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Number Base and Regularity 
 We use base 10.  The Babylonians used base 60.  Discuss the history and advantages and 
disadvantages of various bases including 2, 10, 12, and 60.  Some things to consider include: 
natural occurrence of the base, number of digits to learn, number of facts to learn for 
computation (assuming the anachronous use of zero), length of numbers, suitability for 
computing machines (including ancient counting frames and modern computers). 
 In base b, call the equivalent of decimal representation b-imal representation (e.g., in base 

b, 0.1 means 

!  

1

b
).  A number is b-regular if its reciprocal has a finite b-imal representation.  Show 

that a number is 60-regular iff it is of the form 2a3b5c.  Give an analogous characterization for b-
regularity for any base b (depending on b) and prove your characterization. 
 
Thales and the Pyramid 
 The description of how Thales calculated the height of the pyramid assumes Thales had 
the measurement of the base of the great pyramid.  Devise a method to find the height of the 
pyramid by measuring only shadows.  Your method must be devisable and usable in Thales' 
time.  Also survey other mathematics attributed to Thales. 
 
Trisection of the Angle 
 The trisection of an arbitrary angle can be carried out through the use of a right circular 
cone as follows:  Construct a right circular cone with slant height equal to three times the radius 
of its base.  Place the cone on the angle to be trisected, with the center of the cone's base on the 
vertex of the angle.  Wrap a sheet of paper around the cone.  Mark the vertex V of the cone and 
the points A and B where the given angle meets the base of the cone.  Remove and flatten the 
paper.  Angle AVB is one third of the given angle.  This method was described in 1896. 
 Explain why it works.  Construct (physically) such a cone (explaining how you do so) 
and use it to trisect an angle.  Describe and display your results.  What mechanical improvements 
can you make on this method?  Compare and contrast this method with the marked straightedge 
method. 
 
Pr ime Numbers 
 Euclid's proof that there are infinitely many prime numbers is well known.  Modify this 
proof to obtain a proof that there are infinitely many prime numbers of the form 4n+3.  Why 
does the analogous modification fail for prime numbers of the form 4n+1? 
 
Per fect Numbers 
 The Pythagoreans ascribed mystical qualities to numbers.  One aspect they believed 
influenced the quality of a number was whether it was perfect (sum of divisors less than n) = n, 
abundant (sum of divisors less than n) > n, or deficient (sum of divisors less than n) < n.   
 In Euclid's Elements  the last proposition in Book IX is:  If 2n - 1 is prime then                
2n-1(2n - 1) is perfect.  Prove this proposition.  Use it to find four perfect numbers.  Prove that if 
2n - 1 is not prime then 2n-1(2n - 1) is not perfect. 
 
Abundant and Deficient Numbers 
 The Pythagoreans ascribed mystical qualities to numbers.  One aspect they believed 
influenced the quality of a number was whether it was perfect (sum of divisors less than n) = n, 
abundant (sum of divisors less than n) > n, or deficient (sum of divisors less than n) < n.  
 Show that if p is prime pn is deficient.  Show that any nontrivial multiple of an abundant 
or perfect number is abundant.   Find the 21 abundant numbers less than 100 (explain how you 
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found them).  Show that not all abundant numbers are even by examining 945.  Give an example 
of another odd abundant number. 
 
Figurate Numbers 
 Figurate (or polygonal) numbers were studied by the Pythagoreans. Display (pictorially 
and numerically) the first four triangular, square, and pentagonal numbers.  Find patterns among 
these (you may find the Pascal triangle useful).  Prove any patterns you find.  Find and prove a 
formula for the nth n-agonal number.  Show both algebraically and geometrically that twice a 
triangular number is an oblong number.  Show both algebraically and geometrically that eight 
times a trinagular number plus one is a square number. 
 
