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Number Base and Regularity

We use base 10. TheBabyloniansused base 60. Discuss the history and advantages and
disadvantages of variousbases induding 2, 10, 12, and 60. Some thingsto consder indude
natural occurrence of the base, number of digitsto learn, nunber of factsto learn for
computation (assuming the anachronoususe of zero), length of numbers, suitability for
computing machines (induding andent couning frames and moden computers).

In base b, call the equivalent of decimal representation b-imal representation (e.g., in base

b, 0.1 means %). A number is b-regular if itsreciprocal has afinite h-imal representation. Show

tha anumber is 60-regular iff it is of theform 283b5¢. Give an and ogouscharacterization for b-
regularity for any base b (degpending on b) and prove your characterization.

Thales and the Pyramid

Thedescription of how Thdes calculated the haght of the pyramid assumes Thdes had
the measurement of the base of thegreat pyramid. Devise amethodto find the heightof the
pyramid by measuring only shadows. Y our method mug bedevisable and usable in Thdes
time. Also survey other mathematics attributed to Thaes.

Trisection of the Angle

The trisection of an arbitrary angle can be carried out through the use of a right circular
cone as follows: Construct a right circular cone with slant height equal to three times the radius
of its base. Place the cone on the angle to be trisected, with the center of the cone's base on the
vertex of the angle. Wrap a sheet of paper around the cone. Mark the vertex V of the cone and
the points A and B where the given angle meets the base of the cone. Remove and flatten the
paper. Angle AVB is one third of the given angle. This method was described in 1896.

Explain why it works. Construct (physically) such a cone (explaining how you do so)
and use it to trisect an angle. Describe and display your results. What mechanical improvements
can you make on this method? Compare and contrast this method with the marked straightedge
method.

Prime Numbers

Eudid'sproof tha there are infinitely many prime numbersis well known. Modify this
proof to obtain aproof tha there are infinitely many prime numbers of theform 4n+3. Why
does theandogousmodification fail for prime numbers of theform 4n+1?

Perfect Numbers

The Pythagoreansascribed mystical qudities to numbers. Oneaspect they bdieved
influenced the qudity of anumber was whether it was perfect (sum of divisorslessthan n) = n,
abundant (sum of divisorsless than n) > n, or deficient (sum of divisorslessthan n) < n.

In Eudid'sElements thelast propostionin BookIX is: If 2" - 1isprimethen
212" . 1) ispefect. Provethis propostion. Useit to find four perfect nurrbers. Provethat if
2" - 1 isnotprimethen 2"-1(2" - 1) isnot perfect.

Abundant and Deficient Numbers
The Pythagoreansascribed mystical quditiesto numbers. Oneaspect they bdieved
influenced the qudity of anumbe was whether it was perfect (sum of divisorslessthan n) = n,
abundant (sum of divisorsless than n) > n, or deficient (sum of divisorslessthan n) < n.
Showtha if pisprimep"isddicient. Showtha any nontivial multiple of an abundant
or pafect number isabundant. Findthe21 abundant numbers less than 100 (explain how you
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foundthem). Showtha notall abundant numbeas are even by examining 945. Give an example
of anothe oddabundant nunber.

Figurate Numbers

Figurate (or polygond) numbers were studied by the Pythagoreans Display (pictorially
and numerically) thefirst four triangular, square, and pentagond numbers. Find paternsamong
these (you may find the Pascal triangle useful). Proveany paternsyoufind. Find and provea
formulafor thenth n-agond nunmber. Show bath algebraically and geometrically that twice a
triangular numbe isan oblongnunbe. Show bath algebraically and geometrically that eight
times atrinagular number plusoneis a squae number.

Euclidean and M odern Compasses

Briefly discuss Propostion 1 of Eudid's Elements. Propostion 2 provides a condruction
to draw at a given point aline segment equd to agiven linesegment. Explain and carry outthis
congdrudtion, usng only a straightedgeand Eudidean (collapsng) compass, both on pgoe andin
Geometer@ Sketchpad (computer software available in 449 Carver). Explain why Propostion 2
shows tha straightedgeand Eudidean compass is equivalent to straightedgeand moden (rigid)
COMpass.

Construction with Straightedge and Compass I

Theodorus congructed Vn by congructing aright triangle with hypotenuse n+1 and side
n-1. Explain howto dothis congruction (usng straightedgeand compass). Explain howyou
can g \/n fromthis congrudion. Congruct\/5 this way both on paper or in Geometer@
Sketchpad (computer software available in 449 Carver). Modify the proof of theirrationdity of
\2 to obtin aproof of theirrationdity of \5. Itis minimally acceptable to use amoden

symbolic proof, buta prodf by methodsused to show incommensurability in thetime of Eudid
or earlier is preferred.

Construction with Straightedge and Compass II

Given line segments of the three lengths a, b, 1, construct with straightedge and (modern)
compass line segments of the following lengths:
a)a+b b)a-b c) ab d) a/b e) Va f) a/n where n is a positive integer.
Describe how you carry out the construction and display the results, both on pgpoer andin
Geometer@ Sketchpad (computer software available in 449 Carver).

Construction with Straightedge and Compass II1
All constructions in the problem are with straightedge and rigid compass. Explain why

djof

inscribing a regular nN-gon in a given circle is equivalent to constructing the central angle

aregular n-gon. Given that you can construct a regular Nn-gon, explain how to construct a regular
2n-gon. Given that you can construct regular n-gon and a regular m-gon with n and mrelatively
prime, explain how to construct a regular nm-gon. Describe all n such you’re your method
would allow the construction of a regular n-gon, given that regular 3-gon, 4-gon and 5-gon can
be constructed. Construct (using your choice of paper or Geometer’s Sketchpad) a regular 15-
gon.

