bx,r ⊂ O. If
ϕ(y) < ϕ(x) − ρ(x, y), then there exists r > ϕ(y) + ρ(x, y) such that Bx,r ⊂ O for some O ∈ U . Now
ϕ(y) < r − ρ(x, y) so taking r′ = ϕ(y) + (r − ρ(x, y) − ϕ(y))/2, we have ϕ(y) < r′ < r − ρ(x, y) and
By,r′ ⊂ O. Contradiction. Hence ϕ(y) ≥ ϕ(x)− ρ(x, y).
29c. Given ε > 0, let δ = ε. When ρ(x, y) < δ, |ϕ(x) − ϕ(y)| ≤ ρ(x, y) < ε by part (b). Thus ϕ is
continuous on X.
29d. If X is sequentially compact, ϕ attains its minimum on X. Let ε = inf ϕ. Then ε > 0 since
ϕ(x) > 0 for all x.
29e. Let ε be as defined in part (d). For any x ∈ X and δ < ε, δ < ϕ(x) so there exists r > δ such that
Bx,r ⊂ O for some O ∈ U . Then Bx,δ ⊂ Bx,r ⊂ O.
*30a. Let Z =

∏∞
k=1Xk. Suppose each Xk is totally bounded. Given ε > 0, choose N such that

2N > 2/ε. For k > N , pick pk ∈ Xk. For each k ≤ N , there exists Ak = {x(k)
1 , . . . , x

(k)
Mk
} such that for

any x ∈ Xk, there exists x(k)
j ∈ Ak with ρk(x, x(k)

j ) < ε/2. Let A = {〈xn〉 : xk ∈ Ak for k ≤ N, xk =

pk for k > N}. Then |A| = M1 · · ·MN . If 〈xn〉 ∈ Z, for each k ≤ N , there exists x(k)
j ∈ Ak such

that ρk(xk, x
(k)
j ) < ε/2. Let yk = x

(k)
j for k ≤ N and let yk = pk for k > N . Then 〈yn〉 ∈ A and

τ(x, y) =
∑n
k=1 2−k ρk(xk,yk)

1+ρk(xk,yk) <
∑N
k=1 2−k ε2 +

∑∞
k=N+1 2−k < ε

2 + 1
2N

< ε.

30b. Suppose each Xk is compact. Then each Xk is complete and totally bounded. By part (a), Z is
totally bounded and by Q24b, Z is complete. Hence Z is compact.

7.8 Baire category

31a. Suppose a closed set F is nowhere dense. Then F c is dense. Thus any open set contains a point
in F c so any open set cannot be contained in F . Conversely, suppose a closed set contains no open set.
Then any open set contains a point in F c so F c is dense and F is nowhere dense.
31b. Suppose E is nowhere dense and let O be a nonempty open set. Then O contains a point x in Ēc.
Now O \ Ē is open so there is a ball centred at x and contained in O \ Ē ⊂ O \ E. Conversely, suppose
that for any nonempty open set O there is a ball contained in O \ E. Let the centre of the ball be x. If
x ∈ Ē, then the ball contains a point y ∈ E. Contradiction. Thus x ∈ Ēc. Hence any nonempty open
set contains a point in Ēc and E is nowhere dense.
32a. Suppose that E is of the first category and A ⊂ E. Then E =

⋃
En where each En is nowhere

dense and A =
⋃

(A ∩ En). Now (A ∩ En)c ⊃ (Ā ∩ Ēn)c = Āc ∪ Ēn
c for each n. Since Ēn

c is dense for
each n, (A ∩ En)c is dense for each n. Hence A is of the first category.
32b. Suppose that 〈En〉 is a sequence of sets of the first category. Then En =

⋃
k En,k for each n,

where each En,k is nowhere dense. Now
⋃
En =

⋃
n

⋃
k En,k =

⋃
n,k En,k, which is a countable union of

nowhere dense sets. Hence
⋃
En is of the first category.

33a. By Q3.14b, the generalised Cantor set constructed from [0, 1] by removing intervals of length
1/(n3n) at the n-th step is closed, nowhere dense, and has Lebesgue measure 1− 1/n.
33b. By part (a), for each n, there is a nowhere dense closed set Fn ⊂ [0, 1] with mFn = 1 − 1/n. Let
E =

⋃
Fn ⊂ [0, 1]. Then E is of the first category and 1− 1/n ≤ mE ≤ 1 for each n so mE = 1.

34. Suppose O is open and F is closed. If Ō \O contains an open set O′, then O′ contains a point in O.
Contradiction. Thus Ō \O is a closed set containing no open sets. By Q31a, Ō \O is nowhere dense. If
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F \ F ◦ contains an open set O′′, then for any point x ∈ O′′, there is a ball centred at x and contained
in O′′ so x ∈ F ◦. Contradiction. Thus F \ F ◦ is a closed set containing no open sets. By Q31a, F \ F ◦
is nowhere dense.
If F is closed and of the first category in a complete metric space, then F ◦ is of the first category. By
the Baire category theorem, F circ is empty. Thus F = F \ F ◦ is nowhere dense.
35. Let E be a subset of a complete metric space. If E is residual, then Ec is of the first category so
Ec =

⋃
En where each En is nowhere dense. Thus E =

⋂
Ecn ⊃

⋂
(Ēn)c. Since each (Ēn)c is dense and

the metric space is complete,
⋂

(Ēn)c is dense so E contains a dense Gδ. Conversely, suppose E contains
a dense Gδ, say E ⊃

⋂
On. Then Ec ⊂

⋃
Ocn. Since

⋂
On is dense, each On is dense so Ocn is nowhere

dense and Ec is of the first category. Hence E is residual.
A subset E of a complete metric space is of the first category if and only if Ec is a residual subset of a
complete metric space if and only if Ec contains a dense Gδ if and only if E is contained in an Fσ whose
complement is dense.
36a. Let X be a complete metric space without isolated points. Suppose X has a countable number of
points x1, x2, . . .. Then X =

⋃
{xn} where each {xn} is nowhere dense and X is of the first category,

contradicting the Baire category theorem. Hence X has an uncountable number of points.
36b. [0, 1] is complete since it is a closed subspace of the complete metric space R. Also, [0, 1] has no
isolated points. By part (a), [0, 1] is uncountable.
37a. Let E be a subset of a complete metric space. Suppose Ec is dense and F is a closed set contained
in E. Then F c ⊃ Ec so F c is dense and F is nowhere dense.
37b. Suppose E and Ec are both dense in a complete metric space X. Also suppose that E and Ec are
both Fσ’s, say E =

⋃
Fn and Ec =

⋃
F ′n where each Fn and F ′n is closed. By part (a), each Fn and F ′n

is nowhere dense. Then X =
⋃
Fn ∪

⋃
F ′n so X is of the first category, contradicting the Baire category

theorem. Hence at most one of the sets E and Ec is an Fσ.
37c. The set of rational numbers in [0, 1] is an Fσ. Since the set of rational numbers in [0, 1] and the
set of irrational numbers in [0, 1] are both dense in the complete metric space [0, 1], the set of irrational
numbers in [0, 1] is not an Fσ by part (b). Hence its complement, the set of rational numbers in [0, 1],
is not a Gδ.
37d. If f is a real-valued function on [0, 1] which is continuous on the rationals and discontinuous on
the irrationals, then the set of points of continuity of f is a Gδ. i.e. the set of rationals in [0, 1] is a Gδ,
contradicting part (c). Hence there is no such function.
*38a. Let C = C[0, 1] and set Fn = {f : ∃x0 with 0 ≤ x0 ≤ 1 − 1/n and |f(x) − f(x0)| ≤ n(x −
x0) for all x, x0 ≤ x < 1}. Suppose ||fk − f || → 0 where fk ∈ Fn. For each k, there exists xk with
0 ≤ xk ≤ 1 − 1/n and |fk(x) − fk(xk)| ≤ n(x − xk) for xk ≤ x < 1. Since xk ∈ [0, 1 − 1/n] for all
k and [0, 1 − 1/n] is compact, we may assume that 〈xk〉 converges to some x0 ∈ [0, 1 − 1/n]. Then
|f(x)− f(x0)| ≤ n(x− x0) so f ∈ Fn.
*38b. By Q2.47, for any g ∈ C and any ε > 0, there exists a polygonal function ϕ such that |g(x) −
ϕ(x)| < ε/2 for all x ∈ [0, 1]. There also exists a polygonal function ψ whose right-hand derivative is
everywhere greater than n in absolute value and |ϕ(x)−ψ(x)| < ε/2 for all x ∈ [0, 1]. Then ψ ∈ F cn and
|g(x)− ψ(x)| < ε for all x ∈ [0, 1]. Hence Fn is nowhere dense.
38c. The set D of continuous functions which have a finite derivative on the right for at least one point
of [0, 1] is the union of the Fn’s so D is of the first category in C.
38d. Since D is of the first category in the complete metric space C, D 6= C so there is a function in
C \D, that is, a nowhere differentiable continuous function on [0, 1].
39. Let F be a family of real-valued continuous functions on a complete metric space X, and suppose
that for each x ∈ X there is a number Mx such that |f(x)| ≤ Mx for all f ∈ F. For each m, let
Em,f = {x : |f(x)| ≤ m}, and let Em =

⋂
FEm,f . Since each f is continuous, Em,f is closed and so Em

is closed. For each x ∈ X, there exists m such that |f(x)| ≤ m for all f ∈ F. Hence X =
⋃
Em. Then

O =
⋃
E◦m ⊂ X is a dense open set and for each x ∈ O, x ∈ E◦m for some m so there is a neighbourhood

U of x such that U ⊂ E◦m. In particular, F is uniformly bounded on U .
40a. Suppose that given ε > 0, there exist N and a neighbourhood U of x such that σ(fn(x′), f(x)) < ε
for n ≥ N and all x′ ∈ U . Let 〈xn〉 be a sequence with x = limxn. We may assume that xn ∈ U for
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all n ≥ N so σ(fn(xn), f(x)) < ε for n ≥ N and 〈fn〉 converges continuously to f at x. Conversely,
suppose there exists ε > 0 such that for any N and any neighbourhood U of x, there exists n ≥ N and
x′ ∈ U with σ(fn(x′), f(x)) ≥ ε. For each n, let Un = Bx,1/n. There exists n1 ≥ 1 and xn1 ∈ U1 with
σ(fn1(xn1), f(x)) ≥ ε. Suppose xn1 , . . . , xnk have been chosen. There exists nk+1 ≥ nk and xnk ∈ Uk
with σ(fnk+1(xnk+1), f(x)) ≥ ε. Then x = limxnk by construction but f(x) 6= lim fnk(xnk) so 〈fn〉 does
not converge continuously to f .
40b. Let Z = {1/n} ∪ {0}. Define g : X × Z → Y by g(x, 1/n) = fn(x) and g(x, 0) = f(x). Suppose
g is continuous at 〈x0, 0〉 in the product metric. Let 〈xn〉 be a sequence with x0 = limxn. Then
〈x0, 0〉 = lim〈xn, 1/n〉 and f(x) = g(x0, 0) = lim g(xn, 1/n) = lim fn(xn) so 〈fn〉 converges continuously
to f at x0. Conversely, suppose 〈fn〉 converges continuously to f at x0. Let 〈(xn, zn)〉 be a sequence
in X × Z converging to 〈x0, 0〉. Then x0 = limxn, 0 = lim zn and f(x0) = lim fn(xn). i.e. g(x0, 0) =
lim g(xn, 1/n). Since 0 = lim zn, it follows that g(x0, 0) = lim g(xn, zn) so g is continuous at 〈x0, 0〉.
40c. Let 〈fn〉 converge continuously to f at x. By part (b), the function g is continuous at 〈x, 0〉. If 〈xn〉
is a sequence converging to x, then f(x) = g(x, 0) = lim g(xn, 0) = lim f(xn). Hence f is continuous at
x.
*40d. Let 〈fn〉 be a sequence of continuous maps. Suppose 〈fn〉 converges continuously to f at x. By part
(a), given ε > 0, there exists N and a neighbourhood U of x such that σ(fn(x′), f(x)) < ε/2 for n ≥ N
and x′ ∈ U . By part (c), f is continuous at x so we may assume that σ(f(x′), f(x)) < ε/2 for x′ ∈ U .
Thus σ(fn(x′), f(x′)) < ε for n ≥ N and x′ ∈ U . Conversely, suppose that given ε > 0, there exist N
and a neighbourhood U of x such that σ(fn(x′), f(x′)) < ε/4 for all n ≥ N and all x′ ∈ U . In particular,
σ(fN (x), f(x)) < ε/4. Let 〈xk〉 be a sequence with x = limxk. We may assume that xk ∈ U for all k
and σ(fN (xk), fN (x)) < ε/4 for k ≥ N . Then σ(f(xk), f(x)) ≤ σ(f(xk), fN (xk)) + σ(fN (xk), fN (x)) +
σ(fN (x), f(x)) < 3ε/4 for k ≥ N . Thus σ(fk(xk), f(x)) ≤ σ(fk(xk), f(xk)) + σ(f(xk), f(x)) < ε for
k ≥ N so f(x) = lim fk(xk) and 〈fn〉 converges continuously to f at x.
40e. Let 〈fn〉 be a sequence of continous maps. Suppose 〈fn〉 converges continuously to f on X. For
each x ∈ X and each ε > 0, there exists Nx and a neighbourhood Ux of x such that σ(fn(x′), f(x′)) < ε
for each n ≥ Nx and x′ ∈ Ux. Then X =

⋃
Ux so for any compact subset K ⊂ X, K ⊂

⋃m
i=1 Uxi for

some x1, . . . , xm. Thus for n ≥ maxNxi and x′ ∈ K, we have σ(fn(x′), f(x′)) < ε so 〈fn〉 converges
uniformly to f on K. Conversely, suppose 〈fn〉 converges uniformly to f on each compact subset of
X. Then 〈fn〉 converges uniformly to f on {x} for each x ∈ X. Given ε > 0, there exists N such that
σ(fn(x), f(x)) < ε/3 for n ≥ N . Since each fn is continuous, f is also continuous. Then there exists
a neighbourhood U of x such that σ(fn(x′), fn(x)) < ε/3 and σ(f(x′), f(x)) < ε/3 for x′ ∈ U . Thus
σ(fn(x′), f(x′)) < ε for n ≥ N and x′ ∈ U . Hence 〈fn〉 converges continuously to f on X.
40f. Let X be a complete metric space and 〈fn〉 a sequence of continuous maps of X into a met-
ric space Y such that f(x) = lim fn(x) for each x ∈ X. For m,n ∈ N, define Fm,n = {x ∈ X :
σ(fk(x), fl(x)) ≤ 1/m for all k, l ≥ n}. Let x′ be a point of closure of Fm,n. There is a sequence 〈xi〉
in Fm,n converging to x′. For any ε > 0 and k, l ≥ n, there exists δ > 0 such that ρ(x, x′) < δ implies
σ(fk(x), fk(x′)) < ε and σ(fl(x), fl(x′)) < ε. Then there exists N such that ρ(xi, x′) < δ for i ≥ N .
Thus σ(fk(x′), fl(x′)) ≤ σ(fk(x′), fk(xN )) + σ(fk(xN ), fl(xN )) + σ(fl(xN ), fl(x′)) < 2ε + 1/m. Since ε
is arbitrary, σ(fk(x′), fl(x′)) ≤ 1/m and x′ ∈ Fm,n so Fm,n is closed.
For any x ∈ X, there exists n such that σ(fk(x), f(x)) < 1/2m for k ≥ n. Then for k, l ≥ n,
σ(fk(x), fl(x)) ≤ σ(fk(x), f(x)) + σ(f(x), fl(x)) < 1/m so x ∈ Fm,n. Hence X =

⋃
n Fm,n. By Proposi-

tion 31, Om =
⋃
n F
◦
m,n is open and since X is complete, Om is also dense.

40g. Let x ∈ Om. Then x ∈ F ◦m,n for some n. Thus there exists a neighbourhood U of x such
that U ⊂ Fm,n. It follows that for any k, l ≥ n and any x′ ∈ U , σ(fk(x′), fl(x′)) ≤ 1/m. Since
f(x′) = lim fl(x′), we have σ(fk(x′), f(x′)) ≤ 1/m for any k ≥ n and x′ ∈ U .
40h. Let E =

⋂
Om. Since each Om is open and dense, E is a dense Gδ by Baire’s theorem. If x ∈ E,

then x ∈ Om for all m. Given ε > 0, choose m > 1/ε. There exists a neighbourhood U of x and an n
such that σ(fk(x′), f(x′)) ≤ 1/m < ε for any k ≥ n and x′ ∈ U .
40i. Let X be a complete metric space and 〈fn〉 a sequence of continuous functions of X into a metric
space Y . Suppose 〈fn〉 converges pointwise to f . By parts (f), (g), (h) and (a), there exists a dense Gδ
in X on which 〈fn〉 converges continuously to f .
41a. Let (X, ρ) and (Y, σ) be complete metric spaces and f : X × Y → Z be a mapping into a metric
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space (Z, τ) that is continuous in each variable. Fix y0 ∈ Y . Set Fm,n = {x ∈ X : τ [f(x, y), f(x, y0)] ≤
1/m for all y with σ(y, y0) ≤ 1/n}. Let x′ be a point of closure of Fm,n. There is a sequence 〈xk〉 in Fm,n
converging to x′. For each k and any y with σ(y, y0) ≤ 1/n, τ [f(xk, y), f(xk, y0)] ≤ 1/m. Given ε > 0,
there exists δ > 0 such that ρ(x, x′) < δ implies τ [f(x, y), f(x′, y)] < ε and τ [f(x, y0), f(x′, y0)] < ε. Then
there exists N such that ρ(xk, x′) < δ for k ≥ N . Thus τ [f(x′, y), f(x′, y0)] ≤ τ [f(x′, y), f(xN , y)] +
τ [f(xN , y), f(xN , y0)]+τ [f(xN , y0), f(x′, y0)] < 2ε+1/m. Since ε is arbitrary, τ [f(x′, y), f(x′, y0)] ≤ 1/m
and x′ ∈ Fm,n so Fm,n is closed.
For any x ∈ X and m, there exists δ > 0 such that σ(y, y0) < δ implies τ [f(x, y), f(x, y0)] < 1/m.
Choose n > 1/δ. Then for any y with σ(y, y0) < 1/n, τ [f(x, y), f(x, y0)] < 1/m so x ∈ Fm,n. Hence
X =

⋃
n Fm,n.

41b. Let Om =
⋃
n F
◦
m,n. By Proposition 31, Om is open and since X is complete, Om is also dense. Let

x ∈ Om. Then x ∈ F ◦m,n for some n. Thus there exists a neighbourhood U ′ of x such that U ′ ⊂ Fm,n.
For any y with σ(y, y0) ≤ 1/n and any x′ ∈ U ′, τ [f(x′, y), f(x′, y0)] ≤ 1/m. We may assume that
τ [f(x′, y0), f(x, y0)] ≤ 1/m for x′ ∈ U ′ by continuity. Then τ [f(x′, y), f(x, y0)] ≤ 2/m for x′ ∈ U ′.
Hence there is a neighbourhood U of 〈x, y0〉 in X × Y such that τ [f(p), f(x, y0)] ≤ 2/m for all p ∈ U .
41c. Let G =

⋂
Om. Since each Om is open and dense, G is a dense Gδ by Baire’s theorem. If x ∈ G,

then x ∈ Om for each m. Given ε > 0, choose m > 2/ε. There exists a neighbourhood U of 〈x, y0〉 such
that τ [f(p), f(x, y0)] ≤ 2/m < ε for p ∈ U . Hence f is continuous at 〈x, y0〉 for each x ∈ G.
41d. Let E ⊂ X × Y be the set of points at which f is continuous. If f is continuous at z ∈ X × Y ,
then for each n, there exists δn,z > 0 such that f [Bz,δn,z ] ⊂ Bf(z),1/n. Let En =

⋃
z∈S Bz,δz,1/n/2. Then

E =
⋂
nEn (c.f. Q2.7.53) and E is a Gδ set. Take 〈x0, y0〉 ∈ X × Y and let ε > 0 be given. By part (c),

there exists a dense Gδ set G ⊂ X such that f is continuous at 〈x, y0〉 for each x ∈ G. Since G is dense,
there exists x1 ∈ G such that ρ(x0, x1) < ε. Then 〈x1, y0〉 ∈ E and τ ′(〈x1, y0〉, 〈x0, y0〉) = ρ(x1, x0) < ε.
Thus E is dense in X × Y .
41e. Given a finite product X1 × · · · × Xp of complete metric spaces, we may regard the product as
(X1×· · ·×Xp−1)×Xn where X1×· · ·×Xp−1 is a complete metric space. Let f : X1×· · ·×Xp → Z be
a mapping into a metric space Z that is continuous in each variable. By a similar argument as in part
(d), there exists a dense Gδ ⊂ X1 × · · · ×Xp on which f is continuous.
42a. Let X and Y be complete metric spaces. Also let G ⊂ X and H ⊂ Y be dense Gδ’s. Then
G =

⋂
Gn and H =

⋂
Hn where each Gn and Hn is open. Thus G×H =

⋂
Gn ×

⋂
Hn =

⋂
(Gn ×Hn)

where each Gn×Hn is open in X ×Y . Hence G×H is a Gδ in X ×Y . Given ε > 0 and 〈x, y〉 ∈ X ×Y ,
there exist x0 ∈ G and y0 ∈ H such that ρ(x, x0) < ε/2 and σ(y, y0) < ε/2. Then τ(〈x, y〉, 〈x0, y0〉) < ε.
Hence G×H is dense in X × Y .
*42b.
42c. Let E be a dense Gδ in X × Y . Then E =

⋂
On where each On is a dense open set in X × Y .

By part (b), for each n, there exists a dense Gδ set Gn ⊂ X such that {y : 〈x, y〉 ∈ On} is a dense open
subset of Y for each x ∈ Gn. Let G =

⋂
Gn. Then G is still a countable intersection of dense open sets

in X. Thus G is a dense Gδ set in X such that {y : 〈x, y〉 ∈ E} =
⋂
{y : 〈x, y〉 ∈ On} is a dense Gδ for

each x ∈ G.
*42d.
*43. Let (X, ρ) be a complete metric space and f : X → R be an upper semicontinuous function. Let E
be the set of points at which f is continuous. Then E is a Gδ. Suppose f is discontinuous at x. Then f
is not lower semicontinuous at x so f(x) > lim

y→x
f(y). There exists q ∈ Q such that f(x) ≥ q > lim

y→x
f(y).

Let Fq = {x : f(x) ≥ q}. Then x ∈ Fq \F ◦q . Conversely, if x ∈ Fq \F ◦q for some q ∈ Q, then f(x) ≥ q and
for any δ > 0, there exists y with ρ(x, y) < δ and f(y) < q so f(x) > lim

y→x
f(y). Thus Ec =

⋃
q∈Q Fq \F ◦q .

Since each Fq \ F ◦q is nowhere dense, Ec is of the first category and E is residual. Hence E is a dense
Gδ in X

7.9 Absolute Gδ’s

44. Let σ =
∑

2−nσn. Then σ(x, y) =
∑

2−nσn(x, y) ≤
∑

2−n = 1 for all x, y ∈ E. Since σn ≥ 0
for all n, σ ≥ 0. Also, σ(x, y) = 0 if and only if σn(x, y) = 0 for all n if and only if x = y. Since
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σn(x, y) = σn(y, x) for all n, σ(x, y) = σ(y, x). Also, σ(x, y) =
∑

2−nσn(x, y) ≤
∑

2−nσn(x, z) +∑
2−nσn(z, y) = σ(x, z) + σ(z, y). Thus σ is a metric on E.

Let ε > 0 and fix x ∈ E. For each n, there exists δn > 0 such that σn(x, y) < δn implies ρ(x, y) < ε/2
and ρ(x, y) < δn implies σn(x, y) < ε/2. There exists N such that

∑∞
n=N+1 2−n < ε/2. Let δ =

min(δ1/2, . . . , δN/2N ). If ρ(x, y) < δ, then σn(x, y) < ε/2 for n = 1, . . . , N so
∑N
n=1 2−nσn(x, y) < ε/2

and σ(x, y) < ε. If σ(x, y) < δ, then σ1(x, y) < 2δ ≤ δ1 so ρ(x, y) < ε. Hence σ is equivalent to ρ on E.
If each σn is uniformly equivalent to ρ, then σ is uniformly equivalent to ρ.
45. Let A ⊂ B ⊂ Ā be subsets of a metric space and let g and h be continuous maps of B into a metric
space X. Suppose g(u) = h(u) for all u ∈ A. Let u ∈ B. Then u ∈ Ā so there is a sequence 〈un〉 in
A converging to u. Since g and h are continuous on B, 〈g(un)〉 and 〈h(un)〉 converge to f(u) and g(u)
respectively. But g(un) = h(un) for all n so g(u) = h(u). Hence g ≡ h.
*46a.
46b. Starting from E, let I1, I2, . . . be disjoint open intervals satisfying the conditions of part (a) with
ε = 1/2. For EIj = E ∩ Ij , repeat the process with ε = 1/4, getting intervals Ij,1, Ij,2, . . .. Continuing,
at the n-th stage getting intervals Ij,k,...,l with ε = 2−n. Given x ∈ E, there is a unique integer k1 such
that x ∈ Ik1 . Then x ∈ EIk1 and there is a unique integer k2 such that x ∈ Ik1,k2 and so on. Thus there
is a unique sequence of integers k1, k2, . . . such that for each n we have x ∈ Ik1,...,kn .
46c. Given a sequence of integers k1, k2, . . ., suppose there are x, y ∈ E such that x, y ∈ Ik1,...,kn for all
n. By construction, the diameter of Ik1,...,kn is less than 2−n for each n. Thus σ(x, y) < 2−n for all n so
σ(x, y) = 0 and x = y.
46d. Let Nω be the space of infinite sequences of integers and make N into a metric space by set-
ting ρ(i, j) = δij . Let τ be the product metric on Nω. Given ε > 0, choose N such that 2−N <
ε. Let δ < 2−N . When σ(x, y) < δ, kn(x) = kn(y) for n = 1, . . . , N so τ(〈kn(x)〉, 〈kn(y)〉) ≤∑∞
i=N+1 2−iρ∗(kn(x), kn(y)) ≤ 2−N < ε. When τ(〈kn(x)〉, 〈kn(y)〉) < δ, kn(x) = kn(y) for n = 1, . . . , N .

Then x, y ∈ Ik1(x),...,kN (x) so σ(x, y) < 2−N < ε. Hence the correspondence between Nω and E given by
parts (b) and (c) is a uniform homeomorphism between (Nω, τ) and (E, σ).
*46e. By parts (a)-(d), any dense Gδ E in (0, 1) whose complement is dense is uniformly homeomorphic
to Nω, which is in turn homeomorphic to the set of irrationals in (0, 1) by the continued fraction expansion.
Hence E is homeomorphic to the set of irrationals in (0, 1).

7.10 The Ascoli-Arzelá Theorem

47. Let X be a metric space. Let 〈fn〉 be a sequence of continuous functions from X to a metric
space Y which converge to a function f uniformly on each compact subset K of X. Let x ∈ X and let
〈xk〉 be a sequence in X converging to x. Then K = {xk}∞k=1 ∪ {x} is a compact subset of X. Given
ε > 0, there exists N such that σ(fN (x′), f(x′)) < ε/3 for any x′ ∈ K. Also, there exists N ′ such
that σ(fN (xk), fN (x)) < ε/3 for k ≥ N ′. Thus σ(f(xk), f(x)) ≤ σ(f(xk), fN (xk)) + σ(fN (xk), fN (x)) +
σ(fN (x), f(x)) < ε for k ≥ N ′. Hence f is continuous on X.
48a. Let X be a separable, locally compact metric space, and (Y, σ) any metric space. Let {xn} be a
countable dense subset of X. For each n, there is an open set Un such that xn ∈ Un and Un is compact.
Then X = {xn} ⊂

⋃
Un so X =

⋃
Un. For each n and any x ∈ Un, there is an open set Vx containing

x with Vx compact. Then Un ⊂
⋃
x∈Un Vx and since Un is compact, there is a finite number of Vx’s

covering Un. Let On be the union of the finite number of Vx’s. Then X =
⋃
On.

48b. Let σ∗(f, g) =
∑

2−nσ∗n(f, g) where σ∗n(f, g) = supOn
σ(f(x),g(x))

1+σ(f(x),g(x)) . Since σ∗n(f, g) ≤ 1 for all
n, σ∗(f, g) ≤ 1 < ∞ and since σ∗n(f, g) ≥ 0 for all n, σ∗(f, g) ≥ 0. Since σ∗n(f, g) = σ∗n(g, f) for
all n, σ∗(f, g) = σ∗(g, f). For each n, σ∗n(f, g) = supOn

σ(f(x),g(x))
1+σ(f(x),g(x)) = supOn [1 − 1

1+σ(f(x),g(x)) ] ≤
supOn [1 − 1

1+σ(f(x),h(x))+σ(h(x),g(x)) ] = supOn
σ(f(x),h(x))+σ(h(x),g(x))

1+σ(f(x),h(x))+σ(h(x),g(x)) ≤ σ∗n(f, h) + σ∗n(h, g). Thus
σ∗(f, g) ≤ σ∗(f, h) + σ∗(h, g). Hence the set of functions from X into Y becomes a metric space
under σ∗.
49. Let F be an equicontinuous family of functions from X to Y , and let F+ be the family of all
pointwise limits of functions in F, that is of f for which there is a sequence 〈fn〉 from F such that
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f(x) = lim fn(x) for each x ∈ X. Given x ∈ X and ε > 0, there is an open set O containing x such that
σ(f(x), f(y)) < ε/3 for all y ∈ O and f ∈ F. Now if f ∈ F+ and y ∈ O, then there is a sequence 〈fn〉 from
F such that f(x) = lim fn(x) so there is an N such that σ(fN (x), f(x)) < ε/3 and σ(fN (y), f(y)) < ε/3.
Then σ(f(x), f(y)) ≤ σ(f(x), fN (x)) + σ(fN (x), fN (y)) + σ(fN (y), f(y)) < ε. Hence F+ is also an
equicontinuous family of functions.
50. Let 0 < α ≤ 1 and let F = {f : ||f ||α ≤ 1}. If f ∈ F, then max |f(x)|+sup |f(x)−f(y)|/|x−y|α ≤ 1.
In particular, |f(x)− f(y)| ≤ |x− y|α for all x, y. Thus f ∈ C[0, 1]. Also, F is an equicontinuous family
of functions on the separable space [0, 1] and each f ∈ F is bounded. By the Ascoli-Arzelá Theorem,
each sequence 〈fn〉 in F has a subsequence that converges pointwise to a continuous function. Hence F
is a sequentially compact, and thus compact, subset of C[0, 1].
*51a. Let F be the family of functions that are holomorphic on the unit disk ∆ = {z : |z| < 1} with
|f(z)| ≤ 1. Let f ∈ F and fix z′ ∈ ∆. Let U be an open ball of radius min(|z′|, 1 − |z′|) centred
at z′. Then U ⊂ ∆. Let C be the circle of radius r/2 centred at z′. For every z within r/4 of z′,
f(z) − f(z′) = 1

2πi

∫
C

[ f(w) dw
w−z − f(w) dw

w−z′ ] = z−z′
2πi

∫
C

f(w) dw
(w−z)(w−z′) by Cauchy’s integral formula. Since

|f(z)| ≤ 1 for all f ∈ F and all z ∈ ∆, |f(z) − f(z′)| ≤ 4r−1|z − z′| for all f ∈ F. It follows that F is
equicontinuous.
*51b. By the Ascoli-Arzelá Theorem, any sequence 〈fn〉 in F has a subsequence that converges uniformly
to a function f on each compact subset of ∆. Furthermore f is holomorphic on ∆.
*51c. Let 〈fn〉 be a sequence of holomorphic functions on ∆ such that fn(z)→ f(z) for all z ∈ ∆. For
each z ∈ ∆, there is an Mz such that |fn(z)| ≤ Mz for all n. Let Em =

⋂
nEm,n where Em,n = {z :

|fn(z)| ≤ m}. Then Em is closed and ∆ =
⋃
mEm. There is an Em that is not nowhere dense so it has

nonempty interior. Then O =
⋃
mE

◦
m is a dense open subset of ∆ and 〈fn〉 is locally bounded on O.

By an argument similar to that in part (a), 〈fn〉 is equicontinuous on O so there is a subsequence that
converges uniformly to a function f on each compact subset of O. Furthermore, f is holomorphic on O.

8 Topological Spaces

8.1 Fundamental notions

1a. Given a set X, define ρ on X ×X by ρ(x, y) = 0 if x = y and ρ(x, y) = 1 otherwise. Then for any
set A ⊂ X, A =

⋃
x∈ABx,1/2 so A is open. Thus the associated topological space is discrete. If X has

more than one point, then there is no metric on X such that the associated topological space is trivial
because in a metric space, any two distinct points can be enclosed in disjoint open sets.
1b. Let X be a space with a trivial topology. If f is a continuous mapping of X into R, then f−1[I] is
either ∅ or X for any open interval I. Take c ∈ R. Then f−1[c] = f−1[(c − ε, c + ε)] is either ∅ or X.
Thus f must be a constant function. Conversely, if f(x) = c for all x ∈ X, then for any open interval
I, f−1[I] = ∅ if c /∈ I and f−1[I] = X if c ∈ I. Since any open set of real numbers is a countable union
of disjoint open intervals, it follows that f is continuous. Hence the only continuous mappings from X
into R are the constant functions.
1c. Let X be a space with a discrete topology. Let f be a mapping of X into R. Since f−1[O] ⊂ X for
any open set O ⊂ R, f is continuous. Hence all mappings of X into R are continuous.
2. Ē is the intersection of all closed sets containing E so E ⊂ Ē. Also, Ē ⊂ ¯̄E. On the other hand, ¯̄E is
the intersection of all closed sets containing Ē, one of which is Ē itself, so ¯̄E ⊂ Ē. Thus ¯̄E = Ē.
Ā∪ B̄ is a closed set containing A∪B so A ∪B ⊂ Ā∪ B̄. On the other hand, A ⊂ A∪B and B ⊂ A∪B
so Ā ⊂ A ∪B and B̄ ⊂ A ∪B. Thus Ā ∪ B̄ ⊂ A ∪B. Hence A ∪B ⊂ Ā ∪ B̄.
If F is closed, then F is a closed set containing F so F̄ ⊂ F . Since we always have F ⊂ F̄ , F = F̄ .
Conversely, if F = F̄ , then since F̄ is closed, F is closed.
If x ∈ Ē, then x is in every closed set containing E. Let O be an open set containing x. If O ∩ E = ∅,
then E ⊂ Oc. Since Oc is closed, x ∈ Oc. Contradiction. Hence O ∩ E 6= ∅ and x is a point of closure
of E. Conversely, suppose x is a point of closure of E. If x /∈ Ē, then x is not in some closed set F
containing E so x ∈ F c. Since F c is an open set containing x, F c ∩E 6= ∅. Contradiction. Hence x ∈ Ē.
E◦ is the union of all open sets contained in E so E◦ ⊂ E. Also, E◦◦ ⊂ E◦. On the other hand, E◦◦ is
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the union of all open sets contained in E◦, one of which is E◦ itself, so E◦ ⊂ E◦◦. Thus E◦◦ = E◦.
A◦ ∩B◦ is an open set contained in A ∩B so A◦ ∩B◦ ⊂ (A ∩B)◦. On the other hand, A ∩B ⊂ A and
A∩B ⊂ B so (A∩B)◦ ⊂ A◦ and (A∩B)◦ ⊂ B◦. Thus (A∩B)◦ ⊂ A◦ ∩B◦. Hence (A∩B)◦ = A◦ ∩B◦.
If x ∈ E◦, then x is in some open set O contained in E so x is an interior point of E. Conversely, if x is
an interior point of E, then x ∈ O ⊂ E for some open set O so x ∈ E◦.
If x ∈ (Ec)◦, then x is in some open set O ⊂ Ec so x /∈ Oc ⊃ E and thus x ∈ Ēc. Conversely, if x ∈ Ēc,
then x is not in some closed set F ⊃ E so x ∈ F c ⊂ Ec and thus x ∈ (Ec)◦. Hence (Ec)◦ = Ēc.
3. Suppose A ⊂ X is open. Then given x ∈ A, x ∈ O ⊂ A with O = A. Conversely, suppose that given
x ∈ A, there is an open set Ox such that x ∈ Ox ⊂ A. Then A =

⋃
x∈AOx, which is open.

4. Let f be a mapping of X into Y . Suppose f is continuous. For any closed set F , f−1[F c] is open.
But f−1[F c] = (f−1[F ])c so f−1[F ] is closed. Conversely, suppose the inverse image of every closed set
is closed. For any open set O, f−1[Oc] is closed. But f−1[Oc] = (f−1[O])c so f−1[O] is open. Thus f is
continuous.
5. Suppose f is a continuous mapping of X into Y and g is a continuous mapping of Y into Z. For
any open set O ⊂ Z, g−1[O] is open in Y so f−1[g−1[O]] is open in X. But f−1[g−1[O]] = (g ◦ f)−1[O].
Hence g ◦ f is a continuous mapping of X into Z.
6. Let f and g be two real-valued continuous functions on X and let x ∈ X. Given ε > 0, there is an
open set O containing x such that |f(x) − f(y)| < ε/2 and |g(x) − g(y)| < ε/2 whenever y ∈ O. Then
|(f + g)(x) − (f + g)(y)| = |f(x) − f(y) + g(x) − g(y)| ≤ |f(x) − f(y)| + |g(x) − g(y)| < ε whenever
y ∈ O. Thus f + g is continuous at x. There is an open set O′ such that |g(x) − g(y)| < ε/2|f(x)| and
|f(x)−f(y)| < ε/2 max(|g(x)−ε/2|f(x)||, |g(x)+ε/2|f(x)||) whenever y ∈ O′. Then |(fg)(x)−(fg)(y)| =
|f(x)g(x)−f(x)g(y)+f(x)g(y)−f(y)g(y)| ≤ |f(x)||g(x)−g(y)|+|f(x)−f(y)||g(y)| < ε whenever y ∈ O′.
Thus fg is continuous at x.
7a. Let F be a closed subset of a topological space and 〈xn〉 a sequence of points from F . If x is a
cluster point of 〈xn〉, then for any open set O containing x and any N , there exists n ≥ N such that
xn ∈ O. Suppose x /∈ F . Then x is in the open set F c so there exists xn ∈ F c. Contradiction. Hence
x ∈ F .
7b. Suppose f is continuous and x = limxn. For any open set U containing f(x), there is an open set
O containing x such that f [O] ⊂ U . There also exists N such that xn ∈ O for n ≥ N so f(xn) ∈ U for
n ≥ N . Hence f(x) = lim f(xn).
7c. Suppose f is continuous and x is a cluster point of 〈xn〉. For any open set U containing f(x), there
is an open set O containing x such that f [O] ⊂ U . For any N , there exists n ≥ N such that xn ∈ O so
f(xn) ∈ U . Hence f(x) is a cluster point of 〈f(xn)〉.
*8a. Let E be an arbitrary set in a topological space X. (E◦)◦ is the intersection of all closed sets
containing (E◦)◦, one of which is E◦, so (E◦)◦ ⊂ E◦. On the other hand, E◦ is the intersection of
all closed sets containing E◦, one of which is (E◦)◦ since E◦ = E◦◦ ⊂ (E◦)◦, so E◦ ⊂ (E◦)◦. Hence
(E◦)◦ = E◦.

Now since ¯̄E = Ē and (Ec)c = E, new sets can only be obtained if the operations are performed

alternately. Also, (Ē)c = (Ec)◦ so
((

(E)c
)c)c

=
(

(E)c
)◦

=
(

(Ec)◦
)◦

= (Ec)◦ = (E)c. Hence the

distinct sets that can be obtained are at most E, Ē, (E)c, (E)c,
(

(E)c
)c

,
(

(E)c
)c

,
((

(E)c
)c)c

, Ec,

Ec, (Ec)c, (Ec)c,
(

(Ec)c
)c

,
(

(Ec)c
)c

,
((

(Ec)c
)c)c

.

*8b. Let E = {(0, 0)} ∪ {z : 1 < |z| < 2} ∪ {z : 2 < |z| < 3} ∪ {z : 4 < |z| < 5 and z = (p, q) where p, q ∈
Q} ⊂ R2. Then E gives 14 different sets by repeated use of complementation and closure.
9. Let f be a function from a topological space X to a topological space Y . Suppose f is continuous
and let x ∈ X. For any open set U containing f(x), f−1[U ] is open and x ∈ f−1[U ]. If y ∈ f−1[U ], then
f(y) ∈ U . Thus f is continuous at x. Conversely, suppose f is not continuous. There exists an open set
O such that f−1[O] is not open. By Q3, there exists x ∈ f−1[O] such that U is not a subset of f−1[O]
for any open set U containing x. Then O is an open set containing f(x) and f [U ] is not a subset of O
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for any open set U containing x. Hence f is not continuous at x.
10a. Let the subset A of a topological space X be the union of two sets A1 and A2 both of which
are closed (resp. both of which are open). Let f be a map of A into a topological space Y such
that the restrictions f |A1 and f |A2 are each continuous. For any closed (resp. open) set E ⊂ Y ,
f−1[E] = (f−1[E] ∩ A1) ∪ (f−1[E] ∩ A2) = f |−1

A1
[E] ∪ f |−1

A2
[E] = (A1 ∩ F ) ∪ (A2 ∩ F ′) for some closed

(resp. open) sets F, F ′ ⊂ A. Hence f−1[E] is closed (resp. open) and f is continuous.
10b. Consider the subset (0, 2] of R. Then (0, 2] is the union of (0, 1), which is open, and [1, 2], which
is closed. Let f be the map defined by f(x) = x on (0, 1) and f(x) = x + 1 on [1, 2]. Then f |(0,1) and
f |[1,2] are each continuous but f is not continuous (at 1).

*10c. Suppose A = A1 ∪ A2, A1 \A2 ∩ (A2 \ A1) = ∅ and A2 \A1 ∩ (A1 \ A2) = ∅. Let f be a map
of A into a topological space Y such that the restrictions f |A1 and f |A2 are each continuous. Let F
be a closed subset of Y and let F ′ = f−1[F ] ⊂ A. Then F ′ = F ′ ∩ (A1 \A2 ∪ (A1 ∩A2) ∪A2 \A1) =
F ′ ∩ (A1 \A2)∪F ′ ∩A1 ∩A2∪F ′ ∩ (A2 \A1). Note that F ′ ∩ (A1 \A2) ⊂ A1 and F ′ ∩ (A2 \A1) ⊂ A2.
Thus f [F ′] = f [F ′ ∩ (A1 \A2)]∪f [F ′ ∩A1 ∩A2]∪f [F ′ ∩ (A2 \A1)] = f [F ′] ⊂ F and F ′ ⊂ f−1[F ] = F ′.
Hence F ′ = f−1[F ] is closed and f is continuous.