Euclidean and Modern Compasses 
 Briefly discuss Proposition 1 of Euclid's Elements.  Proposition 2 provides a construction 
to draw at a given point a line segment equal to a given line segment.  Explain and carry out this 
construction, using only a straightedge and Euclidean (collapsing) compass, both on paper and in 
GeometerÕs Sketchpad (computer software available in 449 Carver).   Explain why Proposition 2 
shows that straightedge and Euclidean compass is equivalent to straightedge and modern (rigid) 
compass. 
 
Construction with Straightedge and Compass I 
 Theodorus constructed n  by constructing a right triangle with hypotenuse n+1 and side 
n-1.  Explain how to do this construction (using straightedge and compass).  Explain how you 
can get n  from this construction.  Construct 5  this way both on paper or in GeometerÕs 
Sketchpad (computer software available in 449 Carver).  Modify the proof of the irrationality of 

2  to obtain a proof of the irrationality of 5 .  It is minimally acceptable to use a modern 
symbolic proof, but a proof by methods used to show incommensurability in the time of Euclid 
or earlier is preferred. 
 
Construction with Straightedge and Compass II 
 Given line segments of the three lengths a, b, 1, construct with straightedge and (modern) 
compass line segments of the following lengths:   
a) a+b   b) a-b  c) ab    d) a/b e) a        f) a/n where n is a positive integer.   
Describe how you carry out the construction and display the results, both on paper and in 
GeometerÕs Sketchpad (computer software available in 449 Carver). 
 
Construction with Straightedge and Compass III 
 All constructions in the problem are with straightedge and rigid compass.  Explain why 

inscribing a regular n-gon in a given circle is equivalent to constructing the central angle 
  

! 

360o

n
of 

a regular n-gon.  Given that you can construct a regular n-gon, explain how to construct a regular 
2n-gon.  Given that you can construct regular n-gon and a regular m-gon with n and m relatively 
prime, explain how to construct a regular nm-gon.  Describe all n such you’re your method 
would allow the construction of a regular n-gon, given that regular 3-gon, 4-gon and 5-gon can 
be constructed.  Construct (using your choice of paper or Geometer’s Sketchpad) a regular 15-
gon. 
 
Regular Solids I 
 A polyhedron is regular if: 1) all its faces are regular, 2) all its faces are congruent, and 3) 
the same number of polygons meet at each vertex.  There are only five regular polyhedra, the 
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"Platonic" solids, the tetrahedron, cube, octahedron, dodecahedron, and icosahedron.  These were 
well known in antiquity and acquired mystic significance.  Prove that these are the only possible 
regular polyhedra 
 Give examples to illustrate that for each condition (k) above (k=1,2,3) it is possible to 
have condition (k) false and the other two true.  (Thus all three are necessary to the definition.)  
Describe each example in words and illustrate with a drawing and/or model. 
 
Regular Solids II 
 A polyhedron is regular if: 1) all its faces are regular, 2) all its faces are congruent, and 3) 
the same number of polygons meet at each vertex.  There are only five regular polyhedra, the 
"Platonic" solids, the tetrahedron, cube, octahedron, dodecahedron, and icosahedron.  These were 
well known in antiquity and acquired mystic significance. 
 Most people intuitively expect that if a dodecahedron (12 pentagonal faces) and the 
icosahedron (20 triangular faces) are inscribed in the same sphere the icosahedron has greater 
volume.  Determine whether this is true by finding the volume of each.  In addition to classical 
methods such as the Pythagorean Theorem, you may use modern methods, including 
trigonometry, but all formulas should be derived.  
 
Regular Solids I I I  
 A polyhedron is regular if: 1) all its faces are regular, 2) all its faces are congruent, and 3) 
the same number of polygons meet at each vertex.  There are only five regular polyhedra, the 
"Platonic" solids, the tetrahedron, cube, octahedron, dodecahedron, and icosahedron.  These were 
well known in antiquity and acquired mystic significance. 
 Kepler intuitively assumed that if the 5 regular solids of sizes such that their surface areas 
are equal, the icosahedron (20 triangular faces) has the greatest volume.  Determine whether this 
is true by deriving formulas for the surface area and the volume of each. In addition to classical 
methods such as the Pythagorean Theorem, you may use modern methods, including 
trigonometry.  You may use formulas for the length of a side of a face of the regular polyhedron 
(in terms of the radius of the circumscribed sphere) and for the radius of the sphere that can be 
inscribed in the polyhedron (= distance from center to face of polyhedron). CRC Handbook of 
Mathematical Tables is one source of such formulas- there are also internet sources- if you use a 
source, list it in the bibliography. Formulas for the area of a regular n-gon in terms of its side 
length should be derived. 
 
