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Abstract. Parametric imaging procedures offer the possibility of com-
prehensive assessment of tissue metabolic activity. Estimating variances
of these images is important for the development of inference procedures
in a diagnostic setting. Unfortunately, the complexity of the radio-tracer
models used in the generation of a parametric image makes analytic vari-
ance expressions intractable. A natural extension of the usual resampling
approach is infeasible because of the computational effort. This paper
suggests a computationally practical approximate simulation strategy
to variance estimation. Results of experiments done to evaluate the ap-
proach in a simplified model one-dimensional problem are very encour-
aging. The suggested methodology is evaluated here in the context of
parametric images extracted by mixture analysis; however, the approach
is general enough to extend to other parametric imaging methods.

1 Introduction

The ability to assess quantitatively the biologic status of tissue from a sequence
of dynamic Positron Emission Tomography (PET) scans is one of the most pow-
erful features of this radiologic tool. The most common approach in this regard
is a technique called ROI analysis. Here, the reconstructed pixel values in each
scan are averaged over a given region (ROI) to yield a time series, called the
time-activity curve (TAC), and then the regional biologic parameter values are
estimated by fitting non-linear models to the time series. There are concerns
regarding image registration while drawing these regions with the help of other
imaging modalities such as X-ray Computed Tomography (CT) or Magnetic Res-
onance Imaging (MRI), as well as the potential for inaccurate metabolic param-
eter estimation because of the possible selection of inhomogeneous regions [22].
From a practical standpoint however, the most important concern is that outside
the selected regions, the reconstructed PET data are only interpreted qualita-
tively, thus compromising the quantitative potential of this expensive technology.

Parametric imaging attempts to offer comprehensive pixel-wise assessments
of tissue metabolic activity. The technique builds on fitting radio-tracer models
to the time-course reconstructed PET data at each pixel. However, the pres-
ence of noise and heterogeneity between the reconstructed pixel values makes
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direct fitting of models inappropriate [12, 24], and underlines the need for more
refined approaches (Blomgvist [1], Cunningham and Jones [4], Gjedde [9, 10],
Herholz [13], Patlak, et al. [23], O’Sullivan [20, 22]).

The full quantitative potential of PET can be realized if it is possible to draw
scientific inferences from these parametric images. To this end, in recent years,
there has been considerable attention directed to the analysis of multi-subject
cerebral activation studies using [O-15]-water [8, 26]. Such studies are interesting
in determining, for instance, how the brain processes different cognitive tasks and
functions. However, in a clinical setting, there is a practical need for inference
tools to guide diagnostic decisions from single-patient studies [14, 15]. In this
context, Blomqvist et al. [2] noted the desirability of developing methodology
to estimate variances in parametric images. Such mechanisms will permit the
evaluation of hypotheses related not only to the mean parameter over regions
but also regional heterogeneity measures. The statistical significance of any hy-
pothesis test is based on the assumption that under the null hypothesis, the
behavior of the test statistic can be explained in terms of purely random varia-
tion. In setting up such a test, estimates of dispersion are needed. Unfortunately
however, the nonlinear formulations used in the construction of parametric im-
ages make analytic variance formulae intractable. The simulation approach of
Haynor and Woods [11] could theoretically be extended to develop a variation of
the bootstrap method of Efron [6]. This would involve simulating inhomogeneous
Poisson processes, independent over time, in the observation (sinogram) domain
with (time-dependent) mean intensities estimated by the count data, applying
image reconstruction and parametric image generation to obtain an ensemble of
simulated functional images. The resampled parametric images could then be
used to estimate the dispersions. Unfortunately, the cumulative computational
burden of the number of reconstruction steps needed in the simulation makes
such an approach impractical.

This paper suggests a synthetic simulation approach via the parametric boot-
strap [6] executed in the imaging domain. Under idealized projection conditions,
each reconstructed PET scan is well approximated by a multivariate Gaussian
distribution. The mean of this distribution is estimated by the reconstructed
image. Computationally feasible and accurate dispersion estimates developed in
Maitra and O’Sullivan [16, 19] and Maitra [17, 18] are exploited and the result
validated for a realistic range of total expected counts. This model is used to
simulate dynamic PET sequences, from each of which biologic parameters are
extracted. This yields a bootstrap sample of the functional images, which can
be used to assess variability. The advantage of this approach over the one that
extends the strategy in [11] is that it eliminates the computationally expensive
reconstruction step when simulating from the observation process.