8.2 Bases and countability

11a. Let B be a base for the topological space (X, T ). If x ∈ Ē, then for every B ∈ B with x ∈ B,
since B is open, B ∩ E 6= ∅. i.e. there is a y ∈ B ∩ E. Conversely, suppose that for every B ∈ B with
x ∈ B there is a y ∈ B ∩ E. For each open set O in X with x ∈ O, there is a B ∈ B with x ∈ B ⊂ O.
Then there is a y ∈ B ∩ E ⊂ O ∩ E. Thus x ∈ Ē.
11b. Let X satisfy the first axiom of countability. If there is a sequence 〈xn〉 in E converging to x, then
for any open set O containing x, there exists N such that xn ∈ O for n ≥ N . Thus O ∩E 6= ∅ so x ∈ Ē.
Conversely, suppose x ∈ Ē. There is a countable base 〈Bn〉 at x. By considering B1, B1 ∩B2, B1 ∩B2 ∩
B3, . . ., we may assume B1 ⊃ B2 ⊃ B3 · · · . Now each Bn contains an xn ∈ E. For any open set O
containing x, O ⊃ BN ⊃ BN+1 ⊃ · · · for some N so xn ∈ O for n ≥ N and 〈xn〉 is a sequence in E
converging to x.
11c. Let X satisfy the first axiom of countability and let 〈xn〉 be a sequence from X. If 〈xn〉 has a
subsequence converging to x, it follows from the definition that x is a cluster point of 〈xn〉. Conversely,
suppose x is a cluster point of 〈xn〉. There is a countable base 〈Bn〉 at x. We may assume B1 ⊃ B2 ⊃ · · · .
Since B1 is open and contains x, xn1 ∈ B1 for some n1 ≥ 1. Suppose xn1 , . . . , xnk have been chosen. Then
there exists nk+1 ≥ nk such that xnk+1 ∈ Bk+1. For any open set O containing x, O ⊃ BN ⊃ BN+1 · · ·
for some N so xnk ∈ O for k ≥ N and the subsequence 〈xnk〉 converges to x.
12a. See Q9.
12b. Let Bx be a base at x and Cy be a base at y = f(x). Suppose f is continuous at x. For each
C ∈ Cy, since C is open and contains f(x), there is an open set U containing x such that U ⊂ f−1[C].
Then there exists B ∈ Bx such that B ⊂ U ⊂ f−1[C]. Conversely, suppose that for each C ∈ Cy there
exists B ∈ Bx such that B ⊂ f−1[C]. For any open set O containing f(x), there exists C ∈ Cy such that
C ⊂ O. Then there exists B ∈ Bx such that B ⊂ f−1[C] ⊂ f−1[O]. Hence f is continuous at x.
13. Let C be any collection of subsets of X. Let B consist of X and all finite intersections of sets in C.
By Proposition 5, B is a base for some topology S on X. For any topology T on X containing C, we
have B ⊂ T . Since any set in S is a union of sets in B, S ⊂ T . Hence S is the weakest topology on X
containing C.
14. Let X be an uncountable set of points and let T consist of the empty set and all subsets of X
whose complement is finite. Then X ∈ T since Xc = ∅, which is finite. If O1, O2 ∈ T , then we may
assume O1, O2 6= ∅ so (O1 ∩ O2)c = Oc1 ∪ Oc2, which is finite. Thus O1 ∩ O2 ∈ T . If Oα ∈ T , then
(
⋃
Oα)c =

⋂
Ocα, which is finite. Thus

⋃
Oα ∈ T . Hence T is a topology for X.

Suppose (X, T ) satisfies the first axiom of countability. Take x ∈ X. There is a countable base 〈Bn〉 at
x. Note that Bcn is finite for all n so

⋃
Bcn is countable. Thus there exists y ∈ (

⋃
Bcn)c =

⋂
Bn with

y 6= x since (
⋃
Bcn)c is uncountable. Now X \ {y} is open and contains x so there exists BN ⊂ X \ {y}.

But y ∈ BN ⊂ X \ {y}. Contradiction. Hence (X, T ) does not satisfy the first axiom of countability.
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15. Let X be the set of real numbers and let B be the set of all intervals of the form [a, b). For any
x ∈ X, we have x ∈ [x, x + 1). If x ∈ [a, b) ∩ [c, d), then x ∈ [c, b) (or [a, d)). Hence B is a base of a
topology T (the half-open interval topology) for X.
For any x ∈ X, let Bx,q = [x, x + q) where q is a positive rational number. Then {Bx,q} is a countable
base at x. Thus (X,T) satisfies the first axiom of countability. Let B be a base for (X,T). For any
x ∈ X, there exist Bx ∈ B such that x ∈ Bx ⊂ [x, x + 1). If x 6= y, then Bx 6= By. Thus {Bx}
is uncountable and (X,T) does not satisfy the second axiom of countability. For any x ∈ X and any
open set O containing x, there is an interval [a, b) ⊂ O containing x. Furthermore, there is a rational
q ∈ [a, b). Thus the rationals are dense in (X, T ). Now (X, T ) is not metrizable because it is separable
and a separable metric space satisfies the second axiom of countability.
16. Suppose X is second countable. Let B be a countable base for the topology on X and let U be an
open cover of X. For each x ∈ X, there exists Ux ∈ U , such that x ∈ Ux. Then there exists Bx ∈ B such
that x ∈ Bx ⊂ Ux. Thus X =

⋃
x∈X Bx. Since B is countable, we may choose countably many Ux’s to

form a countable subcover of U . Hence X is Lindelöf.
17a. Let X1 = N × N and take X = X1 ∪ {ω}. For each sequence s = 〈mk〉 of natural numbers define
Bs,n = {ω}∪{〈j, k〉 : j ≥ mk if k ≥ n}. Clearly, any x ∈ X is in some Bs,n or {〈j, k〉}. If x ∈ Bs,n∩Bs′,n′ ,
then either x = ω or x = 〈j, k〉. If x = 〈j, k〉, then {〈j, k〉} ⊂ Bs,n ∩Bs′n′ . If x = ω, let s′′ = 〈m′′k〉 be the
sequence where m′′k = max(mk,m

′
k) for all k and let n′′ = min(n, n′). Then ω ∈ Bs′′,n′′ ⊂ Bs,n ∩Bs′,n′ .

Other possible intersections are similarly dealt with. Hence the sets Bs,n together with the sets {〈j, k〉}
form a base for a topology on X.
*17b. For any open set O containing ω, there is some Bs,n such that ω ∈ Bs,n ⊂ O. Since Bs,n contains
some 〈j, k〉 ∈ X1, so does O. Thus ω is a point of closure of X1.
17c. X is countable so it is separable. If it satisfies the first axiom of countability, then since ω is a
point of closure of X1, by Q11b, there is a sequence from X1 converging to ω and by Q11c, ω is a cluster
point of that sequence, contradicting part (b). Hence X does not satisfy the first axiom of countability
and thus it also does not satisfy the second axiom of countability.
17d. X is countable so it is Lindelöf.

8.3 The separation axioms and continuous real-valued functions

18a. Given two distinct points x, y in a metric space (X, ρ), let r = ρ(x, y)/2. Then the open balls Bx,r
and By,r are disjoint open sets with x ∈ Bx,r and y ∈ By,r. Hence every metric space is Hausdorff.
18b. Given two disjoint closed sets F1, F2 in a metric space (X, ρ), let O1 = {x : ρ(x, F1) < ρ(x, F2)}
and let O2 = {x : ρ(x, F2) < ρ(x, F1)}. The sets O1 and O2 are open since the functions f(x) = ρ(x, F1)
and g(x) = ρ(x, F2) are continuous. Thus O1 and O2 are disjoint open sets with F1 ⊂ O1 and F2 ⊂ O2.
Hence every metric space is normal.
19. Let X consist of [0, 1] and an element 0′. Consider the sets (α, β), [0, β), (α, 1] and {0′}∪(0, β) where
α, β ∈ [0, 1]. Clearly, any x ∈ [0, 1] belongs to one of the sets. Note that (α, β) ⊂ [0, β) ∩ (α, 1]. If x ∈
(α, β)∩ [0, β′), then x ∈ (α,min(β, β′)) ⊂ (α, β)∩ [0, β′). If x ∈ (α, β)∩(α′, 1], then x ∈ (max(α, α′), β) ⊂
(α, β) ∩ (α′, 1]. If x ∈ (α, β) ∩ ({0′} ∪ (0, β′)), then x ∈ (α,min(β, β′)) ⊂ (α, β) ∩ ({0′} ∪ (0, β′)). If
x ∈ [0, β)∩ ({0′}∪ (0, β′)), then x ∈ (0,min(β, β′)) ⊂ [0, β)∩ ({0′}∪ (0, β′)). If x ∈ (α, 1]∩ ({0′}∪ (0, β)),
then x ∈ (α, β) ⊂ (α, 1] ∩ ({0′} ∪ (0, β)). Hence the sets form a base for a topology on X.
Given two distinct points x, y ∈ X, if neither of them is 0’, then [0, (x+ y)/2) is an open set containing
one but not the other. If y = 0′, then {0′} ∪ (0, x/2) is an open set containing y but not x. Hence X
is T1. Consider the distinct points 0 and 0’. If O is an open set containing 0 and O′ is an open set
containing 0’, then 0 ∈ [0, β) ⊂ O and 0′ ∈ {0′} ∪ (0, β′) ⊂ O′ for some β, β′. Since [0, β) ∩ (0, β′) 6= ∅,
O ∩O′ 6= ∅. Hence X is not Hausdorff.
20. Let f be a real-valued function on a topological space X. Suppose f is continuous. Then for any
real number a, {x : f(x) < a} = f−1[(−∞, a)] and {x : f(x) > a} = f−1[(a,∞)]. Since (−∞, a) and
(a,∞) are open, the sets {x : f(x) < a} and {x : f(x) > a} are open. Conversely, suppose the sets
{x : f(x) < a} and {x : f(x) > a} are open for any real number a. Since any open set O ⊂ R is a union
of open intervals and any open interval is an intersection of at most two of the sets, f−1[O] is open so f
is continuous.
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Since {x : f(x) ≥ a}c = {x : f(x) < a}, we also have f is continuous if and only if for any real number
a, the set {x : f(x) > a} is open and the set {x : f(x) ≥ a} is closed.
21. Suppose f and g are continuous real-valued functions on a topological space X. For any real
number a, {x : f(x) + g(x) < a} =

⋃
q∈Q({x : g(x) < q} ∩ {x : f(x) < a − q}), which is open, and

{x : f(x) + g(x) > a} =
⋃
q∈Q({x : g(x) > q}∩ {x : f(x) > a− q}), which is open, so f + g is continuous.

{x : f(x)g(x) < a} =
⋃
q∈Q({x : g(x) < q}) ∩ {x : f(x) < a/q}, which is open, and {x : f(x)g(x) > a} =⋃

q∈Q({x : g(x) > q}) ∩ {x : f(x) > a/q}, which is open, so fg is continuous. {x : (f ∨ g)(x) < a} = {x :
f(x) < a} ∩ {x : g(x) < a}, which is open, and {x : (f ∨ g)(x) > a} = {x : f(x) > a} ∪ {x : g(x) > a},
which is open, so f ∨ g is continuous. {x : (f ∧ g)(x) < a} = {x : f(x) < a} ∪ {x : g(x) < a}, which is
open, and {x : (f ∧ g)(x) > a} = {x : f(x) > a} ∩ {x : g(x) > a}, which is open, so f ∧ g is continuous.
22. Let 〈fn〉 be a sequence of continuous functions from a topological space X to a metric space Y .
Suppose 〈fn〉 converges uniformly to a function f . Let ε > 0 and let x ∈ X. There exists N such
that ρ(fn(x), f(x)) < ε/3 for all n ≥ N and all x ∈ X. Since fN is continuous, there is an open
set O containing x such that fN [O] ⊂ BfN (x),ε/3. If y ∈ O, then ρ(f(y), f(x)) ≤ ρ(f(y), fN (y)) +
ρ(fN (y), fN (x)) + ρ(fN (x), f(x)) < ε. Thus f [O] ⊂ Bf(x),ε. Since any open set in Y is a union of open
balls, f is continuous.
23a. Let X be a Hausdorff space. Suppose X is normal. Given a closed set F and an open set O
containing F , there exist disjoint open sets U and V such that F ⊂ U and Oc ⊂ V . Now Ū is disjoint
from Oc since if y ∈ Oc, then V is an open set containing y that is disjoint from U . Thus Ū ⊂ O.
Conversely, suppose that given a closed set F and an open set O containing F , there is an open set U
such that F ⊂ U and Ū ⊂ O. Let F and G be disjoint closed sets. Then F ⊂ Gc and there is an open
set U such that F ⊂ U and Ū ⊂ Gc. Equivalently, F ⊂ U and G ⊂ Ū c. Since U and Ū c are disjoint
open sets, X is normal.
*23b. Let F be a closed subset of a normal space contained in an open set O. Arrange the rationals
in (0, 1) of the form r = p2−n in a sequence 〈rn〉. Let U1 = O. By part (a), there exists an open set
U0 such that F ⊂ U0 and U0 ⊂ O = U1. Let Pn be the set containing the first n terms of the sequence.
Since U0 ⊂ U1, there exists an open set Ur1 such that U0 ⊂ Ur1 and Ur1 ⊂ U1. Suppose open sets Ur
have been defined for rationals r in Pn such that Up ⊂ Uq whenever p < q. Now rn+1 has an immediate
predecessor ri and an immediate successor rj (under the usual order relation) in Pn+1 ∪ {0, 1}. Note
that Uri ⊂ Urj . Thus there is an open set Urn+1 such that Uri ⊂ Urn+1 and Urn+1 ⊂ Urj . Now if r ∈ Pn,
then either r ≤ ri, in which case Ur ⊂ Uri ⊂ Urn+1 , or r ≥ rj , in which case Urn+1 ⊂ Urj ⊂ Ur. By
induction, we have a sequence {Ur} of open sets, one corresponding to each rational in (0, 1) of the form
p = r2−n, such that F ⊂ Ur ⊂ O and Ur ⊂ Us for r < s.
23c. Let {Ur} be the family constructed in part (b) with U1 = X. Let f be the real-valued function on
X defined by f(x) = inf{r : x ∈ Ur}. Clearly, 0 ≤ f ≤ 1. If x ∈ F , then x ∈ Ur for all r so f(x) = 0.
If x ∈ Oc, then x /∈ Ur for any r < 1 so f(x) = 1. Given x ∈ X and an open interval (c, d) containing
f(x), choose rationals r1 and r2 of the form p2−n such that c < r1 < f(x) < r2 < d. Consider the open
set U = Ur2 \ Ur1 . Since f(x) < r2, x ∈ Ur ⊂ Ur2 for some r < r2. If x ∈ Ur1 , then x ∈ Ur for all r > r1

so f(x) ≤ r1. Since f(x) > r1, x /∈ Ur1 . Thus x ∈ U . If y ∈ U , then y ∈ Ur2 so f(y) ≤ r2 < d. Also,
y /∈ Ur1 so f(y) ≥ r1 > c. Thus f [U ] ⊂ (c, d). Hence f is continuous.
23d. Let X be a Hausdorff space. Suppose X is normal. For any pair of disjoint closed sets A and B
on X, Bc is an open set containing A. By the constructions in parts (b) and (c), there is a continuous
real-valued function f on X such that 0 ≤ f ≤ 1, f ≡ 0 on A and f ≡ 1 on (Bc)c = B.
(*) Proof of Urysohn’s Lemma.
24a. Let A be a closed subset of a normal topological space X and let f be a continuous real-valued
function on A. Let h = f/(1 + |f |). Then |h| = |f |/(1 + |f |) < 1.
24b. Let B = {x : h(x) ≤ −1/3} and let C = {x : h(x) ≥ 1/3}. By Urysohn’s Lemma, there is a
continuous function h1 which is −1/3 on B and 1/3 on C while |h1(x)| ≤ 1/3 for all x ∈ X. Then
|h(x)− h1(x)| ≤ 2/3 for all x ∈ A.
24c. Suppose we have continuous functions hn on X such that |hn(x)| < 2n−1/3n for all x ∈ X and
|h(x) −

∑n
i=1 hi(x)| < 2n/3n for all x ∈ A. Let B′ = {x : h(x) −

∑n
i=1 hi(x) ≤ −2n/3n+1} and

let C ′ = {x : h(x) −
∑n
i=1 hi(x) ≥ 2n/3n+1}. By Urysohn’s Lemma, there is a continuous function

hn+1 which is −2n/3n+1 on B′ and 2n/3n+1 on C ′ while |hn+1(x)| ≤ 2n/3n+1 for all x ∈ X. Then
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|h(x)−
∑n+1
i=1 hi(x)| < 2n+1/3n+1 for all x ∈ A.

24d. Let kn =
∑n
i=1 hi. Then each kn is continuous and |h(x) − kn(x)| < 2n/3n for all x ∈ A. Also,

|kn(x)−kn−1(x)| < 2n−1/3n for all n and all x ∈ X. If m > n, then |km(x)−kn(x)| = |
∑m
i=n+1 hi(x)| ≤∑m

i=n+1 2i−1/3i < (2/3)n. Let k(x) =
∑∞
i=1 hi(x). Then |k(x) − kn(x)| ≤ (2/3)n for all x ∈ X. Thus

〈kn〉 converges uniformly to k. i.e. 〈hn〉 is uniformly summable to k and since each kn is continuous, k is
continuous. Also, since |kn| ≤ 1 for each n, |k| ≤ 1. Now |h(x)− kn(x)| < 2n/3n for all n and all x ∈ A
so letting n→∞, |h(x)− k(x)| = 0 for all x ∈ A. i.e. k = h on A.
24e. Since |k| = |h| < 1 on A, A and {x : k(x) = 1} are disjoint closed sets. By Urysohn’s Lemma,
there is a continuous function ϕ on X which is 1 on A and 0 on {x : k(x) = 1}.
24f. Set g = ϕk/(1− |ϕk|). Then g is continuous and g = k/(1− |k|) = h/(1− |h|) = f on A.
(*) Proof of Tietze’s Extension Theorem.
25. Let F be a family of real-valued functions on a set X. Consider the sets of the form {x : |fi(x) −
fi(y)| < ε for some ε > 0, some y ∈ X, and some finite set f1, . . . , fn of functions in F}. The weak
topology on X generated by F has {f−1[O] : f ∈ F, O open in R} as a base. Now if x′ ∈ f−1[O] for
some f ∈ F and O open in R, we may assume O is an open interval (c, d). If x ∈ {x : |f(x) − f(x′)| <
min(f(x′) − c, d − f(x′))}, then f(x) ∈ (c, d). i.e. x ∈ f−1[O]. Thus x′ ∈ {x : |f(x) − f(x′)| <
min(f(x′) − c, d − f(x′))} ⊂ f−1[O]. Hence the sets of the form {x : |fi(x) − fi(y)| < ε for some ε >
0, some y ∈ X, and some finite set f1, . . . , fn of functions in F} is a base for the weak topology on X
generated by F.
Suppose this topology is Hausdorff. For any pair {x, y} of distinct points in X, there are disjoint open sets
Ox and Oy such that x ∈ Ox and y ∈ Oy. Then there are sets Bx and By of the form {x : |fi(x)−fi(z)| <
ε for some ε > 0, some z ∈ X, and some finite set f1, . . . , fn of functions in F} such that x ∈ Bx ⊂ Ox
and y ∈ By ⊂ Oy. Suppose f(x) = f(y) for all f ∈ F. Then x, y ∈ Bx ∩ By. Contradiction. Hence
there is a function f ∈ F such that f(x) 6= f(y). Conversely, suppose that for each pair {x, y} of distinct
points in X there exists f ∈ F such that f(x) 6= f(y). Then x ∈ {x′ : |f(x′)− f(x)| < |f(y)− f(x)|/2}
and y ∈ {x′ : |f(x′) − f(y)| < |f(y) − f(x)|/2} with the two sets being disjoint open sets. Hence the
topology is Hausdorff.
26. Let F be a family of real-valued continuous functions on a topological space (X, T ). Since f is
continuous for each f ∈ F, the weak topology generated by F is contained in T . Suppose that for each
closed set F and each x /∈ F there is an f ∈ F such that f(x) = 1 and f ≡ 0 on F . Then for each O ∈ T
and each x ∈ O, there is an f ∈ F such that f(x) = 1 and f ≡ 0 on Oc. i.e. x ∈ f−1[(1/2, 3/2)] ⊂ O.
Thus O is in the weak topology generated by F.
27. Let X be a completely regular space. Given a closed set F and x /∈ F , there is a function f ∈ C(X)
such that f(x) = 1 and f ≡ 0 on F . Then F ⊂ f−1[(−∞, 1/2)], x ∈ f−1[(1/2,∞)], and the sets
f−1[(−∞, 1/2)] and f−1[(1/2,∞)] are disjoint open sets. Hence X is regular.
28. Let X be a Hausdorff space and let Y be a subset of X. Given two distinct points x and y in Y ,
there are disjoint open sets O1 and O2 in X such that x ∈ O1 and y ∈ O2. Then x ∈ O1 ∩ Y and
y ∈ O2 ∩ Y , with O1 ∩ Y and O2 ∩ Y being disjoint open sets in Y . Hence Y is Hausdorff.
*29. In Rn let B be the family of sets {x : p(x) 6= 0} where p is a polynomial in n variables. Let T be
the family of all finite intersections O = B1 ∩ · · · ∩Bk from B. By considering the constant polynomials,
we see that ∅ and X are in T . It is also clear that if O1, O2 ∈ T , then O1 ∩O2 ∈ T . Now if Oα ∈ T ,
Given two distinct points x, y ∈ Rn, say x = 〈x1, . . . , xn〉 and y = 〈y1, . . . , yn〉, let p be the polynomial∑n
i=1(Xi − xi)2. Then p(x) = 0 and p(y) 6= 0. Thus there is an open set containing y but not x. Hence

T is T1.
Any two open sets are not disjoint since for any finite collection of polynomials there is an x that is not
a root of any of the polynomials. Hence T is not T2.
30. Let A ⊂ B ⊂ Ā be subsets of a topological space, and let f and g be two continuous maps of B into a
Hausdorff space X with f(u) = g(u) for all u ∈ A. For any v ∈ B, we have v ∈ Ā. Suppose f(v) 6= g(v).
Then there are disjoint open sets O1 and O2 such that f(v) ∈ O1 and g(v) ∈ O2. Since f and g are
continuous, there are open sets U1 and U2 such that v ∈ U1, f [U1] ⊂ O1, v ∈ U2, g[U2] ⊂ O2. Now
there exists u ∈ A with u ∈ U1 ∩ U2. Then f(u) ∈ O1 and g(u) ∈ O2 but f(u) = g(u) so O1 ∩ O2 6= ∅.
Contradiction. Hence f(v) = g(v). i.e. f ≡ g on B.
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31. Omitted.

8.4 Connectedness

32. Let {Cα} be a collection of connected sets and suppose that any two of them have a point in
common. Let G =

⋃
Cα. Suppose O1 and O2 is a separation of G. For any pair Cα and Cα′ , there is

a p ∈ Cα ∩ Cα′ . Then p ∈ O1 or p ∈ O2. Suppose p ∈ O1. Since Cα is connected and p ∈ Cα, we have
Cα ⊂ O1. Now any other Cα′′ has a point in common with Cα so by the same argument, Cα′′ ⊂ O1.
Thus G ⊂ O1, contradicting O2 6= ∅. Hence G is connected.
33. Let A be a connected subset of a topological space and suppose that A ⊂ B ⊂ Ā. Suppose O1 and
O2 is a separation of B. Since A ⊂ B = O1∪O2 and A is connected, we may assume that A ⊂ O1. Then
B = B ∩ Ā ⊂ B ∩O1 = O1, contradicting O2 6= ∅. Hence B is connected.
34a. Let E be a connected subset of R having more than one point. Suppose x, y ∈ E with x < y.
Suppose there exists z ∈ (x, y) such that z /∈ E. Then E ∩ (−∞, z) and E ∩ (z,∞) are a separation of E,
contradicting the connectedness of E. Thus [x, y] ⊂ E. Let a = inf E and b = supE. Clearly, E ⊂ [a, b].
If z ∈ (a, b), then there exists z′ ∈ E such that a ≤ z′ < z and there exists z′′ ∈ E such that z < z′′ ≤ b
so that z ∈ E. Thus (a, b) ⊂ E ⊂ [a, b]. Hence E is an interval.
34b. Let I = (a, b) and let O be a subset of I that is both open and closed in I. Clearly sup{y : (a, y) ⊂
O} ≤ b. Suppose d = sup{y : (a, y) ⊂ O} < b. If d ∈ O, then (d− ε, d+ ε) ⊂ O ⊂ I for some ε > 0 since
O is open. There exists z > d − ε such that (a, z) ⊂ O. Then (a, d + ε) = (a, z) ∪ (d − ε, d + ε) ⊂ O.
Contradiction. If d /∈ O, then (d − ε, d + ε) ⊂ Oc for some ε > 0 since Oc is open. But there exists
z > d− ε such that (d− ε, z) ⊂ (a, z) ⊂ O. Contradiction. Hence d = b. Thus for any c < b, there exists
c′ > c such that (a, c′) ⊂ O. i.e. c ∈ O. Hence O = I and I is connected. It follows from Q33 that
intervals of the form (a, b], [a, b), [a, b] are also connected.
35a. Let X be an arcwise connected space. Suppose O1 and O2 is a separation of X. Take x ∈ O1

and y ∈ O2. There is a continuous function f : [0, 1] → X with f(0) = x and f(1) = y. Since [0, 1] is
connected, f [0, 1] is connected so we may assume f [0, 1] ⊂ O1. Then y ∈ O1 ∩O2. Contradiction. Hence
X is connected.
*35b. Consider X = {〈x, y〉 : x = 0,−1 ≤ y ≤ 1} ∪ {〈x, y〉 : y = sin(1/x), 0 < x ≤ 1}. Let
I = {〈x, y〉 : x = 0,−1 ≤ y ≤ 1} and S = {〈x, y〉 : y = sin(1/x), 0 < x ≤ 1}. Since S is the image of (0, 1]
under a continuous map, S is connected. Let 〈0, y〉 ∈ I. Given ε > 0, choose n such that 1/2nπ < ε.
Since sin 1

2 (4n + 1)π = 1 and sin 1
2 (4n + 3)π = −1, sin(1/x) takes on every value between -1 and 1 in

the interval [2/(4n + 3)π, 2/(4n + 1)π]. In particular, sin(1/x0) = y for some x0 in the interval. Then
ρ[〈0, y〉, 〈x0, y〉] = x0 < ε so 〈x0, y〉 ∈ B〈0,y〉,ε ∩ S. Hence I ⊂ S̄ and by Q33, X = I ∪ S is connected.
Suppose X is arcwise connected. Then there is a path f from 〈0, 0〉 to some point of S. The set of t such
that f(t) ∈ I is closed so it has a largest element. We may assume that t = 0. Let f(t) = 〈x(t), y(t)〉.
Then x(0) = 0 while x(t) > 0 and y(t) = sin(1/x(t)) for t > 0. For each n, choose u with 0 < u < x(1/n)
such that sin(1/u) = (−1)n. Then there exists tn ∈ (0, 1/n) such that x(tn) = u. Now 〈tn〉 converges to
0 but 〈y(tn)〉 does not converge, contradicting the continuity of f . Hence X is not arcwise connected.
(*) (Closed) topologist’s sine curve
35c. Let G be a connected open set in Rn. Let x ∈ G and let H be the set of points in G that can be
connected to x by a path. There exists δ > 0 such that Bx,δ ⊂ G. For y ∈ Bx,δ, f(t) = (1− t)x+ ty is a
path connecting x and y. Thus H 6= ∅. For each y ∈ H, there exists δ′ > 0 such that By,δ′ ⊂ G. There
is a path f connecting y to x. For each z ∈ By,δ′ , there is a path g connecting z to y. Then h given
by h(t) = g(2t) for t ∈ [0, 1/2] and h(t) = f(2t − 1) for t ∈ [1/2, 1] is a path connecting z to x. Thus
By,δ′ ⊂ H and H is open. If y ∈ H̄, then y ∈ By,δ ⊂ G for some δ > 0 and By,δ contains a point z of
H. Now there is a path connecting z to x and there is a path connecting y to z. Thus there is a path
connecting y to x so y ∈ H and H is closed. Hence H = G. Since x is arbitrary, G is arcwise connected.
36. Let X be a locally connected space and let C be a component of X. If x ∈ C, then there is a
connected basic set B such that x ∈ B. Since B is connected, B ⊂ C. Thus C is open.
*37. Let X be as in Q35b. Sufficiently small balls centred at 〈0, 0〉 do not contain connected open sets
so X is not locally connected.
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8.5 Products and direct unions of topological spaces

38a. Let Z =
◦⋃
Xα. Suppose f : Z → Y is continuous. For any open set O ⊂ Y , f−1[O] is open in Z

so f−1[O] ∩Xα is open in Xα for each α. i.e. f |−1
Xα

[O] is open in Xα for each α. Thus each restriction
f |Xα is continuous. Conversely, suppose each restriction f |Xα is continuous. For any open set O ⊂ Y ,
f−1[O] =

⋃
f |−1
Xα

[O]. Each of the sets f |−1
Xα

[O] is open so f−1[O] is open and f is continuous.
38b. F ⊂ Z is closed if and only if F c is open if and only if F c ∩Xα is open in Xα for each α if and
only if F ∩Xα is closed in Xα for each α.
38c. Suppose Z is Hausdorff. Given x, y ∈ Xα, x, y ∈ Z so there are disjoint open sets O1, O2 ⊂ Z
such that x ∈ O1 and y ∈ O2. Then O1 ∩ Xα and O2 ∩ Xα are disjoint open sets in Xα containing x
and y respectively. Thus Xα is Hausdorff. Conversely, suppose each Xα is Hausdorff. Given x, y ∈ Z,
x ∈ Xα and y ∈ Xβ for some α and β. If α = β, then since Xα is Hausdorff, there are disjoint open sets
O1, O2 ⊂ Xα such that x ∈ O1 and y ∈ O2. The sets O1 and O2 are also open in Z so it follows that Z
is Hausdorff. If α 6= β, then since Xα ∩Xβ = ∅ and the sets Xα and Xβ are open in Z, it follows that
Z is Hausdorff.
38d. Suppose Z is normal. Given disjoint closed sets F1, F2 ⊂ Xα, F1 and F2 are closed in Z so there are
disjoint open sets O1, O2 ⊂ Z such that F1 ⊂ O1 and F2 ⊂ O2. Then F1 ⊂ O1 ∩Xα and F2 ⊂ O2 ∩Xα

with O1∩Xα and O2∩Xα being disjoint open sets in Xα. Thus Xα is normal. Conversely, suppose each
Xα is normal. Given disjoint closed sets F1, F2 ⊂ Z, the sets F1 ∩Xα and F2 ∩Xα are closed in Xα for
each α so there are disjoint open sets O1,α, O2,α ⊂ Xα such that F1 ∩Xα ⊂ O1,α and F2 ∩Xα ⊂ O2,α.
Then F1 ⊂

⋃
O1,α and F2 ⊂

⋃
O2,α with

⋃
O1,α and

⋃
O2,α being disjoint open sets in Z. Hence Z is

normal.
39a. Let X1 ⊂ X be a direct summand. Then it follows from the definition that X1 is open. Let X2 be
another direct summand. Then X2 is open and X1 ⊂ Xc

2 . Now Xc
2 is closed so X1 = Xc

2 ∩X1 is closed.
39b. Let X1 be a subset of X that is both open and closed. Let X2 = X \ X1. Then X2 is open,
X1 ∩ X2 = ∅ and X = X1 ∪ X2. If O is open in X, then O ∩ Xi is open in Xi for i = 1, 2. On the
other hand, if O is open in X1

◦
∪ X2, then O ∩Xi is open in Xi for i = 1, 2 and thus open in X. Then

O = (O ∩X1) ∪ (O ∩X2) is open in X. Hence X = X1

◦
∪ X2.

*40a. If X has a base, each element being Tychonoff, let x, y be distinct points in X. There is a basic
element B containing x. Since B is Tychonoff, there exists O open in B such that x ∈ O but y /∈ O.
Then O is also open in X so X is Tychonoff.
Consider E = R×{0, 1}/ ∼ where ∼ is the smallest equivalence relation with 〈x, 0〉 〈x, 1〉 for x ∈ R\{0}.
Let q : R×{0, 1} → E be the quotient map and consider the base q[(a, b)×{e}] for a < b and e ∈ {0, 1}.
Then E is not Hausdorff and thus not regular and not completely regular but the elements in the base
are.
(*) Error in book.
*40b.
*40c.
41. Let (X, ρ) be a metric space with an extended real-valued metric and Xα its parts. i.e. equivalence
classes under the equivalence relation ρ(x, y) < ∞. Then X is the disjoint union of its parts and by

Q7.3b, each part is open (and closed). Thus X is the direct union X =
◦⋃
Xα.

42. Let 〈Xα, Tα〉 be a family of Hausdorff spaces. Given distinct points x, y ∈
∏
αXα, we have xα 6= yα

for some α. Since Xα is Hausdorff, there are disjoint open sets O1, O2 ⊂ Xα such that x ∈ O1 and
y ∈ O2. Then π−1

α [O1] and π−1
α [O2] are disjoint open sets in

∏
αXα containing x and y respectively.

43. Note that
∏
αXα is a basic element. If x ∈ B1 ∩B2 where Bi =

∏
αOα,i, then xα ∈ Oα,1 ∩Oα,2 for

each α. Now each O′α = Oα,1 ∩ Oα,2 is open in Xα and only finitely many of them are not Xα. Thus
x ∈

∏
αO
′
α ⊂ B1 ∩B2.

Let (X, ρ) and (Y, σ) be two metric spaces. Since ρ∞ is equivalent to the usual product metric, we
consider (X × Y, ρ∞). The open ball B〈x,y〉,ε is the same as Bx,ε × By,ε so B〈x,y〉,ε is open in the
product topology. For any U × V with U open in X and V open in Y , given 〈x, y〉 ∈ U × V , there
are open balls Bx,ε and By,δ such that x ∈ Bx,ε ⊂ U and y ∈ By,δ ⊂ V . Let η = min(ε, δ). Then
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B〈x,y〉,η ⊂ Bx,ε×By,δ ⊂ U ×V . Thus U ×V is open in the metric topology. Hence the product topology
on X × Y is the same as the topology induced by the product metric.
44. By definition, XA =

∏
α∈AXα. We may identify each x ∈

∏
α∈AXα with the function f : A →

X given by f(α) = xα. We may then also identify each basic element
∏
α∈AOα with {f : f(α) ∈

Oα for each α}. But since all but finitely many of the sets Oα are Xα, we only need to consider the sets
{f : f(α1) ∈ O1, . . . , f(αn) ∈ On} where {α1, . . . , αn} is some finite subset of A and {O1, . . . , On} is a
finite collection of open subsets of X.
Suppose a sequence 〈fn〉 converges to f in XA. Then we may regard this as a sequence 〈xn〉 converging
to x under the identification described above. Now since πα is continuous, 〈πα(xn)〉 converges to πα(x).
i.e. 〈xn,α〉 converges to xα for each α. Under the identification again, 〈fn(α)〉 converges to f(α) for each
α. Conversely, suppose 〈fn(α)〉 converges to f(α) for each α. Let B be a basic element containing f .
Then f(αi) ∈ Oi for some finite subset {α1, . . . , αm} ⊂ A and some finite collection {O1, . . . , Om} of
open subsets of X. Then there exists N such that fn(αi) ∈ Oi for n ≥ N and i = 1, . . . ,m. Thus fn ∈ B
for n ≥ N and 〈fn〉 converges to f in XA.
45. Suppose X is metrizable and A is countable. We may enumerate A as {α1, α2, . . .}. Then by
Q7.11a, X can be given an equivalent metric ρ that is bounded by 1. Define σ on XA by σ(x, y) =∑
n 2−nρ(xαn , yαn). Then σ is a metric on XA so XA is metrizable.

46. Given an open set Oα0 ⊂ Xα0 , π−1
α [Oα0 ] = {x ∈

∏
αXα : xα0 ∈ Oα0}, which is open in

∏
αXα.

Hence each πα is continuous. If T is a topology on XA such that each πα is continuous, then each basic
element in the product topology is a finite intersection of preimages under some πα of open sets in X.
Thus each basic element in the product topology is in T and thus the product topology is contained in
T . Hence the product topology is the weakest topology such that each πα is continuous.
47. The ternary expansion of numbers gives a homeomorphism between 2ω and the Cantor ternary set.
48a. Each x ∈ X can be identified with the element in IF with f -th coordinate f(x). Let F be the
mapping of X onto its image in IF. Suppose each f ∈ F is continuous. Given a basic element

∏
f Of ⊂ IF,

F−1[
∏
f Of ] = {x : F (x) ∈

∏
f Of} = {x : f(x) ∈ Of for each f} =

⋂
f−1[Of ]. The intersection is in

fact a finite intersection since all but finitely many of the sets Of are I. Thus F−1[
∏
f Of ] is open and

F is continuous. Further suppose that given a closed set F and x /∈ F there is f ∈ F such that f [F ] = 0
and f(x) = 1. Let U be open in X and let y ∈ F [U ]. Now y = F (x) for some x ∈ U and there is f ∈ F
such that f [U c] = 0 and f(x) = 1. Let V = π−1

f [(0,∞)] and let W = V ∩ F [X]. Then W is open. Also,
πf (y) = f(x) = 1 so y ∈ W . If z ∈ W , then z = F (x) for some x ∈ X with f(x) > 0 so x ∈ U . Thus
W ⊂ F [U ]. Thus F [U ] is open in IF. Hence F is a homeomorphism.
*48b. Suppose X is a normal space satisfying the second axiom of countability. Let {Bn} be a countable
base for X. For each pair of indices n,m such that Bn ⊂ Bm, by Urysohn’s Lemma, there exists a
continuous function gn,m on X such that gn,m ≡ 1 on Bn and gn,m ≡ 0 on Bcm. Given a closed set F
and x /∈ F , choose a basic element Bm such that x ∈ Bm ⊂ F c. By Q23a, there exists Bn such that
x ∈ Bn and Bn ⊂ Bm. Then gn,m is defined with gn,m(x) = 1 and gn,m[F ] = 0. Furthermore the family
{gn,m} is countable.
48c. Suppose X is a normal space satisfying the second axiom of countability. By part (b), there is a
countable family F of continuous functions with the property in part (a). Then there is a homeomorphism
between X and IF. By Q45, IF is metrizable and thus X is metrizable.
*49. First we consider finite products of connected spaces. Suppose X and Y are connected and choose
〈a, b〉 ∈ X × Y . The subspaces X × {b} and {x} × Y are connected, being homeomorphic to X and Y
respectively. Thus Tx = (X ×{b})∪ ({x}× Y ) is connected for each x ∈ X. Then

⋃
x∈X Tx is the union

of a collection of connected spaces having the point 〈a, b〉 in common so it is connected. But this union
is X × Y so X × Y is connected. The result for any finite product follows by induction.
Let {Xα}α∈A be a collection of connected spaces and let X =

∏
αXα. Fix a point a ∈ X. For any finite

subset K ⊂ A, let XK be the subspace consisting of points x such that xα = aα for α /∈ K. Then XK

is homeomorphic to the finite product
∏
α∈K Xα so it is connected. Let Y be the union of the sets XK .

Since any two of them have a point in common, by Q32, Y is connected. Let x ∈ X and let U =
∏
αOα

be a basic element containing x. Now Oα = Xα for all but finitely many α so let K be that finite set.
Let y be the element with yα = xα for α ∈ K and yα = aα for α /∈ K. Then y ∈ XK ⊂ Y and y ∈ U .
Hence X = Ȳ so X is connected.
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8.6 Topological and uniform properties

50a. Let 〈fn〉 be a sequence of continuous maps from a topological space X to a metric space (Y, σ) that
converges uniformly to a map f . Given ε > 0, there exists N such that σ(fn(x), f(x)) < ε/3 for n ≥ N
and x ∈ X. Given x ∈ X, there is an open set O containing x such that σ(fN (x), fN (y)) < ε/3 for
y ∈ O. Then σ(f(x), f(y)) ≤ σ(f(x), fN (x)) + σ(fN (x), fN (y)) + σ(fN (y), f(y)) < ε for y ∈ O. Hence f
is continuous.
50b. Let 〈fn〉 be a sequence of continuous maps from a topological space X to a metric space (Y, σ)
that is uniformly Cauchy. Suppose Y is complete. For each x ∈ X, the sequence 〈fn(x)〉 is Cauchy
so it converges since Y is complete. Let f(x) be the limit of the sequence. Then 〈fn〉 converges to
f . Given ε > 0, there exists N such that σ(fn(x), fm(x)) < ε/2 for n,m ≥ N and x ∈ X. For each
x ∈ X, there exists Nx ≥ N such that σ(fNx(x), f(x)) < ε/2. Then for n ≥ N and x ∈ X, we have
σ(fn(x), f(x)) ≤ σ(fn(x), fNx(x)) + σ(fNx(x), f(x)) < ε. Thus 〈fn〉 converges uniformly to f and by
part (a), f is continuous.
51. The proofs of Lemmas 7.37-39 remain valid when X is a separable topological space. Thus the
Ascoli-Arzelá Theorem and its corollary are still true.

8.7 Nets

52. Suppose X is Hausdorff and suppose a net 〈xα〉 in X has two limits x, y. Then there are disjoint
open sets U and V such that x ∈ U and y ∈ V . Since x and y are limits, there exist α0 and α1 such
that xα ∈ U for α � α0 and xα ∈ V for α � α1. Choose α′ such that α′ � α0 and α′ � α1. Then
xα ∈ U ∩V for α � α′. Contradiction. Hence every net in X has at most one limit. Conversely, suppose
X is not Hausdorff. Let x, y be two points that cannot be separated and let the directed system be the
collection of all pairs 〈A,B〉 of open sets with x ∈ A, y ∈ B. Choose x〈A,B〉 ∈ A ∩ B. Let O be an
open set containing x and let O′ be an open set containing y. For 〈A,B〉 � 〈O,O′〉, we have A ⊂ O and
B ⊂ O′ so x〈A,B〉 ∈ A ∩B ⊂ O ∩O′. Thus both x and y are limits.
53. Suppose f is continuous. Let 〈xα〉 be a net that converges to x. For any open set O containing f(x),
we have x ∈ f−1[O], which is open. There exists α0 such that xα ∈ f−1[O] for α � α0. Then f(xα) ∈ O
for α � α0. Hence 〈f(xα)〉 converges to f(x). Conversely, suppose that for each net 〈xα〉 converging to
x the net 〈f(xα)〉 converges to f(x). Then in particular the statement holds for all sequences. It follows
that f is continuous.
*54. Let X be any set and f a real-valued function on X. Let A be the system consisting of all finite
subsets of X, with F ≺ G meaning F ⊂ G. For each F ∈ A, let yF =

∑
x∈F f(x). Suppose that f(x) = 0

except for x in a countable subset {xn} and
∑
|f(xn)| < ∞. Given ε > 0, there exists N such that∑∞

n=N+1 |f(xn)| < ε. Let y =
∑
f(xn). For any open interval (y − ε, y + ε), let F0 = {x1, . . . , xN}. For

F � F0, |y− yF | ≤
∑∞
n=N+1 |f(xn)| < ε so yF ∈ (y− ε, y+ ε). Thus lim yF = y. Conversely, if f(x) 6= 0

on an uncountable set G, then for some n, |f(x)| > 1/n for uncountably many x. Thus by considering
arbitrarily large finite subsets of G, we see that 〈yF 〉 does not converge. Hence f(x) = 0 except on a
countable set. Now if

∑
|f(xn)| = ∞, then we only have

∑
f(xn) < ∞ and it follows that the limit is

not unique. Hence
∑
|f(xn)| <∞.

