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Abstract

Statistical graphics play a crucial role in exploratory data
analysis, model checking and diagnosis. Until recently
there were no formal visual methods in place for deter-
mining statistical significance of findings. This changed,
when Buja et al. [2009] conceptually introduced two pro-
tocols for formal tests of visual findings. In this paper
we take this a step further by comparing the lineup pro-
tocol [Buja et al., 2009] against classical statistical test-
ing of the significance of regression model parameters. A
human subjects experiment is conducted using simulated
data to provide controlled conditions. Results suggest that
the lineup protocol provides results equivalent to the uni-
formly most powerful (UMP) test and for some scenarios
yields better power than the UMP test.

1 Introduction

Any statistical analysis must include some statistical
graphics. For exploratory data analysis, statistical graph-
ics play an invaluable role in model checking and diag-
nostics. Even though we have established mathematical
procedures to obtain various statistics, we need to support
the results by also producing the relevant plots.

In recent years we have seen several major advances in
statistical graphics. A grammar of graphics introduced
by Wilkinson [1999] presents a structured way to gen-
erate specific graphics from data and define connections
between disparate types of plots. We have modern com-
puting systems like R and SAS that facilitate easy produc-
tion of high quality statistical plots. Wickham [2009] has
implemented a revised version of the grammar of graph-
ics in R, in the package ggplot2. Buja et al. [2009],
following from Gelman [2004], proposed two protocols
that allow the testing of discoveries made from statistical
graphics. This work represents a major advance for graph-
ics, because it bridges the gulf between classical statistical
inference procedures and exploratory data analysis.

In this paper we present results of a human-subject study

assessing the performance of individuals on lineup plots
[Buja et al., 2009] for testing significance of regression
parameters.

Section 2 describes the basic ideas of visual inference,
Section 3 applies these ideas to the case of inference for
regression analysis. In Section 4 we outline the setup for
the human-subject study and and present results.

2 Visual Statistical Inference

This section outlines the concepts of visual inference in
comparison to the procedures of classical statistical infer-
ence. Table 1 (derived from Buja et al. [2009]) gives a
summarized overview of this comparison.

Let 0 be a population parameter of interest, with § € O,
the parameter space. Any null hypothesis Hy then parti-
tions the parameter space into O and OF, with Hy : 6 €
Og versus H; : 0 € OF.

Unlike classical hypothesis testing the statistic in visual
inference is not a single value, but a plot that is appro-
priately chosen to describe the parameter of interest, 6.
When the alternative hypothesis is true, it is expected that
the plot of the observed data, the test statistic, will have
visible feature(s) consistent with § € OF, and that visual
artifacts will not distinguish the test statistic as different
when H; is not true.

Definition 2.1. A lineup plot is a layout of m visual statis-
tics, consisting of

e m — 1 plots simulated from the model specified by
Hy (null plots) and

e the test statistic produced by plotting the observed
data, possibly arising from H;.

If H, is true, the test statistic is expected to be the plot that
is most different from the other plots in the lineup plot. A
careful visual inspection should reveal the differences in
the feature shown by the test statistic under null and alter-
native hypothesis. If the test statistic cannot be identified



Table 1: Comparison of visual inference with existing inference technique
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in the lineup the conclusion is to not reject the null hy-
pothesis. The (m — 1) null plots can be considered to be
samples drawn from the sampling distribution of the the
test statistic assuming that the null hypothesis is true.
Since the lineup plot consists of m plots, the probability
of choosing any one of them is 1/m. Thus we have type-I
error probability of 1/m.

The lineup plot can be evaluated by one or more indi-
viduals. When a single individual identifies the observed
graph in the lineup plot we report a p-value of at most
1/m, otherwise the p-value is at least 1 — %

If N individuals evaluate a lineup plot independently,
we count the number of successful evaluations as U ~
Binom (N, -L) and report a p-value of at most Pr(U >
u) = Yo, () (E)*(1 — LYN=K) \where w is the ob-
served number of successful evaluations.

For two different visual test statistics of the same observed
data, the one is better, in which a specific pattern is more
easily distinguishable visually. This should be reflected
in the power of the test. We can assess power therefore
both empirically based on experimental data and through
theoretical considerations. Next, we will develop power
theoretically and then relate it to the empirical results.

Definition 2.2. For a lineup of m plots the power of 0 is
defined as

Type-I error = % if 0 € Oy,

iff € 6,

P 0) =
ower(6) {Pr(Reject Hy)

Power has a lower limit of % since the probability that
a person will randomly pick the test statistic under Hy

is % In general, Pr(Reject Hy) is determined by the

type of test being conducted. Theoretical power for the
regression parameters is derived in the next section.

