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Abstract

A k-means-type algorithm is proposed for efficiently clustgrilata constrained to lie on
the surface of a-dimensional unit sphere, or data that are mean-zerovanignce standard-
ized observations such as those that occur when using Eaalidistance to cluster time-series
gene expression data using a correlation metric. We alsaderanethodology to initialize the
algorithm and to estimate the number of clusters in the dat&esults from a detailed series
of experiments show excellent performance, even with \anye datasets. The methodology
is applied to the analysis of the mitotic cell division cydkEbudding yeast dataset of Cho,
Campbell, Winzeler, Steinmetz, Conway, Widicka, Wolfghegbabrielian, Landsman, Lock-
hart and Davis (1998). The entire dataset has not been a&dafyzeviously, so our analysis
provides an understanding for the complete set of genesgaicticoncert and differentially.
We also use our methodology on the submitted abstracts bfpogaentations made at the
2008 Joint Statistical Meetings (JSM) to identify similapics. Our identified groups are both
interpretable and distinct and the methodology providesssiple automated tool for efficient

parallel scheduling of presentations at professional imgst

KEYWORDS directional, information retrieval, Langevin/von-Mssdistribution, MC toolkit, mi-

croarraysspkmeans

1. INTRODUCTION
Cluster analysis - an unsupervised method for groupingl@irabservations - is a common tech-
nique for analyzing multivariate datasets (Everitt, Landad Leesem 2001; Fraley and Raftery
2002; Hartigan 1985; Kaufman and Rousseuw 1990; Ketter20@p; Murtagh 1985; Ramey
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1985). Most methods can be classified as either hierarghicakdures or non-hierarchical partition-
optimization algorithms. The former create tree-like stawmes and encompass bagglomer-
ative methods (which start with individual objects as distinabgss, and proceed by combin-
ing the most similar ones) ardivisive schemes that group all objects together at the start and
subdivide them into subgroups that are most dissimilar fe@oh other. Partitional algorithms
usually employ locally optimal grouping strategies suchkaseans (Hartigan and Wong 1979)
or k-medoids (Kaufman and Rousseuw 1990), or probabilisgicAlough mixture-model-based
clustering (Celeux and Govaert 1995; Fraley and RafterB1Bealey and Raftery 2002).

The iterativek-means algorithm proposed by MacQueen (1967) to find an appartition of
n objects intoK (given) groups such that the total sum of squared Euclidestarctes from each
observation to its closest group center is locally minirdizeone of the oldest partitioning meth-
ods. Hartigan and Wong (1979) provided a simple and efficieptementation of-means, when
the distance metric for grouping is Euclidean. Howeves #igorithm may not be appropriate for
other grouping similarity metrics. In particular, we cahesi two application areas in informatics,
where either cosine similarity or correlation is the desimeetric to identify similar observations.

1.1 Application to Informatics

This section illustrates scenarios in bioinformatics aridrimation retrieval where a non-Euclidean
similarity metric is most appropriate for grouping obseimas that are most alike. The first con-

sists of clustering time-course microarray gene expressata, while the second considers clus-

tering text documents.

1.1.1. Identifying Similarly-acting Genes in Microarraye@e Expression Time Series Data
The process by which a gene gets turned on to produce ribleiawcid (RNA) and proteins is
calledgene expressioand can be measured by the amount and/or activity of RNA t&eta this

is gene expression profilinghich measures the expression level of many genes in numesiu
types. This is typically achieved via microarray studiesahnvolve analyzing gene expressions
to provide insight into how cells respond to changing faxtord neecist t p: / / www. ncbi . nl m ni h. gov.
The functionality of some genes is well-established, bistignot true for many others. One ap-

proach to understanding gene functionality and charatiesiis to determine groups of similarly-
acting genes. Then properties of those genes that are no¢lsestablished can be deduced by
comparing their group memberships in relation to the watlerstood ones. To this end, one may
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group gene expression profiles that have similar shapegterpsiover time, even though the mag-
nitude of the expressions may differ greatly. Time seriggegexpression experiments account for
about one-third of all microarray studies (Barrett, SuZikup, Wilhite, Ngau, Ledoux, Rudneyv,
Lash, Fujibuchi and Edgar 2005) and cover a wide range obbiochl areas including applications
in cell cycle (Cho et al. 1998; Zeeman, Tiessen, Pilling,dk&onald and Smith 2002; Whitfield,
Sherlock, Saldanha, Murray, Ball, Alexander, Matese, ®drurt, Brown and Botstein 2002; Gi-
acomelli and Nicolini 2006). In this context, the correbaticoefficient between two genes serves
as an intuitive measure of the similarity between theirvéotis (Eisen, Spellman, Brown and
Botstein 1998).

The correlation similarity between two gene expressiotfilpohas a connection with Eu-
clidean distance in that its complement from unity is a stakrsion of the squared Euclidean dis-
tance between the profiles’ mean-zero-centered and unénee-standardized counterparts (see
AppendixA). Thus clustering such data is equivalent to gihog these transformed observations
that lie on the surface of a sphere and are orthogonal to tih@ector. In Sectiofi 4]1, we revisit
the popular budding yeast gene expression dataset of Cha(#988), analyzing it in its entirety
to identify similar-acting genes. As analyzing the entia¢aget presents a challenge to most clus-
tering algorithms, most authors have typically only anatya subset of the data. There is some
justification for this, in the sense that the subset reptes&iset of the most active genes, but it
would also be helpful to get a better understanding on theganthe entire dataset.

1.1.2. Clustering Text Documents The large amount of edeatitext documents readily avail-

able presents a growing challenge for researchers. Faniost there are over twenty billion
documents and webpages publicly available on the worldwiele. With such huge amounts of
textual information, effectively grouping documents istatistical task of potential practical in-
terest. For example, it may be important to cluster documtamtready catalog and reference to
interested parties. Given the huge numbers of documentsjtamated approach to categorizing
text documents is the only viable option.