Regular Solids I
A polyhedron is regular if: 1) all its faces are regular, 2) all its faces are congruent, and 3)
the same number of polygons meet at each vertex. There are only five regular polyhedra, the

2
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"Platonic" solids, the tetrahedron, cube, octahedron, dodecahedron, and icosahedron. These were
well known in antiquity and acquired mystic significance. Prove that these are the only possible
regular polyhedra

Give examples to illustrate that for each condition (k) above (k=1,2,3) it is possible to
have condition (K) false and the other two true. (Thus all three are necessary to the definition.)
Describe each example in words and illustrate with a drawing and/or model.

Regular Solids II

A polyhedron is regular if: 1) all its faces are regular, 2) all its faces are congruent, and 3)
the same number of polygons meet at each vertex. There are only five regular polyhedra, the
"Platonic" solids, the tetrahedron, cube, octahedron, dodecahedron, and icosahedron. These were
well known in antiquity and acquired mystic significance.

Most people intuitively expect that if a dodecahedron (12 pentagonal faces) and the
icosahedron (20 triangular faces) are inscribed in the same sphere the icosahedron has greater
volume. Determine whether this is true by finding the volume of each. In addition to classical
methods such as the Pythagorean Theorem, you may use modern methods, including
trigonometry, but all formulas should be derived.

Regular Solids |11

A polyhedronisregular if: 1) al itsfaces are regular, 2) all its faces are conguent, and 3)
the same nunber of polygonsmeet at each vertex. There are only fiveregular polyhedra, the
"Platonic" solids thetetrahedron, cube octahedron, dodesahedron, and icosshedron. These were
well known in antiquity and acquired mystic significance.

Kepler intuitively assumed that if the 5 regular solids of sizes such that their surface areas
are equal, the icosahedron (20 triangular faces) has the greatest volume. Determine whether this
is true by deriving formulas for the surface area and the volume of each. In addition to classical
methods such as the Pythagorean Theorem, you may use modern methods, including
trigonometry. You may use formulas for the length of a side of a face of the regular polyhedron
(in terms of the radius of the circumscribed sphere) and for the radius of the sphere that can be
inscribed in the polyhedron (= distance from center to face of polyhedron). CRC Handbookof
Mathematical Tablesis one source of such formulas- there are also internet sources- if you use a
source, list it in the bibliography. Formulas for the area of a regular n-gon in terms of its side
length should be derived.

Archimedes Approximation of &

Explain Archimedes prodf tha 3% <m (notes available on request). Reproduce the

congdructioninvolved.

Archimedes Quadrature of the Parabola

Archimedes could find the area of a parabolic segment,
tha is, thearea of the (shaded) region endosed by an arbitrary
chord AB and the parabola. Discuss briefly how he did this.

He showed theareais equd tog thearea of triangle

ABC, where C isthepoint at which thetangentlineis parale to
thechord AB.

Use modan calculus methodsto establish Archimedes result.
3
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"Heron's' Formulafor the Area of a Trianglein Terms of the Lengths of I1ts Sides.
Let a, b, and c bethelengthsof thesides of atriangle. Let

S= a+Tb+c . Then"Heron's' formula states that thearea of thetriangle is given by

\/s(s-a)(s-b)(s-c) . Itisattributed to Heron because thefirst surviving proofisin his Metrica,
butwe now know from Arabic sourcesintheMidde Agestha it isdueto Archimedes. Prove
tha it istrue (you may use mode'n methodsy.

Plane and Solid Geometry |

In high school, students study plane (2-dimensond) geometry before solid (3-
dimengond) geometry. Historically, did people study plane before solid?

Formulate a solid andog of the planetheorem: The area of acircleis equd to thearea of
atriangle the base of which has the same length asthe circumference of thecircle and the
atitudeof which is equd to theradiusof thecircle. Explain how the planeargument can beused
to justify theformula for thearea of acircle and how it can bemaderigoroususang calculus Do
the same to proveor disproveyour result.

Plane and Solid Geometry |1

In high school, students study plane (2-dimensond) geometry before solid (3-
dimengond) geometry. Historically, did people study plane before solid?

Formulate a solid andog of the planetheorem: The three dtitudes of atriangle have a
common intersection. Proveor disproveyour result.

Spherical Zones and Sections

A sphaica zone(of onebase) isthesurface area of apiece of asphae diced off by a
plane Thevolume of such apieceiscaled a spheaica section (of onebase). Establish the
following results of Archimedes:

a) Thevolume of aspheica segment of haghth (cut fromasphee of radiusR) is nhZ(R-g ).

b) Thearea of aspheica zoneis equd to the product of the circumference of a great circle of
the sphae and thehaght of thezone

c) Of al spheica segments having equd zond areas, the hemisphere has the greatest volume.
Y ou may use moden calculusmethods

Arithmetic, Geometric and Harmonic Means
The Eudemian summary says that in Pythagorus’ time there were three means of two

numbersaand b, thearithmetic A = %b thegeometric G= Vab, and thesuboontrary (later

called harmonic) H = :;ﬁ). Showalgebraicallytha A > G > H, if a = b. InPappus

Mathematical Collection we find thefollowing congruction of means Condruct line 4B of
length a. Online AB extended, congdruct BC of length b (= @). Let O bethemidpoint of AC.
Condruct asemicircleon AC. Erect aperpendicular at B to cut thesemicirclein D, andlet F be
thefoot of theperpendicular from B on OD. Showtha OD, BD, FD represent the arithmetic

mean (A), thegeometric mean (G), and theharmonic mean (H) of aand b, andthusA > G >
H.