3 Inference for a Regression Model

Consider a linear regression model

Y = Bo+ b1 X + f1Xio + B3 X Xip oo+ (1)
where ¢; “J N(0,0%), i = 1,2,..,n. The covariates

(X;,7 = 1,..,p) can be continuous or discrete.

Suppose X, is a categorical variable with two levels, and
we test the hypothesis Hy : S, = 0vs Hy : B # 0,k =
1, ..., p. If the responses for the two levels of the categori-
cal variable X}, in the model are significantly different and
we fit the null model to the observed data, the resulting
residual plot shows two groups of residuals. To test this
we generate side-by-side boxplots of the residuals condi-
tioned on the two levels of X}, as the test statistic. If
Br # 0 the boxplots show a vertical displacement. (Table
2 describes visual statistics for testing other hypotheses
related to regression model 1.)

A lineup including this test statistic is shown in Figure
1. The 19 null plots are generated by simulating residu-
als from N (0, 0A2). The test statistic, the plot containing
the observed data, is randomly placed among these null
plots. If the test statistic is identifiable the null hypothesis
is rejected with a p-value of at most 0.05.

Now consider estimating the power of the visual test. We
have the estimate of the S with a p-value pg. The distri-
bution of pp is a non-central ¢ distribution under H; and



Table 2: Test Statistics for Testing Hypothesis Related to Model Y; = By + £1 X1 + f1 X2 + B3 X1 X2 ...
Null Hypothesis Statistic Test Statistic Description
5 Scatter plot with least square line over-
Hy:58,=0 Scatter plot //” laid. For lineup plot, we simulate data
1 from fitted null model.
Residual vs X}, plots. For lineup plot,
Hy: 8, =0 Residual plot we simulate data from normal with
mean 0 variance 62.
Box plot of residuals grouped by cate-
Hy : B, =0 (for cat- Box plots of gory of X}. For lineup plot, we simu-
egorical Xx) residuals late data from normal with mean O vari-
o ance 2.
) Scatter plot with least square lines of
Ho : fj, = 0 (inter- each category overlaid. For lineup
action with categori-  Scatter plot T plot, we simulate data from fitted null
cal Xj) - model.
, Residual vs predictor plots with loess
Hy - X Linear Residual Plot E \ g smoother overlaid. For lineup plot,

C g2 —
Hy:0=o0j

Ho:pxyiz=p

Hy : Model Fits

Special case p = 1
Ho:pxy =p

Box plot E

Scatter Plot

Histogram

Scatter plot

we simulate residual data from normal
with mean 0 variance 2.

Box plot of standardized residual di-
vided by oZ. For lineup plot, we simu-
late data from standard normal.

Scatter plot of Residuals obtained by
fitting partial regression. For lineup
plot, we simulate data (mean O and
variance 1) with specific correlation p.

Histogram of the response data. For
lineup plot, we simulate data from fit-
ted model.

Scatter plot with least square line over-
laid For lineup plot, we simulate data
with correlation p.
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Figure 1: Lineup plot (m = 20) for testing Hy : 8 = 0.
When the alternative hypothesis is true the observed plot
should show a vertical displacement between box plots.
Can you identify the observed plot?

uniform under Hy. In a lineup plot we simulate m — 1
residual data sets from null model where each of these
m — 1 null data sets produces a corresponding p-value py ;
and pg; ~ Uniform(0, 1) fori = 1,...,m — 1. Suppose
po = min;(po;). Thus pg ~ Beta(1,m — 1).

Now assume that individuals pick the plot that has the
smallest p-value in the lineup plot. This leads to the de-
cision to reject Hy when pp < pg. Thus we have the
expected power as

Power(p) = Pr(ps < po) )
Figure 2 shows the power of UMP test and expected
power of visual test obtained from equation (2). Notice
that the expected power of visual test is almost as good as
the power of UMP test.
We estimate the empirical power from responses on a spe-
cific lineup plot generated with known values of sample
size (n), variance (0?) and regression parameter (/3) in
model 1. Suppose, we have responses from /N indepen-
dent observers with u identifications of the observed plot.
This gives an estimated power of

Power(B) =

0<u<N 3)

=] =

0.6- test
UMP

0.4~ — Visual

power

Figure 2: Expected power of visual test and the power of
UMP test for sample size n = 100 and o = 12.