Often text documents are processed by first listing all theique words and then by remov-
ing both “high-frequency” and “low-frequency” words thabpide little or no information in de-
termining groups (Dhillon and Modha 2001). Thudag of wordson which to categorize the
documents is created. The text documents are then procested adocument-term frequency

matrix, where each row in the matrix representdaument vectocontaining the frequency of



occurrence of each member in the bag of words. Weightingsebare also used to improve sep-
aration between documents (Salton and Buckley 1988; Kad@a )}l with the most common ones

normalizing each observation to lie on a high-dimensiomd sphere in an attempt to temper the
effect of differing lengths of each document (Singhal, BagkMitra and Salton 1996), resulting

in document vectors of unit length each.

The result of standardizing the vectors is that the natuethod of measuring similarity be-
tween documents is the inner product (also called cosinesity) which is widely used in docu-
ment clustering and information retrieval (Dhillon and M@a2001; Frakes and Baeza-Yates 1992;
Salton and McGill 1983). Thus, clustering according to thistric is again equivalent to group-
ing sphered data, but there is an additional complicatimenenedium-sized corpora can, after
processing, have very high-dimensional document-terguiacy matrices, representing a chal-
lenge for most clustering algorithms. We address such aefatd great practical import to many
statisticians in Sectidn4.2.

1.2 Background and Related Work

There are a few partitional methods that specifically additesissue of clustering spherically con-
strained data (Dhillon and Modha 2001; Banerjee, Dhillohp&h and Sra 2005; Dortet-Bernadet
and Wicker 2008). Banerjee et al. (2005) and Dortet-Bernaile Wicker (2008) propose different
mixture models, and employ an expectation-maximizatiaviBpproach. Unfortunately, in many
situations, the EM algorithm is inapplicable to large-dite@nal datasets. There is also a version
of k-means proposed by Dhillon and Modha (2001) using cosindasitg. Called spkmeans
this algorithm replaces the Euclidean distance metric enlthsek-means algorithm by cosine
similarity. The algorithm does not inherit the propertiédHartigan and Wong (1979)’s efficient
implementation of thé-means algorithm, and can be slow, potentially performiogrly in many
datasets. Further, these algorithms are very sensitivitial values, strategies for choosing which
are often left unaddressed. Another difficult issue, unasklrd in Dhillon and Modha (2001) or
in Banerjee et al. (2005), is in determining the optimal nendf clusters ) in a dataset. Dortet-
Bernadet and Wicker (2008) study some methods (Akaike 18k&ke 1974; Schwarz 1978; Tib-
shirani, Walther and Hastie 2003) in this context, but trsommendation of Akaike (1974)'s AIC
is hardly convincing, given the known tendency of AIC to eatimate the number of clusters by
this criterion.

In this paper we proposefamean-directions algorithm, modifying the core elemefitdarti-



gan and Wong’s (1979) efficieatmeans implementation to apply to sphered data. Our algorit
is general enough to incorporate the additional constdintthogonality to the unit vector, and
thus extends to the situation of clustering using the cati@h metric. Sectiofl2 describes the mod-
ifications to the standarkkmeans algorithm of Hartigan and Wong (1979), develops ancach
for initialization and proposes a method for estimatingrthmber of clusters. The procedure is ex-
tensively evaluated in Sectibh 3 through simulation experits for varying dimensions and cluster
separations. The time-course dataset on the budding yeastexpression profiles and another on
text documents are analyzed in detail in Secfibn 4. We caolechith some discussion. Addition-
ally, we provide an appendix which outlines the relatiopdietween the correlation between two
gene expression profiles and the squared Euclidean distiagicestandardized versions. We also
have an online supplement providing further detailed expenmtal illustrations and performance
evaluations. Sections, figures and tables in the supplerefemted to in this paper are labeled with

the prefix “S-".

2. METHODOLOGY
Let X, X, ..., X, bep-variate observations frof? = {x € R’ : 'z = 1}. At this point,
we make no distinction between whether the observationsdi®or S, = {x € S? : 2’1 = 0}.

Our objective is to find class indicatags, (s, . . . , (x such that givery, the objective function

n K
Objic = Y 1(G =k)(1 - Xip) (1)

i=1 k=1
is minimized. Hereu, represents the mean direction vector of the observatiotiseihth parti-
tion, lies in the same spac&X or S",) as theX;s, and needs to be estimated, even though that
is not necessarily the main goal of the exercise. Note thatmizing Ob;jx is equivalent to mini-
mizing 7, ST T(¢ = k) (X — w) (X — ) or maximizing3" ", SO 1(¢G = k) X,
Additionally, K itself needs to be estimated, though we keep that issue asidl&ectiof ZB.
A model-based interpretation for the above is provided #evis: let X; be independently

distributed from gp-variate Langevin density,(u.; <) given by f(x) = ¢, ' (k) exp {xax'p, }
KkP/2—1

(2m)P/21, /51 (k)

and where/, (-) denotes the modified Bessel function of the first kind and rordéThe constant

wherex is the common concentration parameter, afd) = whenX;’s lie in S

of integrationc, (x) is appropriately modified wheX,;’s are inS",.) Under this setup, the joint



likelihood for all the observations is provided by

n K
L(C1y Coy - o v s Gy My By - -5 Mg B3 X1, Xg, oo, X)) = ¢, (K) exp {/{ZZI(Q = k)X;uk},

i=1 k=1 )
maximizing which — with respect to thg's and(’s in the presence of the nuisance parameter
k — is equivalent to finding the class indicators and meansmiaiig (1). Note that[{2) looks
similar to the likelihood of the complete data in the case oftures-of-homogeneous-Langevins
with uniform mixing proportions, but note that thetg, ¢, . . . , (,, are the missing group indicator
observations, not parameters as in our model. Also, in thee,gparameter estimates jos and
 are obtained and the focus of the problem is the maximizaifdhe likelihood (with the help
of the EM algorithm). The most likely class indicator for baabservation is obtainggost hoc
by choosing the one that has maximum posterior probabidityutated by fitting these parameter
estimates. In the model-based interpretation providedrfimimizing (1), ML estimates for's
andpu are jointly obtained maximizindg12). We now provide a readydification of thek-means

algorithm which makes iterative and local optimization[B¥ fossible.