55. Let X =
∏
αXα. Suppose a net 〈xβ〉 in X converges to x. Since each projection is continuous, each

coordinate of xβ converges to the corresponding coordinate of x. Conversely, suppose each coordinate of
xβ converges to the corresponding coordinate of x. Let

∏
αOα be a basic element containing x. Then

πα(x) ∈ Oα for each α. For each α, there exists βα such that πα(xβ) ∈ Oα for β � βα. Since all but
finitely many of the Oα are Xα, we only need to consider a finite set βα1 , . . . , βαn . In particular, we may
choose β0 such that β0 � βαi for all i. For β � β0, we have παi(xβ) ∈ Oαi . For α 6= αi, we also have
πα(xβ) ∈ Oα = Xα. Thus xβ ∈

∏
αOα for β � β0. Hence the net 〈xβ〉 converges to x.
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9 Compact and Locally Compact Spaces

9.1 Compact spaces

1. Suppose X is compact. Then every open cover has a finite subcovering. In particular, it has a finite
refinement. Conversely, suppose every open cover has a finite refinement. Since every element in the
refinement is a subset of an element in the open cover, the open cover has a finite subcovering so X is
compact.
*2. Let 〈Kn〉 be a decreasing sequence of compact sets with K0 Hausdorff. Let O be an open set
with

⋂
Kn ⊂ O. Suppose Kn is not a subset of O for any n. Then Kn \ O is nonempty and closed

in Kn. Since Kn is a compact subset of the Hausdorff space K0, Kn is closed in K0 so Kn \ O is
closed in K0. Also, 〈Kn \ O〉 is a decreasing sequence so it has the finite intersection property. Now
∅ 6= (

⋂
Kn) \O =

⋂
(Kn \O) ⊂

⋂
Kn ⊂ O. Contradiction. Hence Kn ⊂ O for some n.

(*) Assume K0 is Hausdorff.
3. Suppose X is a compact Hausdorff space. Let F be a closed subset and let x /∈ F . For each y ∈ F ,
there are disjoint open sets Uy and Vy with x ∈ Uy and y ∈ Vy. Now F is compact and {Vy : y ∈ F} is an
open cover for F . Thus there is a finite subcovering {Vy1 , . . . , Vyn}. Let U =

⋂n
i=1 Uyi and V =

⋃n
i=1 Vyi .

Then U and V are disjoint open sets with x ∈ U and F ⊂ V . Hence X is regular.
4. Suppose X is a compact Hausdorff space. Let F and G be disjoint closed subsets. By Q3, for each
y ∈ G, there are disjoint open sets Uy and Vy such that F ⊂ Uy and y ∈ Vy. Now G is compact and
{Vy : y ∈ G} is an open cover for G. Thus there is a finite subcovering {Vy1 , . . . , Vyn}. Let U ′ =

⋂n
i=1 Uyi

and V ′ =
⋃n
i=1 Vyi . Then U ′ and V ′ are disjoint open sets with F ⊂ U ′ and G ⊂ V ′. Hence X is normal.

5a. If (X, T ) is a compact space, then for T∞ weaker than T , any open cover from T1 is an open cover
from T so it has a finite subcovering. Thus (X, T1) is compact.
5b. If (X, T ) is a Hausdorff space, then for T∈ stronger than T , any two distinct points in X can be
separated by disjoint sets in T , which are also sets in T∈. Thus (X, T2) is Hausdorff.
5c. Suppose (X, T ) is a compact Hausdorff space. If T1 is a weaker topology, then id : (X, T )→ (X, T1)
is a continuous bijection. If (X, T1) is Hausdorff, then id is a homeomorphism. Contradiction. Hence
(X, T1) is not Hausdorff. If T2 is a stronger topology, then id : (X, T2)→ (X, T ) is a continuous bijection.
If (X, T2) is compact, then id is a homeomorphism. Contradiction. Hence (X, T2) is not compact.
6. Let X be a compact space and F an equicontinuous family of maps from X to a metric space (Y, σ).
Let 〈fn〉 be a sequence from F such that fn(x) → f(x) for all x ∈ X. For each x ∈ X, given ε > 0,
there exists Nx such that σ(fn(x), f(x)) < ε/3 for n ≥ Nx. Also, there exists an open set Ox containing
x such that σ(fn(x), fn(y)) < ε/3 for y ∈ Ox and all n. Then we also have σ(f(x), f(y)) < ε/3 for
y ∈ Ox. Now {Ox : x ∈ X} is an open cover for X so there is a finite subcovering {Ox1 , . . . , Oxk}. Let
N = max1≤i≤kNxi . For n ≥ N , σ(fn(xi), f(xi)) < ε/3 for 1 ≤ i ≤ k. For each x ∈ X, x ∈ Oxi for
some i so σ(fn(x), f(x)) ≤ σ(fn(x), fn(xi)) + σ(fn(xi), f(xi)) + σ(f(xi), f(x)) < ε for n ≥ N . Hence
〈fn〉 converges uniformly to f on X.
*7. Let X be a Hausdorff space and 〈Cn〉 a decreasing sequence of compact and connected sets. Let
C =

⋂
Cn. For any open cover U of C, U is an open cover of some Cn by Q2. Thus it has a finite

subcovering, which also covers C. Hence C is compact.
Suppose C is disconnected with A and B being a separation for C. Then A and B are nonempty disjoint
closed subsets of C. Since C is an intersection of closed sets, C is closed. Thus A and B are closed in
C0. Since C0 is compact and Hausdorff, it is normal. Thus there are disjoint open sets U, V ⊂ C0 such
that A ⊂ U and B ⊂ V . Then C = A ∪ B ⊂ U ∪ V . By Q2, Cn ⊂ U ∪ V for some n. Hence Cn is
disconnected. Contradiction. Hence C is connected.
(*) Assume X is Hausdorff
8a. Let 〈fn〉 be a sequence of maps from X to Y that converge in the compact-open topology to f .
For x ∈ X, let O be an open set containing f(x). Then N{x},O is open in the compact-open topology
and contains f . There exists N ′ such that fn ∈ N{x},O for n ≥ N ′. i.e. fn(x) ∈ O for n ≥ N ′. Hence
f(x) = lim fn(x).
*8b. Let 〈fn〉 be a sequence of continuous maps from a topological space X to a metric space (Y, σ).
Suppose 〈fn〉 converges to f uniformly on each compact subset C of X. Let NK,O be a subbasic element
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containing f . Then f [K] is a compact set disjoint from Oc so σ(f [K], Oc) > 0. Let ε = σ(f [K], Oc).
There exists N ′ such that σ(fn(x), f(x)) < ε for n ≥ N ′ and x ∈ K. Then fn(x) ∈ O for n ≥ N ′ and
x ∈ K. i.e. fn ∈ NK,O for n ≥ N ′. Hence 〈fn〉 converges to f in the compact-open topology.
Conversely, suppose 〈fn〉 converges to f in the compact-open topology. Let C be a compact subset
of X and let ε > 0 be given. Since C is compact and f is continuous, f [C] is compact. Thus there
exist x1, . . . , xn ∈ C such that the open balls Bf(x1),ε/4, . . . , Bf(xn),ε/4 cover f [C]. For each i, let
Ci = C∩f−1[Bf(xi),ε/4] and Oi = Bf(xi),ε/4. Then Ci is compact and f [Ci] ⊂ Oi. Thus f ∈

⋂n
i=1NCi,Oi .

There exists N ′ such that fn ∈
⋂n
i=1NCi,Oi for n ≥ N ′. For any x ∈ C, x ∈ Ci for some i so

σ(f(xi), f(x)) < ε/4. Also, fn(x) ∈ Oi for n ≥ N ′ so σ(fn(x), f(xi)) < ε/4 for n ≥ N ′. Thus
σ(fn(x), f(x)) < ε for n ≥ N ′ and x ∈ C. Hence 〈fn〉 converges uniformly to f on C.
(*) Assume f to be continuous.

9.2 Countable compactness and the Bolzano-Weierstrass property

9a. A real-valued function f on X is continuous if and only if {x : f(x) < α} and {x : f(x) > α} are
open for any real number α if and only if f is both upper semicontinuous and lower semicontinuous.
9b. Suppose f and g are upper semicontinuous. Then {x : f(x) < α} and {x : g(x) < α} are open for
any real number α. Now for any real number α, {x : f(x) + g(x) < α} =

⋃
q∈Q[{x : g(x) < q} ∩ {x :

f(x) < α− q}], which is open. Hence f + g is upper semicontinuous.
9c. Let 〈fn〉 be a decreasing sequence of upper semicontinuous functions which converge pointwise to a
real-valued function f . If f(x) < α, then there exists N such that fn(x) − f(x) < α − f(x) for n ≥ N .
i.e. fn(x) < α for n ≥ N . On the other hand, if fn(x) < α for some n, then f(x) ≤ fn(x) < α. Thus
{x : f(x) < α} =

⋃
n{x : fn(x) < α}, which is open. Hence f is upper semicontinuous.

9d. Let 〈fn〉 be a decreasing sequence of upper semicontinuous functions on a countably compact space,
and suppose that lim fn(x) = f(x) where f is a lower semicontinuous real-valued function. By part (c),
f is also upper semicontinuous so f is continuous. Now 〈fn − f〉 is a sequence of upper semicontinuous
functions on a countably compact space such that for each x, 〈fn(x)− f(x)〉 decreases to zero. Thus by
Proposition 11 (Dini), 〈fn − f〉 converges to zero uniformly. i.e. 〈fn〉 converges to f uniformly.
9e. Suppose a sequence 〈fn〉 of upper semicontinuous functions converges uniformly to a function f .
Fix y ∈ X. Given ε > 0, there exists N such that |fN (x) − f(x)| < ε/3 for all x ∈ X. Since
{x : fN (x) < fN (y) + ε/3} is open, there exists δ > 0 such that |x− y| < δ implies fN (x)− fN (y) < ε/3.
Now if |x − y| < δ, then f(x) − f(y) = [f(x) − fN (x)] + [fN (x) − fN (y)] + [fN (y) − f(y)] < ε. Given
α ∈ R, pick y ∈ {x : f(x) < α}. There exists δ > 0 such that |x− y| < δ implies f(x)− f(y) < α− f(y).
i.e. f(x) < α. Hence {x : f(x) < α} is open and f is upper semicontinuous.
*10 (i) ⇒ (iii) by Proposition 9. Suppose that every bounded continuous real-valued function on X
assumes its maximum. Let f be a continuous function and suppose it is unbounded. We may assume,
by taking max(1, f), that f ≥ 1. Then −1/f is a bounded continuous function with no maximum.
Thus (iii) ⇒ (ii). Suppose X is no countably compact. Then it does not have the Bolzano-Weierstrass
property. There is a sequence 〈xn〉 in X with no cluster point. Thus the sequence has no limit points.
Let A = {xn}. Then A is closed and since all subsets of A are also closed, A is discrete. Define f(xn) = n
for xn ∈ A. Then f is continuous on the closed set A and since X is normal, by Tietze’s Extension
Theorem, there is a continuous function g on X such that g|A = f . Then g is an unbounded continuous
function on X. Thus (ii) ⇒ (i).
11a. Let X be the set of ordinals less than the first uncountable ordinal and let B be the collection of
sets of the form {x : x < a}, {x : a < x < b}, {x : a < x}. For any x0 ∈ X, x0 ∈ {x : x < x0 + 1}. Now
{x : x < b} ∩ {x : a < x} = {x : a < x < b}, {x : x < c} ∩ {x : a < x < b} = {x : a < x < min(b, c)},
{x : max(a, c) < x < b} = {x : a < x < b} ∩ {x : c < x}. Hence B is a base for a topology on X.
*11b. For any sequence 〈xn〉 in X, let x0 = supxn. Then xn < x0 +1 for all n. i.e. xn ∈ {x : x < x0 +1}
for all n so the sequence converges to x0. Hence X is sequentially compact. The sets {x : x < a} form
an open cover for X. If it has a finite subcovering, then there exists a ∈ X such that x < a for all x ∈ X.
Contradiction. Hence X is not compact.
*11c. Let f be a continuous real-valued function on X. We first show the existence of a sequence 〈xn〉
in X such that |f(y)− f(xn)| < 1/n for y > xn. If no such sequence exists, we may construct for some
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N an increasing sequence 〈zn〉 such that |f(zn)− f(zn−1)| ≥ 1/N for each n. Then 〈zn〉 converges to its
supremum but 〈f(zn)〉 does not converge, contradicting the continuity of f . Now let x0 = supxn. Then
f(x) = f(x0) for x ≥ x0.
12a. Similar argument as Q11a.
*12b. Let U be an open cover for Y consisting of basic sets. Let La = {x : x < a} and Ub = {x : b < x}.
Then ω1 ∈ Ub for some Ub ∈ U . Also, 0 ∈ La for some La ∈ U . Let a0 = sup{a : La ∈ U}. Then a0 ∈ Ub0
for some Ub0 ∈ U so b0 < a0. Then there exists a1 > b0 such that La1 ∈ U . Since y > b0 or y < a1 for
any y ∈ Y , {La1 , Ub0} is a finite subcovering of U that covers Y . Hence Y is compact.
Let D be a countable subset of Y . Then y = supD exists and y ∈ Y . Now {x : y < x} is an open set
in Y that does not intersect D. Thus D is not dense in Y and Y is not separable. Suppose there is a
countable base {Un} at ω1. Then each Un is of the form {x : x > an}. There exists a < ω1 such that
a > an for all n. Then the open set {x : x > a} does not contain any Un. Contradiction. Thus Y is not
first countable.

9.3 Products of compact spaces

13. Each closed and bounded subset X of Rn is contained in a cube In where I = [a, b]. Each I is
compact in R so In is compact in Rn by Tychonoff’s Theorem. Now X is closed in In so X is compact.
*14. Suppose X is compact and I is a closed interval. Let U be an open cover of X × I and let t ∈ I.
Since X × {t} is homeomorphic to X, X × {t} is compact so there is a finite subcovering {U1, . . . , Un}
of U such that U =

⋃n
i=1 Ui ⊃ X × {t}. Now X × {t} can be covered by finitely many basic sets

A1 × B1, . . . , Ak × Bk ⊂ U . Then B = B1 ∩ · · · ∩ Bk is an open set containing t. If 〈x, y〉 ∈ X × B,
then 〈x, t〉 ∈ Aj × Bj for some j so x ∈ Aj and y ∈

⋂n
i=1Bi ⊂ Bj . Thus 〈x, y〉 ∈ Aj × Bj and

X ×B ⊂
⋃n
i=1(Ai×Bi) ⊂ U . Thus for each t ∈ I, there is an open set Bt containing t such that X ×Bt

can be covered by finitely many elements of U . The collection of the sets Bt forms an open cover of X so
there is a finite subcollection {Bt1 , . . . , Btm} covering X. Now X × I =

⋃m
i=1(Bti × I), which can then

be covered by finitely many elements of U .
15. Let 〈Xn〉 be a countable collection of sequentially compact spaces and let X =

∏
Xn. Given a

sequence 〈xn〉 in X, there is a subsequence 〈x(1)
n 〉 whose first coordinate converges. Then there is a

subsequence 〈x(2)
n 〉 of 〈x(1)

n 〉 whose second coordinate converges. Consider the diagonal sequence 〈x(n)
n 〉.

Each coordinate of this sequence converges so the sequence converges in X. Hence X is sequentially
compact.
16. Let X be a compact Hausdorff space. Let F be the family of continuous real-valued functions on
X with values in [0, 1]. Let Q =

∏
f∈F If . Consider the mapping g of X into Q mapping x to the

point whose f -th coordinate is f(x). If x 6= y, then since X is compact Hausdorff, and thus normal, by
Urysohn’s Lemma, there exists f ∈ F such that f(x) = 0 and f(y) = 1. Thus g is one-to-one. Since
f is continuous for each f ∈ F, g is continuous. Now g[X] is a compact subset of the Hausdorff space
Q so g[X] is closed in Q. Furthermore, g is a continuous bijection from the compact space X onto the
Hausdorff space g[X] so X is homeomorphic to g[X].
*17. Let Q = IA be a cube and let f be a continuous real-valued function on Q. Given ε > 0, cover
f [Q] by finitely many open intervals I1, . . . , In of length ε. Consider f−1[Ij ] for j = 1, . . . , n. These sets
cover Q and we may assume each of them is a basic set, that is, f−1[Ij ] =

∏
α U

(j)
α where U (j)

α is open in
I and all but finitely many of the U (j)

α are I. For each j, let Fj = {α : U (j)
α 6= I} and let F =

⋃n
j=1 Fj ,

which is a finite set. Define h : Q → Q by παh(x) = xα for α ∈ F and 0 otherwise. Define g = f ◦ h.
Then g depends only on F and |f − g| < ε.

9.4 Locally compact spaces

18. Let X be a locally compact space and K a compact subset of X. For each x ∈ K, there is an open
set Ox containing x with Ox compact. Since K is compact, there is a finite subcollection {Ox1 , . . . , Oxn}
that covers K. Let O =

⋃n
i=1Oxi . Then O ⊃ K and Ō =

⋃n
i=1Oxi is compact.

*19a. Let X be a locally compact Hausdorff space and K a compact subset. Then K is closed in
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X∗. By Q8.23a, there exists a closed set D containing ω with D ∩ K = ∅. By Urysohn’s Lemma,
there is a continuous function g on X∗ with 0 ≤ g ≤ 1 that is 1 on K and 0 on D. Define f(x) =
min(2(g(x)−1/2), 0). Then {x : f(x) > 0} = {x : g(x) > 1/2}, which is compact because g is continuous
on X∗.
(*) Alternatively, use Q16 to regard K as a closed subset of the compact Hausdorff space Q.
*19b. Let K be a compact subset of a locally compact Hausdorff space X. Then by Q18, there is an
open set O ⊃ K with Ō compact. Now X∗ \O and K are disjoint closed subsets of X∗ so by Urysohn’s
Lemma, there is a continuous function g on X∗ with 0 ≤ g ≤ 1 that is 1 on K and 0 on X∗ \ O. Then
f = g|X is the required function.
20a. Let X∗ be the Alexandroff one-point compactification of a locally compact Hausdorff space X.
Consider the collection of open sets of X and complements of compact subsets of X. Then ∅ and X∗ are
in the collection. If U1 and U2 are open in X, then so is U1 ∩ U2. If K1 and K2 are compact subsets of
X, then (X∗ \K1) ∩ (X∗ \K2) = X∗ \ (K1 ∪K2) where K1 ∪K2 is compact. Also, U1 ∩ (X∗ \K1) =
U1 ∩ (X \K1), which is open in X. Thus the collection of sets is closed under finite intersection. If {Uα}
is a collection of open sets in X, then

⋃
Uα is open in X. If {Kβ} is a collection of compact subsets

of X, then
⋃

(X∗ \ Kβ) = X∗ \
⋂
Kβ . Since each Kβ is compact in the Hausdorff space X, each Kβ

is closed in X and
⋂
Kβ is closed in X. Thus

⋂
Kβ is closed in each Kβ so

⋂
Kβ is compact. Finally,⋃

Uα ∪
⋃

(X∗ \Kβ) = U ∪ (X∗ \K) = X∗ \ (K \ U), where U =
⋃
Uα and K =

⋂
Kβ . Since K \ U

is closed in the compact set K, K \ U is compact. Thus the collection of sets is closed under arbitrary
union. Hence the collection of sets forms a topology for X∗.
20b. Let id be the identity mapping from X to X∗ \ {ω}. Clearly id is a bijection. If U is open in
X∗ \ {ω}, then U = (X∗ \ {ω}) ∩ U ′ for some U ′ open in X∗. If U ′ is open in X, then U = U ′ so
U is open in X. If U ′ = X∗ \ K for some compact K ⊂ X, then U = X \ K, which is open in X.
Thus id is continuous. Also, any open set in X is open in X∗ so id is an open mapping. Hence id is a
homeomorphism.
20c. Let U be an open cover of X∗. Then U contains a set of the form X∗ \K for some compact K ⊂ X.
Take the other elements of U and intersect each of them with X to get an open cover of K. Then there
is a finite subcollection that covers K. The corresponding finite subcollection of U together with X∗ \K
then covers X∗. Hence X∗ is compact.
Let x, y be distinct points in X∗. If x, y ∈ X, then there are disjoint open sets in X, and thus in X∗,
that separate x and y. If x ∈ X and y = ω, then there is an open set O containing x with Ō compact.
The sets O and X∗ \ Ō are disjoint open sets in X∗ separating x and y. Hence X∗ is Hausdorff.
*21a. Let Sn denote the unit sphere in Rn+1. Let p = 〈0, . . . , 0, 1〉 ∈ Rn+1. Define f : Sn − p → Rn
by f(x) = 1

1−xn+1
〈x1, . . . , xn〉. The map g : Rn → Sn − p defined by g(y) = 〈t(y)y1, . . . , t(y)yn, 1− t(y)〉

where t(y) = 2/(1+||y||2) is the inverse of f . Thus Rn is homeomorphic to Sn−p and the Alexandroff one-
point compactification of Rn is homeomorphic to the Alexandroff one-point compactification of Sn − p,
which is Sn.
21b. Let X be the space in Q11 and Y be the space in Q12. Define f : X∗ → Y by f(x) = x for x ∈ X
and f(ω) = ω1. Then f is clearly a bijection. Consider the basic sets in Y . Now f−1[{x : x < a}] =
{x : x < a}, which is open in X and thus open in X∗. Similarly for sets of the form {x : a < x < b}.
Also, f−1[{x : a < x}] = {x ∈ X : a < x} ∪ {ω}, whose complement {x : x ≤ a} is compact. Thus
f−1[{x : a < x}] is open in X∗. Since f is a continuous bijection from the compact space X∗ to the
Hausdorff space Y , f is a homeomorphism. Hence the one-point compactification of X is Y .
22a. Let O be an open subset of a compact Hausdorff space X. By Q8.23a, for any x ∈ O, there is an
open set U such that x ∈ U and Ū ⊂ O. Then the closure of U in X is the same as the closure of U in
O and Ū is compact, being closed in a compact space. Hence O is locally compact.
22b. Let O be an open subset of a compact Hausdorff space X. Consider the mapping f of X to the
one-point compactification of O which is identity on O and takes each point in X \O to ω. If U is open
in O, then f−1[U ] = U is open in X. If K ⊂ O is compact, then f−1[O∗ \K] = X \K, which is open in
X. Hence f is continuous.
23. Let X and Y be locally compact Hausdorff spaces, and f a continuous mapping of X into Y . Let
X∗ and Y ∗ be the one-point compactifications of X and Y , and f∗ the mapping of X∗ into Y ∗ whose
restriction to X is f and which takes the point at infinity in X∗ to the point at infinity in Y ∗. Suppose
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f is proper. If U is open in Y , then (f∗)−1[U ] = f−1[U ], which is open in X and thus open in X∗. If
K ⊂ Y is compact, then (f∗)−1[Y ∗ \K] = f−1[Y \K]∪{ωX} = X∗ \ f−1[K], which is open in X∗ since
f−1[K] ⊂ X is compact. Hence f∗ is continuous. Conversely, suppose f∗ is continuous. Then f = f∗|X
is continuous. Also, for any compact set K ⊂ Y , (f∗)−1[Y ∗ \K] = X∗ \ f−1[K] is open in X∗. Hence
f−1[K] ⊂ X is compact.
*24a. Let X be a locally compact Hausdorff space. Suppose F is a closed subset of X. For each closed
compact set K, F ∩ K is closed. Conversely, suppose F is not closed. Take x ∈ F̄ \ F . There is an
open set O containing x with Ō compact. For any open set U containing x, (O ∩ U) ∩ F 6= ∅. Thus
U ∩ (F ∩ Ō) 6= ∅. Then x ∈ F ∩ Ō \ (F ∩ Ō) so F ∩ Ō is not closed.
*24b. Let X be a Hausdorff space satisfying the first axiom of countability. Suppose F is a closed subset
of X. For each closed compact set K, F∩K is closed. Conversely, suppose F is not closed. Take x ∈ F̄ \F .
Since X is first countable, there is a sequence 〈xn〉 in F converging to x. Let K = {xn : n ∈ N} ∪ {x}.
Then K is compact in the Hausdorff space X and thus closed. Now F ∩K = {xn : n ∈ N} is not closed.
25. Let F be a family of real-valued continuous functions on a locally compact Hausdorff space X, and
suppose that F has the following properties: (i) If f, g ∈ F, then f + g ∈ F. (ii) If f, g ∈ F, then f/g ∈ F
provided that supportf ⊂ {x ∈ X : g(x) 6= 0}. (iii) Given an open set O ⊂ X and x0 ∈ O, there is an
f ∈ F with f(x0) = 1, 0 ≤ f ≤ 1 and supportf ⊂ O.
Let {Oλ} be an open covering of a compact subset K of a locally compact Hausdorff space X. Let O be an
open set with K ⊂ O and Ō compact. For each x0 ∈ K, there is an fx0 ∈ F with fx0(x0) = 1, 0 ≤ fx0 ≤ 1
and supportfx0 ⊂ O∩Oλ for some λ. For each x0 ∈ Ō\K, there is a gx0 ∈ F with gx0(x0) = 1, 0 ≤ gx0 ≤ 1
and supportgx0 ⊂ Kc. By compactness of Ō, we may choose a finite number f1, . . . , fn, g1, . . . , gm of
these functions such that the sets where they are positive cover Ō. Set f =

∑n
i=1 fi and g =

∑m
i=1 gi.

Then f, g ∈ F, f > 0 on K, supportf ⊂ O, f + g > 0 on Ō and g ≡ 0 on K. Thus f/(f + g) ∈ F is
continuous and ≡ 1 on K. The functions ϕi = fi/(f + g) ∈ F, i = 1, . . . , n form a finite collection of
functions subordinate to the collection {Oλ} and such that ϕ1 + · · ·ϕn ≡ 1 on K.
*26. Lemma: Let X be a locally compact Hausdorff space and U be an open set containing x ∈ X.
Then there is an open set V containing x such that V̄ is compact and V̄ ⊂ U .
Proof: There is an open set O ⊂ X containing x such that Ō is compact. Then U ∩ O is open in Ō
and contains x. Thus there is an open set O′ ⊂ Ō such that x ∈ O′ and Ō′Ō ⊂ U ∩ O. Note that
Ō′Ō = Ō ∩ Ō′ = Ō′. Thus Ō′ ⊂ U ∩O. Let V = O ∩O′. Then x ∈ V . Furthermore, since O′ is open in
Ō, it is open in O and thus open in X so V is open in X. Also, V̄ ⊂ Ō′ ⊂ U ∩O ⊂ U . Since V̄ is closed
in Ō, V̄ is compact.
Let X be a locally compact Hausdorff space and {On} a countable collection of dense open sets. Given an
open set U , let x1 be a point in O1∩U . Let V1 be an open set containing x1 such that V1 is compact and
V1 ⊂ O1 ∩ U . Suppose x1, . . . , xn and V1, . . . , Vn have been chosen. Let xn+1 ∈ On+1 ∩ Vn and let Vn+1

be an open set containing xn+1 such that Vn+1 is compact and Vn+1 ⊂ On+1 ∩ Vn. Then V1 ⊃ V2 ⊃ · · ·
is a decreasing sequence of closed sets in the compact set V1. This collection of closed sets has the finite
intersection property so

⋂
Vn 6= ∅. Let y ∈

⋂
Vn. Then y ∈

⋂
On ∩ U . Hence

⋂
On is dense in X.

(*) Assume that X is Hausdorff.
*27. Let X be a locally compact Hausdorff space and let O be an open subset contained in a countable
union

⋃
Fn of closed sets. Note that O is a locally compact Hausdorff space (see Q29b). Also, O =⋃

(O ∩ Fn), which is a union of sets closed in O. If
⋃

(O ∩ Fn)◦ = ∅, then (O ∩ Fn)◦ = ∅ for all n (with
the interior taken in O) so O \ Fn is dense and open in O for all n. By Q26,

⋂
(O \ Fn) is dense in O.

But
⋂

(O \Fn) = O \ (
⋃
Fn)c = ∅. Contradiction. Hence

⋃
(O ∩Fn)◦ 6= ∅. Now O ∩

⋃
F ◦n ⊃

⋃
(O ∩Fn)◦

so O ∩
⋃
F ◦n 6= ∅ and

⋃
F ◦n is an open set dense in O.

(*) Assume that X is Hausdorff.
*28. Let Y be a dense subset of a Hausdorff space X, and suppose that Y with its subspace topology is
locally compact. Given y ∈ Y , there is an open set U ⊂ Y containing y with ŪY = Y ∩ Ū compact. Since
X is Hausdorff, Y ∩Ū is closed. Then since U ⊂ Y ∩Ū , we have Ū ⊂ Y ∩Ū ⊂ Y . Now U = V ∩Y for some
open set V ⊂ X. Note that since Y is dense, V̄ = V ∩ Y . Then x ∈ V and V ⊂ V̄ = V ∩ Y = Ū ⊂ Y .
Hence Y is open in X.
29a. Suppose F is closed in a locally compact space X. Given x ∈ F , there is an open set O ⊂ X
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containing x with Ō compact. Then O ∩ F is an open set in F containing y and O ∩ FF = F ∩ O ∩ F
is closed in Ō and thus compact. Hence F is locally compact.
*29b. Suppose O is open in a locally compact Hausdorff space X. Take x ∈ O. By the lemma in Q26,
there is an open set U containing x such that Ū is compact and Ū ⊂ O. Now U ∩O is an open set in O
containing x with U ∩OO = O ∩ U ∩O = U ∩O being compact since it is closed in the compact set Ū .
Hence O is locally compact.
29c. Suppose a subset Y of a locally compact Hausdorff space X is locally compact in its subspace
topology. Then Y is dense in the Hausdorff space Ȳ . By Q28, Y is open in Ȳ . Conversely, suppose Y is
open in Ȳ . By part (a), Ȳ is locally compact since Ȳ is closed in X. By part (b), Y is locally compact
since Y is open in Ȳ .

9.5 σ-compact spaces

30. Let X be a locally compact Hausdorff space. Suppose there is a sequence 〈On〉 of open sets with
On compact, On ⊂ On+1 and X =

⋃
On. For each n, let ϕn be a continuous real-valued function with

ϕn ≡ 1 on On−1 and supportϕn ⊂ On. Define ϕ : X → [0,∞) by ϕ =
∑

(1− ϕn).
Given y ∈ X and ε > 0, y ∈ ON for some N and thus y ∈ On for n ≥ N . There exists N ′ such that
ϕ(y) −

∑N ′

n=1(1 − ϕn(y)) < ε/2. Let N ′′ = max(N,N ′). Take x ∈ ON ′′ . Then ϕN ′′+1(x) = 1. In fact,
ϕn(x) = 1 for n ≥ N ′′ + 1 so ϕ(x) =

∑N ′′

n=1(1− ϕn(x)). For each n = 1, . . . , N ′′, there is an open set Un
containing y such that |ϕn(y)−ϕn(x)| < ε/2N ′′ for x ∈ Un. Let U =

⋂N ′′
n=1 Un∩ON ′′ . Then U is an open

set containing y and for x ∈ U , |ϕ(y)−ϕ(x)| ≤ [ϕ(y)−
∑N ′′

n=1(1−ϕn(y))] + |
∑N ′′

n=1(1−ϕn(y))−ϕ(x)| ≤
[ϕ(y)−

∑N ′′

n=1(1− ϕn(y))] +
∑N ′′

n=1 |ϕn(y)− ϕn(x)| < ε. Hence ϕ is continuous.
To show that ϕ is proper, we consider closed bounded intervals in [0,∞). By considering ON ′′−1 and
open sets Vn with Vn compact and Vn ⊂ Un, we then apply a similar argument as above.
31a. Let (X, ρ) be a proper locally compact metric space. If K is a compact subset, then K is closed
and bounded by Proposition 7.22. Conversely, suppose a subset K is closed and bounded. Since X is
proper, the closed balls {x : ρ(x, x0) ≤ a} are compact for some x0 and all a ∈ (0,∞). Since K is
bounded, there exist x1 and b such that ρ(x, x1) ≤ b for all x ∈ K. Then ρ(x, x0) ≤ b+ ρ(x1, x0) for all
x ∈ K. Thus K is a closed subset of the compact set {x : ρ(x, x0) ≤ b+ ρ(x1, x0)} so K is compact.
31b. Let (X, ρ) be a proper locally compact metric space. Then the closed balls {x : ρ(x, x0) ≤ a} are
compact for some x0 and all x ∈ (0,∞). Note that a compact subset K ⊂ [0,∞) is closed and bounded.
Also, the function f(x) = ρ(x, x0) is continuous from X to [0,∞). Now f−1[K] is bounded since K is
bounded and closed since f is continuous and K is closed. Thus by part (a), f−1[K] is compact. Hence
f : X → [0,∞) is a proper continuous map and X is σ-compact.
31c. Let (X, ρ) be a σ-compact and locally compact metric space. Then there is a proper continuous
map ϕ : X → [0,∞). Define ρ∗(x, y) = ρ(x, y) + |ϕ(x)− ϕ(y)|. Then ρ∗ is a metric on X. Given x ∈ X
and ε > 0, there exists δ′ > 0 such that ρ(x, y) < δ′ implies |ϕ(x)−ϕ(y)| < ε/2. Choose δ < min(δ′, ε/2).
When ρ(x, y) < δ, ρ∗(x, y) < ε/2 + ε/2 = ε and when ρ∗(x, y) < δ, ρ(x, y) ≤ ρ∗(x, y) < ε. Thus ρ and
ρ∗ are equivalent metrics. For a fixed x0 ∈ X and any a ∈ (0,∞), {x : ρ∗(x, x0) ≤ a} ⊂ {x : ϕ(x) ≤
a+ ϕ(x0)}, which is compact. Thus {x : ρ(x, x0) ≤ a} is compact. Hence ρ∗ is a proper metric.

9.6 Paracompact spaces

32. Let {Eλ} be a locally finite collection of subsets of a topological space X, and set E =
⋃
Eλ. Since

Eλ ⊂ E for all λ, Eλ ⊂ Ē for all λ. Thus
⋃
Eλ ⊂ Ē. If x ∈ Ē, then there is an open set containing x

that meets only a finite number of sets Eλ1 , . . . , Eλn so x ∈
⋃n
i=1Eλi ⊂

⋃
Eλ. Thus Ē ⊂

⋃
Eλ. Hence

Ē =
⋃
Eλ.

(*) Proof of Lemma 22.
33. Let {Eλ} be a locally finite collection of subsets of X and K a compact subset of X. For each
x ∈ X, there is an open set Ox containing x that meets only a finite number of sets in {Eλ}. Now
K ⊂

⋃
x∈K Ox so K ⊂

⋃n
i=1Oxi for some x1, . . . , xn ∈ K. Since each Oxi meets only a finite number of

sets in {Eλ}, so does K.
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(*) Proof of Lemma 23.
34a. Let X be a paracompact Hausdorff space. Let F be a closed subset and let x /∈ F . For each y ∈ F ,
there are disjoint open sets Uy and Vy with x ∈ Uy and y ∈ Vy. Now X \ F ∪ {Vy : y ∈ F} is an open
cover for X so it has a locally finite open refinement {Eλ}. Let E =

⋃
{Eλ : Eλ ∩F 6= ∅}. Then E is an

open set containing F . Also, there is an open set U containing x that meets only a finite number of sets
Eλ1 , . . . , Eλn in {Eλ}. Each of these sets must lie in some Vyi where yi ∈ F . Consider O = U ∩

⋂n
i=1 Uyi .

Then O is an open set containing x and O ∩ E = ∅. Hence X is regular.
34b. Let X be a paracompact Hausdorff space. Let F and G be disjoint closed subsets. By part (a), for
each y ∈ G, there are disjoint open sets Uy and Vy such that F ⊂ Uy and y ∈ Vy. Now X\G∪{Vy : y ∈ G}
is an open cover for X so it has a locally finite open refinement {Eλ}. Let E =

⋃
{Eλ : Eλ ∩ F 6= ∅}.

Then E is an open set containing F . For each y ∈ G, there is an open set Oy that meets only a finite
number of sets Eλ1 , . . . , Eλn in {Eλ}. Each of these sets must lie in some Vyi where yi ∈ G. Let
O′y = Oy ∩

⋂n
i=1 Uyi . Then O′y is an open set containing y and O′y ∩E = ∅. Let O =

⋃
y∈GO

′
y. Then O

is an open set containing G and O ∩ E = ∅.
35. Let (X, ρ) be a locally compact metrizable space. Suppose it can be metrized by a proper extended
metric ρ∗. By Q8.41, X is the direct union of its parts Xα. Now (Xα, ρ

∗|Xα) is a proper locally compact
metric space for each α so by Q31b, each Xα is σ-compact. Hence X is the direct union of σ-compact
spaces so it is paracompact. Conversely, suppose X is paracompact. Then X is the direct union of
σ-compact spaces Xβ . Each (Xβ , ρ|Xβ ) is a σ-compact and locally compact metric space so by Q31c,
each Xβ can be metrized by a proper metric ρβ . Now define ρ∗∗(x, y) = ρβ(x, y) if x, y ∈ Xβ and
ρ∗∗(x, y) =∞ if x ∈ Xβ1 and y ∈ Xβ2 with β1 6= β2. Then ρ∗∗ is a proper extended metric on X.

9.7 Manifolds

36. Let X = (−1, 1) ∪ [2, 3), and make X into a topological space by taking as a base all open intervals
(a, b) ⊂ X and all sets of the form (−ε, 0)∪ [2, 2 + ε) for 0 < ε < 1. Clearly all open intervals (a, b) ⊂ X
are open balls in R. Also, sets of the form (−ε, 0) ∪ [2, 2 + ε) are homeomorphic to (−ε, ε). Hence X is
locally Euclidean. There are no disjoint basic sets that separate 0 and 2 so X is not Hausdorff.
37a. A not necessarily connected manifold X is the disjoint union of its components. By Q8.36, since
X is locally connected, each component of X is open. Thus X is the direct union of its components.
Also, its components are Hausdorff and locally Euclidean. Hence X is the direct union of (connected)
manifolds.
37b. For a not necessarily connected manifold, statements (ii), (iii), (v), (vi), (vii) are equivalent. Also,
statements (i) and (iv) are equivalent. The first set of statements imply the second set of statements.
*38a.

9.8 The Stone-C̆ech compactification

39a. Let f be a bounded continuous real-valued function on X with |f | ≤ 1. The restriction to X of
the projection πf on β(X) is f and πf is continuous on β(X) since β(X) is a subspace of the product
space IF.
*39b. Suppose X is a dense open subset of a compact Hausdorff space Y . Then Y is a subset of IG

where G is the space of continuous g on Y with |g| ≤ 1. The inclusion i : X → Y induces a continuous
function F : IF → IG as follows. If g ∈ G, then g◦i ∈ F. so define F (〈tf 〉) = 〈(tg◦i)g〉. Since πg◦F = πg◦i
is continuous for each g, F is continuous. Now F [β(X)] ⊂ F [E] ⊂ Y . Let ϕ = F |β(X). Then ϕ is a
continuous mapping of β(X) onto Y with ϕ(x) = x for all x ∈ X. Also, ϕ is unique as a map to a
Hausdorff space is determined by its values on a dense subset.
39c. Suppose Z is a space with the same properties. By part (b), there is a unique continuous mapping
ψ of β(X) onto Z with ψ(x) = x for all x ∈ X. Also, there is a unique continuous mapping ϕ of Z onto
β(X) with ϕ(x) = x for all x ∈ X. Thus ϕ ◦ ψ = id|X so ϕ and ψ are homeomorphisms.
*40. Let X be the set of ordinals less than the first uncountable ordinal and let Y be the set of ordinals
less than or equal to the first uncountable ordinal. Then X is dense in the compact Hausdorff space Y .
By Q11, every continuous real-valued function on X is eventually constant so it extends to a continuous
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function on Y .
*41. If A ⊂ N, define f : N → [0, 1] by f(x) = 0 if x ∈ A and f(x) = 1 if x /∈ A. Now f is continuous
so it extends to a continuous function f̂ on β(N). Then Ā ∪N \A = β(N). It follows that f̂−1[{1}] = Ā

and f̂−1[{0}] = N \A. Thus Ā ∩ N \A = ∅ and Ā is open.
If B ⊂ N and A ∩B = ∅, then B ⊂ N \A and Ā ∩ B̄ = ∅.
If V is an open subset of β(N), then V ∩ N is an open subset of β(N). Now if x ∈ V̄ and W is an open
neighbourhood of x, then W ∩ V ∩ N 6= ∅ so x ∈ V ∩ N. Thus V̄ = V ∩ N and V̄ is open (β(N) is
extremally disconnected).
Let Y be a subset of β(N) with at least two distinct points x and y. Since β(N) is Hausdorff, there is an
open set U ⊂ β(N) such that x ∈ U and y /∈ Ū . Then Y = (Y ∩ Ū) ∪ (Y \ Ū) is a separation of Y so Y
is not connected. Hence β(N) is totally disconnected.
Clearly, if a sequence in N converges in N, then it converges in β(N). Conversely, if it converges in
β(N) \ N, then consider a function f : N → [0, 1] with f(x2n) = 0 and f(x2n+1) = 1 for all n. Now f is
continuous since N is discrete so it has a continuous extension to β(N). This is a contradiction as the
sequence 〈g(xn)〉 does not converge.
Hence β(N) is compact but not sequentially compact as the sequence xn = n does not have a convergent
subsequence.

9.9 The Stone-Weierstrass Theorem

42. Let A be the set of finite Fourier series ϕ given by ϕ(x) = a0 +
∑N
n=1(an cosnx+ bn sinnx), N ∈ N.

Then A is a linear space of functions in C(X) where X is taken to be the unit circle in C. From the
trigonometric identities cosmx cosnx = 1

2 [cos(m− n)x+ cos(m+ n)x], sinmx cosnx = 1
2 [sin(m+ n)x+

sin(m− n)x] and sinmx sinnx = 1
2 [cos(m− n)x− cos(m+ n)x], we see that A is a subalgebra of C(X).