The main contributions of this paper are presented in two sections. Section 2
develops the methodology used in the simulation of dispersion estimates. Section
3 reports on the experiments done to validate the approximate Gaussian distri-
butional assumption of reconstructed PET scans, as well as those done to assess
the performance of the suggested methodology. Since the latter is not possible



to evaluate in a two-dimensional PET setup, the suggestions are evaluated on
experiments performed on a model one-dimensional problem with reconstruction
characteristics similar to PET. Finally, Section 4 summarizes the contributions
of this paper and poses questions for future research.

2 Theory and Methods

2.1 Distribution of a Time-course Reconstructed PET Sequence

The reconstruction algorithm in PET for the distribution of radio-tracer in tissue
at a fixed time-point is the filtered backprojection algorithm:
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Here y = {ya0;d=1,2,...,n4;0 = 1,2,...,np} is the corrected sinogram data,
en(-) is the reconstruction filter with resolution size (FWHM) h, A = {);;i =
1,2,...,I} is the source distribution and M the corresponding reconstruction.
Theoretically, it can be shown that the asymptotic distribution of the recon-
structed PET scan at a fixed time-point under idealized projection conditions
is multi-Gaussian [17, 18]. The mean of this distribution is estimated by the
reconstructed image and unbiased estimates of the variances can be obtained
accurately by applying the methods outlined in [16, 19]. The Fourier reduction
detailed in [17, 19] that combines the assumption of relative uniformity of the
variances in the observed bins with the properties of the Radon transform is
used to assess the correlations. This technique is a computationally elegant im-
plementation of the spatially invariant correlation structure of Carson et al. [3].
The above results can be used to suggest an approximate distribution for a
dynamic sequence of reconstructed PET scans. The data recorded by the detector
over time are independent. Further, the reconstruction of the radio-tracer uptake
at any one time-point, does not involve the observations at any other; hence, the
reconstructions are themselves independent over time. This gives

Result 1 The asymptotic distribution of the time-course reconstructed PET se-
quence {\"(¢);t =1,2,...,T} is a Gaussian random field.

2.2 Synthetic Simulation Approach to Estimating Dispersions

Result 1 implies that for high expected total emissions, the distribution of the
time-course reconstructed PET sequence can be approximated by a Gaussian
random field. This is used to construct a practical modification to the resampling
scheme outlined earlier. The exact implementation is as follows:

1. Obtain a time-course reconstructed image sequence of radio-tracer uptake
from the PET study. Also, obtain the variance estimates of the reconstructed
pixel values for each of these scans. Approximate the correlations between



the reconstructed pixel values in each scan by the spatially invariant cor-
relation structure developed in [17, 18, 19]. From this reconstructed PET
sequence, obtain a functional image of the estimated pixel-wise tissue bio-
logic parameters.

2. Simulate from a Gaussian random field with mean estimated by the above re-
constructed time-course sequence. The spatially invariant correlation struc-
ture means that Fourier methods can be used in the simulation of correlated
multivariate Gaussian realizations (see appendix for details). From each sim-
ulated PET sequence, obtain pixel-wise simulated images of the desired bi-
ologic parameters.

3. Estimate dispersion of the estimated functional image from this bootstrap
sample.

This approach is practical because it eliminates the cumulative computational
overhead of performing many reconstruction steps while obtaining resampling
estimates of variability.

3 Evaluation of Suggested Strategy

3.1 Diagnostic Checks

Diagnostic checks were performed to evaluate the approximation of the dis-
tribution of a reconstructed PET scan by the multivariate Gaussian distribu-
tion and a spatially invariant correlation structure at realistic total expected
emissions rates. There are two levels of approximation here: (1) appropriateness
of the asymptotic Gaussian distributional assumption in a typical PET scan,
and (2) assumption of a spatially invariant Fourier correlation structure. Both
of these need to be tested. To this end, experiments were performed on a set of
simulation PET experiments.