2.1 Thek-mean-directions Algorithm

For a givenk and initial cluster center§ii,; £ = 1,. .., K}, the general strategy is to partition the
dataset intd< clusters, update the cluster mean-directions and iterdileconvergence, whichis to
a local optimum of the objective functiodl (1). In this corttenote that when cluster memberships
are provided, [{1) is minimized gt, = || X||"* X, where X, = n;' >°"  1((; = k)X, and
n, = Y., I(¢; = k) is the number of observations in thth group. This is essentially the basis
of the spkmeanslgorithm of Dhillon and Modha (2001), which however, mayibadvisable in
very large datasets and in cases when we need many runs @uchha case when the number
of clusters is also required to be estimated). Thereforedewelop a fast and computationally
efficient algorithm, built in the same spirit as Hartigan &kdng (1979)’s suggestion fad-means
which employs reductions and restricts recomputationsitp when necessary. In doing so, we
define alive setof clusters containing only those groups with a potentialréallocation among
their observations. Potential reallocation of group memliitself effected in either theptimal
transferor the quick transferstages. In the first case, calculations and reallocatiomsrede
with regard to all observations relative to clusters in likie set while the quick transfer stage

only checks for, and potentially updates, mean directiomsraemberships of recently reallocated



groups. We provide the specifics of the algorithm next:

1. Initial assignments and calculation$siven K initializing cluster mean directiong,, ft,,
.., b, find the two closest mean directions for each observakon = 1,2,...,n, de-
noting the corresponding groups by; andCy; respectively. AssigiX; to the clusteiC’;
(thus, the curreng; = ;). Using this assignment, update the mean-directions to be
the mean directions of observations in each of fhelasses. Fok = 1,2,..., K, let
v = (n, — 1) = n%|| Xi||*> — 1 andy) = (ng + 1)* — n% || X,||* — 1. These values are
used in calculating the change [ (1) when removirjg) @nd adding ;") an observation to
and from a cluster. All clusters are in thee setat this stage.

2. The algorithm now moves to the iterative optimal and qureksfer stages and continues
until thelive setis empty.

3. Membership in live setnitially, all clusters are in théve set Any cluster whose member-
ship and mean direction are updated get included in the &ve Burther, if any cluster is
updated in the previous quick transfer stage of &tep 5, d@riggd to the live set all through
the nextoptimal transfer stageFurther, any cluster not updated in the lasiptimal transfer

steps exits the live set.

4. Optimal transfer stageFor eachX;,i = 1,2, ..., n, we calculate the maximum reduction
in the objective function{1) by replacing with another classk(, say). If¢; is in the live
set, we consider all other classes as replacement carslidtteerwise, we restrict attention
only to classes in the live set. In either case, the maximuwtuaton is given by the quick
calculationw; = (ng, +1) (v — 2, X, X;) — (ne, — 1) (v +2ne, X, X5). If w; > 0, then
the only quantity to be updated ¢s,; = k;. Otherwise, reallocation takes placeuf < 0
with Cy; = k;, and the objective functionu.,, ¢, ik, ne,, vy, v, v, andu;, are updated
with the corresponding changes. Al§b; and(; = C; are updated and the old and;
are placed in the live set. We make one pass through the tatdke optimal transfer stage
unless the live set is empty, in which case the algorithmiteates.

5. Quick transfer stageThe quick transfer stage, as its name suggests is a quiskgifisring
from the optimal transfer stage in that, it does not go thhootany potential candidate

classes. Instead, for each observat®n: = 1,2,...,n, it swaps(; (equivalently,C;)



with Cy; if either of the composition of these two clusters has chdng¢he last: steps and
doing so leads to a negatiue (as defined above). The corresponding objective function as
well as the associated,’s, u,’s andvt’s andv~’s are also updated and bofly; and Cy;
enter the live set as mentioned in Sfép 3. We continue witlpésses through the dataset

until no quick transfers have happened for the lastages.

Note that the swapping rule in Stdds 4 &hd 5 follows from Maedid Jupp (2000), pp 166 as
the change in the objective function can be written in terfn$X||. An additional result is that
(@) can be computed @) = Zszl nix(1 — || X 1||) providing a quick way of obtaining the final
value of [1) which will be used in estimating the number ofstéuis in Sectioh 2 3.

The k-mean-directions is an iterative algorithm, finding locptima in the vicinity of its ini-
tialization, so starting values for mean directions neduaktspecified for it to proceed. We address

a strategy for choosing starting values next.

2.2 Initialization of Cluster Centers

Initialization of iterative algorithms such asmeans can have tremendous impact on performance.
Common methods for initializing-means include randomly chosen starts or using hierarchica
clustering to obtaink initial centers. While these can be used directly to inmlour k-mean-
directions algorithm, they have been demonstrated to parfmorly for k.-means in many situa-
tions by Maitra (2009). He also suggested a multi-stagedraenistic initializing algorithm for
finding initial values which finds a large number of local medeassifying the observations and
then choosinds representatives from the most widely-separated ones.aldgusithm was the best
performer in a majority of cases for several dimensions amdbers of clusters. The constrained
structure of our dataset means that direct application efitérative multi-stage method is not

possible so we adapt the algorithm to this context next:

1. We use an approach similar to Maitra (2009) to obfdimitializing centers. Specifically,
our first goal is to obtain local modes along each dimensioXof To do so, use one-
dimensionak-means initialized with (K (p — 1))¥/(»=Y7] equi-spaced quantiles, whelre]
denotes the smallest integer greater than or equal Tthe product set of the resulting one-
dimensional modes are then projected back to li&®(by dividing each element in the set
by its norm). This set now forms a set of potential multiverilncal modes that lie o8?.

We prune this set by discarding all candidates that are nsest to any observations X.



These remaining* local modes are then used to initialize thenean-directions algorithm
to producek™ local modes inX.