Furthermore A separates the points of X and contains the constant functions. By the Stone-Weierstrass
Theorem, given any continuous periodic real-valued function f on R with period 2π and any ε > 0, there
is a finite Fourier series ϕ such that |ϕ(x)− f(x)| < ε for all x.
*43. Let A be an algebra of continuous real-valued functions on a compact space X, and assume that
A separates the points of X. If for each x ∈ X there is an fx ∈ A with fx(x) 6= 0, then by continuity,
there is an open neighbourhood Ox of x such that fx(y) 6= 0 for y ∈ Ox. The sets {Ox} cover X so by
compactness, finitely many of them cover X, say {Ox1 , . . . , Oxn}. Let g = f2

x1
+ · · ·+ f2

xn . Then g ∈ A
and g 6= 0 everywhere. The closure of the range of g is a compact set K not containing 0. The function h
given by h(t) = 1/t for t ∈ K and h(0) = 0 is continuous on K∪{0} so it can be uniformly approximated
by polynomials hn so that hn ◦ g ∈ A and hn ◦ g → 1/g. Note that if hn is uniformly within ε/2 of h,
then |hn(0)| < ε/2 but hn(0) is the constant term of hn so subtracting the constant term results in a
polynomial still within ε of h. Thus we may assume that the polynomials hn have no constant term.
Thus 1/g ∈ Ā so 1 ∈ Ā and Ā contains the constant functions. Hence Ā = C(X).
44. Let F be a family of continuous real-valued functions on a compact Hausdorff space X, and suppose
that F separates the points of X. Let A be the set of polynomials in a finite number of functions of F.
Then A is a subalgebra of C(X) that separates the points of X and contains the constant functions. By
the Stone-Weierstrass Theorem, A is dense in C(X). Hence every continuous real-valued function on X
can be uniformly approximated by a polynomial in a finite number of functions of F.
45a. Let X be a topological space and A a set of real-valued functions on X. Define x ≡ y if f(x) = f(y)
for all f ∈ A. Clearly, x ≡ x for all x ∈ X and y ≡ x if x ≡ y. If x ≡ y and y ≡ z, then f(x) = f(y) = f(z)
for all f ∈ A so x ≡ z. Hence ≡ is an equivalence relation.
45b. Let X̃ be the set of equivalence classes of ≡ and ϕ the natural map of X into X̃. Given f ∈ A,
define f̃ on X̃ by f̃(x̃) = f(x). If x̃ = ỹ, then x ≡ y so f(x) = f(y) and f̃(x̃) = f̃(ỹ). Thus f̃ is
well-defined and it is the unique function such that f = f̃ ◦ ϕ.
45c. Let X̃ have the weak topology generated by the functions f̃ in part (b). Consider a basic set
f̃−1[O]. Now ϕ−1[f̃−1[O]] = {x : f̃(ϕ(x)) ∈ O} = {x : f(x) ∈ O} = f−1[O], which is open since f is
continuous. Hence ϕ is continuous.
45d. Since ϕ is continuous and maps X onto X̃, if X is compact, then so is X̃. By definition of the

58



weak topology on X̃, the functions f̃ are continuous.
*45e. Let X be a compact space and A a closed subalgebra of C(X) containing the constant functions.
Define X̃ and ϕ as above. If x̃ and ỹ are distinct points in X̃, then f(x) 6= f(y) for some f ∈ A so
there are disjoint open sets Ox and Oy in R with f(x) ∈ Ox and f(y) ∈ Oy. Then x̃ ∈ f̃−1[Ox] and
ỹ ∈ f̃−1[Oy]. Thus X̃ is a compact Hausdorff space. Furthermore, ϕ induces a (continuous) mapping
of ϕ∗ : A → C(X̃), f 7→ f̃ , where f = f̃ ◦ ϕ. The image of A in C(X̃) is a subalgebra containing the
constant functions and separating the points of X̃. Suppose 〈g̃n〉 is a sequence in ϕ∗[A] that converges
to g̃ in C(X̃). Then the sequence 〈gn〉, where gn = g̃n ◦ϕ, converges to g̃ ◦ϕ. Since each gn ∈ A and A is
closed, g̃ ◦ ϕ ∈ A so g̃ ∈ ϕ∗[A] by uniqueness. Thus ϕ∗[A] is closed. By the Stone-Weierstrass Theorem,
the image of A is C(X̃). Hence A is the set of all functions of the form f̃ ◦ ϕ with f̃ ∈ C(X̃).
46. Let X and Y be compact spaces. The set of finite sums of functions of the form f(x)g(y) where
f ∈ C(X) and g ∈ C(Y ) is an algebra of continuous real-valued functions on X × Y that contains the
constant functions and separates points in X × Y . By the Stone-Weierstrass Theorem, this set is dense
in C(X × Y ). Thus for each continuous real-valued function f on X × Y and each ε > 0, there exist
continuous functions g1, . . . , gn on X and h1, . . . , hn on Y such that |f(x, y) −

∑n
i=1 gi(x)hi(y)| < ε for

all 〈x, y〉 ∈ X × Y .
47. The functions of norm 1 in the algebra A give a mapping of X into the infinite-dimensional cube∏
{If : f ∈ A, ||f || = 1}. By the Tietze Extension Theorem, each continuous function f on the image

of X can be extended to a continuous function g on the cube and by Q17, g can be approximated by a
continuous function h of only a finite number of coordinates. Then h can be regarded as a continuous
function on a cube in Rn, which can be uniformly approximated by a polynomial in (a finite number of)
the coordinate functions.
48a. Let ϕ be the polynomial defined by ϕ(x) = x+ x(1− 2x)(1− x). Then ϕ′(x) = 6x2 − 6x+ 2 > 0
for all x. Thus ϕ is monotone increasing and its fixed points are 0, 1

2 , 1.
*48b. Choose ε > 0. Note that ϕ(x) > x on (0, 1

2 ) and ϕ(x) < x on ( 1
2 , 1). Let [an, bn] = ϕn[ε, 1− ε] for

each n where ϕn is an iterate of ϕ. Then an = ϕn(ε) increases to some a and bn = ϕn(1− ε) decreases
to some b. Furthermore, ε ≤ a ≤ b ≤ 1− ε and a, b are fixed points of ϕ. Thus a = b = 1

2 . Hence some
iterate ϕn is a polynomial with integral coefficients that is monotone increasing on [0, 1] and such that
|ϕn(x)− 1

2 | < ε for x ∈ [ε, 1− ε].
*48c. Given α with 0 < α < 1 and any ε > 0, it suffices to consider the case where α is a rational
number a

b . Define ϕ(x) = x+ x(a− bx)(1− x). Then α is a fixed point of ϕ. By parts (a) and (b), some
iterate ψ = ϕn is a polynomial with integral coefficients (and no constant term) such that 0 ≤ ψ(x) ≤ 1
in [0, 1] and |ψ(x)− α| < ε for all x ∈ [ε, 1− ε].
*48d. Let P be a polynomial with integral coefficients, and suppose that P (−1) = P (0) = P (1) = 0.
Let β be any real number. We may assume that 0 < β < 1. For any ε > 0, there exists δ > 0 such that
|P (x)| < ε/2 for x ∈ (−δ, δ), x ∈ (1 − δ, 1] and x ∈ [−1,−1 + δ). We may assume that δ < ε/||P ||. By
part (c), there is a polynomial ψ with integral coefficients and no constant term such that |ψ(x2)−β| < δ
for all x ∈ [δ, 1− δ]. Then |P (x)ψ(x2)− βP (x)| < δ||P || < ε for all x ∈ [−1, 1].
*48e. Let I = [−1, 1] and f a continuous real-valued function on I such that f(−1), f(0), f(1) are
integers and f(1) ≡ f(−1) mod 2. Let f(−1) = a, f(0) = b, f(1) = a+ 2c, where a, b, c are integers. Let
Q(x) = (a − b + c)x2 + cx + b. Replacing f by f − Q, we may assume that a = b = c = 0. Then use
the Stone-Weierstrass Theorem to approximate f by a polynomial R with rational coefficients such that
R(−1) = R(0) = R(1) = 0. Let N be the least common multiple of the denominators of the coefficients
of R so that NR has integral coefficients and vanishes at -1,0,1. Let β = 1/N and apply part (d) to the
polynomial NR so that R, and thus f , can be approximated by a polynomial P with integral coefficients.
*49a.
*49b.
*50a.
*50b.
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10 Banach Spaces

10.1 Introduction

1. Suppose xn → x. Then | ||xn|| − ||x|| | ≤ ||xn − x|| → 0. Hence ||xn|| → ||x||.
2. The metric ρ(x, y) = [

∑n
i=1(xi − yi)2]1/2 is derived from the norm ||x|| = (

∑n
i=1 x

2
i )

1/2. The metric
ρ∗(x, y) =

∑n
i=1 |xi−yi| is derived from the norm ||x||∗ =

∑n
i=1 |xi|. The metric ρ+(x, y) = max |xi−yi|

is derived from the norm ||x||+ = max |xi|. Now n−1||x||+ ≤ ||x||+ ≤ ||x||∗ ≤ n||x||+ so ||x||∗ and ||x||+
are equivalent. Also, (

√
n)−1||x||+ ≤ ||x||+ ≤ ||x|| ≤ (n(||x||+)2)1/2 =

√
n||x||+ so ||x|| and ||x||+ are

equivalent. Thus ||x|| and ||x||∗ are also equivalent.
3. Consider + as a function from X×X into X. Since ||(x1 +y1)−(x2 +y2)|| ≤ ||x1−x2||+ ||y1−y2||, +
is continuous. Consider · as a function from R×X into X. Since ||cx− cy|| = |c| ||x−y||, · is continuous.
4. Let M be a nonempty set. Then M ⊂M +M since m = m+ θ for all m, where θ is the zero vector.
Also, M ⊂ λM since m = 1 ·m for all m. If M is a linear manifold, then M +M ⊂M and λM ⊂M for
each λ so M +M = M and λM = M . Conversely, suppose M +M = M and λM = M . Then λx ∈M
for each λ ∈ R and x ∈ M . Thus also λ1x1 + λ2x2 ∈ M for λ1, λ2 ∈ R and x1, x2 ∈ M . Hence M is a
linear manifold.
5a. Let {Mi : i ∈ I} be a family of linear manifolds and let M =

⋂
Mi. For any λ1, λ2 ∈ R and

x1, x2 ∈M , we have x1, x2 ∈Mi for all i. Since each Mi is a linear manifold, λ1x1 + λ2x2 ∈Mi for each
i. i.e. λ1x1 + λ2x2 ∈M . Hence M is a linear manifold.
5b. Given a set A in a vector space X, X is a linear manifold containing A. Consider the family of
linear manifolds containing A. The intersection {A} of this family is a linear manifold containing A and
it is the smallest such linear manifold.
5c. Consider the set M of all finite linear combinations of the form λ1x1 + · · ·+λnxn with xi ∈ A. Then
M is a linear manifold containing A. Also, any linear manifold containing A will contain M . Hence M
is the smallest linear manifold containing A. i.e. {A} = M .
6a. Let M and N be linear manifolds. For λ1, λ2 ∈ R, m1,m2 ∈ M and n1, n2 ∈ N , λ1(m1 + n1) +
λ2(m2 + n2) = (λ1m1 + λ2m2) + (λ1n1 + λ2n2) ∈M +N . Hence M +N is a linear manifold. Note that
M ⊂ M + N and N ⊂ M + N so M + N contains M ∪N . Also, any manifold containing M ∪N will
also contain M +N . Hence M +N = {M ∪N}.
6b. Let M be a linear manifold. For λ1, λ2 ∈ R, x1, x2 ∈ M̄ and δ > 0, there exist y1, y2 ∈M such that
||x1− y1|| < δ/2λ1 and ||x2− y2|| < δ/2λ2 (We may assume λ1, λ2 6= 0). Then ||(λ1x1 +λ2x2)− (λ1y1 +
λ2y2)|| ≤ |λ1| ||x1 − y1||+ |λ2| ||x2 − y2|| < δ. Thus λ1x1 + λ2x2 ∈ M̄ so M̄ is a linear manifold.
7. Let P be the set of all polynomials on [0, 1]. Then P ⊂ C[0, 1]. For λ1, λ2 ∈ R and p1, p2 ∈ P ,
λ1p1 + λ2p2 is still a polynomial on [0, 1] so λ1p1 + λ2p2 ∈ P . Thus P is a linear manifold in C[0, 1].
The set P is not closed in C[0, 1] because by the Weierstrass Approximation Theorem, every continuous
function on [0, 1] can be uniformly approximated by polynomials on [0, 1]. i.e. P̄ contains a continuous
function that is not a polynomial.
The set of continuous functions f with f(0) = 0 is a closed linear manifold in C[0, 1].
8. Let M be a finite-dimensional linear manifold in a normed vector space X with M = {x1, . . . , xn}.
Each x ∈ X can be written as a unique linear combination λ1x1 + · · · + λnxn. We may define a norm
||x||1 =

∑n
i=1 |λi| and see that || · ||1 is equivalent to the original norm on X. Thus convergence under the

original norm on X is equivalent to convergence of each sequence of coefficients in R. Let 〈
∑n
i=1 λ

(k)
i xi〉k

be a sequence in M converging to x ∈ X. Let λi = limk λ
(k)
i for each i. By continuity of addition and

scalar multiplication, x = limk

∑n
i=1 λ

(k)
i xi =

∑n
i=1 λixi ∈M . Hence M is closed.

9. Let S = {x : ||x|| < 1}. Given x ∈ S, let δ = (1 − ||x||)/2. When ||y − x|| < δ, we have
||y|| ≤ ||y − x|| + ||x|| < (1 − ||x||)/2 + ||x|| < 1 so y ∈ S. Hence S is open. For any sequence 〈xn〉 in
S that converges to some x, we have ||xn|| → ||x|| so ||x|| ≤ 1. Thus S̄ ⊂ {x : ||x|| ≤ 1}. On the other
hand, if ||x|| = 1 and δ > 0, let λ = max(1− δ/2, 0). Then ||λx|| ∈ S and ||x− λx|| = |1− λ| < δ. Thus
x ∈ S̄ and {x : ||x|| ≤ 1} ⊂ S̄. Hence S̄ = {x : ||x|| ≤ 1}.
10. Define x ≡ y if ||x − y|| = 0. Then x ≡ x since ||0x|| = 0||x|| = 0. Also, x ≡ y implies
y ≡ x since ||y − x|| = || − (x − y)|| = | − 1| ||x − y|| = ||x − y||. Finally, if x ≡ y and y ≡ z, then
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||x− z|| ≤ ||x− y||+ ||y − z|| = 0 so x ≡ z. Thus ≡ is an equivalence relation. If x1 ≡ y1 and x2 ≡ y2,
then ||(x1 + x2) − (y1 + y2)|| ≤ ||x1 − y1|| + ||x2 − y2|| = 0 so x1 + x2 ≡ y1 + y2. If x ≡ y, then
||cx − cy|| = |c| ||x − y|| = 0 so cx ≡ cy for c ∈ R. Hence ≡ is compatible with addition and scalar
multiplication. If x ≡ y, then | ||x|| − ||y|| | ≤ ||x− y|| = 0 so ||x|| = ||y||.
Let X ′ be the set of equivalence classes under ≡. Define αx′+βy′ as the (unique) equivalence class which
contains αx + βy for x ∈ x′ and y ∈ y′ and define ||x′|| = ||x|| for x ∈ x′. Then X ′ becomes a normed
vector space. The mapping ϕ of X onto X ′ that takes each element of X into the equivalence class to
which it belongs is a homomorphism of X onto X ′ since ϕ(αx+ βy) = αx′ + βy′ = αϕ(x) + βϕ(y). The
kernel of ϕ consists of the elements of X that belong to the equivalence class containing the zero vector
θ. These are the elements x with ||x|| = 0.

On the Lp spaces on [0, 1] we have the pseudonorm ||f ||p =
(∫ 1

0
|f |p

)1/2

. Then f ≡ g if
∫ 1

0
|f − g|p = 0.

i.e. f = g a.e. The kernel of the mapping ϕ consists of the functions that are 0 a.e.
11. Let X be a normed linear space (with norm || · ||) and M a linear manifold in X. Let ||x||1 =
infm∈M ||x −m||. Since ||x −m|| ≥ 0 for all x ∈ X and m ∈ M , ||x||1 ≥ 0 for all x ∈ X. For x, y ∈ X
and ε > 0, there exist m,n ∈ M such that ||x −m|| < ||x||1 + ε/2 and ||y −m|| < ||y||1 + ε/2. Then
||x+ y||1 ≤ ||(x+ y)− (m+ n)|| < ||x||1 + ||y||1 + ε. Since ε > 0 is arbitrary, ||x+ y||1 ≤ ||x||1 + ||y||1.
Also, for x ∈ X and α ∈ R, ||αx||1 = infm∈M ||αx−m|| = |α| infm∈M ||x−m|| = |α| ||x||1. Hence || · ||1
is a pseudonorm on X.
Let X ′ be the normed linear space derived from X and the pseudonorm || · ||1 using the process in
Q10. The natural mapping ϕ of X onto X ′ has kernel M̄ since it consists of the elements x with
||x||1 = infm∈M ||x −m|| = 0. Let O be an open set in X. Take x ∈ O. Then there exists δ > 0 such
that y ∈ O if ||y − x||1 < δ. Now if ||z − ϕ(x)|| < δ, where z = ϕ(y) for some y ∈ X, then ||y − x||1 < δ
so y ∈ O and z ∈ ϕ[O]. Hence ϕ[O] is open. i.e. ϕ maps open sets into open sets.
12. Suppose X is complete and M is a closed linear manifold in X. Let 〈ϕ(xn)〉 be an absolutely
summable sequence in X/M . Then

∑
||ϕ(xn)|| < ∞ so

∑
||xn||1 < ∞. Given ε > 0, for each n, there

exists mn ∈M such that ||xn−mn|| < ||xn||1 + 2−n. Then
∑
||xn−mn|| ≤

∑
||xn||1 + 1 <∞. Since X

is complete, the sequence 〈xn−mn〉 is summable in X, say
∑

(xn−mn) = x. Now ϕ is continuous since
||ϕ(x)|| = ||x||1 ≤ ||x||. Also, M is the kernel of ϕ. Thus

∑
ϕ(xn) =

∑
ϕ(xn−mn) = ϕ(

∑
(xn−mn)) =

ϕ(x) ∈ X/M . Since any absolutely summable sequence in X/M is summable, X/M is complete.

10.2 Linear operators

13. Suppose An → A and xn → x. Then ||An − A|| → 0 and ||xn − x|| → 0. Since ||Anxn − Ax|| ≤
||Anxn−Axn||+ ||Axn−Ax|| ≤ ||An−A|| ||xn||+ ||A|| ||xn−x|| and ||xn|| is bounded, ||Anxn−Ax|| → 0.
i.e. Anxn → Ax.
14. Let A be a linear operator and kerA = {x : Ax = θ}. If x, y ∈ kerA and α, β ∈ R, then
A(αx+ βy) = αAx+ βAy = θ so αx+ βy ∈ kerA. Thus kerA is a linear manifold.
Suppose A is continuous. Let 〈xn〉 be a sequence in kerA converging to some x. Since A is continuous,
〈Axn〉 converges to Ax. Now Axn = θ for all n so Ax = θ and x ∈ kerA. Thus kerA is closed.
15a. Let X be a normed linear space and M a closed linear manifold. Let ϕ be the natural homomor-
phism of X onto X/M . Now ||ϕ(x)|| = ||x||1 ≤ ||x||, where ||·||1 is the pseudonorm in Q11. Thus ||ϕ|| ≤ 1.
Given ε > 0 and x ∈ X, there exists m ∈M such that ||x−m|| < ||x||1+ε = ||ϕ(x)||+ε = ||ϕ(x−m)||+ε.
Let y = (x−m)/||x−m||. Then 1 = ||y|| < ||ϕ(y)||+ε. i.e. ||ϕ(y)|| > 1−ε. Since ||ϕ|| = sup||x||=1 ||ϕ(x)||,
we have ||ϕ|| > 1− ε for all ε > 0. Thus ||ϕ|| ≥ 1.
15b. Let X and Y be normed linear spaces and A a bounded linear operator from X into Y whose kernel
is M . Define a mapping B from X/M into Y by Bx′ = Ax where x′ is the equivalence class containing
x. If x′ = y′, then ||x − y||1 = 0. Thus for any ε > 0, there exists m ∈ M such that ||x − y −m|| < ε.
Then ||Ax − Ay|| = ||A(x − y −m)|| ≤ ||A||ε. Since ε > 0 is arbitrary, ||Ax − Ay|| = 0. i.e. Ax = Ay.
Thus B is well-defined and A = B ◦ ϕ. Furthermore, it is the unique such mapping. If x′, y′ ∈ X/M
and α, β ∈ R, then B(αx′ + βy′) = A(αx+ βy) = αAx+ βAy = αBx′ + βBy′ so B is a linear operator.
Also, ||Bx′|| = ||Ax|| ≤ ||A|| ||x|| = ||A|| ||x −m|| for all m ∈ M . Thus ||Bx′|| ≤ ||A|| ||x||1 = ||A|| ||x′||
so ||B|| ≤ ||A|| and B is bounded. For any ε > 0, there exists x ∈ X with ||x|| = 1 and ||Ax|| > ||A|| − ε.
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Then ||x′|| ≤ 1 and ||Bx′|| > ||A|| − ε. Since ||B|| = sup||x′||≤1 ||Bx′||, we have ||B|| ≥ ||A||. Hence
||A|| = ||B||.
16. Let X be a metric space and Y the space of real-valued functions f on X vanishing at a fixed
point x0 ∈ X and satisfying |f(x) − f(y)| ≤ Mρ(x, y) for some M (depending on f). Define ||f || =
sup |f(x)−f(y)|

ρ(x,y) . Clearly ||f || ≥ 0. Also, ||f || = 0 if and only if f(x) = f(y) for all x, y ∈ X if and only if f is
the zero function. Furthermore, ||f+g|| ≤ ||f ||+||g|| since |(f+g)x−(f+g)y| ≤ |f(x)−f(y)|+|g(x)−g(y)|
and supA+B ≤ supA+ supB. Similarly, ||αf || = |α| ||f ||. Thus || · || defines a norm on Y .
For each x ∈ X, define the functional Fx by Fx(f) = f(x). Then Fx(αf + βg) = αf(x) + βg(x) =
αFx(f)+βFx(g) so Fx is a linear functional on Y . Also, ||Fx(f)|| = |f(x)| = |f(x)−f(x0)| ≤ ρ(x, x0)||f ||
so Fx is bounded. Furthermore, ||Fx|| ≤ ρ(x, x0) so ||Fx−Fy|| ≤ ρ(x, x0)+ρ(y, x0) ≤ ρ(x, y). If ||f || = 1
and ε > 0, then there exist x, y ∈ X such that |f(x)−f(y)|

ρ(x,y) > 1 − ε. i.e. |f(x) − f(y)| > (1 − ε)ρ(x, y).
Since ||Fx−Fy|| = sup||f ||=1 |(Fx−Fy)f | = sup||f ||=1 |f(x)− f(y)| > (1− ε)ρ(x, y) for all ε > 0, we have
||Fx − Fy|| ≥ ρ(x, y). Hence ||Fx − Fy|| = ρ(x, y).
Thus X is isometric to a subset of the space Y ∗ of bounded linear operators from Y to R. Since Y ∗ is
complete, the closure of this subset gives a completion of X.

10.3 Linear functionals and the Hahn-Banach Theorem

17. Let f be a linear functional on a normed linear space. If f is bounded, then it is uniformly
continuous and by Q14, its kernel is closed. Conversely, if f is unbounded, then there is a sequence 〈xn〉
with ||xn|| ≤ 1 for all n and f(xn) → ∞. Take x /∈ ker f and consider yn = x − (f(x)/f(xn))xn. Each
yn is in ker f and yn → x. Thus ker f is not closed.
18. Let T be a linear subspace of a normed linear space X and y a given element of X. If y ∈ T , then
inft∈T ||y − t|| = 0 = sup{f(y) : ||f || = 1, f(t) = 0 for all t ∈ T}. Thus we may assume y /∈ T . Let
δ = inft∈T ||y − t||. Then ||y − t|| ≥ δ for all t ∈ T . There is a bounded linear functional f on X such
that ||f || = 1, f(y) = δ and f(t) = 0 for all t ∈ T . Thus δ ≤ sup{f(y) : ||f || = 1, f(t) = 0 for all t ∈ T}.
If δ < sup{f(y) : ||f || = 1, f(t) = 0 for all t ∈ T}, then there exists f with ||f || = 1 and f(t) = 0 for t ∈ T
such that f(y) > δ so there exists t ∈ T such that f(y) > ||y − t||. But then ||y − t|| = ||f || ||y − t|| ≥
f(y − t) = f(y) > ||y − t||. Contradiction. Thus δ ≥ sup{f(y) : ||f || = 1, f(t) = 0 for all t ∈ T}. Hence
inft∈T ||y − t|| = sup{f(y) : ||f || = 1, f(t) = 0 for all t ∈ T}.
19. Let T be a linear subspace of a normed linear space X and y an element of X whose distance to T
is at least δ. Let S be the subspace consisting of multiples of y. Define f(λy) = λδ. Then f is a linear
functional on S. Let p(x) = inft∈T ||x − t||. Then f(λy) = λδ ≤ λp(y) ≤ p(λy). By the Hahn-Banach
Theorem, we may extend f to all of X so that f(x) ≤ p(x) for all x ∈ X. In particular, f(y) = δ and
f(t) = 0 for all t ∈ T . Also, f(x) ≤ p(x) = inft∈T ||x− t|| ≤ ||x|| so ||f || ≤ 1.
20. Let `∞ be the space of all bounded sequences and let S be the subspace consisting of the constant
sequences. Let G be the Abelian semigroup of operators generated by the shift operator A given by
A[〈ξn〉] = 〈ξn+1〉. If 〈ξn〉 ∈ S, say ξn = ξ for all n, define f [〈ξn〉] = ξ. Then f is a linear functional on
S. Define p[〈ξn〉] = limξn. Then f [〈ξn〉] = p[〈ξn〉] on S. Also, p(Anx) = p(x) for all x ∈ X. If 〈ξn〉 ∈ S,
then An[〈ξn〉] = 〈ξn〉 ∈ S and f(An[〈ξn〉]) = f [〈ξn〉]. By Proposition 5, there is an extension F of f to a
linear functional on X such that F (x) ≤ p(x) and F (Ax) = F (x) for all x ∈ X.
In particular, F [〈ξn〉] ≤ limξn. Also, −F [〈ξn〉] = F [〈−ξn〉] ≤ lim(−ξn) = −limξn so limξn ≤ F [〈ξn〉]. By
linearity, F [〈ξn+ηn〉] = F [〈ξn〉+ 〈ηn〉] = F [〈ξn〉]+F [〈ηn〉] and F [〈αξn〉] = F [α〈ξn〉] = αF [〈ξn〉]. Finally,
if ηn = ξn+1, then F [〈ηn〉] = F [A[〈ξn〉]] = F [〈ξn〉].
(*) The functional F is called a Banach limit and is often denoted by Lim.
*21. Let X be the space of bounded real-valued functions on the unit circle and let S be the subspace
of bounded Lebesgue measurable functions on the unit circle. For s ∈ S, define f(s) =

∫
s. Also define

p(x) = infx≤s f(s). Then f is a linear functional on S with f ≤ p on S. Let G consist of the rotations
so that it is an Abelian semigroup of operators on X such that for every A ∈ G we have p(Ax) ≤ p(x)
for x ∈ X while for s ∈ S we have As ∈ S and f(As) = f(s). Then there is an extension of f to a linear
functional F on X such that F (x) ≤ p(x) and F (Ax) = F (x) for x ∈ X. For a subset P of the unit
circle, let µ(P ) = F (χP ). This will be a rotationally invariant measure on [0, 2π]. Then extend it to the
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bounded subsets of R to get the required set function.
22. Let X be a Banach space. Suppose X∗ is reflexive. If X is not reflexive, then there is a nonzero
function y ∈ X∗∗∗ such that y(x′) = 0 for all x′ ∈ ϕ[X]. But there exists x∗ ∈ X∗ such that y = ϕ∗(x∗).
If x ∈ X, then 0 = y(ϕ(x)) = (ϕ∗(x∗))(ϕ(x)) = (ϕ(x))(x∗) = x∗(x). Thus x∗ = 0 and so y = 0.
Contradiction. Thus X is reflexive. Conversely, suppose X is reflexive. Let x∗∗∗ ∈ X∗∗∗. Define x∗ ∈ X∗
by x∗(x) = x∗∗∗(ϕ(x)). Then ϕ∗(x∗)(x∗∗) = x∗∗(x∗) = (ϕ(x))(x∗) = x∗(x) = x∗∗∗(ϕ(x)) = x∗∗∗(x∗∗).
Thus X∗ is reflexive.
23a. If x, y ∈ S◦ and α, β ∈ R, then (αx + βy)(s) = αx(s) + βy(s) = 0 for all s ∈ S so S◦ is a linear
subspace of X∗. Let 〈yn〉 be a sequence in S◦ that converges to some y ∈ X∗. By Q13, for each s ∈ S,
yn(s)→ y(s). Since yn(s) = 0 for all n, we have y(s) = 0. Thus y ∈ S◦ and S◦ is closed.
*23b. If x ∈ S̄, then there is a sequence 〈sn〉 in S converging to x. Let y ∈ S◦. Then y(sn) = 0 for
all n so y(x) = 0. Thus S̄ ⊂ S◦◦. Suppose there exists x ∈ S◦◦ \ S̄. Then there is a linear functional
f with ||f || ≤ 1, f(x) = inft∈S̄ ||x − t|| > 0 and f(t) = 0 for t ∈ S̄. Thus f ∈ (S̄)◦ = S◦ so f(x) = 0.
Contradiction. Hence S◦◦ = S̄.
23c. Let S be a closed subspace of X and let ϕ : X∗ → X∗/S◦ be the natural homomorphism. Define
A : X∗ → S∗ by Ay = y|S . Then A is a bounded linear operator with kernel S◦. By Q15b, there is a
unique bounded linear operator B : X∗/S◦ → S∗ such that A = B ◦ ϕ. By the Hahn-Banach Theorem,
A is onto. Thus so is B. If y|S = z|S , then y − z ∈ S◦ so ϕ(y) = ϕ(z) and B is one-to-one. Hence B is
an isomorphism between S∗ and X∗/S◦.
23d. Let S be a closed subspace of a reflexive Banach space X. Let ϕ : X → X∗∗ be the natural
isomorphism and define A : X∗ → S∗ by Ay = y|S . Let s∗∗ ∈ S∗∗. Then s∗∗ ◦A ∈ X∗∗ so s∗∗ ◦A = ϕ(x)
for some x ∈ X. If x /∈ S, then there exists x∗ ∈ X∗ such that x∗(x) > 0 and x∗(s) = 0 for s ∈ S.
Then A(x∗) = 0 so x∗(x) = (ϕ(x))(x∗) = (s∗∗ ◦ A)(x∗) = 0. Contradiction. Thus x ∈ S. Now for any
s∗ ∈ S∗, there exists x∗ ∈ X∗ such that A(x∗) = s∗. Then s∗∗(s∗) = (s∗∗ ◦ A)(x∗) = (ϕ(x))(x∗) =
x∗(x) = s∗(x) = (ϕS(x))(s∗). i.e. s∗∗ = ϕS(x). Hence S is reflexive.
24. Let X be a vector space and P a subset of X such that x, y ∈ P implies x+ y ∈ P and αx ∈ P for
α > 0. Define a partial order in X by defining x ≤ y to mean y − x ∈ P . A linear functional f on X is
said to be positive (with respect to P ) if f(x) ≥ 0 for all x ∈ P . Let S be any subspace of X with the
property that for each x ∈ X there is an s ∈ S with x ≤ s. Let f be a positive linear functional on S.
The family of positive linear functionals on S is partially ordered by setting f ≺ g if g is an extension of
f . By the Hausdorff Maximal Principle, there is a maximal linearly ordered subfamily {gα} containing
f . Define a functional F on the union of the domains of the gα by setting F (x) = gα(x) if x is in the
domain of gα. Since the subfamily is linearly ordered, F is well-defined. Also, F is a positive linear
functional extending f . Furthermore, F is a maximal extension since if G is any extension of F , then
gα ≺ F ≺ G implies that G must belong to {gα} by maximality of {gα}. Thus G ≺ F so G = F .
Let T be a proper subspace of X with the property that for each x ∈ X there is a t ∈ T with x ≤ t. We
show that each positive linear functional g on T has a proper extension h. Let y ∈ X \ T and let U be
the subspace spanned by T and y. If h is an extension of g, then h(λy+ t) = λh(y)+h(t) = λh(y)+g(t).
There exists t′ ∈ T with y ≤ t′. i.e. t′ − y ∈ T . Then λ(t′ − y) + t ∈ T and g(λ(t′ − y) + t) ≥ 0. Define
h(y) = g(t′ − y). Then h(λy + t) = λh(y) + g(t) = g(λ(t′ − y)) + g(t) = g(λ(t′ − y) + t) ≥ 0. Thus h is a
proper extension of g. Since F is a maximal extension, it follows that F is defined on X.
*25. Let f be a mapping of the unit ball S = {x : ||x|| ≤ 1} into R such that f(αx+βy) = αf(x)+βf(y)
whenever x, y and αx+ βy are in S. Define g(x) = ||x||f( x

||x|| ). If ||x|| ≤ 1, then g(x) = ||x|| 1
||x||f(x) =

f(x). If x, y ∈ X, then g(x + y) = ||x + y||f( x+y
||x+y|| ) = ||x + y||f( ||x||||x+y||

x
||x|| + ||y||

||x+y||
y
||y|| ) = ||x +

y||[ ||x||||x+y||f( x
||x|| ) + ||y||

||x+y||f( y
||y|| )] = ||x||f( x

||x|| ) + ||y||f( y
||y|| ) = g(x) + g(y). If α ∈ R and x ∈ X, then

g(αx) = ||αx||f( αx
||αx|| ) = |α| ||x||f( αx

|α| ||x|| ) = |α| ||x|| α|α|f( x
||x|| ) = αg(x). Thus g is a linear functional on

X extending f .

10.4 The Closed Graph Theorem

26. Let 〈Tn〉 be a sequence of continuous linear operators from a Banach space X to a normed vector
space Y . Suppose that for each x ∈ X the sequence 〈Tnx〉 converges to a value Tx. Now for each
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x ∈ X there exists Mx such that ||Tnx|| ≤ Mx for all n. Thus there exists M such that ||Tn|| ≤ M
for all n. Given ε > 0, for each x ∈ X, there exists N such that ||TNx − Tx|| < ε. Then ||Tx|| ≤
||TNx − Tx|| + ||TNx|| < ε + M ||x||. Thus ||Tx|| ≤ M ||x|| for all x ∈ X. i.e. T is a bounded linear
operator.
27. Let A be a bounded linear transformation from a Banach space X to a Banach space Y , and let M
be the kernel and S the range of A. Suppose S is isomorphic to X/M . Since X is complete and M is
closed, X/M is complete by Q12. Thus X/M is closed and since S is isomorphic to X/M , S is also closed.
Conversely, suppose S is closed. Then since Y is complete, so is S. Let ϕ be the natural homomorphism
from X to X/M . There is a unique bounded linear operator B : X/M → S such that A = B ◦ϕ. Since A
and ϕ are onto, so is B. Thus B is an open mapping. It remains to show that B is one-to-one. Suppose
Bx′ = By′. Then x′ = ϕ(x) and y′ = ϕ(y) for some x, y ∈ X so B(ϕ(x)) = B(ϕ(y)). Then Ax = Ay so
x− y ∈M and x′ = y′. Hence B is one-to-one and is thus an isomorphism.
28a. Let S be a linear subspace of C[0, 1] that is closed as a subspace of L2[0, 1]. Let 〈fn〉 be a sequence
in S converging to f in C[0, 1]. i.e. ||fn − f ||∞ → 0. Then since ||fn − f ||2 ≤ ||fn − f ||∞, we have
||fn − f ||2 → 0. Thus f ∈ S. Hence S is closed as a subspace of C[0, 1].
28b. For any f ∈ S, we have ||f ||2 = (

∫
f2)1/2 ≤ (

∫
||f ||2∞)1/2 = ||f ||∞. Since S is closed in both C[0, 1]

and L2[0, 1], it is complete in both norms. Thus there exists M such that ||f ||∞ ≤M ||f ||2.
*28c. Let y ∈ [0, 1] and define F (f) = f(y). Then F is a linear functional on L2[0, 1]. Also, |F (f)| =
|f(y)| ≤ ||f ||∞ ≤ M ||f ||2 so F is bounded. By the Riesz Representation Theorem, there exists ky ∈ L2

such that f(y) = F (f) =
∫
ky(x)f(x) dx.

*29a. Let Y = C[0, 1] and let X be the subspace of functions which have a continuous derivative. Let A
be the differential operator. Let xn(t) = tn. Then ||xn|| = 1 and Axn(t) = ntn−1 so ||Axn|| = n. Thus
A is unbounded and thus discontinuous. Let xn ∈ X such that xn → x and x′n = Axn → y. Since we
have uniform convergence,

∫
y =

∫
limx′n = lim

∫
x′n = x(t) − x(0) so x(t) = x(0) +

∫
y. Thus x ∈ X

and Ax = x′ = y. Hence A has a closed graph.
*29b. Consider A : R → R given by A(x) = 1/x if x 6= 0 and A(0) = 0. Then A is a discontinuous
operator from a Banach space to a normed linear space with a closed graph.

10.5 Topological vector spaces

30a. Let B be a collection of subsets containing θ. Suppose B is a base at θ for a translation invariant
topology. By definition of a base, if U, V ∈ B, there exists W ∈ B such that W ⊂ U ∩ V so (i) holds. If
U ∈ B and x ∈ U , then U − x is open so there exists V ∈ B such that V ⊂ U − x. Then x+ V ⊂ U so
(ii) holds.
Conversely, suppose (i) and (ii) hold. Let T = {O : x ∈ O ⇒ ∃y ∈ X andU ∈ B such thatx ∈ y+U ⊂ O}.
It follows that T contains ∅ and X, and is closed under union. If x ∈ O1∩O2, then there exist y1, y2 ∈ X
and U1, U2 ∈ B such that x ∈ yi + Ui ∈ Oi, i = 1, 2. Now x− yi ∈ Ui so by (ii), there exists Vi ∈ B such
that x− yi + Vi ⊂ Ui. i.e. x+ Vi ⊂ yi +Ui ⊂ Oi. Now by (i), there exists W ∈ B such that W ⊂ V1 ∩ V2

so x ∈ x + W ⊂ O1 ∩ O2. Thus T is closed under finite intersection. If O ∈ T and y ∈ x + O, then
y−x ∈ O so there exists z ∈ X and U ∈ B such that y−x ∈ z+U ⊂ O. Thus y ∈ x+ z+U ⊂ x+O so
x+ O ∈ T . Hence T is a translation invariant topology. Furthermore, if θ ∈ O, then there exist x ∈ X
and U ∈ B such that θ ∈ x + U ⊂ O. Thus −x ∈ U so there exists V ∈ B such that −x + V ⊂ U . i.e.
V ⊂ x+ U . Then θ ∈ V ⊂ O. Thus B is a base at θ.
30b. Let B be a base at θ for a translation invariant topology. Suppose addition is continuous from
X ×X to X. In particular, addition is continuous at 〈θ, θ〉. Thus for each U ∈ B, there exists V1, V2 ∈ B
such that V1 +V2 ⊂ U . Take V ∈ B with V ⊂ V1∩V2. Then V +V ⊂ U . Conversely, suppose (iii) holds.
For x0, y0 ∈ X, {x0 + y0 + U : U ∈ B} is a base at x0 + y0. Now for each U ∈ B, pick V ∈ B such that
V + V ⊂ U . If x ∈ x0 + V and y ∈ y0 + V , then x+ y ∈ x0 + y0 + U . Thus addition is continuous from
X ×X to X.
30c. Suppose scalar multiplication is continuous (at 〈0, θ〉) from R×X to X. Given U ∈ B and x ∈ X,
there exist ε > 0 and V ∈ B such that β(x+ V ) ⊂ U for |β| < ε. Let α = 2/ε. Then 1

α (x+ V ) ⊂ U so
x+ V ⊂ αU . In particular, x ∈ αU .
30d. Let X be a topological vector space and let B be the family of all open sets U that contain θ and
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such that αU ⊂ U for all α with |α| < 1. If O is an open set containing θ, then continuity of scalar
multiplication implies that there is an open set V containing θ and an ε > 0 such that λV ⊂ O for all
|λ| < ε. Let U =

⋃
|λ|<ε λV . Then V is open, θ ∈ U ⊂ O, and αU ⊂ U for α with |α| < 1. Thus B is a

local base for the topology and it satisfies (v) by its definition.
*30e. Suppose B satisfies the conditions of the proposition. By part (a), B is a base at θ for a translation
invariant topology and by part (b), addition is continuous. Given U ∈ B, there exists V ∈ B such that
V + V ⊂ U . Now given x ∈ X, there exists α ∈ R such that x ∈ αV . Let ε = 1/|α|. If |λ| < min(ε, 1),
then λ(x + V ) ⊂ U since λx ∈ λαV ⊂ V and λV ⊂ V . Thus scalar multiplication is continuous at
〈0, x〉. Given U ∈ B and α ∈ R, let β be such that 0 < |β| ≤ 1 and choose n such that |β|−n > |α|. Let
ε = |β|n − |α|. Now when |λ− α| < ε, we have |λ| < |β|−n since |α| = max(α,−α). Then βnU ∈ B and
λβnU ⊂ U . Thus scalar multiplication is continuous at 〈α, θ〉. Now given U ∈ B, there exists V ∈ B
such that V + V ⊂ U .
Since scalar multiplication is continuous at 〈0, x〉 and 〈α, θ〉, given α0 ∈ R and x0 ∈ X, there exist ε > 0
and W,W ′ ∈ B such that α(x0 + W ) ⊂ V when |α| < ε and αW ′ ⊂ V when |α − α0| < ε. Then
αx − α0x0 = α(x − x0) + (α − α0)x0 ∈ V + V ⊂ U when |α − α0| < ε and x ∈ x0 + W ′. Hence scalar
multiplication is continuous from R×X to X.
30f. Suppose X is T1. If x 6= θ and x ∈

⋂
{U ∈ B}, then any open set containing θ will also contain x.