Experiments The model chosen in the diagnostic checks was a version of the
Shepp-Vardi-Kaufmann phantom [25] digitized on a 128 x 128 grid (Figure 3.1a).
The sinogram domain had 128 x 320 distance-angle bins. A sample realization
is shown in Figure 3.1b. Evaluations were done over a range of realistic total
expected emissions. These were allowed to vary over 9 distinct values (equi-
spaced on a log, scale) between 10* and 10°. This range is comparable to that
seen in individual scans in a typical dynamic PET study using the radio-tracer
[F-18]-deoxyglucose. For each of these total expected counts, 1000 realizations
were generated in the observation domain and reconstructions obtained. The
resolution size (FWHM) of the filter for each reconstruction was set so as to
provide optimal reconstructions at the corresponding total expected counts. The
reconstructions were standardized to have zero mean and unit variance. The
reference distribution was the sum of squares of these standardized reconstructed
pixel values, where the summation index was over all those pixels that were not



Fig. 1. (a) The Vardi-Shepp phantom used in the simulations. (b) Sample reconstruc-
tion.

in the background of the imaging region. The statistic used was

W, — 21: M (2)
T i=1,igB Var(j\?)

where B represents the pixels in the background of the image. The diagnostic
checks were performed by comparing the distribution of this statistic W2 with
that obtained by summing up the corresponding squared coordinates of sample
realizations generated from a multivariate Gaussian distribution with zero mean
and unit variance and the appropriate spatially invariant correlation structure.

Results This section reports the results of our diagnostic checks. The goodness-
of-fit for the distribution of W; was evaluated both in terms of descriptive plots
and analytically. For descriptive analyses, quantile-quantile plots of the test sam-
ple were compared with those generated using the reference sample. Linearity in
the plots implies agreement with the asymptotic multi-Gaussian distribution.

Figure 2 plots the quantiles of the empirical distribution of W> against those
obtained from the sample drawn from the reference distribution for the range
of counts. The plots are by and large linear and, as expected, the quality of
the linear fit improves with increasing count. However, the slope is lower than
unity with increasing count rate. This can be explained by the fact that for
higher total expected emissions, the optimal bandwidth required in smoothing
the reconstructions for consistency is lower and as seen in several studies [3, 17,
19], the dispersions are under-approximated at lower smoothing levels.

To further our understanding of the performance of the diagnostic evalua-
tions, the two-dimensional PET experiments were repeated by fixing the total
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Fig. 2. Quantile-quantile plots of the empirical distribution of W, generated from the
reference distribution against those obtained from simulations obtained from the model.
The asymptotic fit is tested by looking at a range of counts.



expected emissions at the highest level (10°) and varying the bandwidth over
the range of nine corresponding values used in the previous experiments. The
plots (not reported here) were generally similar to those in Figure 2. However,
at higher bandwidths, the upper quantiles of W, were slightly heavier. The
slope of the plot went down, away from unity with decreasing bandwidth, thus
strengthening our view that it is the under-approximated dispersions for lower
bandwidths that made the diagnostic suspect in the previous experiments. These
experiments again underline the need for improved schemes for approximating
dispersions in reconstructed PET scans; however, the multi-Gaussian distribu-
tional approximation to a reconstructed PET scan seems reasonable.

3.2 Variance Estimation in Parametric Images

Mixture Models The mixture analysis approach [20, 22] to parametric imaging
is one of many methods suggested in the literature. Let A;(¢) represent the true
source distribution in the #’th time-bin at the #'th pixel in the PET imaging
domain. The vector A;(-) = {Xi(t);t = 1,2,...,T} is called the true time-activity
curve (TAC) at the ¢’th pixel. A K-component mixture model represents the #’th
pixel TAC as a weighted average of K underlying curves (sub-TACs) &,k =
1,2,...,K.

Ai(t) = kaik(i) (3)

where the mixing proportions {mjx;k = 1,2,...,K} lie in the K-dimensional
simplex. The physical basis for such a representation is that the sub-TACs (£’s)
correspond to the different tissue types represented in the image and the under-
lying m;.’s indicate the anatomic tissue composition of the underlying pixel.