2. Obtain a representative from tl#& most widely separated modes. To do so, we use hier-
archical clustering with single linkage on thek& local modes and cut the resulting tree
into K groups. We then classify each observationXinto one of these< groups by its
closest Euclidean distance to one of théSeenters. The mean directions of the resulting
classifications are used to obtdihinitial mean directions forX..

The above algorithm can also be applied to the case when genaionsX; € S7,. In
this case, we find @ x (p — 1) matrix V' with columns orthogonal ta (the vector of ones) to
project the data ont6”~!. V' can be practically obtained by finding the figst- 1 right singular
vectors computed from the singular-value decompositicetian any observations frons” ;.
Let U = XV be the resulting projection of the data matrix. We continitt & < SP~! in place
of X in the above algorithm. Also, the initializing mean directs obtained in Stdp 2 are projected
back ontaS” ;| by using they x (p— 1) matrix V'. Note that this entire exercise is possible because
the objective function of{1) is invariant to transformatioy the orthogonal matri¥’”’.

In simulation experiments reported in the supplementarienas, we note that the above al-
gorithm performs well in the majority of cases for higher dimsions with large number of clusters,
but performance is worse for lower dimensions. Thus, iniai@guard against underperformance,
and for all dimensions, we supplement the chosen initialeswith centers drawn from a hier-
archically clustered solution with Ward’s criterion (Wat863) as well as the best &f random
starts. Specifically for the latter, we chooBesets of X' randomly chosen (distinct) observations
from X. For each set, we classify the observationXirinto K groups based on their closeness
to thesek values and calculate the corresponding valuélof (1). Thesemizing () is our pro-
posed random start and is compared with the valudd of (1)nautat the hierarchically clustered
initializer and at the starting values provided by our mstiged deterministic algorithm above.
The initializing values which yield the lowest value &f (¥)adhosen as our starting value for the
algorithm.

Note that the random starts approach as suggested abovealoastually run the:-mean-
directions algorithm above for each random start, but eiteki{l) at each combination, choosing
the one that is optimal. This makes exploring a large humbaeritial values possible. Indeed,

for our experiments in Sectidn 3, we take= 1000. Further, for high-dimensional datasets such

9



as the text documents introduced in Secfion1.1.2, the metestic portion of the initializer can
be very computationally taxing. In such situations, it maynhore feasible to simply implement
only the randomly selected starting directions discussedigusly and for datasets with a smaller
number of observations, supplement this with means olitaiseng hierarchical clustering with

Ward’s linkage, again choosing the set of centers that gdesvihe minimal value oEl(1).

2.3 Estimating the Number of Clusters

We have hitherto assumed that the number of clust&rsis known. As this is rarely true in
practice, we need methods to determine an optimal estinfiake dVhile there has been a large
body of work in this regard fok-means and other partitional algorithms, there has beenstlm
no attention paid to this aspect even in the contextydfmeans. We have experimented with
several adaptations of classical partitional algoriththe Gap statistic, BIC, modified Marriott’s
criterion, etc.) for addressing this issue and have expariaily found our most promising pick
to be an approach relating the largest relative change inglienized objective function with an
increase in number of clusters. Formally therefore, we lmokhe largest relative change in the
final objective function at the termination of themean-directions algorithm when we go fr@nto
k+ 1 clusters. Thus, denotin@bj, as the optimized (converged) valueldf (1), we chalise &
2.... Kr_, that maximize$?e+r . _Obik

S O0bjx Obj,
non-transformed Euclidean-distance case, in some sosnamay be necessary to determine if

. Additionally, and perhaps different from the classical

K = 1. This can be done by comparirigpj; to “Obj,” which can be thought of the value of
the objective function if no clusters are present (i.e.,ahservations are uniformly distributed in
SP). In this scenario, one can us§Objo) = E,(> i1 — X/p) = >0 | By, (1 — cosb;) = 2n
to replaceObj,. However, caution needs to be exercised when using this asriexperience,
E(Objy) tends to be much larger th&j; when clusters are located in a subspac8tof

The motivation behind this proposed method is thatsagcreases, the within-cluster vari-
ation goes down corresponding to an increase in the coratEmtrof observations around the
mean direction in each group. Further, the concentrationlshsharply increase when going from
K — 1to K clusters, and should increase much more slowly when the auwnftclusters goes
past the truek’. If we assumed that the observations arose from a mixtureaafjevins with
common concentration parameteran appropriate way of determining the largest relativengea
in the concentration would be to fifrd € 2,... K+ — 1 that maximizes,%i1 — ",’;—;1 Then we

can derive the maximum likelihood estimate fobased on the high-concentration approximation
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2 (n— X1, Xjp) + x%,_; (Watson 1983) ag = 2(n—2£(f)£§'2:)1_5jX;ul) = P22 where(;,
indicates the classification of observatioim cluster;. Finally, substituting: and simplifying the
previous ratio, we arrive at the proposed method involvinty dhe objective function{1). We
note further that the algorithm is fast and built entirely the byproduct — final value ofk1) —
of the k-mean-directions algorithm. As such it is applicable todatasets which can handle the
k-mean-directions algorithm (i.e., spherically consteginlatasets where Euclidean distances are
the appropriate metric). This makes it practical to use asrgd number of situations such as in the
gene expressions and document clustering applications.

In this section therefore, we have proposed a fast and effiterative approach to clustering
data on a sphere. We have also provided approaches toimitigthe algorithm and to determining
the optimal number of clusters. We now study the performafieach of the many aspects of the

suggested algorithms.