Contradiction. Hence (vi) holds. Conversely, suppose (vi) holds. Given two distinct points x and y, there
exists U ∈ B such that x−y /∈ U . Also, there exists V ∈ B such that V +V ⊂ U . If (x+V )∩(y+V ) 6= ∅,
then x− y ∈ V − V . By (v), −V ⊂ V so x− y ∈ V + V ⊂ U . Contradiction. Thus x+ V and y+ V are
disjoint open sets separating x and y so X is Hausdorff.
(*) Proof of Proposition 14
31a. Suppose a linear transformation f from one topological vector space X to a topological vector
space Y is continuous at one point. We may assume f is continuous at the origin. Let O be an open set
containing the origin in Y . There exists an open set U containing the origin in X such that f [U ] ⊂ O.
Since f is linear, for any x ∈ X, f [x+ U ] = f(x) + f [U ] ⊂ f(x) +O. Hence f is uniformly continuous.
*31b. Let f be a linear functional on a topological vector space X. Suppose f is continuous. Let I be
a bounded open interval containing 0. There exists an open set O containing the origin in X such that
f [O] ⊂ I. Thus f [O] 6= R. Conversely, suppose there is a nonempty open set O such that f [O] 6= R.
Take x ∈ O. Then O − x is an open neighbourhood of θ so there is an open neighbourhood U of θ such
that U ⊂ O − x and αU ⊂ U for α with |α| < 1. Now f [U ] 6= R and αf [U ] = f [αU ] ⊂ f [U ] if |α| < 1 so
f [U ] is a bounded interval. Thus f is continuous at θ and thus continuous everywhere.
32. Let X be a topological vector space and M a closed linear subspace. Let ϕ be the natural homo-
morphism of X onto X/M , and define a topology on X/M by taking O to be open if and only if ϕ−1[O]
is open in X. Clearly, ϕ is continuous. If U is open in X, then ϕ−1[ϕ[U ]] =

⋃
m∈M (m + U), which is

open so ϕ[U ] is open. Now let O be an open set containing x′ + y′ ∈ X/M . Then ϕ−1[O] is an open
set containing x + y ∈ X. There exist open sets U and V containing x and y respectively such that
U + V ⊂ ϕ−1[O]. Since ϕ is open, ϕ[U ] and ϕ[V ] are open sets containing x′ and y′ respectively. Then
ϕ[U ]+ϕ[V ] ⊂ ϕ[ϕ−1[O]] = O. Thus addition is continuous from X/M×X/M to X/M . Now let O be an
open set containing cx′ ∈ X/M . Then ϕ−1[O] is an open set containing cx ∈ X. There exist open sets
U and V containing c and x respectively such that UV ⊂ ϕ−1[O]. Since ϕ is open, ϕ[V ] is an open set
containing x′. Then Uϕ[V ] ⊂ ϕ[ϕ−1[O]] = O. Thus scalar multiplication is continuous from R ×X/M
to X/M . Hence X/M is a topological vector space.
33a. Suppose X is finite dimensional topological vector space. Let x1, . . . , xn be a vector space basis of X
and let e1, . . . , en be the standard basis of Rn. Define a linear map ϕ of Rn to X so that ϕ(

∑n
i=1 aiei) =∑n

i=1 aixi. Then ϕ is one-to-one and thus onto. If a sequence 〈
∑
a

(j)
i ei〉 in Rn converges to

∑
aiei,

then 〈a(j)
i 〉 converges to ai for each i. Since addition and scalar multiplication are continuous on X, the

sequence 〈
∑
a

(j)
i xi〉 converges to

∑
aixi. Thus ϕ is continuous.

33b. Suppose X is Hausdorff. Let S and B be the subsets of Rn defined by S = {y : ||y|| = 1} and
B = {y : ||y|| < 1}. Since S is compact and ϕ is continuous, ϕ[S] is compact in X and thus closed. Then
X \ ϕ[S] is open.
33c. Let B be a base at θ satisfying the conditions of Proposition 14. Since X \ ϕ[S] is an open set
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containing θ, there exists U ∈ B such that U ⊂ X \ ϕ[S]. Furthermore, αU ⊂ U for each |α| < 1 by
condition (v) of Proposition 14.
33d. Suppose u = ϕ(y) ∈ U for some y with ||y|| > 1. Then 1

||y|| < 1 so 1
||y||u ∈ U but 1

||y||u =
1
||y||ϕ(y) = ϕ( y

||y|| ) where || y||y|| || = 1 so 1
||y||u ∈ ϕ[S]. Contradiction. Hence U ⊂ ϕ[B]. Thus ϕ[B] is

open and ϕ−1 is continuous.
(*) Proof of Proposition 15.
34. Let M be a finite dimensional subspace of a Hausdorff topological vector space X. If x /∈M , let N
be the finite dimensional subspace spanned by x and M . Then N has the usual topology so x is not a
point of closure of M . Hence M is closed.
35. Let A be a linear mapping of a finite dimensional Hausdorff vector space X into a topological vector
space Y . The range of A is a finite dimensional subspace of Y so it has the usual topology. If xn → x in
X where xn =

∑
a

(n)
i ei and x =

∑
aiei, then a

(n)
i → ai for each i. Since the range of A has the usual

topology, Axn =
∑
a

(n)
i Aei →

∑
aiAei = Ax. Hence A is continuous.

*36. Let A be a linear mapping from a topological vector space X to a finite dimensional topological
space Y . If A is continuous, then its kernel M is closed by Q14. Conversely, suppose M is closed. There
is a unique linear mapping B : X/M → Y such that A = B ◦ ϕ where ϕ : X → X/M is the natural
homomorphism, which is a continuous open map by Q32. Then kerϕ is closed and ϕ is an open map so
X/M is a Hausdorff topological vector space. Furthermore, B is one-to-one and Y is finite dimensional
so X/M is finite dimensional. By Q35, B is continuous. Hence A is continuous.
*37. Let X be a locally compact Hausdorff vector space. Let V be a neighbourhood of θ with V̄ compact
and αV ⊂ V for each α with |α| < 1. The set {x+ 1

3V : x ∈ V̄ } is an open cover of V̄ so V̄ can be covered
by a finite number of translates x1 + 1

3V, . . . , xn + 1
3V . To show that x1, . . . , xn span X, it suffices to

show that they span V . Let x ∈ V . Then x = xk1 + 1
3u1 for some k1 ∈ {1, . . . , n} and u1 ∈ U . Now 1

3U
is covered by 1

3 (x1 + 1
3V ), . . . , 1

3 (xn + 1
3V ) so x = xk1 + 1

3xk2 + 1
9u2. Continuing in this way, we have

x ∈ xk1 + 1
3xk2 + · · ·+ 1

3r−2xkr + 1
3rU for each r. Let yr = xk1 + 1

3xk2 + · · ·+ 1
3r−2xkr . Then yr is in the

span of S, which is finite dimensional and thus closed by Q34.
Now for each y ∈ V̄ , there exists εy > 0 and an open neighbourhood Uy of y such that δUy ⊂ V whenever
|δ| < εy since scalar multiplication is continuous at 〈0, y〉. The open sets Uy cover V̄ so V̄ ⊂ Uy1∪· · ·∪Uyn .
Then δV̄ ⊂ V whenever |δ| < min1≤k≤n εyk .
Choose N such that δ0V̄ ⊂ V whenever |δ0| < 3−N . Let δ > 0 be given. Choose M such that
3−Mδ−1 < 3−N . When m ≥ M , we have 3−mδ−1 < 3−N so 3−mδ−1V̄ ⊂ V . i.e. 3−mV̄ ⊂ δV . Thus
x − ym ∈ δV for m ≥ M . Thus x − ym → θ and ym → x. Hence x is in the span of S. It follows that
x1, . . . , xn span X so X is finite dimensional.

10.6 Weak topologies

38a. Suppose xn → x weakly. Then f(xn)→ f(x) for each f ∈ X∗. Thus |f(xn)| ≤ Cf for each f ∈ X∗
and each n. Now let ϕ : X → X∗∗ be the natural homomorphism so that ϕ(xn)(f) = f(xn). Then
|ϕ(xn)(f)| ≤ Cf for each f ∈ X∗ and each n. Since X∗ is a Banach space, 〈||ϕ(xn)||〉 is bounded but
||ϕ(xn)|| = ||xn|| so 〈||xn||〉 is bounded.
*38b. Let 〈xn〉 be a sequence in `p, 1 < p < ∞, and let xn = 〈ξm,n〉∞m=1. Suppose 〈xn〉 converges
weakly to x = 〈ξm〉. By part (a), 〈||xn||〉 is bounded. Each bounded linear functional F on `p is given by
F (xn) =

∑
m ξm,nηm for some 〈ηm〉 ∈ `q. Conversely, taking the m-th term to be 1 and the remaining

terms to be 0 gives a sequence 〈ηm〉 ∈ `q so that F (xn) =
∑
ξm,nηm = ξm,n is a bounded linear functional

on `p. Thus 〈F (xn)〉 converges to F (x). i.e. 〈ξm,n〉∞m=1 converges to ξm.
Conversely, suppose 〈||xn||〉 is bounded and for each m we have ξm,n → ξm. Then ||xn|| ≤ C and
||x|| ≤ C for some C. Let F ∈ (`p)∗ = `q. Let en be the sequence having 1 as the n-th term and
0 elsewhere. Then span{en} is dense in `q so there exists 〈Fn〉 with Fn ∈ span{en} and Fn → F .
Given ε > 0, there exists N such that ||FN − F || < ε/3C. Since FN ∈ span{en} and ξm,n → ξm
for each n, there is an M such that |FN (xn) − FN (x)| < ε/3 for n ≥ M . Thus for n ≥ M , we have
|F (xn) − F (x)| ≤ |F (xn) − FN (xn)| + |FN (xn) − FN (x)| + |FN (x) − F (x)| < ε. Hence 〈xn〉 converges
weakly to x.
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38c. Let 〈xn〉 be a sequence in Lp[0, 1], 1 < p < ∞. Suppose 〈||xn||〉 is bounded and 〈xn〉 converges to
x in measure. By Corollary 4.19, every subsequence of 〈xn〉 has in turn a subsequence that converges
a.e. to x. By Q6.17, every subsequence of 〈xn〉 has in turn a subsequence 〈xnkj 〉 such that for each
y ∈ Lq[0, 1] we have

∫
xnkj y →

∫
xy. Now for each bounded linear functional F on Lp[0, 1], we have

F (x) =
∫
xy for some y ∈ Lq[0, 1]. Thus every subsequence of 〈xn〉 has in turn a subsequence 〈xnkj 〉

such that F (xnkj )→ F (x). By Q2.12, F (xn)→ F (x). Hence 〈xn〉 converges weakly to x.

38d. Let xn = nχ[0,1/n] for each n. Then xn → 0 and ||xn||1 = 1 for all n. In particular, 〈xn〉 is
a sequence in L1[0, 1] converging to 0 in measure. Let y = χ[0,1] ∈ L∞[0, 1]. Then F (x) =

∫
xy is a

bounded linear functional on L1[0, 1] and F (0) = 0 while F (xn) = ||xn||1 = 1 for each n so F (xn) does
not converge to F (0). Hence 〈xn〉 does not converge weakly to 0.
(*) See Q6.17
38e. In `p, 1 < p < ∞, let xn be the sequence whose n-th term is one and whose remaining terms are
zero. For any bounded linear functional F on `p, there exists 〈yn〉 ∈ `q such that F (xn) = yn. Then
F (xn) = yn → 0 since 〈yn〉 ∈ `q. Thus xn → 0 in the weak topology. If 〈xn〉 converges in the strong
topology, then it must converge to 0 but ||xn||p = 1 for all n so it does not converge to 0 and thus does
not converge in the strong topology.
38f. Let xn be as in part (e), and define yn,m = xn + nxm. Let F = {yn,m : m > n}. Note that
the distance between any two points in F is at least 1 so there are no nonconstant sequences in F that
converge in the strong topology. Any sequence in F that converges must be a constant sequence so its
limit is in F . Hence F is strongly closed.
38g. Let F be as in part (f). The sets {x : |fi(x)| < ε, i = 1, . . . , n} where ε > 0 and f1, . . . , fn ∈ (`p)∗

form a base at θ for the weak topology. Given ε > 0 and f1, . . . , fn ∈ (`p)∗, fi(ym,n) is of the form
ξin + nξim where 〈ξin〉 ∈ `q. Choose n such that |ξin| < ε/2 for all i. Then choose m > n such that
|ξim| < ε/2n for all i. Then |fi(ym,n)| ≤ |ξin| + n|ξim| < ε. Thus F ∩ {x : |fi(x)| < ε, i = 1, . . . , n} 6= ∅
and θ is a weak closure point of F .
Suppose 〈zk〉 = 〈ymk,nk〉 = 〈xnk + nkxmk〉 is a sequence from F that converges weakly to zero. Given
ε > 0 and 〈ξn〉 ∈ `q, there exists N such that |ξnk + nkξmk | < ε for k ≥ N . Suppose {mk} is bounded
above. Then some m is repeated infinitely many times. Let ξm = 1 and ξn = 0 otherwise. For each N
there exists k ≥ N such that mk = m so |ξnk + nkξmk | = |nk| ≥ 1. Thus {mk} is not bounded above
and we may assume the sequence 〈mk〉 is strictly increasing. Now suppose {nk} is bounded above. Then
some n is repeated infinitely many times. Let ξn = 1 and ξm = 0 otherwise. For each N there exists
k ≥ N such that nk = n so |ξnk + nkξmk | = 1. Thus {nk} is not bounded above and we may assume
the sequence 〈nk〉 is strictly increasing. Now let ξmk = 1/nk for each k and ξm = 0 if m 6= mk for any
k. Then 〈ξn〉 ∈ `q and |ξnk + nkξmk | ≥ 1 for all k. Contradiction. Hence there is no sequence 〈zk〉 from
F that converges weakly to zero.
38h. The weak topology of `1 is the weakest topology such that all functionals in (`1)∗ = `∞ are
continuous. A base at θ is given by the sets {x ∈ `1 : |fi(x)| < ε, i = 1, . . . , n} where ε > 0 and
f1, . . . , fn ∈ `∞. A net 〈(x(α)

n )〉 in `1 converges weakly to (xn) ∈ `1 if and only if
∑
n x

(α)
n yn converges

to
∑
n xnyn for each (yn) ∈ `∞.

If a net 〈(x(α)
n )〉 in `1 converges weakly to (xn) ∈ `1, then for each n, taking (yn) ∈ `∞ where yn = 1 and

ym = 0 for m 6= n, we have x(α)
n converging to xn for each n.

If the net 〈(x(α)
n )〉 in `1 is bounded, say by M , and x

(α)
n converges to xn for each n, then

∑
n |xn| ≤∑

n |x
(α)
n −xn|+

∑
n |x

(α)
n | ≤M so (xn) ∈ `1. If (yn) ∈ `∞, then |

∑
n(x(α)

n −xn)yn| ≤ ||(yn)||∞
∑
n |x

(α)
n −

xn| → 0 so
∑
n x

(α)
n yn converges to

∑
n xnyn and 〈(x(α)

n )〉 converges weakly to (xn).

For k ∈ N, let (x(k)
n ) ∈ `1 where x(k)

k = k and x
(k)
n = 0 if n 6= k. Then the sequence 〈(x(k)

n )〉 is not
bounded and x

(k)
n converges to 0 for each n. However, taking (yn) ∈ `∞ where yn = 1 for all n, we have∑

n x
(k)
n yn = k, which does not converge to 0 so 〈(x(k)

n )〉 does not converge weakly to θ.
The weak* topology on `1 as the dual of c0 is the weakest topology such that all functionals in ϕ[c0] ⊂ `∞
are continuous. A base at θ is given by the sets {f ∈ `1 : |f(xi)| < ε, i = 1, . . . , n} where ε > 0 and
x1, . . . , xn ∈ c0. A net 〈(x(α)

n )〉 in `1 is weak* convergent to (xn) ∈ `1 if and only if
∑
n x

(α)
n yn converges
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to
∑
n xnyn for all (yn) ∈ c0.

Using the same arguments as above and replacing `∞ by c0, we see that if a net 〈(x(α)
n )〉 in `1 is weak*

convergent to (xn) ∈ `1, then x
(α)
n converges to xn for each n. We also see that if the net is bounded

and x
(α)
n converges to xn, then the net is weak* convergent to (xn).

For k ∈ N, let (x(k)
n ) ∈ `1 where x(k)

k = k and x
(k)
n = 0 if n 6= k. Then the sequence 〈(x(k)

n )〉 is not
bounded and x

(k)
n converges to 0 for each n. However, taking (yn) ∈ c0 where yn = 1/n for all n, we

have
∑
n x

(k)
n yn = 1, which does not converge to 0 so 〈(x(k)

n )〉 is not weak* convergent to θ.
39a. Let X = c0,F = `1 and F0 the set of sequences with finitely many nonzero terms, which is dense
in `1. Consider the sequence 〈(x(k)

n )〉 in c0 where x(k)
k = k2 and x

(k)
n = 0 if n 6= k. For any sequence

(yn) ∈ F0, we have
∑
n x

(k)
n yn = k2yk → 0. Thus the sequence 〈(x(k)

n )〉 converges to zero in the weak
topology generated by F0. Now if the sequence 〈(x(k)

n )〉 converges in the weak topology generated by F ,
the weak limit must then be zero. Let (zn) be the sequence in F where zn = 1/n2 for each n. Then∑
n x

(k)
n zn = 1. Thus the sequence 〈(x(k)

n )〉 does not converge in the weak topology generated by F .
Hence F and F0 generate different weak topologies for X.
Now suppose S is a bounded subset of X. We may assume that S contains θ. Let F be a set of functionals
in X∗ and let F0 be a dense subset of F (in the norm topology on X∗). Note that in general, the weak
topology generated by F0 is weaker than the weak topology generated by F . A base at θ for the weak
topology on S generated by F is given by the sets {x ∈ S : |fi(x)| < ε, i = 1, . . . , n} where ε > 0 and
f1, . . . , fn ∈ F . A set in a base at θ for the weak topology on S generated by F0 is also in a base at θ
for the weak topology generated by F . Suppose x ∈ S so that ||x|| ≤ M and |fi(x)| < ε for some ε > 0
and f1, . . . , fn ∈ F . For each i, there exists gi ∈ F0 such that ||fi − gi|| < ε/2M . If |gi(x)| < ε/2 for
i = 1, . . . , n, then |fi(x)| ≤ |fi(x)− gi(x)|+ |gi(x)| ≤ ||fi − gi|| ||x|| + |gi(x)| < ε for i = 1, . . . , n. Thus
any set in a base at θ for the weak topology on S generated by F contains a set in a base at θ for the
weak topology generated by F0. Hence the two weak topologies are the same on S.
*39b. Let S∗ be the unit sphere in the dual X∗ of a separable Banach space X. Let {xn} be a countable
dense subset of X. Then {ϕ(xn)} is a countable dense subset of ϕ[X]. By part (a), {ϕ(xn)} generates
the same weak topology on S∗ as ϕ[X]. i.e. {ϕ(xn)} generates the weak* topology on S∗. Now define
ρ(f, g) =

∑
2−n |f(xn)−g(xn)|

1+|f(xn)−g(xn)| . Then ρ is a metric on S∗. Furthermore ρ(fn, f) → 0 if and only if
|fn(xk)− f(xk)| → 0 for each k (see Q7.24a) if and only if |ϕ(xk)(fn)− ϕ(xk)(f)| → 0 for each k if and
only if fn → f in the weak* topology. Hence S∗ is metrizable.
40. Suppose X is a weakly compact set. Every x∗ ∈ X∗ is continuous so x∗[X] is compact in R, and
thus bounded, for each x∗ ∈ X∗. For each x ∈ X and x∗ ∈ X∗, there is a constant Mx∗ such that
|ϕ(x)(x∗)| = |x∗(x)| ≤ Mx∗ . Thus {||ϕ(x)|| : x ∈ X} is bounded. Since ||ϕ(x)|| = ||x|| for each x, we
have {||x|| : x ∈ X} is bounded.
41a. Let S be the linear subspace of C[0, 1] given in Q28 (S is closed as a subspace of L2[0, 1]. Suppose
〈fn〉 is a sequence in S such that fn → f weakly in L2. By Q28c, for each y ∈ [0, 1], there exists
ky ∈ L2 such that for all f ∈ S we have f(y) =

∫
kyf . Now

∫
fnky →

∫
fky for each y ∈ [0, 1] since

ky ∈ L2 = (L2)∗. Thus fn(y)→ f(y) for each y ∈ [0, 1].
41b. Suppose 〈fn〉 is a sequence in S such that fn → f weakly in L2. By Q38a, 〈||fn||2〉 is bounded.
By Q28b, there exists M such that ||f ||∞ ≤ M ||f ||2 for all f ∈ S. In particular, ||fn||∞ ≤ M ||fn||2 for
all n. Hence 〈||fn||∞〉 is bounded. Now 〈f2

n〉 is a sequence of measurable functions with |fn|2 ≤ M ′ on
[0, 1] and f2

n(y) → f2(y) for each y ∈ [0, 1] as a consequence of part (a). By the Lebesgue Convergence
Theorem, ||fn||22 → ||f ||22 and so ||fn||2 → ||f ||2. By Q6.16, fn → f strongly in L2.
*41c. Since L2 is reflexive and S is a closed linear subspace, S is a reflexive Banach space by Q23d. By
Alaoglu’s Theorem, the unit ball of S∗∗ is weak* compact. Then the unit ball of S is weakly compact
since the weak* topology on S∗∗ induces the weak topology on S when S is regarded as a subspace of
S∗∗. By part (b), the unit ball of S is compact. Thus S is locally compact Hausdorff so by Q37, S is
finite dimensional.
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10.7 Convexity

42. Let A be a linear operator from the vector space X to the vector space Y . Let K be a convex set in
X. If x, y ∈ X and 0 ≤ λ ≤ 1, then λAx+ (1−λ)Ay = A(λx) +A((1−λ)y) = A(λx+ (1−λ)y) ∈ A[X].
Thus A[X] is a convex set in Y . Let K ′ be a convex set in Y . If x, y ∈ A−1[K ′], then Ax,Ay ∈ K ′ so if
0 ≤ λ ≤ 1, then λAx+(1−λ)Ay ∈ K ′. Now λAx+(1−λ)Ay = A(λx+(1−λ)y) so λx+(1−λ)y ∈ A−1[K ′].
Thus A−1[K ′] is a convex set in X. By using the linearity of A, it can be shown that a similar result
holds when “convex set” is replaced by “linear manifold”.
Define the linear operator A : R2 → R by A(〈x, y〉) = x+y. Take the non-convex set {〈0, 1〉, 〈1, 0〉} ⊂ R2.
Its image under A is the conves set {1} ⊂ R.
43. Let K be a convex set in a topological vector space. Let x, y ∈ K̄ and 0 ≤ λ ≤ 1. Let O be an open
set containing λx+ (1−λ)y. Since addition and scalar multiplication are continuous, there are open sets
U and V containing x and y respectively, as well as ε > 0, such that µU + ηV ⊂ O whenever |µ− λ| < ε
and |η− (1−λ)| < ε. Now there exist x′ ∈ K ∩U and y′ ∈ K ∩V . Then λx′+ (1−λ)y′ ∈ K ∩O. Hence
λx+ (1− λ)y ∈ K̄ and K̄ is convex.
44a. Let x0 be an interior point of a subset K of a topological vector space X. There is an open set
O such that x0 ∈ O ⊂ K. Let x ∈ X. By continuity of addition at 〈x0, θ〉, there exists an open set U
containing θ such that x0 + U ⊂ O. By continuity of scalar multiplication at 〈0, x〉, there exists ε > 0
such that λx ∈ U whenever |λ| < ε. Thus x0 +λx ∈ O ⊂ K whenever |λ| < ε and x0 is an internal point
of K.
44b. In R, a convex set must be an interval and an internal point must not be an endpoint of the
interval so it is an interior point. In Rn for n ≥ 2, let {ei : i = 1, . . . , n} be the standard basis.
Suppose x = 〈x1, . . . , xn〉 is an internal point of a convex set K. For each i, there exists εi > 0 such
that x + λei ∈ K if |λ| < εi. Let ε = min1≤i≤n εi. If |λ| < ε, then x + λei ∈ K for all i. Now
suppose ||y − x|| < ε/n. Then |yi − xi| < ε/n for all i so x + n(yi − xi)ei ∈ K for all i. Note that
y =

∑n
i=1

1
n (x+n(yi− xi)ei), which belongs to K since K is convex. Thus there is an open ball centred

at x and contained in K so x is an interior point of K.
*44c. Consider K = B〈0,1〉,1 ∪ B〈0,−1〉,1 ∪ {〈x, 0〉 : |x| < 1} ⊂ R2. Then 〈0, 0〉 is an internal point of K
but not an interior point.
44d. Suppose a convex set K in a topological vector space has an interior point x. Let y be an internal
point of K. There exists ε > 0 such that y+ ε

2 (y−x) ∈ K. Now there is an open set O such that x ∈ O ⊂
K. Let λ = ε/2. Then y = λ

1+λx+ 1
1+λ [y+λ(y−x)] ∈ λ

1+λO+ 1
1+λ [y+λ(y−x)] ⊂ λ

1+λK+ 1
1+λK ⊂ K.

Since λ
1+λO + 1

1+λ [y + λ(y − x)] is an open neighbourhood of y contained in K, y is an interior point of
K.
*44e. Let X be a topological vector space that is of second Baire category with respect to itself. Suppose
a closed convex subset K of X has an internal point y. Let Xn = {x ∈ X : y+tx ∈ C for all t ∈ [0, 1/n]}.
Each Xn is a closed subset of X since addition and scalar multiplication are continuous and C is closed.
Now X =

⋃
Xn so some Xn has an interior point x. Then x ∈ O ⊂ Xn for some open set O. Thus

y + 1
nx ∈ y + 1

nO ⊂ C so y + 1
nx is an interior point of C.

(*) Assumption of convexity not necessary?
45. Let K be a convex set containing θ and suppose that x is an internal point of K. Since x is an
internal point, there exists ε > 0 such that x + µx ∈ K for |µ| < ε. Choose λ such that 0 < λ < 1 and
(1− λ)−1x ∈ K. Note that 0 < 1− λ < 1. For y ∈ K, x+ λy = (1− λ)[(1− λ)−1x] + λy ∈ K since K is
convex.
46. Let N be a family of convex sets (containing θ) in a vector space X. Suppose N satisfies (i), (ii)
and (iii). To show that the translates of sets in N form a base for a topology that makes X into a locally
convex topological vector space, it suffices to show that N is a base at θ. If N1, N2 ∈ N , there is an
N3 ∈ N with N3 ⊂ N1 ∩ N2. Thus condition (i) of Proposition 14 is satisfied. If N ∈ N and x ∈ N ,
then x is internal. By Q45, there exists λ with 0 < λ < 1 and x + λN ⊂ N . Note that λN ∈ N .
Thus condition (ii) of Proposition 14 is satisfied. If N ∈ N , then 1

2N + 1
2N ⊂ N . Note that 1

2N ∈ N .
Thus condition (iii) of Proposition 14 is satisfied. If N ∈ N and x ∈ X, then λx ∈ N for some λ ∈ R
since θ ∈ N and θ is internal. Now x ∈ 1

λN so condition (iv) of Proposition 14 is satisfied. If N ∈ N
and 0 < |α| < 1, then αN ⊂ N since θinN and N is convex. Also, αN ∈ N . Thus condition (v) of
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Proposition 14 is satisfied. Hence N is a base at θ for a topology that makes X into a (locally convex)
topological vector space.
Conversely, if X is a locally convex topological vector space, then there is a base for the topology
consisting of convex sets. Consider the family N consisting of all sets N in the base containing θ
together with αN for 0 < |α| < 1. Then N is a base at θ. If N ∈ N , then each point of N is interior
and thus internal by Q. If N1, N2 ∈ N , there is an N3 ∈ N with N3 ⊂ N1 ∩N2 since N1 ∩N2 is an open
set containing θ. Condition (iii) is satisfied by the definition of N .
(*) Proof of Proposition 21.
*47.
48a. In Lp[0, 1], 1 < p < ∞, suppose ||x|| = 1. If x = λy + (1 − λ)z with ||y|| ≤ 1 and ||z|| ≤ 1, then
1 = ||x|| = ||λy+ (1−λ)z|| ≤ λ||y||+ (1−λ)||z|| ≤ 1 so equality holds in the Minkowski inequality. Thus
λy and (1− λ)z are collinear. i.e. λy = α(1− λ)z for some α. Also, ||y|| = ||z|| = 1. Then y = z. Hence
x is an extreme point of the unit sphere S = {x : ||x|| ≤ 1}.
(*) Note that an extreme point of the unit sphere of any normed space must have norm one. Otherwise
if 0 < ||x|| < 1, then x = ||x|| x||x|| + (1− ||x||)θ so x cannot be an extreme point of the unit sphere.

*48b.
*48c. Let x ∈ L1[0, 1] with ||x|| = 1. Choose t ∈ [0, 1] such that

∫ t
0
|x(t)| dt = 1

2 . Define y(s) = 2x(s)
if s ≤ t and y(s) = 0 otherwise. Also define z(s) = 2x(s) if s ≥ t and z(s) = 0 otherwise. Now
y, z ∈ L1[0, 1], ||y|| = ||z|| = 1 and x = 1

2 (y + z) so x is not an extreme point of the unit sphere. Since
any point with norm one in L1[0, 1] is not an extreme point of the unit sphere, the unit sphere has no
extreme points.
48d. If L1[0, 1] is the dual of some normed space, then its unit sphere is weak* compact and convex so
it has extreme points, contradicting part (c). Hence L1[0, 1] is not the dual of any normed space.
48e. For 1 < p <∞, every 〈xi〉 with ||〈xi〉|| = 1 is an extreme point of the unit sphere of `p by a similar
argument as in part (a).
Let 〈xi〉 ∈ `1 with ||〈xi〉|| = 1. We may assume |x1| ≥ |x2| > 0. Let y1 = (sgn x1)(|x1| − |x2|) and
y2 = 2x2. Also, let z1 = x1 + (sgn x1)|x2| and z2 = 0. Then y1 + z1 = 2x1 and y2 + z2 = 2x2. Also,
|y1|+|y2| = |x1|+|x2| and |z1|+|z2| ≤ |x1|+|x2|. For i > 2, define yi = zi = xi. Then 〈xi〉 = 1

2 (〈yi〉+〈zi〉)
with 〈yi〉, 〈zi〉 ∈ S. Thus the unit sphere in `1 has no extreme points.
Let 〈xi〉 ∈ `∞ with |xi| = 1 for all i. If 1 = xi = λyi + (1 − λ)zi with |yi| ≤ 1, |zi| ≤ 1 and 0 < λ < 1,
then yi = zi = 1. Similarly, if −1 = xi = λyi + (1 − λ)zi with |yi| ≤ 1, |zi| ≤ 1 and 0 < λ < 1, then
yi = zi = −1. Thus 〈xi〉 is an extreme point of the unit sphere in `∞. If |xN | < 1 for some N , then define
yi = xi + 1−|xi|

2 and zi = xi − 1−|xi|
2 for all i so that 〈xi〉 = 1

2 (〈yi〉 + 〈zi〉). Furthermore, 〈yi〉, 〈zi〉 ∈ S.
Hence the extreme points of the unit sphere in `∞ are those 〈xi〉 with |xi| = 1 for all i.
*48f. The constant functions ±1 are extreme points of the unit sphere in C(X) where X is a compact
Hausdorff space. Let f ∈ C(X) with ||f || = 1 and suppose |f(x0)| < 1 for some x0 ∈ X. Fix ε > 0
such that 0 < |f(x0)| − ε and |f(x0)| + ε < 1. Let A = {x : |f(x)| = |f(x0)|} and B = {x : |f(x)| ∈
[0, f(x0)− ε] ∪ [f(x0) + ε, 1]}. Then A and B are disjoint closed subsets of the compact Hausdorff (and
thus normal) space X so by Urysohn’s Lemma, there exists g ∈ C(X) such that 0 ≤ g ≤ ε, g ≡ 0 on
B and g ≡ ε on A. Now ||f + g|| ≤ 1, ||f − g|| ≤ 1 and f = 1

2 [(f + g) + (f − g)]. Thus f is not an
extreme point of the unit sphere in C(X). Hence the extreme points of the unit sphere are those f where
|f(x)| = 1 for all x ∈ X and by continuity, these are the constant functions ±1.
The only extreme points of the unit sphere in C[0, 1] are the constant functions ±1. If C[0, 1] is the dual of
some normed space, then its unit sphere is a weak* compact convex set so by the Krein-Milman Theorem,
it is the closed convex hull of its extreme points and contains only constant functions. Contradiction.
Hence C[0, 1] is not the dual of any normed space.
49a. Let X be the vector space of all measurable real-valued functions on [0, 1] with addition and
scalar multiplication defined in the usual way. Define σ(x) =

∫ 1

0
|x(t)|

1+|x(t)| dt. Since |x(t)+y(t)|
1+|x(t)+y(t)| =

1− 1
1+|x(t)+y(t)| ≤ 1− 1

1+|x(t)|+|y(t)| = |x(t)|+|y(t)|
1+|x(t)|+|y(t)| ≤

|x(t)|
1+|x(t)| +

|y(t)|
1+|y(t)| , we have σ(x+ y) ≤ σ(x) + σ(y).

By defining ρ(x, y) = σ(x− y), we have a metric for X.
49b. Suppose xn → x in measure. Given ε > 0, there exists N such that for all n ≥ N we have m{t :
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|xn(t)− x(t)| ≥ ε/2} < ε/2. Then for n ≥ N , ρ(xn, x) =
∫ 1

0
|xn(t)−x(t)|

1+|xn(t)−x(t)| dt ≤
∫
{t:|xn(t)−x(t)|≥ε/2} 1 dt+∫

{t:|xn(t)−x(t)|<ε/2} |xn(t) − x(t)| dt < ε. Thus xn → x in the metric ρ. Conversely, suppose 〈xn〉
does not converge to x in measure. There exists ε > 0 such that for all N there is n ≥ N with
m{t : |xn(t)− x(t)| ≥ ε} ≥ ε. Thus there is a subsequence 〈xnk〉 such that m{t : |xnk(t)− x(t)| ≥ ε} ≥ ε
for all k. Now ρ(xnk , x) =

∫ 1

0

|xnk (t)−x(t)|
1+|xnk (t)−x(t)| dt ≥

∫
{|xnk−x|≥ε}

|xnk (t)−x(t)|
1+|xnk (t)−x(t)| dt ≥

ε2

1+ε for all k so the
subsequence 〈xnk〉 does not converge to x in the metric ρ. Hence 〈xn〉 does not converge to x in the
metric ρ.
49c. Let 〈xn〉 be Cauchy in the metric ρ. Suppose 〈xn〉 is not Cauchy in measure. There exists
ε > 0 such that for all N there is n,m ≥ N with m{t : |xn(t) − xm(t)| ≥ ε} ≥ ε. Thus there is
a subsequence 〈xnk〉 such that m{t : |xn2k−1(t) − xn2k(t)| ≥ ε} ≥ ε for all k. Now ρ(xn2k−1 , xn2k) =∫ 1

0

|xn2k−1 (t)−xn2k (t)|
1+|xn2k−1 (t)−xn2k (t)| dt ≥

∫
{|xn2k−1−xn2k |≥ε}

|xn2k−1 (t)−xn2k (t)|
1+|xn2k−1 (t)−xn2k (t)| dt ≥

ε2

1+ε for all k so the subsequence

〈xnk〉 is not Cauchy in the metric ρ. Contradiction. Hence 〈xn〉 is Cauchy in measure. By Q4.25, 〈xn〉
converges in measure and by part (b), it converges in the metric ρ. Hence X is a complete metric space.
49d. Given ε > 0, let δ = ε/2. When τ(〈x, y〉, 〈x′, y′〉) < δ, we have ρ(x, x′) < δ and ρ(y, y′) < δ. Now
ρ(x+ y, x′ + y′) = σ(x− x′ + y − y′) ≤ σ(x− x′) + σ(y − y′) = ρ(x, x′) + ρ(y, y′) < ε. Hence addition is
a continuous mapping of X ×X into X.
49e. Given a ∈ R, x ∈ X and ε > 0, by Q3.23a, there exists M such that |x| ≤ M except on a set of
measure less than ε/3. Let δ = min(1, ε/3(|a|+1), ε/3M). When τ(〈a, x〉, 〈c, x′〉) < δ, we have |c−a| < δ

and ρ(x, x′) < δ. Now ρ(ax, cx′) =
∫ 1

0
|ax(t)−cx′(t)|

1+|ax(t)−cx′(t)| dt ≤
∫ 1

0
|a−c| |x(t)|

1+|a−c| |x(t)| dt +
∫ 1

0
|c| |x(t)−x′(t)|

1+|c| |x(t)−x′(t)| dt <

Mδ + ε/3 + (|a|+ δ)δ < ε. Hence scalar multiplication is a continuous mapping of R×X to X.
49f. Given x ∈ X and ε > 0, there is a step function s such that |x − s| < ε/2 except on a set of
measure less than ε/2. i.e. m{t : |x(t) − s(t)| ≥ ε/2} < ε/2. Now ρ(x, s) =

∫ 1

0
|x(t)−s(t)|

1+|x(t)−s(t)| dt =∫
{|x−s|<ε/2}

|x(t)−s(t)|
1+|x(t)−s(t)| dt +

∫
{|x−s|≥ε/2}

|x(t)−s(t)|
1+|x(t)−s(t)| dt <

∫ 1

0
ε/2 dt +

∫
{|x−s|≥ε/2} 1 dt < ε. Hence the

set of step functions is dense in X.
*49g.
49h. By parts (d) and (e), X is a topological vector space. Since there are no nonzero continuous linear
functionals on X by part (g), X cannot be locally convex.

49i. Let s be the space of all sequences of real numbers and define σ(〈ξv〉) =
∑ 2−v|ξv|

1+|ξv| .

Analogues of parts (a) and (c) follow from Q7.24. The analogue of part (d) follows from the same
argument as above. For the analogue of part (e), suppose a ∈ R, 〈ξv〉 ∈ s and ε > 0 are given.
Let δ = min(1, ε/2|a|, ε/2(σ(〈ξv〉) + 1)). When τ(〈a, 〈ξv〉〉, 〈c, 〈ηv〉〉) < δ, we have |c − a| < δ and
σ(〈ξv〉 − 〈ηv〉) < δ. Now σ(a〈ξv〉 − c〈ηv〉) =

∑ 2−v|aξv−cηv|
1+|aξv−cηv| ≤

∑ 2−v|a| |ξv−ηv|
1+|a| |ξv−ηv| +

∑ 2−v|a−c| |ηv|
1+|a−c| |ηv| =

|a|σ(〈ξv〉 − 〈ηv〉) + |a− c|σ(〈ηv〉) < |a|δ+ (σ(〈ξv〉) + δ)δ < ε. Hence scalar multiplication is a continuous
mapping of R× s into s.
Let f be a continuous linear functional on s. For each v, let ev be the sequence where the v-th entry
is 1 and all other entries are 0. Now any sequence 〈ξv〉 ∈ s can be expressed as

∑
ξvev so f(〈ξv〉) =

f(
∑
ξvev) =

∑
ξvf(ev) since f is continuous and linear. Since the series converges for each sequence

〈ξv〉, there exists N such that f(ev) = 0 for v > N . Thus f(〈ξv〉) =
∑N
v=1 ξvf(ev).

10.8 Hilbert space

50. Suppose xn → x and yn → y. Then there exists M such that ||xn|| ≤ M for all n. Given ε > 0,
choose N such that ||yn − y|| < ε/2M and ||xn − x|| < ε/2||y|| for n ≥ N . Now |(xn, yn) − (x, y)| ≤
|(xn, yn − y)|+ |(xn − x, y)| ≤ ||xn|| ||yn − y||+ ||xn − x|| ||y|| < ε for n ≥ N . Hence (xn, yn)→ (x, y).
*51a. The use of trigonometric identities shows that { 1√

2π
, cos vt√

π
, sin vt√

π
} is an orthonormal system for

L2[0, 2π]. Suppose x ∈ L2[0, 2π] such that (x, cos vt√
π

) = 0 and (x, sin vt√
π

) = 0 for all v. Let ε > 0. By Propo-

sition 6.8 and Q9.42, there is a finite Fourier series ϕ = a0 +
∑N
n=1 an cosnt+

∑N
n=1 bv sinnt such that

||x−ϕ|| < ε. Now ||ϕ||2 = (ϕ,ϕ) = 2πa2
0 +π

∑N
n=1(a2

n+b2n) and
∑
v |(ϕ,ϕv)|2 = 2πa2

0 +
∑N
n=1(( an√

π
π)2 +

( bn√
π
π)2) so ||ϕ||2 =

∑
v |(ϕ,ϕv)|2. Thus there exists M such that | ||ϕ||2 −

∑n
v=−n |(ϕ,ϕv)|2 | < ε2
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for n ≥ M . Now ||ϕ −
∑n
v=−n(ϕ,ϕv)ϕv||2 = ||ϕ||2 −

∑n
v=−n |(ϕ,ϕv)|2 < ε2 for n ≥ M . Also,

||
∑n
v=−n(ϕ,ϕv)ϕv −

∑n
v=−n(x, ϕv)ϕv||2 =

∑n
v=−n |(ϕ − x, ϕv)|2 ≤ ||ϕ − x||2 < ε2 for n ≥ M . Thus

||x−
∑n
v=−n(x, ϕv)ϕv|| ≤ ||x−ϕ||+ ||ϕ−

∑n
v=−n(ϕ,ϕv)ϕv||+ ||

∑n
v=−n(ϕ− x, ϕv)ϕv|| < 3ε for n ≥M .

Hence x =
∑
v(x, ϕv)ϕv and ||x||2 =

∑
v |(x, ϕv)|2 = 0 so x = 0. Hence { 1√

2π
, cos vt√

π
, sin vt√

π
} is a complete

orthonormal system for L2[0, 2π].
51b. By part (a) and Proposition 27, every function in L2[0, 2π] is the limit in mean (of order 2) of its
Fourier series. i.e. the Fourier series converges to the function in L2[0, 2π].
52a. Let x ∈ H and let {ϕv} be an orthonormal system. Note that {v : av 6= 0} =

⋃
n{v : av ≥ 1/n}.

By Bessel’s inequality, we have
∑
v |av|2 ≤ ||x||2 < ∞ so {v : av ≥ 1/n} is finite for each n. Hence

{v : av 6= 0} is countable.
*52b. Let H be a Hilbert space and {ϕv} a complete orthonormal system. By part (a), only countably
many Fourier coefficients av are nonzero so we may list them as a sequence 〈av〉. By Bessel’s inequality,∑
v |av|2 ≤ ||x||2 <∞ so given ε > 0, there exists N such that

∑∞
v=N+1 |av|2 < ε2. For m > n ≥ N , we

have ||
∑m
v=n avϕv||2 =

∑m
v=n |a2

v < ε2 so the sequence of partial sums is Cauchy in H and thus converges
in H. i.e.

∑
v avϕv ∈ H. Now (x −

∑
v avϕv, ϕv) = (x, ϕv) − av = 0 for all v so x −

∑
v avϕv = 0. i.e.

x =
∑
v avϕv.