Parametric imaging maps the metabolic parameter of interest, 9, at each
pixel in the image. The mixture analysis approach fits the metabolic parameter
#%) to each tissue sub-TAC & (-) and following (3) regards each pixel biologic
parameter as a composition of the component tissue parameters,

K
'01' = Zﬂ'ik’g(k) (4:)
k=1

Estimation Algorithms For functional imaging, the data are a time-course se-

quence of reconstructed PET scans A" = {Xh(t); t=1,2,...,T}. The number of
tissue types, K, the sub-TACs £x(-), and the mixing proportions m;x’s have to be
determined. K is obtained from anatomic considerations or through clustering
or other sophisticated algorithms [20, 22]. Estimation of £’s and 7’s is usually
done alternately to fit the model,

K
M)~ Y make(t); t=1,2,...,T. (5)
k=1



The problem of estimating £’s, given the 7’s, is a low-dimensional problem and
usually robust to the choice of the estimation method. On the other hand, the
dimensionality of the m;z’s is high and so the estimation problem is delicate.
Many methods have been proposed: among them is a quadratic (weighted) least-
squares algorithm which constrains 7;;’s to belong to the K-dimensional simplex.

The tissue metabolic parameters 9(¥)’s are estimated from the & (+)'s and
the pixel metabolic parameters are estimated following (4):

K
9 =Y ) (6)
k=1

Experiments Experiments were conducted to assess the performance of the
suggested approach for estimating the pixel-wise variances of the functional pa-
rameters, 9¥’s. Since it is not possible, with existing computational power, to es-
timate/compute the true variances in a two-dimensional PET setup needed for
purposes of comparison, evaluations were done in a simplified one-dimensional
deconvolution setting with projection characteristics as described in [21]. A 6-
component mixture model was specified. Since as explained earlier, most of the
variability is in the estimation of the mixing proportions, the component sub-
time activity curves £’s (and hence 19(k)’s) were known. The relationship between
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Fig. 3. (a) Perspective plot of the source distribution A(-) used in the experiments. (b)
The selected regions (ROI) (shaded bars) and the true source distribution at the fifth
time-point (broken line). Size of the shaded bars is proportional to the ROI size.

k'S an s was specified by the equation
&’s and 9(k) ified by th i
fk(t) = 9%) exp {—hyt}; k=1,2,...,6. (7)

This implies that 9(*) = = £;(0). This is called the “amplitude parameter”. hy
is another functional parameter (the “half-life”) but this parameter was not of



interest in this experiment. The source distribution A(-) (Figure 3a) was specified
using (3) with mixing proportions (m;x’s) that were blurred step functions [5].
The target functional parameter was defined using the n’s and the 9(*)’s in (4).

Time activity curves over 60 time-points were reconstructed at 216 bins (pix-
els) from realizations of an inhomogeneous Poisson process in the observation
domain [5]. The reconstructions were smoothed by a Gaussian kernel with band-
width preset to correspond to smoothing parameters that are reasonable for the
given total expected emissions. The m;;’s were estimated from S\h() and used to
obtain ¥s.

1000 simulated reconstructions of the TAC were obtained by simulating the
observed process and s were extracted from each S\h() Sample pixel-wise stan-
dard deviations of these ¥;’s were assumed to be the “ground truth” in our
performance evaluations.

Realizations were simulated from the approximate multi-Gaussian model for
the estimated TACs j\h() Bootstrap samples of ¥’s were obtained as outlined
in Section 2.2 and standard deviations calculated. The experiment was done
with bootstrap sample sizes m=10, 30 and different total expected emissions
and replicated 500 times in order to study the distributional properties of these
bootstrapped standard deviations.

The above experiment was performed using an extension of the simulation
approach in [11]. Sample data sets were simulated in the observation domain
followed by reconstruction and mixture analysis to obtain sample parametric
data sets from where variances of the parameters were estimated. This simula-
tion strategy is impractical to implement in the two-dimensional PET context;
however, in the one-dimensional experiments, it can be used as a benchmark
for our synthetic resampling scheme, indicating the performance of our strategy
when applied to PET.

The suggested modified simulation method for estimating dispersions was
also evaluated for estimating the covariances. This was done in terms of the
ability to estimate the variances of the mean functional parameter in 40 homo-
geneous regions of sizes that ranged from 6 to 36 pixels. The locations of these
regions are shown in Figure 3b. The true intensity of the source distribution
at the fifth time-point is shown in the background. As before, the experiments
were performed for different ranges of counts as well as different bootstrap sam-
ple sizes.