3. EXPERIMENTAL EVALUATIONS

The proposed methodology was comprehensively evaluatedgh a large-scale series of simu-
lation experiments. For brevity, we only report the ovepaliformance of-mean-directions with
K estimated using the procedure from Secfiod 2.3 and refdrestapplement for detailed de-
scriptions on the actual performance of thenean-directions algorithm witik” known (Section
S-1.1), and its initialization (Section S-1-2). Additidiyain the supplement we also compare in
detail performance of-mean-directions to the standaraneans algorithm (Section S-1.3), as well
as, a comparison of computing time betwdemean-directions angpkmeans (Section S-1.4).
We note here that as the number of dimensions increasegan-directions performs faster than
spkmeans. Our assessment is presented graphically for two-dimaakexamples, and numeri-
cally via the adjusted Rand measure, ] of Hubert and Arabie (1985) for 2, 6 and 10 dimensions.
The experimental suite covered a collection of dimensiphsnumber of true clustergy)), clus-
tering difficulty (¢) and number of observations)(

Our simulation datasets were generated from an equi-ptioped mixture ofi’ p-dimensional
Langevins with common concentration parameter Here, the Langevin distribution provides
a natural reference distribution as under the assumptianafmmon concentration parameter,
k, the objective function{1) is closely related to the likelod of a mixture of Langevins (see
Section[®2). The difficulty of a clustering problem is dirgcinpacted by the overlap (or lack
of separation) between clusters, so we use a modificationagfipta (1999 — separation
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@c=4R,=10 (b) ¢ = 2, R, = 0.995 (©) c=1,R, = 0.986

Figure 1: Clustering vigd-mean-directions on datasets with = 6 clusters generated with (a)
c =4, (b)c = 2, and (c)c = 1. Color and character represent true and identified clysters

respectively.

modified for the Langevin distribution. Further, followildaitra (2009), we define a set pf

variate Langevin densities to lexact—c—separated for every pair £,(p;; x;) and L, (;; ),

I, — py]] > e/1/max (k;, %;). Different choices of: give rise to different separations be-
tween clusters. In our experiments, we chose 1, 2 and4 to represent clustering situations with
poor, moderate and good separation, respectively. Adidilip although the algorithm is evalu-
ated based solely on data lyingdi#, we note that this setup is equivalent to evaluatingean-
directions for data that lie i}, for p = 3,7 and 11 and contend that performance will be nearly

identical, given the lower-dimensional projection it using theV’ matrix of Sectiod Z12.

3.1 lllustrative Two-dimensional Experiments

For each of these experiments, = 6 andn = 500. In all three cases, we correctly esti-
mated K, and we display our clustering results by means of a stackedlar plot (Lund and
Agostinelli 2007) in Figuré&ll for the different levels of Performance is excellent throughout.
The grouping was perfec, = 1.0) for ¢ = 4, had one misclassificatioR(, = 0.995) for ¢ = 2
and three misclassification®( = 0.986) for ¢ = 1. Thus, there is some very minor degradation

in performance with increasing difficulty of the clusteripigpblem.

3.2 Large-sample Simulation Experiments
We have also conducted a series of large-sample highemdioreal simulation experiments. Our

primary objective for ak-mean-directions algorithm is computational efficiencyl @ne ability
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Table 1: Summary of-mean-directions with estimated number of clustéf} (Each cell contains
the mediank (top left), median adjusted Rand valuR ( top right), interquartile of’ (bottom

left) and interquarile ok, (bottom right).

p=2 p=206 p=10
c c
1.0 2.0 1.0 2.0 1.0 2.0
K|K R, | K R, |K| K R, | K R, |K| K R, |K R,

3 3 0.949| 3 0.997 3 3 0.946| 3 0.992 3 3 0.926| 3 0.992

S 0 0.0371 0 0.003 0 0.032 0O 0.005 0 0.038) 0 0.007
UD__; 6 6 0928 6 0.997 6 6 0.784| 6 0.993 3 8 0.769| 8 0.954
I 0 0.379| 0O 0.002 3 0.429) 0 0.005 5 0.324) 0 0.099
S 12 12 0.820] 13 0.959 12 12 0.897| 12 0.988 20 20 0.729| 20 0.979
7 0297 1 0.110 5 0.259| 0 0.006 9 0.226/ 1 0.025

B 3 0.956| 3 0.998 3 3 0.955| 3 0.995 3 3 0.923| 3 0.994
S 0 0.025| 0 0.001 0 0.026f 0O 0.003 0O 0.055| 0 0.003
S| e 6 0960 6 0.998 6 6 0.786| 6 0.995 3 8 0.761| 8 0.989
] 0 0.040f O 0.001 3 0312 0 0.003 4 0.300f 0 0.062
= || 10 12 0.882| 13 0.952 12 12 0.896| 12 0.993 20 21 0.729| 20 0.991
2 0177, 1 0.103 7 0351 0 0.002 10 0.184| 0 0.006

~ 13 3 0941 3 0.998 3 3 0.959| 3 0.994 3 3 0924 3 0.995
S 0 0.028) 0 0.002 0 0.029| 0O 0.004 0O 0.058| 0 0.003
g“ 6 6 0.950| 6 0.998 6 6 0.809| 6 0.996 3 9 0.779| 8 0.994
| 0 0.345 0 0.002 1 0.393] 0 0.002 5 0.395| 0 0.006
= || 10 12 0.912| 13 0.945 12 12 0.951] 12 0.996 20 22 0.773] 20 0.992
1 0.185| 2 0.109 6 0519 0 0.003 4 0.138] 0 0.005

to handle large datasets which would otherwise be difficuttltister using mixture modeling or
other methods. So we evaluated performance Wwith, ¢) = {2, 6,10} x {5000, 10000, 20000} x
{1,2,4} with K = {3,6,12} for p = 2 and6 and K = {3,8,20} for p = 10. For each case,
we randomly generated 25 sets of parameters (cluster messtions andx) according to the

equal-proportioned(-Langevin-mixtures model, as above. In all, approximag800 simulated

datasets were used to assess the performancengfan-directions. With unknowR’, we setK'r

to 20 for the two- and six-dimensional experiments &d= 40 for p = 10. Further, for brevity,

we report here only the summarized measures of performareretivese 25 datasets for which

K is unknown and also needs to be estimated, referring to fhyelesment for performance @f

mean-directions for wheRA is known, noting only that it is quite good in all scenariogewhen

separation of clusters is lower.