If a complete orthonormal system in H is countable, say 〈ϕv〉, then x =
∑
v avϕv and x is a cluster point

of the set of linear combinations of ϕv, which contains the countable dense set of linear combinations of
ϕv with rational coefficients so H is separable. Thus a complete orthonormal system in a non-separable
Hilbert space is uncountable.
*52c. Let f be a bounded linear functional on H. Let K = ker f . Since f is continuous, K is a closed
linear subspace of H. We may assume K⊥ 6= {0} so there exists x0 ∈ K⊥ with f(x0) = 1. Define
y = x0/||x0||2. Then 0 = (x− f(x)x0, x0) = (x, x0)− f(x)||x0||2 for all x ∈ H. i.e. f(x) = (x, y) for all
x ∈ H. If y′ ∈ H such that (x, y) = (x, y′) for all x ∈ H, then y − y′ ∈ H⊥. In particular, ||y − y′||2 =
(y− y′, y− y′) = 0 so y = y′. This proves the uniqueness of y. Since |f(x)| = |(x, y)| ≤ ||x|| ||y||, we have
||f || ≤ ||y||. Furthermore, since f(y/||y||) = (y/||y||, y) = ||y||, we have ||f || = ||y||.
52d. Let H be an infinite dimensional Hilbert space. If {ϕv} is a complete orthonormal system in
H, then the set of finite linear combinations of ϕv is a dense subset of H. Now if |{ϕv}| = n, then
|{finite linear combinations of ϕv}| = nℵ0 = n so there is a dense subset of H with cardinality n. If
S is a dense subset of H, then for each ϕv, there exists xv ∈ S with ||xv − ϕv|| < 1/

√
2. If v 6= u,

then ||xv − xu|| ≥ ||ϕv − ϕu|| − ||xv − ϕv|| − ||xu − ϕu|| >
√

2 − 1/
√

2 − 1/
√

2 = 0 so xv 6= xu. Thus
|S| ≥ |{ϕv}|. Hence the number of elements in a complete orthonormal system in H is the smallest
cardinal n such that there is a dense subset of H with n elements. Furthermore, this proves that every
complete orthonormal system in H has the same number of elements.
*52e. Suppose two Hilbert spaces H and H ′ are isomorphic with an isomorphism Φ : H → H ′. If
{ϕv} is a complete orthonormal system in H, then {Φ(ϕv)} is a complete orthonormal system in H ′.
Similarly for Φ−1. Thus dimH = dimH ′. Conversely, suppose dimH = dimH ′. Let E be a complete
orthonormal system in H. Consider the Hilbert space `2(E) = {(f : E → R) :

∑
e∈E |f(e)|2 < ∞}. If

x ∈ H, define x̂ : E → R by x̂(e) = (x, e). Then
∑
e∈E |x̂(e)|2 =

∑
e∈E |(x, e)|2 = ||x||2 <∞ so x̂ ∈ `2(E).

Furthermore, ||x|| = ||x̂||. Define Φ : H → `2(E) by Φ(x) = x̂. Then Φ is a linear isometry. Now the
range of Φ contains functions f such that f(e) = 0 for all but finitely many e ∈ E and is closed since Φ
is an isometry. Hence Φ is an isomorphism. If F is a complete orthonormal system in H ′, then |E| = |F|
so `2(E) and `2(F) must be isomorphic. Hence H and H ′ are isomorphic.
*52f. Let A be a nonempty set and let `2(A) = {(f : A → R) :

∑
a∈A |f(a)|2 < ∞}. Then `2(A) is a

Hilbert space with (f, g) =
∑
a∈A f(a)g(a). For each a ∈ A, let χa be the characteristic function of {a}.

Then χa ∈ `2(A) for each a ∈ A. Furthermore {χa : a ∈ A} is a complete orthonormal system in `2(A).
Thus dim `2(A) = |{χa : a ∈ A}| = |A|. Hence there is a Hilbert space of each dimension.
53a. Let P be a subset of H. Suppose yn ∈ P⊥ and yn → y. Then for each x ∈ P , we have
(x, yn) → (x, y). Since (x, yn) = 0 for each n, we have (x, y) = 0 so y ∈ P⊥. Thus P⊥ is closed. If
a, b ∈ R and y, z ∈ P⊥, then for each x ∈ P , we have (ay+ bz, x) = a(y, x) + b(z, x) = 0 so ay+ bz ∈ P⊥
and P⊥ is a linear manifold.
*53b. If x ∈ P , then (x, y) = 0 for all y ∈ P⊥. Thus P⊥⊥ is a closed linear manifold containing
P . Suppose P ⊂ Q where Q is a closed linear manifold. Then Q⊥ ⊂ P⊥ and P⊥⊥ ⊂ Q⊥⊥. Now
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if Q is a proper subset of Q⊥⊥, pick x ∈ Q⊥⊥ \ Q. Then there exists y0 ∈ Q such that ||x − y0|| =
inf{||x − y|| : y ∈ Q} = δ. Let z = x − y0. For any a ∈ R and y1 ∈ Q, we have δ2 ≤ ||z − ay1||2 =
||z||2 − 2a(z, y1) + a2||y1||2 = δ2 − 2a(z, y1) + a2||y1||2 so a2||y1||2 − 2a(z, y1) ≥ 0. Thus 4(z, y1)2 ≤ 0
and it follows that (z, y1) = 0. i.e. z⊥Q. Thus z ∈ Q⊥⊥ ∩Q⊥ so z = 0 i.e. x = y0 ∈ Q. Contradiction.
Hence Q = Q⊥⊥ so P⊥⊥ ⊂ Q.
53c. Let M be a closed linear manifold. Given x ∈ H, there exists y ∈ M such that x − y⊥M . Then
x = y + z where z = x − y ∈ M⊥. If x = y + z = y′ + z′ where y, y′ ∈ M and z, z′ ∈ M⊥, then
y−y′ = z− z′ so y−y′, z− z′ ∈M ∩M⊥. Hence y = y′ and z = z′. Furthermore ||x||2 = (y+ z, y+ z) =
||y||2 + ||z||2 + 2(y, z) = ||y||2 + ||z||2 since z⊥y.
54. Let 〈xn〉 be a bounded sequence of elements in a separable Hilbert space H. Suppose ||xn|| ≤M for
all n and let 〈ϕn〉 be a complete orthonormal system in H. Now |(xn, ϕ1)| ≤M for all n so there is a sub-
sequence 〈(xnk , ϕ1)〉 that converges. Then |(xnk , ϕ2)| ≤M for all k so there is a subsequence 〈(xnkl , ϕ2)〉
that converges. Furthermore, 〈(xnkl , ϕ1)〉 also converges. Continuing the process, we obtain the diagonal
sequence 〈xnn〉 such that 〈(xnn , ϕk)〉 converges for any k. For any bounded linear functional f on H,
there is a unique y ∈ H such that f(x) = (x, y) for all x ∈ H. Furthermore, y =

∑
k(y, ϕk)ϕk. Now

(xnn , y) = (xnn ,
∑
k(y, ϕk)ϕk) =

∑
k(xnn , ϕk)(y, ϕk). Since 〈(xnn , ϕk)〉 converges for each k, 〈(xnn , y)〉

converges. i.e. 〈xn〉 has a subsequence which converges weakly.
55. Let S be a subspace of L2[0, 1] and suppose that there is a constant K such that |f(x)| ≤ K||f ||
for all x ∈ [0, 1]. If 〈f1, . . . , fn〉 is any finite orthonormal sequence in S, then for any a1, . . . , an ∈ R,
we have (

∑n
i=1 aifi(x))2 ≤ K2||

∑n
i=1 aifi||2 = K2(

∑n
i=1 aifi,

∑n
i=1 aifi) = K2

∑n
i=1 a

2
i for all x ∈ [0, 1].

Fix x ∈ [0, 1]. For each i, let ai = fi(x)√∑n
i=1 fi(x)2

. Then (
∑n
i=1 aifi(x))2 =

∑n
i=1 fi(x)2 and

∑n
i=1 a

2
i = 1.

Thus
∑n
i=1 fi(x)2 ≤ K2 for all x ∈ [0, 1] and n =

∑n
i=1 ||fi||2 =

∫ 1

0
(
∑n
i=1 fi(x)2) ≤

∫ 1

0
K2 = K2. Hence

the dimension of S is at most K2.

11 Measure and Integration

11.1 Measure spaces

1. Let {An} be a collection of measurable sets. Let B1 = A1 and Bk = Ak \
⋃k−1
n=1An for k > 1.

Then {Bn} is a collection of pairwise disjoint measurable sets such that
⋃
An =

⋃
Bn. Now µ(

⋃
Ak) =

µ(
⋃
Bk) =

∑
µ(Bk) = limn

∑n
k=1 µ(Bk) = limn µ(

⋃n
k=1Bk) = limn µ(

⋃n
k=1Ak).

2a. Let {(Xα,Bα, µα)} be a collection of measure spaces, and suppose that the sets {Xα} are disjoint.
Define X =

⋃
Xα, B = {B : ∀α B ∩ Xα ∈ Bα} and µ(B) =

∑
µα(B ∩ Xα). Now ∅ ∈ B since

∅ ∩Xα = ∅ ∈ Bα for all α. If B ∈ B, then B ∩Xα ∈ Bα for all α so Bc ∩Xα = Xα \ (B ∩Xα) ∈ Bα

for all α. Thus Bc ∈ B. If 〈Bn〉 is a sequence in B, then for each n, Bn ∩ Xα ∈ Bα for all α so⋃
Bn ∩Xα =

⋃
(Bn ∩Xα) ∈ Bα for each α. Thus

⋃
Bn ∈ B. Hence B is a σ-algebra.

2b. µ(∅) =
∑
µα(∅ ∩ Xα) =

∑
µα(∅) = 0. For any sequence of disjoint sets Bi ∈ B, we have

µ(
⋃
Bi) =

∑
µα(
⋃
Bi ∩Xα) =

∑
α

∑
i µα(Bi ∩Xα) =

∑
i

∑
α µα(Bi ∩Xα) =

∑
i µ(Bi). Hence µ is a

measure.
2c. Suppose that all but a countable number of the µα are zero and the remainder are σ-finite. Let
〈µn〉 be the countably many µα that are nonzero and σ-finite. Then for each n, Xn =

⋃
kXn,k where

Xn,k ∈ Bn and µn(Xn,k) < ∞. In particular, Xn,k ∈ B for all n, k. Let A = {α : µα is zero}. Then
X =

⋃
nXn ∪

⋃
α∈AXα =

⋃
n,kXn,k ∪

⋃
α∈AXα. Since

⋃
α∈AXα ∩ Xα = Xα ∈ Bα if α ∈ A and⋃

α∈AXα ∩Xα = ∅ ∈ Bα if α /∈ A, we have
⋃
α∈AXα ∈ B. Also, µ(

⋃
α∈AXα) =

∑
µα(
⋃
α∈A ∩Xα) =∑

α∈A µαXα = 0 <∞. Hence µ is σ-finite.
Conversely, suppose µ is σ-finite. Then X =

⋃
n Yn where Yn ∈ B and µ(Yn) < ∞ for each n. We

may assume that the Yn are disjoint. Now for each n,
∑
µα(Yn ∩Xα) = µ(Yn ∩

⋃
αXα) = µ(Yn) < ∞

so {α : µα(Yn ∩ Xα) > 0} is countable. Thus
⋃
n{α : µα(Yn ∩ Xα) > 0} is countable. For each α,

µα(Xα) = µα(Xα ∩
⋃
n Yn) =

∑
n µα(Xα ∩ Yn). If µα(Xα) > 0, then µα(Xα ∩ Yn) > 0 for some n.

Hence {α : µα(Xα) > 0} is countable. i.e. all but a countable number of the µα are zero. Furthermore,
Xα =

⋃
n(Xα ∩ Yn) where Xα ∩ Yn ∈ Bα and µα(Xα ∩ Yn) ≤

∑
µα(Xα ∩ Yn) = µ(Yn) <∞ for each n.

Hence the remaining µα are σ-finite.
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(*) Union of measure spaces
3a. Suppose E1, E2 ∈ B and µ(E1∆E2) = 0. Then µ(E1 \ E2) = µ(E2 \ E1) = 0. Hence µ(E1) =
µ(E1 \ E2) + µ(E1 ∩ E2) = µ(E2 \ E1) + µ(E1 ∩ E2) = µ(E2).
3b. Suppose µ is complete, E1 ∈ B and µ(E1∆E2) = 0. Then E2 \ E1 ∈ B since E2 \ E1 ⊂ E1∆E2.
Also, E1 ∩ E2 = E1 \ (E1 \ E2) ∈ B. Hence E2 = (E2 \ E1) ∪ (E1 ∩ E2) ∈ B.
4. Let (X,B, µ) be a measure space and Y ∈ B. Let BY consist of those sets of B that are contained
in Y . Set µY E = µE if E ∈ BY . Clearly ∅ ∈ BY . If B ∈ BY , then B ∈ B and B ⊂ Y . Thus Y \B ∈ B
and Y \B ⊂ Y so Y \B ∈ BY . If 〈Bn〉 is a sequence of sets in BY , then Bn ∈ B and Bn ⊂ Y for all n.
Thus

⋃
Bn ∈ B and

⋃
Bn ⊂ Y so

⋃
Bn ∈ BY . Furthermore, µY (∅) = µ(∅) = 0 and if 〈Bn〉 is a sequence

of disjoint sets in BY , then µY (
⋃
Bn) = µ(

⋃
Bn) =

∑
µ(Bn) =

∑
µY (Bn). Hence (Y,BY , µY ) is a

measure space.
(*) Restriction of measure to measurable subset
5a. Let (X,B) be a measurable space. Suppose µ and ν are measures defined on B and define the set
function λE = µE + νE on B. Then λ(∅) = µ(∅) + ν(∅) = 0. Also, if 〈En〉 is a sequence of disjoint sets
in B, then λ(

⋃
En) = µ(

⋃
En) + ν(

⋃
En) =

∑
µEn +

∑
νEn =

∑
λEn. Hence λ is also a measure.

*5b. Suppose µ and ν are measures on B and µ ≥ ν. Note that µ− ν is a measure when restricted to
measurable sets with finite ν-measure. Define λ(E) = supF⊂E,ν(F )<∞(µ(F )−ν(F )). Clearly λ(∅) = 0. If
E1, E2 ∈ B with E1∩E2 = ∅, then for any F ⊂ E1∪E2 with ν(F ) <∞, we have µ(F )−ν(F ) = (µ−ν)(F∩
E1)+(µ−ν)(F ∩E2) ≤ λ(E1)+λ(E2). Thus λ(E1∪E2) ≤ λ(E1)+λ(E2). On the other hand, if F1 ⊂ E1

and F2 ⊂ E2 with ν(F1), ν(F2) <∞, we have (µ−ν)(F1) + (µ−ν)(F2) = (µ−ν)(F1∪F2) ≤ λ(E1∪E2).
Thus λ(E1) + λ(E2) ≤ λ(E1 ∪ E2). Hence λ is finitely additive.
Now suppose 〈En〉 is a sequence of disjoint sets in B. If F ⊂

⋃
En with ν(F ) <∞, then (µ− ν)(F ) =∑

(µ − ν)(F ∩ En) ≤
∑
λ(En). Thus λ(

⋃
En) ≤

∑
λ(En). On the other hand, for any N , we have∑N

n=1 λ(En) = λ(
⋃N
n=1En) ≤ λ(

⋃
En). Thus

∑
λEn ≤ λ(

⋃
En). Hence λ is countably additive.

If ν(E) = ∞, then µ(E) = ∞ so ν(E) + λ(E) = µ(E) and if ν(E) < ∞, then ν(E) + λ(E) = ν(E) +
(µ(E)− ν(E)) = µ(E). Hence µ = ν + λ.
5c. Suppose µ = ν + η for some measure η. If ν is finite, then η = µ − ν = λ. Suppose ν is σ-
finite. Then X =

⋃
Xn where Xn ∈ B and ν(Xn) < ∞ for each n. We may assume that the Xn

are disjoint. Now for any set E ∈ B, we have η(E ∩ Xn) = λ(E ∩ Xn) since ν(E ∩ Xn) < ∞. Then
η(E) = η(

⋃
(E ∩Xn)) =

∑
η(E ∩Xn) =

∑
λ(E ∩Xn) = λ(

⋃
(E ∩Xn)) = λ(E). Hence λ in part (b) is

the unique such measure.
*5d. If µ = ν + λ = ν + λ′, then λ(F ) = λ′(F ) for any set F with ν(F ) < ∞. Given E ∈ B, for any
F ⊂ E with ν(F ) < ∞, we have µ(F ) − ν(F ) = λ(F ) = λ′(F ) ≤ λ′(E). Hence λ(E) ≤ λ′(E) and λ in
part (b) is the smallest such measure.
6a. Let µ be a σ-finite measure so X =

⋃
Xn where µ(Xn) <∞ for each n. For any measurable set E

of infinite measure, we have ∞ = µ(
⋃

(E ∩Xn)) = limk µ(
⋃k
n=1(E ∩Xn)). Thus for any N , there exists

k such that N < µ(
⋃k
n=1(E ∩Xn)) <∞. Hence µ is semifinite.

6b. Given a measure µ, define µ1(E) = supF⊂E,µ(F )<∞ µ(F ). Then µ1(∅) = µ(∅) = 0. If 〈En〉 is
a sequence of disjoint measurable sets, then for any F ⊂

⋃
En with µ(F ) < ∞, we have µ(F ) =∑

µ(F ∩ En) ≤
∑
µ1(En). Thus µ1(

⋃
En) ≤

∑
µ1(En). Conversely, if F1 ⊂ E1 and F2 ⊂ E2 with

µ(F1), µ(F2) <∞, then µ(F1)+µ(F2) = µ(F1∪F2) ≤ µ1(E1∪E2) so µ1(E1)+µ1(E2) ≤ µ1(E1∪E2). It
follows that for any k,

∑k
n=1 µ1(En) ≤ µ1(

⋃k
n=1En) ≤ µ1(

⋃
En). Thus

∑
µ1(En) ≤ µ1(

⋃
En). Hence

µ1 is a measure. Furthermore, if µ1(E) =∞, then for any N , there exists F ⊂ E with N < µ(F ) <∞.
Then N < µ1(F ) <∞. Hence µ1 is semifinite.
Now define µ2(E) = supF⊂E,µ1(F )<∞(µ(F ) − µ1(F )). Then µ2 is a measure (c.f. Q5b). If µ(F ) < ∞
for all F ⊂ E with µ1(F ) < ∞, then µ(F ) = µ1(F ) for all F ⊂ E with µ1(F ) < ∞ so µ2(E) = 0. If
µ(F ) = ∞ for some F ⊂ E with µ1(F ) < ∞, then µ(F ) − µ1(F ) = ∞ so µ2(E) = ∞. Hence µ2 only
assumes the values 0 and ∞.
*6c.
7. Given a measure space (X,B, µ), let B0 be the collection of sets A ∪B where A ∈ B and B ⊂ C for
some C ∈ B with µ(C) = 0. Clearly ∅ ∈ B0. If 〈En〉 is a sequence in B0, then En = An ∪ Bn for each
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n where An ∈ B and Bn ⊂ Cn for some Cn ∈ B with µ(Cn) = 0. Now
⋃
En =

⋃
An ∪

⋃
Bn where⋃

An ∈ B and
⋃
Bn ⊂

⋃
Cn with µ(

⋃
Cn) = 0. If E ∈ B0, then E = A ∪ B where A ∈ B and B ⊂ C

for some C ∈ B with µ(C) = 0. Then Ec = Ac ∩ Bc = Ac ∩ (C \ (C \ B))c = Ac ∩ (Cc ∪ (C \ B)) =
(Ac ∩ Cc) ∪ (Ac ∩ (C \ B)) where Ac ∩ Cc ∈ B and Ac ∩ (C \ B) ⊂ C with µ(C) = 0. Hence B0 is a
σ-algebra. Furthermore B ⊂ B0.
If E ∈ B0 with E = A ∪ B = A′ ∪ B′ with A,A′ ∈ B, B ⊂ C and B′ ⊂ C ′ for some C,C ′ ∈ B
with µ(C) = µ(C ′) = 0, then A ∪ B ∪ C ∪ C ′ = A′ ∪ B′ ∪ C ∪ C ′ so A ∪ C ∪ C ′ = A′ ∪ C ∪ C ′.
Now µ(A) ≤ µ(A ∪ C ∪ C ′) ≤ µ(A) + µ(C) + µ(C ′) = µ(A). Thus µ(A) = µ(A ∪ C ∪ C ′). Similarly,
µ(A′) = µ(A′ ∪ C ∪ C ′). Hence µ(A) = µ(A′).
For E ∈ B0, define µ0(E) = µ(A). Then µ0 is well-defined. Clearly, µ0(∅) = 0. If 〈En〉 is a sequence of
disjoint sets in B0, then

⋃
En =

⋃
An ∪

⋃
Bn so µ0(

⋃
En) = µ(

⋃
An) =

∑
µ(An) =

∑
µ0(En). Thus

µ0 is a measure. Furthermore, if E ∈ B, then µ0(E) = µ(E).
If µ0(A∪B) = 0 and E ⊂ A∪B, then E = A∪ (E∩A) where E∩A ⊂ B ⊂ C with µ(C) = 0 so E ∈ B0.
Hence (X,B0, µ0) is a complete measure space extending (X,B, µ).
8a. Let µ be a σ-finite measure. If E is locally measurable, then E ∩ B ∈ B for each B ∈ B with
µ(B) < ∞. Now X =

⋃
Xn with Xn ∈ B and µ(Xn) < ∞ for all n. Thus E =

⋃
(E ∩ Xn) where

E ∩Xn ∈ B for all n. Thus E ∈ B. i.e. E is measurable. Hence µ is saturated.
8b. Let C be the collection of locally measurable sets. Clearly ∅ ∈ C. If C ∈ C, then C ∩B ∈ B for each
B ∈ B with µ(B) < ∞. Now for any such set B, Cc ∩ B = B \ (C ∩ B) ∈ B. Thus Cc ∈ C. If 〈Cn〉
is a sequence of sets in C, then Cn ∩ B ∈ B for each B ∈ B with µ(B) < ∞. Now for any such set B,⋃
Cn ∩B =

⋃
(Cn ∩B) ∈ B. Thus

⋃
Cn ∈ C. Hence C is a σ-algebra.

8c. Let (X,B, µ) be a measure space and C the σ-algebra of locally measurable sets. For E ∈ C, set
µ̄E = µE if E ∈ B and µ̄E = ∞ if E /∈ B. Clearly µ̄(∅) = 0. If 〈En〉 is a sequence of disjoint sets in
C, then we consider a few cases. If

⋃
En /∈ B, then µ̄(

⋃
En) =∞. Furthermore, En /∈ B for some n so∑

µ̄(En) = ∞ = µ̄(
⋃
En). Now suppose

⋃
En ∈ B. If µ(

⋃
En) < ∞, then En = En ∩

⋃
En ∈ B for

each n so µ̄(
⋃
En) = µ(

⋃
En) =

∑
µ(En) =

∑
µ̄(En). If µ(

⋃
En) =∞, then either En ∈ B for all n, so∑

µ̄(En) =
∑
µ(En) = µ(

⋃
En) =∞ = µ̄(

⋃
En), or En /∈ B for some n, so

∑
µ̄(En) =∞ = µ̄(

⋃
En).

Hence µ̄ is a measure on C.
Let E be a locally measurable set in (X,C, µ̄). Then E ∩ C ∈ C for any C ∈ C with µ̄(C) < ∞. i.e.
E ∩ C ∈ C for any C ∈ B with µ(C) <∞. Thus E ∩ C ∈ B for any C ∈ B with µ(C) <∞ and E is a
locally measurable set in (X,B, µ) so E ∈ C. Hence (X,C, µ̄) is a saturated measure space.
*8d. Suppose µ is semifinite and E ∈ C. Set µ(E) = sup{µ(B) : B ∈ B, B ⊂ E}. Clearly µ̄(∅) = 0.
If 〈En〉 is a sequence of disjoint sets in C, for any B ∈ B with B ⊂

⋃
En, provided µ(B) < ∞, we

have µ(B) = µ(
⋃

(B ∩ En)) =
∑
µ(B ∩ En) ≤

∑
µ(En). On the other hand, if µ(B) = ∞, then

µ(
⋃
En) = ∞. Thus µ(

⋃
En) ≤

∑
µ(En). If E1, E2 ∈ C with E1 ∩ E2 = ∅ and B1, B2 ∈ B with

B1 ⊂ E1 and B2 ⊂ E2, then µ(E1) + µ(E2) ≤ µ(B1) + µ(B2) = µ(B1 ∪B2) ≤ µ(E1 ∪ E2). Now for any
N , we have

∑N
n=1 µ(En) ≤ µ(

⋃N
n=1En) ≤ µ(

⋃
En). Thus

∑
µ(En) ≤ µ(

⋃
En). Hence µ is a measure

on C.
Let E be a locally measurable set in (X,C, µ). Then E ∩C ∈ C for any C ∈ C with µ(C) <∞. If B ∈ B
with µ(B) < ∞, then B ∈ C with µ(B) = µ(B) < ∞. Thus E ∩ B ∈ C. It follows that E ∩ B ∈ B so
E ∈ C. Hence (X,C, µ) is a saturated measure space. Furthermore, µ is an extension of µ.
9a. Let R be a σ-ring that is not a σ-algebra. Let B be the smallest σ-algebra containing R and set
R′ = {E : Ec ∈ R}. Note that ∅ ∈ R ⊂ R ∪R′. If A ∈ R ∪R′, then either A ∈ R so Ac ∈ R′ ⊂ R ∪R′

or A ∈ R′ so Ac ∈ R ⊂ R∪R′. If 〈An〉 is a sequence in R∪R′, then
⋃
An =

⋃
{An : An ∈ R}∪

⋃
{An :

An ∈ R′} ∈ R∪R′. If A is a σ-algebra containing R, then A also contains R′. Thus A ⊃ R∪R′. Hence
R ∪R′ = B. Furthermore, if E ∈ R ∩R′, then E,Ec ∈ R so X = E ∪ Ec ∈ R and R is a σ-algebra.
Contradiction. Hence R ∩R′ = ∅.
9b. If µ is a measure on R, define µ̄ on B by µ̄(E) = µ(E) if E ∈ R and µ̄(E) =∞ if E ∈ R′. Clearly
µ̄(∅) = µ(∅) = 0. Let 〈En〉 be a sequence of disjoint sets in B. If E1 ∈ R and E2 ∈ R′, then (E2)c ∈ R
so (E1)c ∩ (E2)c = (E2)c \E1 ∈ R. Thus E1 ∪E2 ∈ R′ so µ̄(E1 ∪E2) =∞ = µ̄(E1) + µ̄(E2). If En ∈ R
for all n, then

⋃
En ∈ R. Similarly, if En ∈ R′ for all n, then

⋃
En ∈ R′. In both cases we have

µ̄(
⋃
En) =

∑
µ̄(En). Thus in general, µ̄(

⋃
En) = µ̄(

⋃
{En : En ∈ R} ∪

⋃
{En : En ∈ R′}) = µ̄(

⋃
{En :

En ∈ R}) + µ̄(
⋃
{En : En ∈ R′}) =

∑
En∈R µ̄(En) +

∑
En∈R′ µ̄(En) =

∑
µ̄(En). Hence µ̄ is a measure
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on B.
9c. Define µ on B by µ(E) = µ(E) if E ∈ R and µ(E) = sup{µ(A) : A ⊂ E,A ∈ R} if E ∈ R′. Clearly
µ(∅) = µ(∅) = 0. Let 〈En〉 be a sequence of disjoint sets in B. Note that if En ∈ R for all n or En ∈ R′

for all n, then µ(
⋃
En) =

∑
µ(En). It follows that in general µ(

⋃
En) =

∑
µ(En). Hence µ is a measure

on B.
*9d.
*9e.

11.2 Measurable functions

10. Let f be a nonnegative measurable function. For each pair 〈n, k〉 of integers, set En,k = {x : k2−n ≤
f(x) < (k + 1)2−n} and set ϕn = 2−n

∑22n

k=0 kχEn,k + (22n + 1)2−nχ{f≥(22n+1)2−n}. Then each En,k
is measurable and each ϕn is a simple function. Note that En,k = En+1,2k ∪ En+1,2k+1 for all 〈n, k〉.
Suppose x ∈ En,k. Then ϕn(x) = k2−n. If x ∈ En+1,2k, then ϕn+1(x) = (2k)2−(n+1) = k2−n = ϕn(x).
If x ∈ En+1,2k+1, then ϕn+1(x) = (2k + 1)2−(n+1) > (2k)2−(n+1)ϕn(x). Also, if f(x) ≥ (22n + 1)2−n,
then ϕn(x) = (22n + 1)2−n ≤ ϕn+1(x). Thus ϕn ≤ ϕn+1. For x ∈ X, if f(x) < ∞, then for sufficiently
large n, f(x)− ϕn(x) ≤ 2−n. If f(x) =∞, then ϕn(x) = (22n + 1)2−n > 2n →∞. Thus f = limϕn at
each point of X.
If f is defined on a σ-finite measure space (X,B, µ), then X =

⋃
Xn where µ(Xn) < ∞ for each n.

Define ϕn == 2−n
∑22n

k=0 kχEn,k∩
⋃n
m=1Xm

+ (22n + 1)2−nχ{f≥(22n+1)2−n}∩
⋃n
m=1Xm

. Then ϕn+1 ≥ ϕn
and f = limϕn. Furthermore, each ϕn vanishes outside

⋃n
m=1Xm, a set of finite measure.

(*) Proof of Proposition 7
11. Suppose µ is a complete measure and f be a measurable function. Suppose f = g a.e. Then
{x : g(x) < α} = {x : f = g, f(x) < α} ∪ {x : f 6= g, g(x) < α} = ({x : f(x) < α} \ {x : f 6= g, f(x) <
α}) ∪ {x : f 6= g, g(x) < α}. Now {x : f 6= g, f(x) < α} and {x : f 6= g, g(x) < α} are subsets of a set of
measure zero so they are measurable. Also, {x : f(x) < α} is measurable since f is measurable. Hence
{x : g(x) < α} is measurable for any α and g is measurable.
Q3.28 gives an example of a set A of Lebesgue measure zero that is not a Borel set so Lebesgue measures
restricted to the σ-algebra of Borel sets is not complete. Now χA is not measurable since {x : χA(x) >
1/2} = A but m(A) = 0 so χA = 0 a.e. and the constant zero function is measurable.
(*) Proof of Proposition 8
12. Let 〈fn〉 be a sequence of measurable functions that converge to a function f except at the points of a
set E of measure zero. Suppose µ is complete. Given α, {x : f(x) > α} = {x /∈ E : limfn(x) > α}∪{x ∈
E : f(x) > α}. Since µ(E) = 0, {x ∈ E : f(x) > α} is measurable. Also, {x /∈ E : limfn(x) > α} =
Ec ∩ {x : limfn(x) > α} so it is measurable. Hence {x : f(x) > α} is measurable and f is measurable.
Note: If fn(x)→ f(x) for all x, then completeness is not required.
13a. Let 〈fn〉 be a sequence of measurable real-valued functions that converge to f in measure. For
any k, there exists nk and a measurable set Ek with µ(Ek) < 2−k such that |fnk(x) − f(x)| < 2−k

for x /∈ Ek. If x /∈
⋃∞
k=mEk, then |fnk(x) − f(x)| < 2−k for k ≥ m. Thus if x /∈

⋂
m

⋃∞
k=mEk,

then for some m, we have |fnk(x) − f(x)| < 2−k for k ≥ m so 〈fnk〉 converges to f . Furthermore,
µ(
⋂
m

⋃∞
k=mEk) ≤ µ(

⋃∞
k=mEk) ≤

∑∞
k=m µ(Ek) <

∑∞
k=m 2−k = 2−m+1 for all m so µ(

⋂
m

⋃∞
k=mEk) =

0 and 〈fnk〉 converges to f a.e.
(c.f. Proposition 4.18)
13b. Let 〈fn〉 be a sequence of measurable functions each of which vanishes outside a fixed measurable set
A with µ(A) <∞. Suppose that fn(x)→ f(x) for almost all x, say except on a set B of measure zero. If
x ∈ Ac\B, then fn(x) = 0 for all n so f(x) = 0. Given ε > 0, letGn = {x ∈ A\B : |fn(x)−f(x)| ≥ ε} and
let EN =

⋃∞
n=N Gn. Note that EN+1 ⊂ EN . If x ∈ A\B, then there exists N such that |fn(x)−f(x)| < ε

for n ≥ N . i.e. x /∈ EN for some N . Thus
⋂
EN = ∅ and limµ(EN ) = 0 so there exists N such that

µ(EN ) < ε. Furthermore, µ(EN ∪ B) < ε and if x /∈ EN ∪ B, then either x ∈ A and x /∈ Gcn for all
n ≥ N so |fn(x)− f(x)| < ε for all n ≥ N or x /∈ A so |fn(x)− f(x)| = 0 for all n. Hence 〈fn〉 converges
to f in measure.
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13c. Let 〈fn〉 be a sequence that is Cauchy in measure. We may choose nk+1 > nk such that µ{x :
|fnk+1(x) − fnk(x)| ≥ 2−k} < 2−k. Let Ek = {x : |fnk+1(x) − fnk(x)| ≥ 2−k} and let Fm =

⋃∞
k=mEk.

Then µ(
⋂
Fm) ≤ µ(

⋃∞
k=mEk) ≤ 2−k+1 for all k so µ(

⋂
Fm) = 0. If x /∈

⋂
Fm, then x /∈ Fm for some m

so |fnk+1(x)− fnk(x)| < 2−k for all k ≥ m and |fnl(x)− fnk(x)| < 2−k+1 for l ≥ k ≥ m. Thus the series∑
(fnk+1−fnk) converges a.e. to a function g. Let f = g+fn1 . Then fnk → f in measure since the partial

sums are of the form fnk − fn1 . Given ε > 0, choose N such that µ{x : |fn(x) − fm(x)| ≥ ε/2} < ε/2
for n > m ≥ N and µ{x : |fnk(x)− f(x)| ≥ ε/2} < ε/2 for k ≥ N . Then {x : |fn(x)− f(x)| ≥ ε} ⊂ {x :
|fn(x)−fnk(x)| ≥ ε/2}∪{x : |fnk(x)−f(x)| ≥ ε/2} for all n, k ≥ N . Thus µ{x : |fn(x)−f(x)| ≥ ε} < ε
for all n ≥ N and 〈fn〉 converges to f in measure.
(c.f. Q4.25)
14. Let (X,B, µ) be a measure space and (X,B0, µ0) its completion. Suppose g is measurable with
respect to B and there is a set E ∈ B with µ(E) = 0 and f = g on X \E. For any α, {x : g(x) < α} ∈ B.
Now {x : f(x) < α} = {x ∈ X \ E : g(x) < α} ∪ {x ∈ E : f(x) < α} where {x ∈ X \ E : g(x) < α} ∈ B
and {x ∈ E : f(x) < α} ⊂ E. Thus {x : f(x) < α} ∈ B0 and f is measurable with respect to B0.
For the converse, first consider the case of characteristic functions. Suppose χA is measurable with
respect to B0. Then A ∈ B0 so A = A′ ∪ B′ where A′ ∈ B and B′ ⊂ C ′ with C ′ ∈ B and µ(C ′) = 0.
Define f(x) = χA(x) if x /∈ C ′ and f(x) = 1 if x ∈ C ′. If α < 0, then {x : f(x) > α} = X. If α ≥ 1,
then {x : f(x) > α} = ∅. If 0 ≤ α < 1, then {x : f(x) > α} = {x : f(x) = 1} = A ∪ C ′ = A′ ∪ C ′.
Thus {x : f(x) > α} ∈ B for all α and f is measurable with respect to B. Next consider the case
of simple functions. Suppose g =

∑n
i=1 ciχAi is measurable with respect to B0. Then each χAi is

measurable with respect to B0. For each i, there is a function hi measurable with respect to B and
a set Ei ∈ B with µ(Ei) = 0 and χAi = hi on X \ Ei. Then g =

∑n
i=1 cihi on X \

⋃n
i=1Ei where⋃n

i=1Ei ∈ B and µ(
⋃n
i=1Ei) = 0. Furthermore,

∑n
i=1 cihi is measurable with respect to B. Now for

a nonnegative measurable function f , there is a sequence of simple functions 〈ϕn〉 converging pointwise
to f on X. For each n, there is a function ψn measurable with respect to B and a set En ∈ B with
µ(En) = 0 and ϕn = ψn on X \ En. Then f = limψn on X \

⋃
En where

⋃
En ∈ B and µ(

⋃
En) = 0.

Furthermore, limψn is measurable with respect to B. Finally, for general a measurable function f , we
have f = f+ − f− where f+ and f− are nonnegative measurable functions and the result follows from
the previous case.
15. Let D be the rationals. Suppose that to each β ∈ D there is assigned a Bβ ∈ B such that
Bα ⊂ Bβ for α < β. Then there is a unique measurable function f on X such that f ≤ β on Bβ and
f ≥ β on X \ Bβ . Now {x : f(x) < α} =

⋃
β<αBβ and {x : f(x) ≤ α} =

⋂
γ>α

⋃
β<γ Bβ . Similarly,

{x : f(x) > α} = X \
⋂
β>αBβ and {x : f(x) ≥ α} =

⋂
γ<α(X \

⋂
β>γ Bβ). Also, {x : f(x) = α} =⋂

γ>α

⋃
β<γ Bβ ∩

⋂
γ<α(X \

⋂
β>γ Bβ).

16. Egoroff’s Theorem: Let 〈fn〉 be a sequence of measurable functions each of which vanishes outside
a fixed measurable set A of finite measure. Suppose that fn(x)→ f(x) for almost all x. By Q13b, 〈fn〉
converges to f in measure. Given ε > 0 and n, there exist Nn and a measurable set En with µ(En) < ε2−n

such that |fn(x)− f(x)| < 1/n for n ≥ Nn and x /∈ En. Let E =
⋃
En. Then µ(

⋃
En) ≤

∑
µ(En) < ε.

Choose n0 such that 1/n0 < ε. If x /∈ E and n ≥ Nn0 , we have |fn(x) − f(x)| < 1/n0 < ε. Thus fn
converges uniformly to f on X \ E.

11.3 Integration

17. Let f and g be measurable functions and E a measurable set.
(i) For a constant c1, note that if c1 ≥ 0, then (c1f)+ = c1f

+ and (c1f)− = c1f
− so

∫
E
c1f =∫

E
c1f

+ −
∫
E
c1f
− = c1

∫
E
f+ − c1

∫
E
f− = c1

∫
E
f . On the other hand, if c1 < 0, then (c1f)+ = −c1f−

and (c1f)− = −c1f+ so
∫
E
c1f =

∫
E

(−c1f−)−
∫
E

(−c1f+) = −c1
∫
E
f− − (−c1)

∫
E
f+ = c1

∫
E
f . Note

that if f = f1 − f2 where f1, f2 are nonnegative integrable functions, then f+ + f2 = f− + f1 so∫
f+ +

∫
f2 =

∫
f− +

∫
f1 and

∫
f =

∫
f+ −

∫
f− =

∫
f1 −

∫
f2. Now since f and g are integrable, so

are f+ + g+ and f−+ g−. Furthermore, f + g = (f+ + g+)− (f−+ g−). Thus
∫

(f + g) =
∫

(f+ + g+)−∫
(f−+g−) =

∫
f+ +

∫
g+−

∫
f−−

∫
g− =

∫
f+
∫
g. Together, we have

∫
E

(c1f+c2g) = c1
∫
E
f+c2

∫
E
g.

(ii) Suppose |h| ≤ |f | and h is measurable. Since f is integrable, so are f+ and f−. Thus |f | = f+ + f−

is integrable. By (iii), we have
∫
h ≤

∫
|h| ≤

∫
|f | <∞. Thus h is integrable.
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(iii) Suppose f ≥ g a.e. Then f − g ≥ 0 a.e. and
∫

(f − g) ≥ 0. By (i), we have
∫

(f − g) =
∫
f −

∫
g so∫

f −
∫
g ≥ 0. i.e.

∫
f ≥

∫
g.

(*) Proof of Proposition 15
18. Suppose that µ is not complete. Define a bounded function f to be integrable over a set E of finite
measure if supϕ≤f

∫
E
ϕ dµ = infψ≥f

∫
E
ψ dµ for all simple functions ϕ and ψ. If f is integrable, then

given n, there are simple functions ϕn and ψn such that ϕn ≤ f ≤ ψn and
∫
ψn dµ −

∫
ϕn dµ < 1/n.

Then the functions ψ∗ = inf ψn and ϕ∗ = supϕn are measurable and ϕ∗ ≤ f ≤ ψ∗. Now the set
∆ = {x : ϕ∗(x) < ψ∗(x)} is the union of the sets ∆v = {x : ϕ∗(x) < ψ∗(x)− 1/v}. Each ∆v is contained
in the set {x : ϕn(x) < ψn(x)− 1/v}, which has measure less than v/n. Since n is arbitrary, µ(∆v) = 0
so µ(∆) = 0. Thus ϕ∗ = f = ψ∗ except on a set of measure zero. Hence f is measurable with respect to
the completion of µ by Q14.
Conversely, if f is measurable with respect to the completion of µ, then by Q14, f = g on X \ E
where g is measurable with respect to µ and µ(E) = 0. We may assume that g is bounded by M . By
considering the sets Ek = {x : kM/n ≥ g(x) ≥ (k − 1)M/n}, −n ≤ k ≤ n, and the simple functions
ψn = (M/n)

∑n
k=−n kχEk and ϕn = (M/n)

∑n
k=−n(k − 1)χEk , we see that g is integrable. Note that

supϕ≤g
∫
E
ϕ dµ = supϕ≤f

∫
E
ϕ dµ and infψ≥g

∫
E
ψ dµ = infψ≥f

∫
E
ψ dµ. It follows that f is integrable.

19. Let f be an integrable function on the measure space (X,B, µ). Let ε > 0 be given. Suppose f is
nonnegative and bounded by M . If µ(E) < ε/M , then

∫
E
f < ε. In particular, the result holds for all

simple functions. If f is nonnegative, there is an increasing sequence 〈ϕn〉 of nonnegative simple functions
converging to f on X. By the Monotone Convergence Theorem, we have

∫
f = lim

∫
ϕn so there exists

N such that
∫

(f − fN ) < ε/2. Choose δ < ε/2 sup |ϕN |. If µ(E) < δ, then
∫
E
f =

∫
E

(f − fN ) +
∫
E
fN <

ε/2 + ε/2 = ε so the result holds for nonnegative measurable functions. For an integrable function f ,
there exists δ > 0 such that if µ(E) < δ, then

∫
E
|f | < ε. Thus |

∫
E
f | ≤

∫
E
|f | < ε.

20. Fatou’s Lemma: Let 〈fn〉 be a sequence of nonnegative measurable functions that converge in
measure on a set E to a function f . There is a subsequence 〈fnk〉 such that lim

∫
E
fnk = lim

∫
E
fn. Now

〈fnk〉 converges to f in measure on E so by Q13a it has a subsequence 〈fnkj 〉 that converges to f almost
everywhere on E. Thus

∫
E
f ≤ lim

∫
E
fnkj = lim

∫
E
fnk = lim

∫
E
fn.

Monotone Convergence Theorem: Let 〈fn〉 be a sequence of nonnegative measurable functions which
converge in measure to a function f and suppose that fn ≤ f for all n. Since fn ≤ f , we have

∫
fn ≤

∫
f .

By Fatou’s Lemma, we have
∫
f ≤ lim

∫
fn ≤ lim

∫
fn ≤

∫
f so equality holds and

∫
f = lim

∫
fn.