Results The results of the experiments conducted to evaluate the modified
bootstrap approach are presented here. Figure 4a is a plot of the functional pa-
rameter — the “amplitude” — along with a sample estimate obtained using
mixture analysis. The suggested method was evaluated in terms of its ability to
assess the variance of this estimate. The percent relative absolute bias, averaged
over pixels ranged from around 4-5% for all count rates and bootstrap sample
sizes. Figure 4b shows a set of pixel-wise bootstrapped standard deviation es-
timates (points). Here the bootstrap sample size, m=10. The “true” standard
deviation is shown by means of the broken line in Figure 4b. This was estimated



from replicating the experiment 1000 times. The standard deviations were high
in regions where the value of the parameter was high. The bootstrapped stan-
dard deviation estimates were post-processed by smoothing with the variable-
span smoother of Friedman [7] which uses a local cross-validation scheme to
adaptively estimate the resolution size of the smoothing filter. The smoothed
estimate (Figure 4b, bold line) gave a better fit. Variability of the estimates
was measured by the average, over pixels, of the mean percent absolute error in
estimated standard deviation. Table 1 summarizes the bias and the variability
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Fig. 4. (a) true amplitude (broken line) and a sample estimate (bold line); (b) true
pixel-wise standard deviation (broken line) of the estimated amplitude and its un-
smoothed (points) and smoothed (bold line) estimates (10 bootstrap replications).

measures of the estimated bootstrap standard deviations for both the synthetic

Table 1. Bias and variability measures for smoothed bootstrap standard deviation
estimates over different total expected counts and bootstrap sample sizes. The bias
measure is the percent relative bias averaged over pixels and the variability measure
is the mean relative percent absolute error in estimating standard deviations averaged
over pixels. Corresponding measures for unsmoothed estimates are in parenthesis. The
measures in the left block were obtained using the synthetic resampling approach while
those in the right block were obtained using the usual resampling strategy.

Counts Bias Variability Bias Variability
(x10°) |[10 rep|30 rep|10 rep[30 rep| [10 rep|30 rep[10 rep[30 rep
1.02 4.6 4.8 17.3 | 14.0 4.8 4.9 17.4 | 13.9

(5.6) | (3.7) |(27.7)|(21.6) (5.2) | (3.8) |(27.7)|(21.4)
2.05 5.1 5.1 16.1 | 12.9 5.0 5.0 16.2 | 12.9
(3.8) | (5.4) |(27.6)|(21.3)| | (5.2) | (4.1) |(27.5)|(21.4)
4.10 5.1 4.9 15.5 | 12.3 4.8 5.1 15.4 | 12.3
(5.3) | (3.7) |(27.3)|(21.0) (5.1) | (3.7) |(27.4)|(20.9)

resampling approach (left block) as well as the usual resampling strategy (right



block). There is virtually no difference between either method, suggesting good
performance of our approximate resampling scheme for variance estimation of
parametric images. Further, the percent relative absolute biases are not altered
appreciably as a result of the smoothing; however, the variability measures are
considerably improved. The bias and variability rates do not differ appreciably

Table 2. Bias and variability measures for estimated standard deviations of mean
estimated functional parameters over regions and different bootstrap sample sizes. Bias
and variability measures are similar to those in Table 1. The reported percentages are
averaged over regions of the same size.

ROI size Bias Variability
(pixels) {10 rep|20 rep|30 rep|10 rep|20 rep|30 rep
6 4.5 2.69 | 3.09 |25.88 (21.61|19.91

14 3.64 | 2.54 | 2.40 |21.54 |16.51 | 14.56
20 3.91 | 2.68 | 2.52 |20.34 | 14.69 | 13.11
28 3.55 | 2.19 | 1.66 [19.92 | 13.79 | 11.48
36 3.18 | 2.02 | 2.00 [19.52|13.79 |11.66

for different total expected counts, for the unsmoothed estimates. This points
suggests that the unsmoothed estimators. As expected, the error rates decrease
with increasing bootstrap sample size.

The errors in estimating standard deviations of the estimated mean func-
tional parameter over the 40 homogeneous regions are presented in Table 2.
The variability measures decreased with increasing size of region; a correspond-
ing, albeit slight, phenomenon was also reported for the bias measures. Since
summing over larger regions tends to have a smoothing effect, this is expected.
However, since the variability measures are still high, this suggests the need for
post-processing the estimates.