Table[l summarizes the performance of our experiments fiareint settings and fok un-
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known. Note thati is almost always correctly estimated for= 4 (and hence is not included in
Table[1) as well as whei” = 3 for bothc = 1 and 2. Forc = 2, K is estimated accurately in
most cases with only a few instances where it overestiméedrtie number of clusters (eg., for
p =2andK = 12 the mediank = 13). For these case®, was slightly impacted, but overall
performance was still very good. However, Tallle 1 indic#ites for poor separation: (= 1) in
higher dimensionsk is often incorrectly estimated (as noted by the larger quartile ranges).
Hence the resultin@®, will be negatively impacted, especially whé&nis underestimated. This is
not surprising as the distinction between clusters becdasssapparent which makes estimating
the number of clusters a difficult task. Overall, regardtgsghetherk is known or not, the results
show that the proposed methodology is able to correcthtifyegroups quite well. Finally, we also
note that the size of the datasets did not prove to be a limtashowing that the computational
efficiency of thek-mean-directions algorithm as developed comes in handy ievéne context of

large datasets.

3.3 Application to Very-high-dimensional Classificatioataset

Our final experiment was in identifying groups of documentghie well-known Classic3 dataset
available online fronftp: / /Tt p. cs. cornel | . edu/ pub/ smart. This dataset is a well-
known collection of 3,893 abstracts fromsC (1,460 articles on information retrieval),RGN-
FIELD (1,400 documents on aerodynamics), andOMINE (1,055 abstracts on medicine and re-
lated topics) databases consisting of over 24,000 uniguds~y&lassic3 is often used to evaluate
performance of text clustering/classification algorithbesause it contains a known number of
fairly well-separated groups (sources of abstracts).rAftecessing the data to remove words ap-
pearing in less than 0.02% or more than 15% of the documer882 3vords remained and the
resulting document vectors were each transformed to hawve.gimorm. This processed dataset
was used to evaluate performance of btmean-directions algorithm and our estimation method
for the optimal number of clusters in that context. Sincedatset is severely high-dimensional,
we initialized ourk-mean-directions algorithm for eadki at the best, in terms of lower value
of (@), of the random starts method and hierarchical clirggerith Ward’s criterion for merging
clusters. The optimak” was correctly estimated, using the method of Sedfioh 2 Betiree. As
seen in the confusion matrix summarizing the results indl@bkhe three clusters had about 99%
of the documents correctly classified with only a few fromregmoup being incorrectly clustered

(R, =~ 0.966). Additionally, when compared to classifications deriveshi the mean-directions

14


ftp://ftp.cs.cornell.edu/pub/smart

Table 2: Confusion matrix for three clusters of Classic3luB@ms represent the abstract origin
and rows each represent one of the three identified clusters.

Cisl | CRANFIELD | MEDLINE
Cluster 1| 1449 13 11
Cluster2| 8 2 1020
Cluster 3| 3 1385 2

algorithm initialized from the true groupings and corresgiag mean directions, 99.6% of the
documents were correctly clusterell (~ 0.989). This indicates that the processed dataset has
some minor overlap to its groups and shows thatean-directions, along with our methodology
for choosingk’, does an excellent job of grouping the documents when caedgamwhat is ideally
possible.

4. APPLICATION TO GENE EXPRESSION AND TEXT DATASETS
4.1 Mitotic Cell Division in Budding Yeast

The yeast cell cycle datasgaccharomyces cerevigi@ho et al. 1998) shows the expression levels
over two cell cycles (or 17 time points) for 6,457 genes. Ehasta contain the complete char-
acterization of mMRNA transcript levels during the mitoteldivision cycle which is comprised
of several cell cycle phases including the phase whereidividoes not occur (early and late G1,
S and G2) as well as where mitotic (M) cell division occursridas subsets of this dataset have
been analyzed to find groups of similarly-acting genes ireissh\studies (Yeung, Fraley, Murua,
Raftery and Ruzzo 2001; Banerjee et al. 2005; Dortet-Beshadd Wicker 2008), but the entire
dataset has itself never been completely analyzed. Formramavazoie, Hughes, Campbell,
Cho and Church (1999) and Dortet-Bernadet and Wicker (2088B) consider the most variable
2,945 genes from 15 time points, while Yeung et al. (2001) Bawerjee et al. (2005) both sepa-
rately consider even smaller subsets. Although each peaeidsoning for analyzing only a subset
(typically consisting of removing gene profiles believedo® “uninteresting” or those that have
low expression/variability across all time points) it iskmown if there is any additional insight
that would be provided if the entire set of genes could beyaed. Our development of the
mean-directions algorithm is to make clustering of hugeskts computationally practical and
this dataset provides a natural scenario to apply our metbgyl.

As is typical in these studies, the original dataset wasppoeessed before analysis. We
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first transformed each coordinate using quantile normidimaBoldstad, Irizarry, Astrand and
Speed 2003) to reduce the differing variances and skewn@sdbke gene profiles across all 17
time-points and then standardized each transformed ggmession profile to have zero-mean and
unit L2-norm. We then applied themean-directions algorithm initialized using the best teims

of lowest value off{ll) — of the three strategies mentionedeictiSNZ.2 and used our methodology
of SectioZ.B for estimating the number of clusters on thag#d to identify twenty-eight groups
ranging in size from 171 to 315 profiles. The (standardizetiteansformed) cluster mean expres-
sion profiles, along with one standard error bars around thensfor each of the 17 time-points
are summarized in Figuké 2. Since the results in Yeung e2@0X) or Banerjee et al. (2005) are not
presented in a form which readily permits comparisons withgroupings, we only compare our
results here with those provided in Dortet-Bernadet andk@(i¢2008), which estimated a similar
number of clusters (twenty-six as opposed to the twentiitdimund here) in the reduced dataset
using Akaike’s Information Criterion (AIC). To facilitateasy cross-referencing with that article,
we display our identified groups in Figure 2 in an order whichvies the best visual match to
that in Dortet-Bernadet and Wicker (2008).