Lebesgue Convergence Theorem: Let g be integrable over E and suppose that 〈fn〉 is a sequence of
measurable functions such that on E we have |fn(x)| ≤ g(x) and such that 〈fn〉 converges in measure
to f almost everywhere on E. The functions g − fn are nonnegative so by Fatou’s Lemma,

∫
E

(g − f) ≤
lim
∫
E

(g− fn). There is a subsequence 〈fnk〉 that converges to f almost everywhere on E so |f | ≤ |g| on
E and f integrable. Thus

∫
E
g−

∫
E
f ≤

∫
E
g− lim

∫
E
fn and lim

∫
E
fn ≤

∫
E
f . Similarly, by considering

the functions g + fn, we have
∫
E
f ≤ lim

∫
E
fn. Thus equality holds and

∫
E
f = lim

∫
E
fn.

21a. Suppose f is integrable. Then |f | is integrable. Now {x : f(x) 6= 0} = {x : |f(x)| > 0} =⋃
{x : |f(x)| ≥ 1/n}. Each of the sets {x : |f(x)| ≥ 1/n} is measurable. If µ{x : |f(x)| ≥ 1/n} = ∞

for some n, then
∫
|f | ≥

∫
{x:|f(x)|≥1/n} |f | ≥ (1/n)µ{x : |f(x)| ≥ 1/n} = ∞. Contradiction. Thus

µ{x : |f(x)| ≥ 1/n} <∞ for all n and {x : f(x) 6= 0} is of σ-finite measure.
21b. Suppose f is integrable and f ≥ 0. There is an increasing sequence 〈ϕn〉 of simple functions such
that f = limϕn. We may redefine each ϕn to be zero on {x : f(x) = 0}. Since {x : f(x) 6= 0} is σ-finite,
we may further redefine each ϕn to vanish outside a set of finite measure by Proposition 7 (c.f. Q10).
21c. Suppose f is integrable with respect to µ. Then f+ and f− are nonnegative integrable functions
so by part (b), there are increasing sequences 〈ϕn〉 and 〈ψn〉 of simple functions each of which vanishes
outside a set of finite measure such that limϕn = f+ and limψn = f−. By the Monotone Convergence
Theorem,

∫
f+ dµ = lim

∫
ϕn dµ and

∫
f− dµ = lim

∫
ψn dµ. Given ε > 0, there is a simple function ϕN

such that
∫
f+ dµ−

∫
ϕn dµ < ε/2 and there is a simple function ψN ′ such that

∫
f− dµ−

∫
ψN ′ dµ < ε/2.

Let ϕ = ϕN − ψN ′ . Then ϕ is a simple function and
∫
|f − ϕ| dµ =

∫
|f+ − ϕN − f− + ψN ′ | dµ ≤∫

|f+ − ϕN | dµ+
∫
|f− − ψN ′ | dµ = (

∫
f+ dµ−

∫
ϕN dµ) + (

∫
f− dµ−

∫
ψN ′ dµ) < ε.

22a. Let (X,B, µ) be a measure space and g a nonnegative measurable function on X. Set ν(E) =∫
E
g dµ. Clearly ν(∅) = 0. Let 〈En〉 be a sequence of disjoint sets in B. Then ν(

⋃
En) =

∫⋃
En
g dµ =
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∫
gχ⋃

En dµ =
∫ ∑

gχEn dµ =
∑∫

gχEn dµ =
∑∫

En
g dµ =

∑
ν(En). Hence ν is a measure on B.

22b. Let f be a nonnegative measurable function on X. If ϕ is a simple function given by
∑n
i=1 ciχEi .

Then
∫
ϕ dν =

∑n
i=1 ciν(Ei) =

∑n
i=1 ci

∫
Ei
g dµ =

∑n
i=1 ci

∫
gχEi dµ =

∫ ∑n
i=1 cigχEi dµ =

∫
ϕg dµ.

Now if f is a nonnegative measurable function, there is an increasing sequence 〈ϕn〉 of simple functions
such that f = limϕn. Then 〈ϕng〉 is an increasing sequence of nonnegative measurable functions such
that fg = limϕng. By the Monotone Convergence Theorem, we have

∫
fg dµ = lim

∫
ϕng dµ =

lim
∫
ϕn dν =

∫
f dν.

23a. Let (X,B, µ) be a measure space. Suppose f is locally measurable. For any α and any E ∈ B
with µ(E) < ∞, {x : f(x) > α} ∩ E = {x : fχE(x) > α} if α ≥ 0 and {x : f(x) > α} ∩ E = {x :
fχE(x) > 0} ∪ ({x : fχE(x) = 0} ∩ E) ∪ {x : 0 > fχE(x) > α} if α < 0. Thus {x : f(x) > α} ∩ E is
measurable so {x : f(x) > α} is locally measurable and f is measurable with respect to the σ-algebra of
locally measurable sets.
Conversely, suppose f is measurable with respect to the σ-algebra of locally measurable sets. For
any α and any E ∈ B with µ(E) < ∞, {x : fχE(x) > α} = {x : f(x) > α} ∩ E if α ≥ 0 and
{x : fχE(x) > α} = ({x : f(x) > α} ∩ E) ∪ Ec if α < 0. Thus {x : fχE(x) > α} is measurable and f is
locally measurable.
23b. Let µ be a σ-finite measure. Define integration for nonnegative locally measurable functions f by
taking

∫
f to be the supremum of

∫
ϕ as ϕ ranges over all simple functions less than f . For a simple

function ϕ =
∑n
i=1 ciχEi , we have

∫
ϕ =

∑n
i=1 ciµ(Ei) =

∑n
i=1 ciµ(Ei) =

∫
ϕ dµ.

Let X =
⋃
Xn where each Xn is measurable and µ(Xn) < ∞. Then

∫
f =

∫
fχ⋃

Xn =
∫ ∑

n fχXn .
Now fχXn is measurable for each n so there is an increasing sequence 〈ϕ(n)

k 〉 of simple functions con-
verging to fχXn . Thus

∫
f =

∫ ∑
n fχXn =

∑
n

∫
fχXn =

∑
n limk

∫
ϕ

(n)
k =

∑
n limk

∫
ϕ

(n)
k dµ =∑

n

∫
fχXn dµ =

∫ ∑
n fχXn dµ =

∫
fχ⋃

Xn dµ =
∫
f dµ.

11.4 General convergence theorems

24. Let (X,B) be a measurable space and 〈µn〉 a sequence of measures on B such that for each E ∈ B,
µn+1(E) ≥ µn(E). Let µ(E) = limµn(E). Clearly µ(∅) = 0. Let 〈Ek〉 be a sequence of disjoint sets
in B. Then µ(

⋃
k Ek) = limn µn(

⋃
k Ek) = limn

∑
k µn(Ek) =

∑
k limn µn(Ek) =

∑
k µ(Ek) where the

interchanging of the limit and the summation is valid because µn(Ek) is increasing in n for each k. Hence
µ is a measure.
*25. Let m be Lebesgue measure. For each n, define µn by µn(E) = m(E)2−n. Then 〈µn〉 is a
decreasing sequence of measures. Note that R =

⋃
k∈Z[k, k+1). Now µ(

⋃
k[k, k+1) = limn µn(

⋃
k[k, k+

1)) = limnm(R)2−n = ∞ but
∑
k µ([k, k + 1)) =

∑
k limn µn([k, k + 1)) =

∑
k limnm([k, k + 1))2−n =∑

k limn 2−n = 0. Hence µ is not a measure.
*26. Let (X,B) be a measurable space and 〈µn〉 a sequence of measures on B that converge setwise to to
a set function µ. Clearly µ(∅) = 0. If E1, E2 ∈ B and E1∩E2 = ∅, then µ(E1∪E2) = limµn(E1∪E2) =
lim(µn(E1)+µn(E2)) = limµn(E1)+limµn(E2) = µ(E1)+µ(E2). Thus µ is finitely additive. If µ is not
a measure, then it is not ∅-continuous. i.e. there is a decreasing sequence 〈En〉 of set in B with

⋂
En = ∅

and limµ(En) = ε > 0. Define α1 = β1 = 1. If αj and βj have been defined for j ≤ k, let αk+1 > αk such
that µαk+1(Eβk) ≥ 7ε/8. Then let βk+1 > βk such that ε/8 ≥ µαk+1(Eβk+1). Define Fn = Eβn \ Eβn+1 .
Then µαn+1(Fn) ≥ 3ε/4. Now for j odd and 1 ≤ k < j, we have µαj (

∑
n even,n≥k Fn) ≥ 3ε/4 so for

k ≥ 1, we have µ(
∑
n even,n≥k Fn) ≥ 3ε/4. This inequality is also true for odd n. Thus for k ≥ 1, we

have µ(Eβk) = µ(
∑
Fn) ≥ 3ε/2. Contradiction. Hence µ is a measure.

11.5 Signed measures

27a. Let ν be a signed measure on a measurable space (X,B) and let {A,B} be a Hahn decomposition
for ν. Let N be a null set and consider {A ∪ N,B \ N}. Note that (A ∪ N) ∪ (B \ N) = A ∪ B =
X and (A ∪ N) ∩ (B \ N) = A ∩ (B \ N) = ∅. For any measurable subset E of A ∪ N , we have
ν(E) = ν(E ∩ A) + ν(E ∩ (N \ A)) = ν(E ∩ A) ≥ 0. For any measurable subset E′ of B \ N , we have
ν(E′) = ν(E′ ∩B)− ν(E′ ∩B ∩N) = ν(E′ ∩B) ≤ 0. Thus {A∪N,B \N} is also a Hahn decomposition
for ν.
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Consider a set {a, b, c} with the σ-algebra being its power set. Define ν({a}) = −1, ν({b}) = 0, ν({c}) = 1
and extend it to a signed measure on {a, b, c} in the natural way. Then {{a, b}, {c}} and {{a}, {b, c}}
are both Hahn decompositions for ν.
27b. Suppose {A,B} and {A′, B′} are Hahn decompositions for ν. Then A \A′ = A ∩B′ and A′ \A =
A′ ∩B. Thus A \A′ and A′ \A are null sets. Since A∆A′ = (A \A′)∪ (A′ \A), A∆A′ is also a null set.
Similarly, B∆B′ is a null set. Hence the Hahn decomposition is unique except for null sets.
28. Let {A,B} be a Hahn decomposition for ν. Suppose ν = ν+ − ν− = µ1 − µ2 where µ1⊥µ2. There
are disjoint measurable sets A′, B′ such that X = A′ ∪ B′ and µ1(B′) = µ2(A′) = 0. If E ⊂ A′, then
ν(E) = µ1(E)−µ2(E) = µ1(E) ≥ 0. If E ⊂ B′, then ν(E) = −µ2(E) ≤ 0. Thus {A′, B′} is also a Hahn
decomposition for ν. Now for any measurable set E, we have ν+(E) = ν(E∩A) = ν(E∩A∩A′)+ν(E∩(A\
A′)) = ν(E∩A∩A′)+ν(E∩(A′\A)) = µ1(E∩A∩A′)+µ1(E∩(A′\A)) = µ1(E∩A′)+µ1(E∩B′) = µ1(E).
Similarly, ν−(E) = µ2(E).
29. Let {A,B} be a Hahn decomposition for ν and let E be any measurable set. Since ν2(E) ≥ 0, we
have ν(E) = ν+(E) − ν−(E) ≤ ν+(E). Since ν1(E) ≥ 0, we have −ν−(E) ≤ ν+(E) − ν−(E) = ν(E).
Thus −ν−(E) ≤ ν(E) ≤ ν+(E).
Now ν(E) ≤ ν+(E) ≤ ν+(E) + ν−(E) = |ν|(E) and −ν(E) ≤ ν−(E) ≤ ν+(E) + ν−(E) = |ν|(E). Hence
|ν(E)| ≤ |ν|(E).
30. Let ν1 and ν2 be finite signed measures and let α, β ∈ R. Then αν1 +βν2 is a signed measure. Then
αν1 +βν2 is a finite signed measure since (αν1 +βν2)(

⋃
En) = αν1(

⋃
En) +βν2(

⋃
En) = α

∑
ν1(En) +

β
∑
ν2(En) =

∑
(αν1(En) + βν2(En)) for any sequence 〈En〉 of disjoint measurable sets where the last

series converges absolutely.
Let {A,B} be a Hahn decomposition for ν. Suppose α ≥ 0. Then |αν|(E) = (αν)+(E) + (αν)−(E) =
αν+(E) + αν−(E) = |α| |ν|(E) since αν = αν+ − αν− and αν+⊥αν− as αν+(B) = 0 = αν−(A).
Suppose α < 0. Then |αν|(E) = (αν)+(E) + (αν)−(E) = −αν−(E) − αν+(E) = |α| |ν|(E) since
αν = αν+ − αν− = −αν− − (−αν+) and −αν+⊥ − αν− as −αν+(B) = 0 = −αν−(A). Hence
|αν| = |α| |ν|.
Also, |ν1 +ν2|(E) = |ν1(E)+ν2(E)| ≤ |ν1(E)|+ |ν2(E)| = |ν1|(E)+ |ν2|(E). Hence |ν1 +ν2| ≤ |ν1|+ |ν2|.
31. Define integration with respect to a signed measure ν by defining

∫
f dν =

∫
f dν+ −

∫
f dν−.

Suppose |f | ≤ M . Then |
∫
E
f dν| = |

∫
E
f dν+ −

∫
E
f dν−| ≤ |

∫
E
f dν+| + |

∫
E
f dν−| ≤

∫
E
|f | dν+ +∫

E
|f | dν− ≤Mν+(E) +Mν−(E) = M |ν|(E).

Let {A,B} be a Hahn decomposition for ν. Then
∫
E

(χE∩A − χE∩B) dν =
∫
E∩A 1 dν −

∫
E∩B 1 dν =

[ν+(E∩A)−ν−(E∩A)]− [ν+(E∩B)−ν−(E∩B)] = ν+(E∩A)+ν−(E∩A)+ν+(E∩B)+ν−(E∩B) =
ν+(E) + ν−(E) = |ν|(E) where χE∩A − χE∩B is measurable and |χE∩A − χE∩B | ≤ 1.
32a. Let µ and ν be finite signed measures. Define µ ∧ ν by (µ ∧ ν)(E) = min(µ(E), ν(E)). Note that
µ ∧ ν = 1

2 (µ + ν − |µ − ν|) so µ ∧ ν is a finite signed measure by Q30 and it is smaller than µ and ν.
Furthermore, if η is a signed measure smaller than µ and ν, then η ≤ µ ∧ ν.
32b. Define µ ∨ ν by (µ ∨ ν)(E) = max(µ(E), ν(E)). Note that µ ∨ ν = 1

2 (µ+ ν + |µ− ν|) so µ ∨ ν is a
finite signed measure by Q30 and it is larger than µ and ν. Furthermore, if η is a signed measure larger
than µ and ν, then η ≥ µ ∨ ν. Also, µ ∨ ν + µ ∧ ν = max(µ, ν) + min(µ, ν) = µ+ ν.
32c. Suppose µ and ν are positive measures. If µ⊥ν, then there are disjoint measurable sets A and
B such that X = A ∪ B and µ(B) = 0 = ν(A). For any measurable set E, we have (µ ∧ ν)(E) =
(µ∧ ν(E ∩A) + (µ∧ ν)(E ∩B) = min(µ(E ∩A), ν(E ∩A)) + min(µ(E ∩B), ν(E ∩B)) = 0. Conversely,
suppose µ ∧ ν = 0. If µ(E) = ν(E) = 0 for all measurable sets, then µ = ν = 0 and µ⊥ν. Thus we may
assume that µ(E) = 0 < ν(E) for some E. If ν(Ec) = 0, it follows that µ⊥ν. On the other hand, if
ν(Ec) > 0, then µ(Ec) = 0 so µ(X) = µ(E) + µ(Ec) = 0. Thus µ = 0 and we still have µ⊥ν.

11.6 The Radon-Nikodym Theorem

33a. Let (X,B, µ) be a σ-finite measure space and let ν be a measure on B which is absolutely
continuous with respect to µ. Let X =

⋃
Xi with µ(Xi) < ∞ for each i. We may assume the Xi are

pairwise disjoint. For each i, let Bi = {E ∈ B : E ⊂ Ei}, µi = µ|Bi
and νi = ν|Bi

. Then (Xi,Bi, µi) is a
finite measure space and νi << µi. Thus for each i there is a nonnegative µi-measurable function fi such
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that νi(E) =
∫
E
fi dµi for all E ∈ Bi. Define f by f(x) = fi(x) if x ∈ Xi. If E ⊂ X, then E ∩Xi ∈ Bi

for each i. Thus ν(E) =
∑
ν(E ∩Xi) =

∑
νi(E ∩Xi) =

∑∫
E∩Xi fi dµi =

∑∫
E∩Xi f dµ =

∫
E
f dµ.

33b. If f and g are nonnegative measurable functions such that ν(E) =
∫
E
f dµ =

∫
E
g dµ for any

measurable set E, then
∫
f dµ =

∫
g dµ so f = g a.e.

34a. Radon-Nikodym derivatives: Suppose ν << µ and f is a nonnegative measurable function. For
a nonnegative simple function ϕ =

∑n
i=1 ciχEi , we have

∫
ϕ dν =

∑n
i=1 ciν(Ei) =

∑n
i=1 ci(

∫
Ei

[
dν
dµ

]
dµ) =∫ ∑n

i=1 ciχEi

[
dν
dµ

]
dµ =

∫
ϕ
[
dν
dµ

]
dµ. For a nonnegative measurable function f , let 〈ϕi〉 be an increas-

ing sequence of nonnegative simple functions converging pointwise to f . Then
∫
f dν = lim

∫
ϕi dν =

lim
∫
ϕi

[
dν
dµ

]
dµ =

∫
f
[
dν
dµ

]
dµ.

34b. If ν1 << µ and ν2 << µ, then ν1 + ν2 << µ. For any measurable set E, we have ν1(E) =∫
E

[
dν1
dµ

]
dµ and ν2(E) =

∫
E

[
dν2
dµ

]
dµ. Thus (ν1 + ν2)(E) =

∫
E

[
dν1
dµ

]
+
[
dν2
dµ

]
dµ. By uniqueness of the

Radon-Nikodym derivative, we have
[
d(ν1+ν2)

dµ

]
=
[
dν1
dµ

]
+
[
dν2
dµ

]
.

34c. Suppose ν << µ << λ. For any measurable set E, we have ν(E) =
∫
E

[
dν
dµ

]
dµ =

∫
E

[
dν
dµ

] [
dµ
dλ

]
dλ

where the last equality follows from part (a). Hence
[
dν
dλ

]
=
[
dν
dµ

] [
dµ
dλ

]
.

34d. Suppose ν << µ and µ << ν. Then
[
dν
dν

]
=
[
dν
dµ

] [
dµ
dν

]
by part (c). But

[
dν
dν

]
≡ 1 so

[
dν
dµ

]
=
[
dµ
dν

]−1

.

35a. Suppose ν is a signed measure such that ν⊥µ and ν << µ. There are disjoint measurable sets A
and B such that X = A ∪B and |ν|(B) = 0 = |µ|(A). Then |ν(A)| = 0 so |ν|(X) = |ν|(A) + |ν|(B) = 0.
Hence ν+ = 0 = ν− so ν = 0.
35b. Suppose ν1 and ν2 are singular with respect to µ. There are disjoint measurable sets A1 and B1

such that X = A1∪B1 and µ(B1) = 0 = ν1(A1). Similarly, there are disjoint measurable sets A2 and B2

such that X = A2∪B2 and µ(B2) = 0 = ν2(A2). Now X = (A1∩A2)∪(B1∪B2), (A1∩A2)∩(B1∪B2) = ∅
and (c1ν1 + c2ν2)(A1 ∩A2) = 0 = µ(B1 ∪B2). Hence c1ν1 + c2ν2⊥µ.
35c. Suppose ν1 << µ and ν2 << µ. If µ(E) = 0, then ν1(E) = 0 = ν2(E). Thus (c1ν1 + c2ν2)(E) = 0
and c1ν1 + c2ν2 << µ.
35d. Let (X,B, µ) be a σ-finite measure space and let ν be a σ-finite measure on B. Suppose ν =
ν0 + ν1 = ν′0 + ν′1 where ν0⊥µ, ν′0⊥µ, ν1 << µ and ν2 << µ. Now ν0 − ν′0 = ν′1 − ν1 where ν0 − ν′0 and
ν′1 − ν1 are signed measures such that ν0 − ν′0⊥µ and ν′1 − ν1 << µ by parts (b) and (c). Then by part
(a), we have ν0 − ν′0 = 0 = ν′1 − ν1 so ν0 = ν′0 and ν1 = ν′1.
36. Let (X,B, µ) be a σ-finite measure space and suppose ν is a signed measure on B which is absolutely
continuous with respect to µ. Consider the Jordan decomposition ν = ν1−ν2 where either ν+ or ν− must
be finite. There are measurable functions f and g such that ν+(E) =

∫
E
f dµ and ν−(E) =

∫
E
g dµ.

Then ν(E) = ν+(E)− ν−(E) =
∫
E

(f − g) dµ.
37a. Complex measures: Given a complex measure ν, its real and imaginary parts are finite signed
measures and so have Jordan decompositions µ1−µ2 and µ3−µ4 respectively. Hence ν = µ1−µ2+iµ3−iµ4

where µ1, µ2, µ3, µ4 are finite measures.
*37b.
*37c.
*37d.
*37e.
(*) Polar decomposition for complex measures
38a. Let µ and ν be finite measures on a measurable space (X,B) and set λ = µ + ν. Define F (f) =∫
f dµ. Note that L2(λ) ⊂ L1(λ) ⊂ L1(µ) since

∫
|f | dλ ≤ (λ(X))1/2(

∫
|f |2 dλ)1/2 and

∫
|f | dµ ≤∫

|f | dλ. Thus F is well-defined. Clearly F is linear. Furthermore |F (f)| ≤ (µ(X))1/2||f ||2. Hence F is
a bounded linear functional on L2(λ).
38b. There exists a unique function g ∈ L2(λ) such that F (f) = (f, g). Note that {g > 1} =

⋃
{g ≥

1 + 1/n}. Let En = {g ≥ 1 + 1/n}. Then µ(En) = F (χEn) =
∫
En
g dλ ≥ (1 + 1/n)λ(En) so
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(1/n)µ(En) + ν(En) ≤ 0. It follows that µ(En) = 0 = ν(En) and λ(En) = 0. Thus λ({g > 1}) = 0.
Similarly, λ({g < 0}=0. Now µ(E) = F (χE) = (χE , g) =

∫
E
g dλ and ν(E) = λ(E) − µ(E) =∫

E
(1− g) dλ.

38c. Suppose ν << µ. If µ(E) = 0, then ν(E) = 0 so λ(E) = 0. Thus λ << µ. Let E = {x : g(x) = 0}.
Then µ(E) =

∫
E
g dλ = 0. Thus g = 0 only on a set of µ-measure zero. In this case, we have

λ(E) =
∫
E

1 dλ =
∫
E
gg−1 dλ =

∫
E
g−1 dµ by Q22.

38d. Suppose ν << µ. Then
∫
E

(1 − g)g−1 dµ =
∫
E
g−1 dµ −

∫
E
gg−1 dµ = λ(E) − µ(E) = ν(E). In

particular, (1− g)g−1 is integrable with respect to µ.
(*) Alternate proof of the Radon-Nikodym Theorem
39. Let X = [0, 1], B the class of Lebesgue measurable subsets of [0, 1] and take ν to be Lebesgue
measure and µ to be the counting measure on B. Then ν is finite and absolutely continuous with respect
to µ. Suppose there is a function f such that ν(E) =

∫
E
f dµ for all E ∈ B. Since ν is finite, f is

integrable with respect to µ. Thus E0 = {x : f(x) 6= 0} is countable. Now 0 = ν(E0) =
∫
E0
f dµ.

Contradiction. Hence there is no such function f .
40a. Decomposable measures: Let {Xα} be a decomposition for a measure µ and E a measurable set.
Note that µ(

⋃
{Xα∩E : µ(Xα∩E) = 0}) = 0 and µ(E \

⋃
Xα) = 0. Thus µ(E) = µ(

⋃
{Xα∩E : µ(Xα∩

E) > 0}). If µ(Xα ∩ E) > 0 for countably many α, then we have a countable union and it follows that
µ(E) =

∑
µ(Xα∩E). If µ(Xα∩E) > 0 for uncountably many α, then

∑
µ(Xα∩E) =∞. If µ(E) <∞,

then for any finite union
⋃n
k=1(Xk ∩ E), we have µ(

⋃n
k=1(Xk ∩ E)) ≤ µ(

⋃
(Xα ∩ E)) ≤ µ(

⋃
{Xα ∩ E :

µ(Xα∩E) > 0}) = µ(E) so
∑
µ(Xα∩E) ≤ µ(E) <∞. Contradiction. Thus µ(E) =∞ =

∑
µ(Xα∩E).

40b. Let {Xα} be a decomposition for a complete measure µ. If f is locally measurable, then since
µ(Xα) <∞ for each α, the restriction of f to each Xα is measurable. Conversely, suppose the restriction
of f to each Xα is measurable. Given a measurable set E with µ(E) < ∞, let A =

⋃
{Xα ∩ E :

µ(Xα ∩ E) > 0}, B =
⋃
{Xα ∩ E : µ(Xα ∩ E) = 0} and C = E \

⋃
Xα). For β ≥ 0, {x : fχE(x) >

β} = {x ∈ A : f(x) > β} ∪ {x ∈ B : f(x) > β} ∪ {x ∈ C : f(x) > β}. The last two sets are
measurable since they are subsets of sets of measure zero. The first set is measurable since it is simply
{x : fχXα(x) > β} ∩ E for some α. For β < 0, {x : fχE(x) > β} = Ec ∪ (E ∩ {x : f(x) > β}). By a
similar argument as before, {x : fχE(x) > β} is measurable. Hence f is locally measurable.
Let f be a nonnegative locally measurable function of X. Now

∫
X
f dµ ≥

∫⋃n
i=1Xi

f dµ =
∑n
i=1

∫
Xi
f dµ

for any finite set {X1, . . . , Xn}. Thus
∫
X
f dµ ≥

∑
α

∫
Xα

f dµ. On the other hand, for any simple function
ϕ =

∑n
i=1 ciχEi with ϕ ≤ f , we have

∫
X
ϕ dµ =

∑n
i=1 ciµ(Ei ∩

⋃
Xα) =

∑n
i=1 ci(

∑
α µ(Ei ∩ Xα)) =∑

α(
∑n
i=1 ciµ(Ei ∩Xα)) =

∑
α

∫
Xα

ϕ dµ. Thus
∫
X
f dµ ≤

∑
α

∫
Xα

f dµ.

*40c. Let ν be absolutely continuous with respect to µ and suppose that there is a collection {Xα} which
is a decomposition for both µ and ν. Let να be defined by να(E) = ν(Xα ∩E) for each α. Then there is
a nonnegative measurable function fα such that να(E) =

∫
E
fα dµ. The function f =

∑
α fα is locally

measurable and ν(E) =
∑
α ν(Xα ∩ E) =

∑
α να(E) =

∑
α

∫
E
fα dµ =

∑
α

∫
Xα∩E f dµ =

∫
E
f dµ.

40d. If instead of assuming {Xα} to be a decomposition for ν, we merely assume that if E ∈ B and
ν(E ∩ Xα) = 0 for all α, then ν(E) = 0, the reverse implication in part (b) remains valid although
the forward implication may not be true. Thus the argument in part (c) remains valid and so does the
conclusion.

11.7 The Lp spaces

41. Let f ∈ Lp(µ), 1 ≤ p <∞, and ε > 0. First assume that f ≥ 0. Let 〈ϕn〉 be an increasing sequence
of nonnegative simple functions converging pointwise to f , each of which vanishes outside a set of finite
measure. Then the sequence 〈|f − ϕn|p〉 converges pointwise to zero and is bounded by 2fp. By the
Lebesgue Convergence Theorem, lim

∫
|f − ϕn|p dµ = 0. i.e. lim ||f − ϕn||p = 0. Thus ||f − ϕ||p < ε for

some ϕ.
Now for a general f , there are simple functions ϕ and ψ vanishing outside sets of finite measure such
that ||f+ − ϕ||p < ε/2 and ||f− − ψ||p < ε/2. Then ||f − (ϕ+ ψ)||p < ε.
(*) Proof of Proposition 26
42. Let (X,B, µ) be a finite measure space and g an integrable function such that for some constant
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M , |
∫
gϕ dµ| ≤M ||ϕ||1 for all simple functions ϕ. Let E = {x : |g(x)| ≥M + ε} and let ϕ = (sgng)χE .

Then (M + ε)µ(E) ≤
∫
E
|g| dµ = |

∫
gϕ dµ| ≤M ||ϕ||1 = Mµ(E). Thus µ(E) = 0 and g ∈ L∞.

(*) Proof of Lemma 27 for p = 1
43. Let (X,B, µ) be a σ-finite measure space and g an integrable function such that for some constant
M , |

∫
gϕ dµ| ≤ M ||ϕ||p for all simple functions ϕ. Now X =

⋃
Xn where µ(Xn) < ∞ for each n. Let

gn = gχ⋃n
i=1Xi

. Then gn ∈ Lq, gn → g and |gn| ≤ |g| for each n. Thus lim |g − gn|q dµ = 0. It follows
that lim ||g − gn||q = 0 and g ∈ Lq.
44. Let 〈En〉 be a sequence of disjoint measurable sets and for each n let fn be a function in Lp, 1 ≤
p < ∞, that vanishes outside En. Set f =

∑
fn. Then

∫
|f |p =

∫
|
∑
fn|p =

∫ ∑
|fn|p =

∑∫
|fn|p =∑

||fn||p. Hence f ∈ Lp if and only if
∑
||fn||p < ∞. In this case, ||f ||p =

∑
||fn||p. Also, since the

norm is continuous, we have ||
∑n
i=1 fi||p → ||f ||p so ||f −

∑n
i=1 fi||p → 0 (c.f. Q6.16).

45. For g ∈ Lq, let F be the linear functional on Lp defined by F (f) =
∫
fg dµ. By the Hölder

inequality, we have |F (f)| = |
∫
fg dµ| ≤

∫
|fg| dµ ≤ ||f ||p||g||q so ||F || ≤ ||g||q. For 1 < p < ∞, let

f = |g|q/p(sgng). Then |f |p = |g|q = fg so f ∈ Lp and ||f ||p = ||g||p/qq . Now |F (f)| = |
∫
fg dµ| =∫

|g|q dµ = ||g||qq = ||g||q ||f ||p. Thus ||F || ≥ ||g||q. If q = 1 and p = ∞, we may assume ||g||1 > 0.
Let f = sgng. Then f ∈ L∞, ||f ||∞ = 1 and |F (f)| = |

∫
fg dµ| =

∫
|g| dµ = ||g||1 = ||f ||∞||g||1 so

||F || ≥ ||g||1. If q = ∞ and p = 1, given ε > 0, let E = {x : g(x) > ||g||∞ − ε} and let f = χE . Then
f ∈ L1, ||f ||1 =

∫
|f | dµ = µ(E) and |F (f)| = |

∫
fg dµ| = |

∫
E
g dµ| ≥ (||g||∞− ε)||f ||1 so ||F || ≥ ||g||∞.

46a. Let µ be the counting measure on a countable set X. We may enumerate the elements of X by
〈xn〉. By considering simple functions, we see that |f |p is integrable if and only if

∑
|f(xn)|p < ∞.

Hence Lp(µ) = `p.
*46b.
*47a.
*47b.
*48. Let A and B be uncountable sets with different numbers of elements and let X = A×B. Let B be
the collection of subsets E of X such that for every horizontal or vertical line L either E ∩ L or Ec ∩ L
is countable. Clearly ∅ ∈ B. Suppose E ∈ B. By the symmetry in the definition, Ec ∈ B. Suppose
〈En〉 is a sequence of sets in B. For every horizontal or vertical line L, (

⋃
En) ∩ L =

⋃
(En ∩ L) and

(
⋃
En)c ∩ L =

⋂
Ecn ∩ L. If En ∩ L is countable for all n, then (

⋃
En) ∩ L is countable. Otherwise,

Ecn ∩ L is countable for some n and (
⋃
En)c ∩ L is countable. Thus

⋃
En ∈ B. Hence B is a σ-algebra.

Let µ(E) be the number of horizontal and vertical lines L for which Ec ∩ L is countable and ν(E)
be the number of horizontal lines with Ec ∩ L countable. Clearly µ(∅) = 0 = ν(∅) since A and B are
uncountable. Suppose 〈En〉 is a sequence of disjoint sets in B. Then µ(

⋃
En) is the number of horizontal

and vertical lines L for which
⋂
Ecn ∩ L is countable. Note that if Ecn ∩ L is countable, then Em ∩ L is

countable for m 6= n since Em ⊂ Ecn. If Ecn ∩ L is countable, then
⋂
Ecn ∩ L is countable. On the other

hand, if
⋂
Ecn ∩ L is countable, then Ecn ∩ L is countable for some n, for otherwise we have (

⋃
En) ∩ L

being countable. It follows that µ(
⋃
En) =

∑
µ(En). Thus µ is a measure on B and similarly, ν is a

measure on B.
Define a bounded linear functional F on L1(µ) by setting F (f) =

∫
f dν.

12 Measure and Outer Measure

12.1 Outer measure and measurability

1. Suppose µ̄(E) = µ∗(E) = 0. For any set A, we have µ∗(A∩E) = 0 since A∩E ⊂ E. Also, A∩Ec ⊂ E
so µ∗(E) ≥ µ∗(A ∩Ec) = µ∗(A ∩E) + µ∗(A ∩Ec). Thus E is measurable. If F ⊂ E, then µ∗(F ) = 0 so
F is measurable. Hence µ̄ is complete.
2. Suppose that 〈Ei〉 is a sequence of disjoint measurable sets and E =

⋃
Ei. For any set A, we have

µ∗(A ∩ E) ≤
∑
µ∗(A ∩ Ei) by countable subadditivity. Now µ∗(A ∩ (E1 ∪ E2)) ≥ µ∗(A ∩ (E1 ∪ E2) ∩

E1) + µ∗(A∩ (E1 ∪E2)∩Ec1) = µ∗(A∩E1) + µ∗(A∩E2) by measurability of E1. By induction we have
µ∗(A ∩

⋃n
i=1Ei) ≥

∑n
i=1 µ

∗(A ∩ Ei) for all n. Thus µ∗(A ∩ E) ≥ µ∗(A ∩
⋃n
i=1Ei) ≥

∑n
i=1 µ

∗(A ∩ Ei)
for all n so µ∗(A ∩ E) ≥

∑
µ∗(A ∩ Ei). Hence µ∗(A ∩ E) =

∑
µ∗(A ∩ Ei).
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12.2 The extension theorem

*3. Let X be the set of rational numbers and A be the algebra of finite unions of intervals of the
form (a, b] with µ(a, b] = ∞ and µ(∅) = 0. Note that the smallest σ-algebra containing A will contain
one-point sets. Let k be a positive number. Define µk(A) = k|A|. Then µk is a measure on the smallest
σ-algebra containing A and extends µ.
4a. If A is the union of each of two finite disjoint collections {Ci} and {Dj} of sets in C, then for
each i, we have µ(Ci) =

∑
j µ(Ci ∩ Dj). Similarly, for each j, we have µ(Dj) =

∑
i µ(Ci ∩ Dj). Thus∑

i µ(Ci) =
∑
i

∑
j µ(Ci ∩Dj) =

∑
j

∑
i µ(Ci ∩Dj) =

∑
j µ(Dj).

4b. Defining µ(A) =
∑n
i=1 µ(Ci) whenever A is the disjoint union of the sets Ci ∈ C, we have a finitely

additive set function on A. Thus µ(
⋃
Ci) ≥ µ(

⋃n
i=1 Ci) =

∑n
i=1 µ(Ci) for all n so µ(

⋃
Ci) ≥

∑
µ(Ci).

Condition (ii) gives the reverse inequality µ(
⋃
Ci) ≤

∑
µ(Ci) so µ is countably additive.

(*) Proof of Proposition 9
5a. Let C be a semialgebra of sets and A the smallest algebra of sets containing C. The union of two finite
unions of sets in C is still a finite union of sets in C. Also, (

⋃n
i=1 Ci)

c =
⋂n
i=1 C

c
i is a finite intersection

of finite unions of sets in C, which is then a finite union of sets in C. Thus the collection of finite unions
of sets in C is an algebra containing C. Furthermore, if A′ is an algebra containing C, then it contains all
finite unions of sets in C. Hence A is comprised of sets of the form A =

⋃n
i=1 Ci.

5b. Clearly Cσ ⊂ Aσ. On the other hand, since each set in A is a finite union of sets in C, we have
Aσ ⊂ Cσ. Hence Aσ = Cσ.
6a. Let A be a collection of sets which is closed under finite unions and finite intersections. Countable
unions of sets in Aσ are still countable unions of sets in A. Also, if Ai, Bj ∈ A, then (

⋃
iAi)∩ (

⋃
j Bj) =⋃

i,j(Ai ∩ Bj), which is a countable union of sets in A. Hence Aσ is closed under countable unions and
finite intersections.
6b. If

⋂
Bi ∈ Aσδ, then

⋂
Bi =

⋂
n

⋂n
i=1Bi where

⋂n
i=1Bi ∈ Aσ and

⋂n
i=1Bi ⊃

⋂n+1
i=1 Bi for each n.

Hence each set in Aσδ is the intersection of a decreasing sequence of sets in Aσ.
7. Let µ be a finite measure on an algebra A, and µ∗ the induced outer measure. Suppose that for each
ε > 0 there is a set A ∈ Aσδ, A ⊂ E, such that µ∗(E \ A) < ε. Note that A is measurable. Thus for
any set B, we have µ∗(B) = µ∗(B ∩ A) + µ∗(B ∩ Ac) ≥ µ∗(B ∩ E) − µ∗(B ∩ (E \ A)) + µ∗(B ∩ Ec) >
µ∗(B ∩ E) + µ∗(B ∩ Ec)− ε. Thus µ∗(B) ≥ µ∗(B ∩ E) + µ∗(B ∩ Ec) and E is measurable.
Conversely, suppose E is measurable. Given ε > 0, there is a set B ∈ Aσ such that Ec ⊂ B and
µ∗(B) ≤ µ∗(Ec) + ε. Let A = Bc. Then A ∈ Aδ and A ⊂ E. Furthermore, µ∗(E \ A) = µ∗(E ∩ B) =
µ∗(B)− µ∗(B ∩ Ec) = µ∗(B)− µ∗(Ec) ≤ ε.
8a. If we start with an outer measure µ∗ on X and form the induced measure µ̄ on the µ∗-measurable
sets, we can use µ̄ to induce an outer measure µ+. For each set E, we have µ∗(E) ≤

∑
µ∗(Ai) for any

sequence of µ∗-measurable sets Ai with E ⊂
⋃
Ai. Taking the infimum over all such sequences, we have

µ∗(E) ≤ inf
∑
µ∗(Ai) = inf

∑
µ̄(Ai) = µ+(E).

8b. Suppose there is a µ∗-measurable set A ⊃ E with µ∗(A) = µ∗(E). Then µ+(E) ≥ µ̄(A) = µ∗(A) =
µ∗(E). Thus by part (a), we have µ+(E) = µ∗(E).
Conversely, suppose µ+(E) = µ∗(E). For each n, there is a µ∗-measurable set (a countable union of µ∗-
measurable sets) An with E ⊂ An and µ∗(An) = µ̄(An) ≤ µ+(E) + 1/n = µ∗(E) + 1/n. Let A =

⋂
An.

Then A is µ∗-measurable, E ⊂ A and µ∗(A) ≤ µ∗(E) + 1/n for all n so µ∗(A) = µ∗(E).
8c. If µ+(E) = µ∗(E) for each set E, then by part (b), for each set E, there is a µ∗-measurable set A
with A ⊃ E and µ∗(A) = µ∗(E). In particular, µ∗(A) ≤ µ∗(E) + ε so µ∗ is regular.
Conversely, if µ∗ is regular, then for each set E and each n, there is a µ∗-measurable set An with An ⊃ E
and µ∗(An) ≤ µ∗(E) + 1/n. Let A =

⋂
An. Then A is µ∗-measurable, A ⊃ E and µ∗(A) = µ∗(E). By

part (b), µ+(E) = µ∗(E) for each set E.
8d. If µ∗ is regular, then µ+(E) = µ∗(E) for every E by part (c). In particular, µ∗ is induced by the
measure µ̄ on the σ-algebra of µ∗-measurable sets.
Conversely, suppose µ∗ is induced by a measure µ on an algebra A. For each set E and any ε > 0, there
is a sequence 〈Ai〉 of sets in A with E ⊂

⋃
Ai and µ∗(

⋃
Ai) ≤ µ∗(E) + ε. Each Ai is µ∗-measurable so⋃

Ai is µ∗-measurable. Hence µ∗ is regular.
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8e. Let X be a set consisting of two points a and b. Define µ∗(∅) = µ∗({a}) = 0 and µ∗({b}) = µ∗(X) =
1. Then µ∗ is an outer measure on X. The set X is the only µ∗-measurable set containing {a} and
µ∗(X) = 1 > µ∗({a}) + 1/2. Hence µ∗ is not regular.
9a. Let µ∗ be a regular outer measure. The measure µ̄ induced by µ∗ is complete by Q1. Let E be locally
µ̄-measurable. Then E ∩B is µ∗-measurable for any µ∗-measurable set B with µ∗(B) = µ̄(B) <∞. We
may assume µ∗(E) < ∞. Since µ∗ is regular, it is induced by a measure on an algebra A so there is a
set B ∈ Aσ with E ⊂ B and µ∗(B) ≤ µ∗(E) + 1 <∞. Thus E = E ∩B is µ∗-measurable.
*9b.
10. Let µ be a measure on an algebra A and µ̄ the extension of it given by the Carathéodory process.
Let E be measurable with respect to µ̄ and µ̄(E) < ∞. Given ε > 0, there is a countable collection
{An} of sets in A such that E ⊂

⋃
An and

∑
µ(An) ≤ µ∗(E) + ε/2. There exists N such that∑∞

n=N+1 µ(An) < ε/2. Let A =
⋃N
n=1 µ(An). Then A ∈ A and µ̄(A∆E) = µ̄(A \ E) + µ̄(E \ A) ≤∑

µ(An)− µ∗(E) +
∑∞
n=N+1 µ(An) < ε.

11a. Let µ be a measure on A and µ̄ its extension. Let ε > 0. If f is µ̄-integrable, then there is
a simple function

∑n
i=1 ciχEi where each Ei is µ∗-measurable and

∫
|f −

∑n
i=1 ciχEi | dµ̄ < ε/2. The

simple function may be taken to vanish outside a set of finite measure so we may assume each Ei has
finite µ∗-measure. For each Ei, there exists Ai ∈ A such that µ̄(Ai∆Ei) < ε/2n. Consider the A-simple
function ϕ =

∑n
i=1 ciχAi . Then

∫
|f − ϕ| dµ̄ < ε.

*11b.