Archimedes' Approximation of π 

 Explain Archimedes' proof that 

! 

3
10
71

< "  (notes available on request).  Reproduce the 

construction involved.   
 
Archimedes' Quadrature of the Parabola 
 Archimedes could find the area of a parabolic segment, 
that is, the area of the (shaded) region enclosed by an arbitrary 
chord AB and the parabola.  Discuss briefly how he did this.   

 He showed the area is equal to 
4
3  the area of triangle 

ABC, where C is the point at which the tangent line is parallel to 
the chord AB.   

 
Use modern calculus methods to establish Archimedes' result. 
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" Heron's"  Formula for the Area of a Tr iangle in Terms of the Lengths of I ts Sides. 
 Let a, b, and c be the lengths of the sides of a triangle.  Let  

s = 
a+b+c

2  .  Then "Heron's" formula states that the area of the triangle is given by 

s(s-a)(s-b)(s-c) .   It is attributed to  Heron because the first surviving proof is in his Metrica; 
but we now know from Arabic sources in the Middle Ages that it is due to Archimedes.  Prove 
that it is true (you may use modern methods). 
 
Plane and Solid Geometry I  
 In high school, students study plane (2-dimensional) geometry before solid (3-
dimensional) geometry.  Historically, did people study plane before solid? 
 Formulate a solid analog of the plane theorem: The area of a circle is equal to the area of 
a triangle the base of which has the same length as the circumference of the circle and the 
altitude of which is equal to the radius of the circle.  Explain how the plane argument can be used 
to justify the formula for the area of a circle and how it can be made rigorous using calculus.  Do 
the same to prove or disprove your result. 
 
Plane and Solid Geometry I I  
 In high school, students study plane (2-dimensional) geometry before solid (3-
dimensional) geometry.  Historically, did people study plane before solid? 
 Formulate a solid analog of the plane theorem: The three altitudes of a triangle have a 
common intersection.  Prove or disprove your result. 
 
Spher ical Zones and Sections 
 A spherical zone (of one base) is the surface area of a piece of a sphere sliced off by a 
plane.  The volume of such a piece is called a spherical section (of one base).  Establish the 
following results of Archimedes: 

a) The volume of a spherical segment of height h (cut from a sphere of radius R) is πh2(R-
h
3 ). 

b) The area of a spherical zone is equal to the product of the circumference of a great circle of 
the sphere and the height of the zone.   
c) Of all spherical segments having equal zonal areas, the hemisphere has the greatest volume. 
You may use modern calculus methods. 
 
Arithmetic, Geometric and Harmonic Means 
 The Eudemian summary says that in Pythagorus’ time there were three means of two 

numbers a and b, the arithmetic A = 

!  

a + b

2
, the geometric G = 

!  

ab, and the subcontrary (later 

called harmonic) H = 

! 

2ab
a+ b

.  Show algebraically that A  > G  > H , if a ≠ b.  In Pappus' 

Mathematical Collection we find the following construction of means: Construct line AB of 
length a.  On line AB extended, construct BC of length b (≠ a).  Let O be the midpoint of AC.  
Construct a semicircle on AC.  Erect a perpendicular at B to cut the semicircle in D, and let F be 
the foot of the perpendicular from B on OD.  Show that OD, BD, FD represent the arithmetic 
mean (A), the geometric mean (G), and the harmonic mean (H) of a and b, and thus A  > G  > 

H . 
 
 