Figure[2 shows that the resulting groups share many sitidanvith the results of Dortet-
Bernadet and Wicker (2008) even though the expanded datasetised. In particular, clusters
numbered 1-6 have very similar mean profiles to the “cyclieegeusters” of Dortet-Bernadet and
Wicker (2008). These groups have two apparent yeast cytlbég imean expression profiles (time
points 1-9 and 10-17). Clusters numbered 7-13 have simglads to the “stress gene clusters”
of Dortet-Bernadet and Wicker (2008), who named them as dueho the stress put on the cells
from which they must recover. Many of the differences in cesulting clusters with those in
Dortet-Bernadet and Wicker (2008) are in what the lattegrrad as “miscellaneous gene clusters”
as many have varying patterns that do not easily match upthétlemaining clusters identified
here (numbered 14-28). Further, several genes known tovbl/@d in the cell cycle regulation
in the G1 phase (CLN1, PCL1, NUD1 and SWEL1) are all containeduster 2, while two others
related to the G1 phase (CLB6 and SWI4) are in cluster 11. thaddilly, cluster 1 contains other
genes related to the M phase cell cycle regulation (CLB1 abB2}. Similar results hold for
the stress gene clusters as genes identified by Dortet-Betraad Wicker (2008) are identified
in similar clusters here as well. Finally, we note that alifjlo we estimated a similar number
of clusters as Dortet-Bernadet and Wicker (2008), we sugpatkK is slightly overestimated as

the observed-separation between clusters numbered 13 and 15 was rodglywhich indicates
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very low separation). In addition to those two clusterstetveere several other pairs with relatively
low separation, including clusters 2 and 3 (with an observeeparation of about 0.78).

In summary, it is apparent thatmean-directions partitioned the entire dataset intotehss
with similar interpretability as those obtained on a small#taset by Dortet-Bernadet and Wicker
(2008). While the number and characteristics of groupstitiet are similar to those identified
on the reduced dataset in that paper, we note that our résuésbeen obtained using the entire
dataset, without eliminating any genes, and the similaftyhe identified clusters with Dortet-
Bernadet and Wicker (2008) provides some assurance in sultse Further, by including the
additional genes not used in the previous studies, furtimfermation is also provided into the

functionality of those genes that have previously not beeluded in the cluster analysis.

4.2 Document Clustering

The Joint Statistical Meetings (JSM) is an annual inteameatti meeting of statisticians, with several
thousand attendees and numerous technical sessionsteansfsoral presentations. In 2008 for
instance, there were 2,107 oral presentations made at th&J3enver, Colorado over four days.

With such a large number of talks, it becomes necessary te maitiple sessions at one time:
indeed, there were up to thirty-five sessions occurringestdme time at the 2008 JSM.

Oral presentations, ideally, should be scheduled in diffesessions such that no two parallel
sessions (happening at the same time) should be on the sadseditopics. This would be of
maximum benefit to attendees who are usually keen on attgpdasentations on similar topics of
their specific interest, and would like related presentettito not take place in parallel. Typically
each year, presenters submit their abstracts electrgnatahe beginning of February in the year
of the JSM and request one or more sponsoring sections ofdlfiesgional societies for placement
of their presentations. Given the highly interdependetinezof the many aspects of the discipline
of statistics, it is inconceivable that presentations candatly divided to disparate topics, if only
done according to the sponsoring sections.

An alternative approach, which we propose and explore e uise the text of the abstracts
submitted by the presenters and to group them into as mastecéas the data may support. These
clusters can then form the basis of parallel sessions. Wiy she potential for this automated
approach using the methodology developed in this paperealibtracts of the oral presentations
at the 2008 JSM.

The collection of 2,107 abstracts consisting of 11,557 waigyords forms our dataset. Words
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Figure 2: Standardized mean expression profiles (with staetror bars) of the 28 clusters found

in the Yeast cell cycle data. Horizontal axis representdithe period of the experiment.
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of very low and high frequencies were defined to be those apyuem less than four (0.02%)
or more than 316 (about 15%) abstracts, respectively, amd meenoved from the lexicon using
the MC toolkit of Dhillon and Modha (2001), leaving behind?82 remaining words. (Thus the
dataset is 3,762-dimensional.) To emphasize words witholavall collection frequency, we used
the commonly usederm frequency-inversereightingi.e., the frequency of theth term (j =
1,...,3,762) in each document;; was weighted byog(2,107/d;), whered; is the number of
documents which contain thgh word. Each document vector was then normalized to be of uni
length. The methodology from Sectibh 2 was applied to tha thétialized using the best of 1,000
random starts. The result was a total of 55 optimal clustepsasentations, ranging in size from
26 to 56 documents.

Figure[3 summarizes the cluster means of the five words wéhhihhest weighted mean for
each cluster. In all, there are 242 unique top-five wordsheagresented by a column in Figlile 3)
amongst the identified clusters with fifty-one of the top weobeing unique, while fifty-three of
the second words differ from the top words. The third, fowtld fifth top words have 50, 43 and
45 unigue words respectively. Thus, each cell in Fidlire Besgnts the weighted mean for one
of the 242 words for a single cluster. The words are ordereti shat the most frequent words
in each cluster not already appearing in the display arepgodtiogether and clusters are ordered
according to their cardinality. From this, it is clear tHag tost of the groups were quite distinct as
the “off-diagonal” cells in the plot displays very low intgties. Indeed, many of the clusters can
be described by their top words. Using the frequency of getiwe of the top several words for
each cluster, we were able to fairly uniquely identify eaobug of presentations. These identified
groups of presentations, along with their cardinality, regresented in Figuié 3.

Note that the groups identified very neatly fall into divessi#-topics. The largest group of
presentations have to do with the analysis of clinicalgtitdllowed by those on variable selection,
hypothesis testing, introductory statistics educatiomssing data and NHANES-related health
surveys. At the other end, the smallest group of oral presients was related to mortality stud-
ies, applications to economics and followed by financiaiistias, applied stochastic processes,
Bayesian Additive Regression Trees, Statistics in Spartssa on. A slightly more in-depth look
at the top words in each cluster is available in Section StB@&upplementary materials, but we
note that the resulting groups of presentations are batly féistinct and interpretable.