12.3 The Lebesgue-Stieltjes integral

12. Let F be a monotone increasing function continuous on the right. Suppose (a, b] ⊂
⋃∞
i=1(ai, bi].

Let ε > 0. There exists ηi > 0 such that F (bi + ηi) < F (bi) + ε2−i. There exists δ > 0 such that
F (a + δ) < F (a) + ε. Then the open intervals (ai, bi + ηi) cover the closed interval [a + δ, b]. By the
Heine-Borel Theorem, a finite subcollection of the open intervals covers [a+ δ, b]. Pick an open interval
(a1, b1 + η1) containing a + δ. If b1 + η1 ≤ b, then there is an interval (a2, b2 + η2) containing b1 + η1.
Continuing in this fashion, we obtain a sequence (a1, b1+η1), . . . , (ak, bk+ηk) from the finite subcollection
such that ai < bi−1 + ηi−1 < bi + etai. The process must terminate with some interval (ak, bk + ηk but it
terminates only if b ∈ (ak, bk + ηk). Thus

∑∞
i=1 F (bi)−F (ai) ≥ (F (bk + ηk)− ε2−i−F (ak)) + (F (bk−1 +

ηk−1)− ε2−i+1−F (ak−1)) + · · ·+ (F (b1 + η1)− ε2−1−F (a1)) > F (bk + ηk)−F (a1) > F (b)−F (a+ δ).
Now F (b)−F (a) = (F (b)−F (a+δ))+(F (a+δ)−F (a)) <

∑∞
i=1 F (bi)−F (ai)+ε. Hence F (b)−F (a) ≤∑∞

i=1 F (bi)−F (ai). If (a, b] is unbounded, we may approximate it by a bounded interval by considering
limits.
(*) Proof of Lemma 11
13. Let F be a monotone increasing function and define F ∗(x) = limy→x+ F (y). Clearly F ∗ is monotone
increasing since F is. Given ε > 0, there exists δ > 0 such that F (y)−F ∗(x) < ε whenever y ∈ (x, x+δ).
Now when z ∈ (y, y + δ′) where 0 < δ′ < x + δ − y, we have F (z)− F ∗(x) < ε. Thus F ∗(y)− F ∗(x) ≤
F (z) − F ∗(x) < ε. Hence F ∗ is continuous on the right. If F is continuous on the right at x, then
F ∗(x) = limy→x+ F (y) = F (x). Thus since F ∗ is continuous on the right, we have (F ∗)∗ = F ∗. Suppose
F and G are monotone increasing functions which agree wherever they are both continuous. Then F ∗

and G∗ agree wherever both F and G are continuous. Since they are monotone, their points of continuity
are dense. It follows that F ∗ = G∗ since F ∗ and G∗ are continuous on the right.
14a. Let F be a bounded function of bounded variation. Then F = G−H where G and H are monotone
increasing functions. There are unique Baire measures µG and µH such that µG(a, b] = G∗(b) − G∗(a)
and µH = H∗(b)−H∗(a). Let ν = µG − µH . Then ν is a signed Baire measure and ν(a, b] = µG(a, b]−
µH(a, b] = (G∗(b)−G∗(a))−(H∗(b)−H∗(a)) = (G(b+)−G(a+))−(H(b+)−H(a+)) = F (b+)−F (a+).
14b. The signed Baire measure in part (a) has a Jordan decomposition ν = ν+ − ν−. Now F = G−H
where G corresponds to the positive variation of F and H corresponds to the negative variation of F .
Then G and H give rise to Baire measures µG and µH with ν = µG − µH . By the uniqueness of the
Jordan decomposition, ν+ = µG and ν− = µH so ν+ and ν− correspond to the positive and negative
variations of F .
14c. If F is of bounded variation, define

∫
ϕ dF =

∫
ϕ dν =

∫
ϕ dν+ −

∫
ϕ dν− where ν is the signed
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Baire measure in part (a).
14d. Suppose |ϕ| ≤ M and the total variation of F is T . Then |

∫
ϕ dF | = |

∫
ϕ dν| ≤ MT since ν+

and ν− correspond to the positive and negative variations of F and T = P +N .
15a. Let F be the cumulative distribution function of the Baire measure ν and assume that F is
continuous. Suppose the interval (a, b) is in the range of F . Since F is monotone, F−1[(a, b)] = (c, d)
where F (c) = a and F (d) = b. Thus m(a, b) = b − a = F (d) − F (c) = ν[F−1[(a, b)]]. Since the class
of Borel sets is the smallest σ-algebra containing the algebra of open intervals, the uniqueness of the
extension in Theorem 8 gives the result for general Borel sets.
15b. For a discontinuous cumulative distribution function F , note that the set C of points at which F
is continuous is a Gδ and thus a Borel set. Similarly, the set D of points at which F is discontinuous
is a Borel set. Furthermore, D is at most countable since F is monotone. Thus F−1[D] is also at most
countable. Now for a Borel set E, we have m(E) = m(E∩C)+m(E∩D) = m(E∩C) = ν[F−1[E∩C]] =
ν[F−1[E ∩ C]] + ν[F−1[E ∩D]] = ν[F−1[E]].
16. Let F be a continuous increasing function on [a, b] with F (a) = c, F (b) = d and let ϕ be a nonnegative
Borel measurable function on [c, d]. Now F is the cumulative distribution function of a finite Baire
measure ν. First assume that ϕ is a characteristic function χE of a Borel set. Then

∫ b
a
ϕ(F (x)) dF (x) =∫ b

a
χE(F (x)) dF (x) =

∫ b
a
χE(F (x)) dν = ν[F−1[E]] = m(E) =

∫ d
c
χE(y) dy =

∫ d
c
ϕ(y) dy. Since simple

functions are finite linear combinations of characteristic functions of Borel sets, the result follows from
the linearity of the integrals. For a general ϕ, there is an increasing sequence of nonnegative simple
functions converging pointwise to ϕ and the result follows from the Monotone Convergence Theorem.
*17a. Suppose a measure µ is absolutely continuous with respect to Lebesgue measure and let F be
its cumulative distribution function. Given ε > 0, there exists δ > 0 such that µ(E) < ε whenever
m(E) < δ. For any finite collection {(xi, x′i)} of nonoverlapping intervals with

∑n
i=1 |x′i − xi| < δ, we

have µ(
⋃n
i=1(xi, x′i)) < ε. i.e.

∑n
i=1 |F (x′i)− F (xi)| < ε. Thus F is absolutely continuous.

Conversely, suppose F is absolutely continuous. Given ε > 0, there exists δ > 0 such that
∑n
i=1 |f(x′i)−

f(xi)| < ε for any finite collection {(xi, x′i)} of nonoverlapping intervals with
∑n
i=1 |x′i − xi| < δ. Let E

be a measurable set with m(E) < δ/2. There is a sequence of open intervals 〈In〉 such that E ⊂
⋃
In

and
∑
m(In) < δ. We may assume the intervals are nonoverlapping. Now µ(E) ≤ µ(

⋃
In) =

∑
µ(In) =∑

(F (bn) − F (an)) where In = (an, bn). Since
∑k
n=1(bn − an) =

∑k
n=1m(In) < δ for each n, we have∑k

n=1(F (bn)− F (an)) < ε for each n. Thus µ(E) ≤
∑

(F (bn)− F (an)) < ε and µ << m.
17b. If µ is absolutely continuous with respect to Lebesgue measure, then its cumulative distribution
function F is absolutely continuous so by Theorem 5.14, we have F (x) =

∫ x
a
F ′(t) dt + F (a). i.e.

µ(a, x] =
∫ x
a
F ′(t) dt. It follows that µ(E) =

∫
E
F ′ dt for any measurable set E. By uniqueness of the

Radon-Nikodym derivative, [ dµdm ] = F ′ a.e.
17c. If F is absolutely continuous, then the Baire measure for which µ(a, b] = F (b)−F (a) is absolutely
continuous with respect to Lebesgue measure and F ′ is its Radon-Nikodym derivative. By Q11.34a, we
have

∫
f dF =

∫
f dµ =

∫
fF ′ dx.

*18. Riemann’s Convergence Criterion: Let f be a nonnegative monotone decreasing function on
(0,∞), g a nonnegative increasing function on (0,∞) and 〈an〉 a nonnegative sequence. Suppose that
for each x ∈ (0,∞) the number of n such that an ≥ f(x) is at most g(x).

12.4 Product measures

19. Let X = Y be the set of positive integers, A = B = P(X), and let ν = µ be the counting measure.
Fubini’s Theorem: Let f be a function on X × Y such that

∑
x,y |f(x, y)| <∞.

(i) For (almost) all x, the function fx(y) = f(x, y) satisfies
∑
y |fx(y)| <∞.

(i’) For (almost) all y, the function fy(x) = f(x, y) satisfies
∑
x |fy(x)| <∞.

(ii)
∑
x

∑
y f(x, y) <∞

(ii’)
∑
y

∑
x f(x, y) <∞

(iii)
∑
x

∑
y f(x, y) =

∑
x,y f(x, y) =

∑
y

∑
x f(x, y)

Tonelli’s Theorem: Let f be a nonnegative function on X × Y .
Parts (i), (i’), (ii) and (ii’) are trivial.
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(iii)
∑
x

∑
y f(x, y) =

∑
x,y f(x, y) =

∑
y

∑
x f(x, y)

20. Let (X,B, µ) be any σ-finite measure space and Y the set of positive integers with ν the counting
measure. Let f be a nonnegative measurable function on X × Y . For each n ∈ Y , the function
fn(x) = f(x, n) is a nonnegative measurable function on X. Both Theorem 20 and Corollary 11.14 give
the result that

∫
X

∑
n f(x, n) =

∑
n

∫
X
f(x, n). Note that Corollary 11.14 is valid even if µ is not σ-finite

so the Tonelli Theorem is true without σ-finiteness if (Y,B, ν) is this special measure space.
21. Let X = Y = [0, 1] and let µ = ν be the Lebesgue measure. Note that X × Y satisfies the second
axiom of countability and has a countable basis consisting of measurable rectangles. Thus each open set
in X × Y is a countable union of measurable rectangles and is itself measurable. Since each open set is
measurable and the collection of Borel sets is the smallest σ-algebra containing all the open sets, each
Borel set in X × Y is measurable.
22. Let h and g be integrable functions on X and Y , and define f(x, y) = h(x)g(y). If h = χA and g = χB
where A ⊂ X and B ⊂ Y are measurable sets, then f = χA×B where A× B is a measurable rectangle.
Thus f is integrable on X × Y and

∫
X×Y f d(µ× ν) = (µ× ν)(A× B) = µ(A)ν(B) =

∫
X
h dµ

∫
Y
g dν.

It follows that the result holds for simple functions and thus nonnegative integrable functions. For
general integrable functions h and g, note that f+ = h+g+ + h−g− and f− = h+g− + h−g+. Thus f is
integrable on X×Y and

∫
X×Y f d(µ×ν) =

∫
X×Y f

+ d(µ×ν)−
∫
X×Y f

− d(µ×ν) =
∫
X
h+ dµ

∫
Y
g+ dν+∫

X
h− dµ

∫
Y
g− dν −

∫
X
h+ dµ

∫
Y
g− dν −

∫
X
h− dµ

∫
Y
g+ dν =

∫
X
h+ dµ

∫
Y
g dν −

∫
X
h− dµ

∫
Y
g dν =∫

X
h dµ

∫
Y
g dν.

23. Suppose that instead of assuming µ and ν to be σ-finite, we merely assume that {〈x, y〉 : f(x, y) 6= 0}
is a set of σ-finite measure. Then there is still an increasing sequence of simple functions each vanishing
outside a set of finite measure and converging pointwise to f . Thus the proof of Tonelli’s Theorem is
still valid and the theorem is still true.
24. Let X = Y be the positive integers and µ = ν be the counting measure. Let

f(x, y) =


2− 2−x if x = y,

−2 + 2−x if x = y + 1,
0 otherwise.

Then
∑
x

∑
y f(x, y) = f(1, 1) = 3

2 but
∑
y

∑
x f(x, y) =

∑
y(2−2−y)+(−2+2−y−1) =

∑
y 2−y−1−2−y =

−
∑
y 2−y−1 = − 1

2 .
(*) We cannot remove the hypothesis that f be nonnegative from Tonelli’s Theorem or that f be inte-
grable from Fubini’s Theorem.
25. Let X = Y be the interval [0, 1], with A = B the class of Borel sets. Let µ be Lebesgue measure
and ν the counting measure. Let ∆ = {〈x, y〉 ∈ X × Y : x = y} be the diagonal. Let Ij,n = [ j−1

n , jn ]
for j = 1, . . . , n and let In =

⋃n
j=1 Ij,n. Note that ∆ =

⋂
n In. Hence ∆ is measurable (and in fact an

Rσδ). Now
∫
X

[
∫
Y
χ∆ dν] dµ =

∫
X
ν({y : y = x}) dµ =

∫
X

1 dµ = 1 but
∫
Y

[
∫
X
χ∆ dµ] dν =

∫
Y
µ({x :

x = y}) dν =
∫
Y

0 dν = 0. Let ∆ ⊂
⋃

(An × Bn) where An ∈ A and Bn ∈ B. Then some Bn must be
infinite so that (µ× ν)(An ×Bn) =∞. Thus

∑
(µ× ν)(An ×Bn) =∞. By definition of outer measure,

it follows that
∫
X×Y χ∆ d(µ× ν) = (µ× ν)(∆) =∞.

(*) We cannot remove the hypothesis that f be integrable from Fubini’s Theorem or that µ and ν be
σ-finite from Tonelli’s Theorem.
26. Let X = Y be the set of ordinals less than or equal to the first uncountable ordinal Ω. Let A = B be
the σ-algebra consisting of all countable sets and their complements. Define µ = ν by setting µ(E) = 0
if E is countable and µ(E) = 1 otherwise. Define a subset S of X × Y by S = {〈x, y〉 : x < y}.
Now Sx = {y : y > x} and Sy = {x : x < y} are measurable for each x and y. Let f be the
characteristic function of S. Then

∫
Y

[
∫
X
f dµ(x)] dν(y) =

∫
Y
µ(Sy) dν(Y ) =

∫
{Ω} 1 dν(y) = 0 and∫

X
[
∫
Y
f dν(y)] dµ(x) =

∫
X
ν(Sx) dµ(x) =

∫
X

1 dµ(x) = 1.
If we assume the continuum hypothesis, i.e. that X can be put in one-one correspondence with [0, 1],
then we can take f to be a function on the unit square such that fx and fy are bounded and measurable
for each x and y but such that the conclusions of the Fubini and Tonelli Theorems do not hold.
(*) The hypothesis that f be measurable with respect to the product measure cannot be omitted from
the Fubini and Tonelli Theorems even if we assume the measurability of fy and fx and the integrability
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of
∫
f(x, y) dν(y) and

∫
f(x, y) dµ(x).

*27. Suppose (X,A, µ) and (Y,B, ν) are two σ-finite measure spaces. Then the extension of the
nonnegative set function λ(A × B) = µ(A)ν(B) on the semialgebra of measurable rectangles to A ×B
is σ-finite. It follows from the Carathéodory extension theorem that the product measure is the only
measure on A×B which assigns the value µ(A)ν(B) to each measurable rectangle A×B.
28a. Suppose E ∈ A×B. If µ and ν are σ-finite, then so is µ×ν so E =

⋃
(E∩Fi) where (µ×ν)(Fi) <∞

for each i. By Proposition 18, (E ∩ Fi)x is measurable for almost all x so Ex =
⋃

(E ∩ Fi)x ∈ B for
almost all x.
28b. Suppose f is measurable with respect to A×B. For any α, we have E = {〈x, y〉 : f(x, y) > α} ∈
A×B so Ex ∈ B for almost all x. Now Ex = {y : f(x, y) > α} = {y : fx(y) > α}. Thus fx is measurable
with respect to B for almost all x.
29a. Let X = Y = R and let µ = ν be Lebesgue measure. Then µ × ν is two-dimensional Lebesgue
measure on X × Y = R2. For each measurable subset E of R, let σ(E) = {〈x, y〉 : x− y ∈ E}. If E is an
open set, then σ(E) is open and thus measurable. If E is a Gδ with E =

⋂
Ei where each Ei is open,

then σ(E) =
⋂
σ(Ei), which is measurable. If E is a set of measure zero, then σ(E) is a set of measure

zero and is thus measurable. A general measurable set E is thhe difference of a Gδ set A and a set B of
measure zero and σ(E) = σ(A) \ σ(B) so σ(E) is measurable.
29b. Let f be a measurable function on R and define the function F by F (x, y) = f(x−y). For any α, we
have {〈x, y〉 : F (x, y) > α} = {〈x, y〉 : f(x− y) > α} = {〈x, y〉 : x− y ∈ f−1[(α,∞)]} = σ(f−1[(α,∞)]).
The interval (α,∞) is a Borel set so f−1[(α,∞)] is measurable. It follows from part (a) that {〈x, y〉 :
F (x, y) > α} is measurable. Hence F is a measurable function on R2.
29c. Let f and g be integrable functions on R and define the function ϕ by ϕ(y) = f(x − y)g(y).
By Tonelli’s Theorem,

∫
X×Y |f(x − y)g(y)| dxdy =

∫
Y

[
∫
X
|f(x − y)g(y)| dx] dy =

∫
Y
|g(y)|[

∫
X
|f(x −

y)| dx] dy =
∫
Y
|g(y)|[

∫
X
|f(x)| dx] dy =

∫
|f |
∫
|g|. Thus the function |f(x − y)g(y)| is integrable. By

Fubini’s Theorem, for almost all x, the function ϕ is integrable. Let h =
∫
Y
ϕ. Then

∫
|h| =

∫
X
|
∫
Y
ϕ| ≤∫

X

∫
Y
|ϕ| =

∫
X×Y |ϕ| ≤

∫
|f |
∫
|g|.

30a. Let f and g be functions in L1(−∞,∞) and define f ∗ g to be the function defined by
∫
f(y −

x)g(x) dx. If f(y − x)g(x) is integrable at y, then define F (x) = f(y − x)g(x) and G(x) = F (y − x).
Then G is integrable and

∫
G(x) dx =

∫
F (x) dx. i.e.

∫
f(x)g(y − x) dx =

∫
f(y − x)g(x) dx. Thus

for y ∈ R, f(y − x)g(x) is integrable if and only if f(x)g(y − x) is integrable and their integrals are the
same in this case. When f(y − x)g(x) is not integrable, (f ∗ g)(y) = (g ∗ f)(y) = 0 since the function is
integrable for almost all y. Hence f ∗ g = g ∗ f .
30b. For x, y ∈ R such that f(y − x − u)g(u) is integrable, define F (u) = f(y − x − u)g(u). Consider
G(u) = F (u−x). ThenG is integrable and

∫
f(y−u)g(u−x) du =

∫
G(u) du =

∫
F (u) du = (f∗g)(y−x).

The function H(u, x) = f(y−u)g(u−x)h(x) is integrable. Then ((f ∗g)∗h)(y) =
∫

(f ∗g)(y−x)h(x) dx =∫
[
∫
f(y − u)g(u − x) du]h(x) dx =

∫
f(y − u)g(u − x)h(x) dudx =

∫
[
∫
f(y − u)g(u − x)h(x) dx] du =∫

f(y − u)(g ∗ h)(u) du = (f ∗ (g ∗ h))(y).

30c. For f ∈ L1, define f̂ by f̂(s) =
∫
eistf(t) dt. Then |f̂ | ≤

∫
|f | so f̂ is a bounded complex function.

Furthermore, for any s ∈ R, we have f̂ ∗ g(s) =
∫
eist(f∗g)(t) dt =

∫
eist[

∫
f(t−x)g(x) dx] dt =

∫
[
∫
f(t−

x)eis(t−x)g(x)eisx dx] dt =
∫

[
∫
f(t − x)eis(t−x)g(x)eisx dt] dx =

∫
[
∫
f(t − x)eis(t−x) dt]g(x)eisx dx =∫

[
∫
f(u)eisu du]g(x)eisx dx = f̂(s)ĝ(s).

31. Let f be a nonnegative integrable function on (−∞,∞) and let m2 be two-dimensional Lebesgue
measure on R2. There is an increasing sequence of nonnegative simple functions 〈ϕn〉 converging point-
wise to f . Let En = {〈x, y〉 : 0 < y < ϕn(x)}. Then {〈x, y〉 : 0 < y < f(x)} =

⋃
En. Write

ϕn =
∑kn
i=1 a

(n)
i χ

K
(n)
i

. We may assume the K
(n)
i are disjoint. Also, a(n)

i > 0 for each i. Then

En = (F (n)
1 × (0, a(n)

1 )) ∪ · · · ∪ (F (n)
kn
× (0, a(n)

kn
)). Hence En is measurable so {〈x, y〉 : 0 < y <

f(x)} is measurable. Furthermore, m2(En) → m2{〈x, y〉 : 0 < y < f(x)}. On the other hand,
m2(En) =

∑kn
i=1m(F (n)

i )m(0, a(n)
i ) =

∑n
i=1 a

(n)
i m(F (n)

i ) =
∫
ϕn dx. By Monotone Convergence The-

orem,
∫
ϕn dx →

∫
f dx so m2{〈x, y〉 : 0 < y < f(x)} =

∫
f dx. Now {〈x, y〉 : 0 ≤ y ≤ f(x)} =

{〈x, y〉 : 0 < y < f(x)} ∪ {〈x, 0〉 : x ∈ R} ∪ {〈x, f(x)〉 : x ∈ R}. Note that m2{〈x, 0〉 : x ∈ R} =
m(R)m{0} = ∞ · 0 = 0. Also, m2{〈x, f(x)〉 : x ∈ R} = 0 by considering a covering of the set by
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An ∪ [(n − 1)ε, nε) where An = {x ∈ R : f(x) ∈ [(n − 1)ε, nε)}. Thus {〈x, y〉 : 0 ≤ y ≤ f(x)} is
measurable and m2{〈x, y〉 : 0 ≤ y ≤ f(x)} =

∫
f dx.

Let ϕ(t) = m{x : f(x) ≥ t}. Since {x : f(x) ≥ t} ⊂ {x : f(x) ≥ t′} when t ≥ t′, ϕ is a decreas-
ing function. Now

∫∞
0
ϕ(t) dt =

∫∞
0

[
∫
χ{x:f(x)≥t}(x) dx] dt =

∫
[
∫
χ{x:f(x)≥t}(x)χ[0,∞)(t) dx] dt =∫

χ{〈x,y〉:0≤t≤f(x)} = m2{〈x, y〉 : 0 ≤ t ≤ f(x)} =
∫
f dx.

*32. Let 〈(Xi,Ai, µi)〉ni=1 be a finite collection of measure spaces. We can form the product measure
µ1 × · · · × µn on the space X1 × · · · × Xn by starting with the semialgebra of rectangles of the form
R = A1 × · · · × An and µ(R) =

∏
µi(Ai), and using the Carathéodory extension procedure. If E ⊂

X1 × · · · × Xn is covered by a sequence of measurable rectangles Rk ⊂ X1 × · · · × Xn, then Rk =
R1
k ∪ R2

k where R1
k ⊂ X1 × · · · × Xp and R2

k ⊂ Xp+1 × · · · × Xn are measurable rectangles. Then
((µ1×· · ·×µp)×(µp+1×· · ·×µn))∗(E) ≤

∑
(µ1×· · ·×µp)(R1

k)(µp+1×· · ·×µn)(R2
k) =

∑
(µ1×· · ·×µn)(Rk)

so ((µ1 × · · · × µp)× (µp+1 × · · · × µn))∗(E) ≤ (µ1 × · · · × µn)∗(E).
On the other hand, if R = F × G is a measurable rectangle in (X1 × · · · × Xp) × (Xp+1 × · · · × Xn),
then F ⊂

⋃
Fk and G ⊂

⋃
Gj where Fk is a measurable rectangle in X1 × · · · × Xp and Gj is a

measurable rectangle in Xp+1 × · · · ×Xn. Now R ⊂
⋃
k,j(Fk ×Gj) and ((µ1 × · · · × µp)× (µp+1 × · · · ×

µn))(R) + ε = (µ1 × · · · × µp)(F )(µp+1 × · · · × µn)(G) + ε >
∑
k,j(µ1 × · · · × µn)(Fk × Gj). Now if

E ⊂ (X1×· · ·×Xp)×(Xp+1×· · ·×Xn), then E ⊂
⋃
Ri and ((µ1×· · ·×µp)×(µp+1×· · ·×µn))∗(E)+ε >∑

i((µ1×· · ·×µp)×(µp+1×· · ·×µn))(Ri) >
∑
i

∑
k,j(µ1×· · ·×µn)(Fk×Gj)−ε′ ≥ (µ1×· · ·µn)∗(E)−ε.

Thus ((µ1 × · · · × µp)× (µp+1 × · · · × µn))∗(E) ≥ (µ1 × · · · × µn)∗(E).
Hence ((µ1 × · · · × µp) × (µp+1 × · · · × µn))∗ = µ1 × · · · × µn∗. It then follows that (µ1 × · · · × µp) ×
(µp+1 × · · · × µn) = µ1 × · · · × µn.
*33. Let {(Xλ,Aλ, µλ)} be a collection of probability measure spaces.

12.5 Integral operators

*34. By Proposition 21, we have ||T || ≤Mα,β .
35. Let k(x, y) be a measurable function on X×Y of absolute operator type (p, q) and g ∈ Lq(ν). Then
|k| is of operator type (p, q) so by Proposition 21, for almost all x, the integral

∫
Y
|k(x, y)|g(y) dν exists.

Thus for almost all x, the integral f(x) =
∫
Y
k(x, y)g(y) dν exists. Furthermore, the function f belongs

to Lp(µ) an ||f ||p ≤ ||
∫
Y
|k(x, y)|g(y) dν||p ≤ || |k| ||p,q||g||q.

(*) Proof of Corollary 22
36. Let g, h and k be functions on Rn of class Lq, Lp and Lr respectively, with 1/p + 1/q + 1/r = 2.
We may write 1/p = 1 − (1 − λ)/r and 1/q = 1 − λ/r for some 0 ≤ λ ≤ 1. Then k is of covariant type
(p, q) so the integral f(x) =

∫
Rn k(x, y)g(y) dy exists for almost all x and the function f belongs to Lp

∗

with ||f ||p∗ ≤ ||k||r||g||q by Proposition 21. Now
∫ ∫

R2n |h(x)k(x − y)g(y)| dxdy =
∫

Rn |h(x)f(x)| dx ≤
||h||p||k||r||g||q.
(*) Proof of Proposition 25
37. Let g ∈ Lq and k ∈ Lr, with 1/q + 1/r > 1. Let 1/p = 1/q + 1/r − 1. We may write 1/q = 1− λ/r
and 1/p = 1 − (1 − λ)/r where 0 ≤ λ ≤ 1. Then k is of covariant type (p, q) so the function f(x) =∫

Rn k(x− y)g(y) dy is defined for almost all x and ||f ||p ≤ ||k||r||g||q by Proposition 21.
(*) Proof of Proposition 26
*38. Let g, h and k be functions on Rn of class Lq, Lp and Lr with 1/p+ 1/q + 1/r ≤ 2.

12.6 Inner measure

39a. Suppose µ(X) < ∞. By definition, µ∗(E) ≥ µ(X) − µ∗(Ec). Conversely, since E and Ec are
disjoint, we have µ∗(E) + µ∗(Ec) ≤ µ∗(E ∪ Ec) = µ(X). Hence µ∗(E) = µ(X)− µ∗(Ec).
39b. Suppose A is a σ-algebra. If A ∈ A and E ⊂ A, then µ∗(E) ≤ µ(A). Thus µ∗(E) ≤ inf{µ(A) :
E ⊂ A,A ∈ A}. Conversely, for any sequence 〈Ai〉 of sets in A covering E, we have

⋃
Ai ∈ A so

inf{µ(A) : E ⊂ A,A ∈ A} ≤ µ(
⋃
Ai) ≤

∑
µ(Ai). Thus inf{µ(A) : E ⊂ A,A ∈ A} ≤ µ∗(E). Hence

µ∗(E) = inf{µ(A) : E ⊂ A,A ∈ A}.
If A ∈ A and A ⊂ E, then µ(A) = µ(A) − µ∗(A \ E). Thus sup{µ(A) : A ⊂ E,A ∈ A} ≤ µ∗(E).
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Conversely, if A ∈ A and µ∗(A\E) <∞, then for any ε > 0, there is a sequence 〈Ai〉 of sets in A such that
A\E ⊂

⋃
Ai and

∑
µ(Ai) < µ∗(A\E)+ε. Let B =

⋃
Ai. Then B ∈ A and µ(B) < µ∗(A\E)+ε. Also,

A\B ∈ A and A\B ⊂ E. Thus µ(A)−µ∗(A\E)−ε = µ(A)−µ(B) = µ(A\B) ≤ sup{µ(A) : A ⊂ E,A ∈
A}. It follows that µ∗(E) ≤ sup{µ(A) : A ⊂ E,A ∈ A}. Hence µ∗(E) = sup{µ(A) : A ⊂ E,A ∈ A}.
39c. Let µ be Lebesgue measure on R. By part (c), we have µ∗(E) = sup{µ(A) : A ⊂ E,A measurable}.
If A is measurable and A ⊂ E, then given ε > 0, there is a closed set F ⊂ A with µ∗(A \ F ) < ε. Thus
µ(A) = µ(F ) + µ(A \ F ) < µ(F ) + ε. It follows that µ∗(E) ≤ sup{µ(F ) : F ⊂ E,F closed}. Conversely,
if F ⊂ E and F is closed, then F is measurable so µ(F ) ≤ µ∗(E). Thus sup{µ(F ) : F ⊂ E,F closed} ≤
µ∗(E). Hence µ∗(E) = sup{µ(F ) : F ⊂ E,F closed}.
40. Let 〈Bi〉 be a sequence of disjoint sets in B. Then µ̄(

⋃
Bi) = µ∗(

⋃
Bi ∩ E) + µ∗(

⋃
Bi ∩ Ec) =∑

µ∗(Bi ∩E) +
∑
µ∗(Bi ∩Ec) =

∑
µ̄(Bi). Also, µ(

⋃
Bi) = µ∗(

⋃
Bi ∩E) +µ∗(

⋃
Bi ∩Ec) =

∑
µ∗(Bi ∩

E) +
∑
µ∗(Bi ∩Ec) =

∑
µ(Bi). Hence the measures µ̄ and µ in Theorem 38 are countably additive on

B.
41. Let µ be a measure on an algebra A, and let E be a µ∗-measurable set. If B ∈ B, then B
is of the form (A ∩ E) ∪ (A′ ∩ Ec) where A,A′ ∈ A. Thus µ̄(B) = µ∗(A ∩ E) + µ∗(A′ ∩ Ec) and
µ∗(B) = µ∗(A ∩ E) + µ∗(A′ ∩ Ec). If µ∗(A′ ∩ Ec) = ∞, then µ∗(A′ ∩ Ec) = ∞ and µ̄(B) = µ∗(B). If
µ∗(A′ ∩ Ec) <∞, then since A′ ∩ Ec is µ∗-measurable, µ∗(A′ ∩ Ec) = ¯̄µ(A′ ∩ Ec) = µ∗(A′ ∩ Ec) where
¯̄µ is the measure induced by µ∗. Thus µ̄(B) = µ∗(B).
42a. Let G and H be two measurable kernels for E so G ⊂ E, H ⊂ E and µ∗(E \G) = 0 = µ∗(E \H).
Then µ∗(G \ H) = 0 = µ∗(H \ G) since G \ H ⊂ E \ H and H \ G ⊂ E \ G. In particular, G∆H
is measurable and µ(G∆H) = 0. Let G′ and H ′ be two measurable covers for E so G′ ⊃ E, H ′ ⊃ E
and µ∗(G′ \ E) = 0 = µ∗(H ′ \ E). Then µ∗(G′ \ H ′) = 0 = µ∗(H ′ \ G′) since G′ \ H ′ ⊂ G′ \ E and
H ′ \G′ ⊂ H ′ \ E. In particular, G′∆H ′ is measurable and µ(G′∆H ′) = 0.
42b. Suppose E is a set of σ-finite outer measure. Then E =

⋃
En where each En is µ∗-measurable and

µ∗(En) < ∞. Then µ∗(En) < ∞ so there exist Gn ∈ Aδσ such that Gn ⊂ En and µ̄(Gn) = µ∗(En) =
µ∗(En). Let G =

⋃
Gn. Then G is measurable, G ⊂ E and µ∗(E \G) ≤ µ∗(E \G) ≤

∑
µ∗(En \Hn) = 0.

Hence µ∗(E \G) = 0 and G is a measurable kernel for E.
Also, there exist Hn ∈ Aσδ such that En ⊂ Hn and µ∗(Hn) = µ∗(En). Let H =

⋃
Hn. Then H is

measurable, E ⊂ H and µ∗(H \ E) ≤ µ∗(H \ E) ≤
∑
µ∗(Hn \ En) = 0. Hence µ∗(H \ E) = 0 and H is

a measurable cover for E.
43a. Let P be the nonmeasurable set in Section 3.4. Note that m∗(P ) ≤ m∗(P ) ≤ 1. By Q3.15,
for any measurable set E with E ⊂ P , we have m(E) = 0. Hence m∗(P ) = sup{m(E) : E ⊂
P,E measurable,m(E) <∞} = 0.
43b. Let E = [0, 1] \ P . Let 〈In〉 be a sequence of open intervals such that E ⊂

⋃
In. We may

assume that In ⊂ [0, 1] for all n. Then [0, 1] \
⋃
In ⊂ P so m([0, 1] \

⋃
In) = 0. Thus m(

⋃
In) = 1.

Hence m∗(E) = 1. Suppose A ∩ [0, 1] is a measurable set. Note that m∗(A ∩ E) ≤ m(A ∩ [0, 1]) and
m∗(E \A) ≤ m([0, 1] \A). Thus 1 = m∗(E) = m∗(A∩E) +m∗(E \A) ≤ m(A∩ [0, 1]) +m([0, 1] \A) = 1
so m∗(A ∩ E) = m(A ∩ [0, 1]).
*43c.
*44. Let µ be a measure on an algebra A and E a set with µ∗(E) < ∞. Let β be a real number with
µ∗(E) ≤ β ≤ µ∗(E).
*45a.
*45b.
46a. Let A be the algebra of finite unions of half-open intervals of R and let µ(∅) = 0 and µ(A) = ∞
for A 6= ∅. If E 6= ∅ and 〈Ai〉 is a sequence of sets in A with E ⊂

⋃
Ai, then Ai 6= ∅ for some i and

µ(Ai) =∞. Thus
∑
µ(Ai) =∞ so µ∗(E) =∞.

46b. If E contains no interval, then the only A ∈ A with m∗(A \ E) < ∞ is ∅. Thus µ∗(E) = 0. If E
contains an interval I, then µ∗(E) ≥ µ(I)− µ∗(I \ E) = µ(I) =∞.
46c. Note that R = Q∪Qc, µ∗(R) =∞, µ∗(Q) = µ∗(Qc) = 0. Thus µ∗ restricted to B is not a measure
and there is no smallest extension of µ to B.
46d. The counting measure is a measure on B and counting measure restricted to A equals µ. Hence
the counting measure on B is an extension of µ to B.
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46e. Let E be an interval. Then µ∗(E) =∞ but µ∗(E ∩Q) = 0 and µ∗(E ∩Qc) = 0. Hence Lemma 37
fails if we replace “sets in A” by “measurable sets”.
47a. Let X = {a, b, c} and set µ∗(X) = 2, µ∗(∅) = 0 and µ∗(E) = 1 if E is not X or ∅. Setting
µ∗(E) = µ∗(X)− µ∗(Ec), we have µ∗(X) = 2, µ∗(∅) = 0 and µ∗(E) = 1 if E is not X or ∅.
47b. ∅ and X are the only measurable subsets of X.
47c. µ∗(E) = µ∗(E) for all subsets E of X but all subsets except ∅ and X are nonmeasurable.
47d. By taking E = {a} and F = {b}, we have µ∗(E) + µ∗(F ) = µ∗(E) + µ∗(F ) = 2 but µ∗(E ∪ F ) =
µ∗(E ∪ F ) = 1. Hence the first and third inequalities of Theorem 35 fail.
(*) If µ∗ is not a regular outer measure (i.e. it does not come from a measure on an algebra), then we
do not get a reasonable theory of inner measure by setting µ∗(E) = µ∗(X)− µ∗(Ec).
48a. Let X = R2 and A the algebra consisting of all disjoint unions of vertical intervals of the form
I = {〈x, y〉 : a < y ≤ b}. Let µ(A) be the sum of the lengths of the intervals of which A is composed.
Then µ is a measure on A. Let E = {〈x, y〉 : y = 0}. If E ⊂

⋃
An where 〈An〉 is a sequence in A, then

some An must be an uncountable union of vertical intervals so
∑
µ(An) = ∞. Thus µ∗(E) = ∞. If

A ∈ A with µ∗(A \ E) <∞, then µ∗(A \ E) = µ(A) so µ∗(E) = 0.
48b. Let E′ ⊂ E and let An =

⋃
{x:〈x,0〉∈E′}{〈x, y〉 : −1/n < y ≤ 1/n}. Then E′ =

⋂
An so E′ is an Aδ.

*48c.

12.7 Extension by sets of measure zero

49. Let A be a σ-algebra on X and M a collection of subsets of X which is closed under countable unions
and which has the property that each subset of a set in M is in M. Consider B = {B : B = A∆M,A ∈
A,M ∈M}. Clearly ∅ ∈ B. If B = A∆M ∈ B, then Bc = (A\M)c∩ (M \A)c = (Ac∪M)∩ (M c∪A) =
(A ∪M)c ∪ (A ∩M) = (Ac \M) ∪ (M \ Ac) = Ac∆M ∈ B. Suppose 〈Bi〉 is a sequence in B with
Bi = Ai∆Mi. Then

⋃
Bi =

⋃
(Ai\Mi)∪

⋃
(Mi\Ai) = (

⋃
Ai\

⋃
Mi)∪(

⋃
Mi\

⋃
Ai) =

⋃
Ai∆

⋃
Mi ∈ B.

Hence B is a σ-algebra.
*50.

12.8 Carathéodory outer measure

51. Let (X, ρ) be a metric space and let µ∗ be an outer measure on X with the property that µ∗(A∪B) =
µ∗(A)+µ∗(B) whenever ρ(A,B) > 0. Let Γ be the set of functions ϕ of the form ϕ(x) = ρ(x,E). Suppose
A and B are separated by some ϕ ∈ Γ. Then there are numbers a and b with a > b, ρ(x,E) > a on A
and ρ(x,E) < b on B. Thus ρ(A,B) > 0 so µ∗(A∪B) = µ∗(A) +µ∗(B) and µ∗ is a Carathéodory outer
measure with respect to Γ. Now for a closed set F , we have F = {x : ρ(x, F ) ≤ 0}, which is measurable
since ϕ(x) = ρ(x, F ) is µ∗-measurable. Thus every closed set (and hence every Borel set) is measurable
with respect to µ∗.
(*) Proof of Proposition 41

12.9 Hausdorff measures

52. Suppose E ⊂
⋃
En. If ε > 0 and 〈Bi,n〉i is a sequence of balls covering En with radii ri,n < ε,

then 〈Bi,n〉i,n is a sequence of balls covering E so λ
(ε)
α (E) ≤

∑
i,n r

α
i,n =

∑
n

∑
i r
α
i,n. Thus λ(ε)

α (E) ≤∑
n λ

(ε)
α (En). Letting ε→ 0, we have m∗α(E) ≤

∑
nm
∗
α(En) so m∗α is countably subadditive.

53a. If E is a Borel set and 〈Bi〉 is a sequence of balls covering E with radii ri < ε, then 〈Bi + y〉
is a sequence of balls covering E + y with radii ri. Conversely, if 〈Bi〉 is a sequence of balls covering
E + y with radii ri < ε, then 〈Bi − y〉 is a sequence of balls covering E with radii ri. It follows that
λ

(ε)
α (E + y) = λ

(ε)
α (E). Letting ε→ 0, we have mα(E + y) = mα(E).

53b. Since mα is invariant under translations, it suffices to consider rotations about 0. Let T denote
rotation about 0. If 〈Bi〉 is a sequence of balls covering E with radii ri < ε, then 〈T (Bi)〉 is a sequence
of balls covering T (E) with radii ri. It follows that λ(ε)

α (E) = λ
(ε)
α (T (E)) for all ε > 0. Letting ε → 0,
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we have mα(E) = mα(T (E)).
*54.
*55a. Let E be a Borel subset of some metric space X. Suppose mα(E) is finite for some α.
55b. Suppose mα(E) > 0 for some α. If mβ(E) < ∞ for some β > α, then by part (a), mα(E) = 0.
Contradiction. Hence mβ(E) =∞ for all β > α.
55c. Let I = inf{α : mα(E) =∞}. If α > I, then mα(E) =∞ by part (a). Thus I is an upper bound
for {β : mβ(E) = 0}. If U < I, then there exists β such that U < β < I and mβ(E) = 0 by part (b).
Hence I = sup{β : mβ(E) = 0}.
*55d. Let α = log 2/ log 3. Given ε > 0, choose n such that 3−n < ε. Then since the Cantor ternary set
C can be covered by 2n intervals of length 3−n, we have λ(ε)

α (C) ≤ 2n(3−n)α = 1. Thus m∗α(C) ≤ 1.
Conversely, given ε > 0, if 〈In〉 is any sequence of open intervals covering C and with lengths less than
ε, then we may enlarge each interval slightly and use compactness of C to reduce to the case of a finite
collection of closed intervals. We may further take each I to be the smallest interval containing some pair
of intervals J, J ′ from the construction of C. If J, J ′ are the largest such intervals, then there is an interval
K ⊂ Cc between them. Now l(I)s ≥ (l(J)+l(K)+l(J ′))s ≥ ( 3

2 (l(J)+l(J ′)))s = 2( 1
2 (l(J))s+ 1

2 (l(J ′))s) ≥
(l(J))s + (l(J ′))s. Proceed in this way until, after a finite number of steps, we reach a covering of C by
equal intervals of length 3−j . This must include all intervals of length 3−j in the construction of C. It
follows that

∑
l(In) ≥ 1. Thus λ(ε)

α (C) ≥ 1 for all ε > 0 and m∗α(C) ≥ 1.
Since m∗α(C) = 1, by parts (a) and (b), we have mβ(C) = 0 for 0 < β < α and mβ(C) = ∞ for β > α.
Hence the Hausdorff dimension of C is α = log 2/ log 3.

13 Measure and Topology

13.1 Baire sets and Borel sets

1.
[Incomplete: Q5.20c, Q5.22c, d, Q7.42b, d, Q7.46a, Q8.17b, Q8.29, Q8.40b, c, Q9.38, Q9.49, Q9.50,
Q10.47, Q10.48b, Q10.49g, Q11.5d, Q11.6c, Q11.8d, Q11.9d, e, Q11.37b, c, d, e, Q11.46b, Q11.47a,
b, Q11.48, Q12.9b, Q12.11b, Q12.18, Q12.27, Q12.33, Q12.34, Q12.38, Q12.43c, Q12.44, Q12.45a, b,
Q12.48c, Q12.50, Q12.54, Q12.55a]
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