Suppose each of N independent observers gives evalua-
tions on multiple lineup plots and responses are associated
with binary random variable Y;;. Let Y;; = 1, if subject
7 correctly identifies the test statistic on lineup ¢, and 0
otherwise. We model m;; = E(Y;;) as a mixed effects
logistic regression

9(mi;) = Xiy B+ Zi;7; )

where 7; is random effects coefficient vector of length ¢
for subject j, 7; ~ MV N(0, ¥) with variance covariance
matrix ¥, Z;; is the ith row vector of random effects co-
variates for subject j, B is a vector of coefficient of length
p, the number of fixed effect covariates being used, X is
the ith row vector of the fixed effects covariates for subject
Jj and link function g(p) = log(lf’#); 0 < p < 1. The co-
variates could be demographic information of people such
as age, gender, education level etc. as well as sample size
(n), regression parameter (3) and variance (c?) of model
L.

From model 4 we obtain the power of the underlying test-
ing procedure as a population average for specified sample
size (n) and variance (o) as

Power(8) =n=Pr(Y =1|8,n,0) (5)

4 Simulation Experiment

The experiment is designed to study the ability of human
observers to detect the effect of a single variable X5 (cor-
responding to parameter 55) in a two variable (p = 2)
regression model (Equation (1)). Data is simulated for
different values of 82(= 0,1,3,5,7,8,10,16), with two
sample sizes (n = 100, 300) and two standard deviations
of the error (¢ = 5, 12). The set of B3 values was chosen
so that estimates of the power should produce reasonable
power curves, comparable to the theoretical UMP test. We
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Figure 3: Observed power of visual test from equation (3) with pointwise 95% confidence limits and the power of

UMP test for sample size n = 100,300 and o0 = 12, 5.

fixed the values of 89 = 5, 81 = 15 and values for X
were generated as a random sample from a Poisson(30)
distribution. Data sets with different combinations of s,
n and o were generated with frequencies shown in Table
3. Three replicates of each level were generated. These
produced 60 different “observed data sets”.

Table 3: Values of parameters considered for survey ex-
periment

Sample size (n) o  values for 5,

5 01,3)5,8
100 12 1,3,8,10, 16

5 01,235
300 12 1,3,5,7,10

For added control, to ensure a signal in the simulated ob-
served data a blocking structure was used to filter data
sets. A 1000 sets were generated for each parameter com-
bination and the traditional ¢-statistic and p-value associ-
ated with Hy : B2 = 0 were calculated. The 3 replicates
were drawn from each of three blocks of p-values: (0.0-
q33), (q33-q66), (ges-1) where g; is the ith percentile in
the distribution of the p-values. Additional control was
applied to the 19 null plots. Because the distribution of
these p-values should follow a Uniform(0,1) distribution,

data sets were binned on this range by p-value, and a data
set was randomly selected from each bin.

Participants for the experiment were recruited through
Amazon [2010] Amazon’s Mechanical Turk. Each par-
ticipant was shown a sequence of 10 lineup plots. Partici-
pants are asked to select the plot with the biggest vertical
difference, give a reason for their choice, and determine a
level of confidence for their decision. Gender, age, educa-
tion and geographic location of each participant are also
collected. In total, 3629 lineups were evaluated by 324
people coming from many different locations across the
globe. The results of the experiment are summarized in
Figure 3 which shows the observed power from the survey
data calculated using equation (3) along with 95% confi-
dence interval calculated using Fisher’s exact method.

We fit model (4) to the survey data obtained from the sim-
ulation experiment. The estimated overall power curve
obtained from equation (5) is shown in Figure 4. Model
4 also gives the subject specific power curves shown in
Figure 5. The plot includes 20 randomly selected subject-
specific power curves. Notice that the power curve esti-
mated for one subject is above the UMP test power curve.
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Figure 4: Estimated power curve from equation (5) along
with 95% confidence interval for sample size n = 100 and
o = 12. The corresponding power curve for Uniformly
Most powerful (UMP) test is shown for comparison.
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Figure 5: Estimated subject specific power curve from
model 4 for sample size n = 100 and ¢ = 12. The cor-
responding power curve for Uniformly Most powerful
(UMP) test is shown for comparison.

5 Conclusions

The purpose of this paper has been to examine the effec-
tiveness of visual inference methods in direct comparison
to existing inference methods. We need to be clear that
this is not the purpose of visual inference generally: visual
methods should not be seen as competitors to traditional
inference. The purpose here, is to establish properties and
efficacy of visual testing procedures in order to use them
in situations where traditional tests cannot be used. For
this experiment the effect of 85 was examined using side-
by-side boxplots. Future experiments will be conducted to
compare other regression parameters as described in Table
2 and assess sensitivity of power to modeling conditions.
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