The fifty-five clusters presented in Figurk 3 indicate tharehcan be at the most fifty-five

sessions in parallel for maximum benefit to attendees. Theeptations in each group could
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Mortality Studies (26)

Economics Applications (26)

Financial Statistics (27)

Applied Stochastic Processes (29)

Bayesian Additive Regression Trees (29)

Sports Applications (29)

Baysian Spatial Statistics (30) |

Statistics & Demography (30)

Polling & Voting (31)

Secondary Education (32) |

Biopharmaceutical Statistics (33)

Discrete Data (33)

Multiple Testing (33)

Spatial Processes & Applications (34)

Mixture Distributions (34)

Imaging Biomarkers (34)

Dimension Reduction (35)

Demographic Surveys (35)

Microarrays (35)

Census Studies (36)

Engineering Statistics (37)

Undergraduate Research (37) |

Business Surveys (38)

Estimation in Survival Analysis (38)

Long—-memory Processes (38)

High Dimensions (38)

Time Series (38)

Nonparametric Statistics (38)

Bayesian Anaysis (38)

Regression Methodology (38)

Health Surveys — NHIS (39) |

Regression Analysis (39) |

Statistical Consulting (39)

Climate Statistics (39)

National Household Survey (40) | |
Pharmaceutical Clinical Trials (40) | |

Reliability & Stat. Quality Control (40)

Online Education (41) |

Generalized Estimating Equations (41) I

Cancer Studies (42) I
Markov Chain Monte Carlo (42) I
Linear Models (42) |
Gene Expressions (43)
Designing Clinical Trials (43) | II
Cancer Studies (43) I
Spatial Statistics (45) I
Experimental Design (45) I
Bootstrap (46)
SNPs Data (46) II
Health Surveys — NHANES (48) I
Missing Data (49)
Introductory Statistical Education (49) II
Hypothesis Testing (50) I
Variable Selection (51) I
Analysis of Clinical Trials (56) I

0.44

0.25

0.11

0.03

0.00

Figure 3: Means of the top five words for each of the 55 clustethie 2008 JSM abstracts.
Cluster labels (rows) identify the subject of the clustethvihe number of abstracts in each cluster

provided in parentheses. Each of the 242 terms are repegsenthe columns.
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themselves be further grouped and made into more targetedlyseunning sessions, taking care
to ensure that these sub-grouped sessions never run irlepavth presentations in the other
sub-categories of the same group. Further, note that owested finding of at most fifty-five
concurrent sessions is many more than the up to thirty-fivalled sessions held in 2008, and
suggests that the Meetings itself could have been shorierigtite in duration to save costs for

both organizing societies and attendees.

5. DISCUSSION

The main contribution of this paper is the development of aification of thek-means algo-
rithm of Hartigan and Wong (1979) for data constrained tahethe circumference of a sphere.
The suggested modified methodology maintains the frugaligpmputations that is the hallmark
of its Hartigan and Wong (197%-means cousin and is able to take very large, severely high-
dimensional datasets. Our algorithm is also an iteratibes® which requires initialization, for
which we provide both a deterministic and a stochastic aggroand recommend proceeding with
the solution that is best as the candidate initializers. W& provide a criterion for estimating the
number of clusters that is based on the largest relativegehanthe locally optimized objective
function. While ISO/ANSI compliant C software implemergik-mean directions ang code for
all simulation datasets used in this paper are availabte flee supplementary materials section of
the journal website or upon request,Rpackage is under development for public release. Further,
while the methodology was developed in the context-ofiean-directions, both the initialization
procedure and the criterion for estimating the number ddtelts are general enough to extend to
other clustering algorithms for directional data. Resatigthe simulated datasets are very promis-
ing. We have applied our methodology to analyze microareyegexpression data on the cell
cycle of yeast as well as the collection of abstracts from20@8 Joint Statistical Meetings. In
the first, the goal was to compare results based on the eatiaset to those obtained in previous
studies based on only a subset of the data. The resultinggmere very similar in interpretability
to those of Dortet-Bernadet and Wicker (2008) but providditawhal information on the yeast cell
division process as the entire set of genes could be usee@ ianhlysis. The results arrived at in
the JSM abstracts dataset consist of numerous interpesgailips that may provide help with the
issue of assigning presentations to sessions at the canéere

A few points remain to be addressed. The first is to modify tger&ghm to account for noise

or scattered observations. One suggestion would be toajeaeal algorithm similar to th&-clips
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algorithm of Maitra and Ramler (2008) that accounts for solokervations and is still computa-
tionally feasible. Certain aspects of the algorithm may dwedily adapted, but determining how
the algorithm defines scatter would need consideration.tiferassue lies in clustering massive
directional datasets; in this scenario, it may be possiblmadify the multi-stage clustering ap-
proach of Maitra (2001). Thus while the methodology devetbm this paper is an important
tool contributing to clustering spherically constraineataets, further issues remain that require
additional attention.
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APPENDIX A. RELATIONSHIP BETWEEN CORRELATION SIMILARITY AND
SQUARED EUCLIDEAN DISTANCE BETWEEN STANDARDIZED
PROFILES
Let W = (W, W,,...,W,)andZ = (Z,, Z,,...,Z,) be twop-dimensional gene expression
profiles with corresponding meam& = p=!>" W;, Z = p~' 3P | Z; and variances}, =
p Y (W, —W)*andsy = p~' Y7 (Z: — Z)* respectively. Define the standardized profiles
to beU = (Uy,Us,...,U,) andV = (V},Vs,...,V,) whereU; = (W; — W)/sy andV; =
(Z; — Z)/sy fori = 1,2,...,p. (Note thatp~:U andp 3V € S%,.) ) Then the squared
Euclidean distancé?(U, V') betweenU andV is given byd?>(U,V) = (U - V)(U - V) =
2 —2pw .z Wherepw z is the correlation betweeW andZ. Thus the squared Euclidean distance
between the standardized profilEsandV is an affine transformation of the correlation between
the untransformed gene expression profifésand Z.
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