4 Discussion

The main contribution of this paper is a practical approach to variability assess-
ment in parametric images obtained from dynamic sequences of reconstructed
Positron Emission Tomography (PET) scans. The approach hinges on the ap-
proximation of the distribution of the reconstructed PET sequence by a Gaussian
random field. The dispersions are specified by the Fourier methods outlined in
Maitra [17]. Diagnostic checks were performed to test the validity of our sugges-
tion, in the context of simulation PET experiments. Further, a one-dimensional
analogue of the PET reconstruction problem was used to evaluate the perfor-
mance of the approach in estimating the variances of the estimated parameters,
with encouraging results. Though the focus has been the estimation of pixel-wise
variances of parametric images using the mixture analysis of O’Sullivan [20, 22],
the technique is general enough to be applied to variance assessment in para-
metric images obtained by approaches other than mixture analysis.



A number of issues remain to be addressed. As seen in the experiments,
the estimation process can be improved by post-processing the estimated vari-
ances. The crude smoothing algorithm we have used does not perform well in the
presence of correlated coordinates, which is very likely in our case. Hence, the
obtained error rates may potentially be decreased by a more sophisticated choice
of smoothing parameter. Another question of interest is determining the number
of bootstrap samples. Further, the diagnostic tests indicate that there is need
for better dispersion estimation procedures, especially at lower bandwidths. An
attraction of the Fourier method of estimating correlations is the computational
efficiency in generating correlated data — such an approach is not necessarily
possible even in the one-dimensional model where we have accurate correlation
computation procedures [16, 17]. Hence, there is need for developing better dis-
persion estimation procedures, and also efficient simulation procedures that can
generate data with similar correlation structures. Another issue is the incorpora-
tion of correction factors that are routinely applied to the PET reconstructions
in order to account for detector geometry and other effects. Since the ultimate
goal of this exercise is to develop practical inference tools to guide diagnostic
decisions, these issues will have to be addressed. With the increasing use of
three-dimensional scanners, modest moves are beginning to be made in the di-
rection of using these reconstructions for quantitative purposes. Extending the
suggested technique to such settings would be invaluable for diagnosis. Thus,
while this seems a promising new technique towards variability estimation in
functional images, a number of questions remain to be investigated. To this end,
a promising beginning with great potential can be said to have been made.

APPENDIX: FOURIER SIMULATION METHODS

In matrix notation, the reconstruction equation can be expressed as
A= 8, (K'K) 'K'y (8)

where y is the corrected projection data, K is the discretized version of the
Radon transform, and Sy represents the smoothing operation of resolution size
(FWHM) h that is applied to the raw reconstructions in order to obtain accept-
able solutions [21]. Under the assumption of relative uniformity of variances of
the observed y’s, it can be shown [17, 18, 19] that the reconstruction M has a
spatially invariant correlation structure given by

shosny _ On(l1—71)

COI‘I‘()\i ’ >\i ) - Ch(O) ’ (9)
where T = {Cp(0), Cn(1), ..., Cn(I)} is the first row of the approximately Fourier
matrix Sy, (K'K)™1S,.

Let Z = {Z1,Z,,...,Z1} be independent standard Gaussian random vari-
ables. Denote Z and 7 as the corresponding Fast Fourier transforms of Z and 7,
respectively. T is real-valued and positive, and so is ¥ = VvT. Defining By, as the



the matrix formed by the rows obtained by permuting the inverse Fourier trans-
form of ¥, we get ByBl = Si(K'K)~'Sy. Let X = {X1,X2,..., X1} = BnZ.
Then X can be readily obtained from Z by discrete convolution with ¥. This
step can be achieved via Fast Fourier transforms. Further, X forms a set of
correlated zero-mean, unit-variance Gaussian variables with the desired corre-
lation structure. Let R; = Xf + 7; X;, where ﬁ-z is the variance estimate of S\f
detailed in [17, 18, 19]. Then R = {R;, Ry,..., Rr} is a realization from the
asymptotic distribution of ). The realizations are readily simulated because of
the Fast Fourier Transforms used in obtaining correlated realizations.
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