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Abstract

The minimum rank of a simple graph G is defined to be the smallest possible rank over all
symmetric real matrices whose ijth entry (for i 6= j) is nonzero whenever {i, j} is an edge in G
and is zero otherwise. Minimum rank is a difficult parameter to compute. However, there are now
a number of known reduction techniques and bounds that can be programmed on a computer; we
have developed a program using the open-source mathematics software Sage to implement several
techniques. We have also established several additional strategies for computation of minimum
rank. These techniques have been used to determine the minimum ranks of all graphs of order 7.
This report contains optimal matrices used to establish that the minimum rank of certain graphs
is the lower bound found by the program.
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In this report, we list optimal matrices used to establish that the minimum rank of certain graphs
is the lower bound found by the program. All these matrices have rank 3.
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1 Selected optimal matrices

721



−1 1 0 0 1 0 1
1 −1 1 0 0 1 0
0 1 −1 1 0 −1 0
0 0 1 0 1 1 1
1 0 0 1 0 0 0
0 1 −1 1 0 −1 0
1 0 0 1 0 0 0


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5
6

801



0 1 1 0 −1 −1 −1
1 1 1 1 0 0 0
1 1 1 1 0 0 0
0 1 1 0 −1 −1 −1
−1 0 0 −1 0 0 0
−1 0 0 −1 0 0 0
−1 0 0 −1 0 0 0

 0
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812



0 1 1 0 0 0 0
1 0 0 1 1 0 1
1 0 0 1 1 0 1
0 1 1 1 1 1 0
0 1 1 1 1 1 0
0 0 0 1 1 1 0
0 1 1 0 0 0 0


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6

831



0 −1 1 0 0 0 0
−1 0 1 0 0 1 −1

1 1 −1 1 1 0 1
0 0 1 1 1 1 0
0 0 1 1 1 1 0
0 1 0 1 1 1 0
0 −1 1 0 0 0 0


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832



−1 −1 −1 0 0 0 −1
−1 0 −2 −1 0 −1 −1
−1 −2 −1 0 −1 0 −1

0 −1 0 0 −1 0 0
0 0 −1 −1 −1 −1 0
0 −1 0 0 −1 0 0
−1 −1 −1 0 0 0 −1


0
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846



0 −2 0 0 1 0 0
−2 0 1 0 0 1 1

0 1 1
2 1 0 1 0

0 0 1 2 1 2 0
1 0 0 1 1

2
1
2 −1

2
0 1 1 2 1

2 2 0
0 1 0 0 −1

2 0 0


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863



−1 1 1 0 0 0 −1
1 −1 0 1 0 1 1
1 0 0 1 1 0 1
0 1 1 1 1 0 0
0 0 1 1 0 1 0
0 1 0 0 1 −1 0
−1 1 1 0 0 0 −1


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873



1 −1 −1 0 0 0 1
−1 0 0 −1 0 −1 −1
−1 0 0 −1 0 −1 −1

0 −1 −1 0 −1 0 0
0 0 0 −1 1 −1 0
0 −1 −1 0 −1 0 0
1 −1 −1 0 0 0 1


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42



878



−1 1 0 0 1 0 −1
1 −1 1 0 0 1 1
0 1 −1 1 0 −1 0
0 0 1 0 1 1 0
1 0 0 1 0 0 1
0 1 −1 1 0 −1 0
−1 1 0 0 1 0 −1

 0
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913



1 1 1 1 0 0 0
1 1 1 1 0 0 0
1 1 2 2 1 1 1
1 1 2 2 1 1 1
0 0 1 1 0 0 0
0 0 1 1 0 0 0
0 0 1 1 0 0 0

 0
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918



0 −1 −1 0 0 0 0
−1 −1 −1 −1 −1 0 −1
−1 −1 −1 −1 −1 0 −1

0 −1 −1 −1 −1 1 0
0 −1 −1 −1 −1 1 0
0 0 0 1 1 −1 0
0 −1 −1 0 0 0 0

 0 1
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6

924



0 0 1 1 0 0 0
0 0 1 1 0 0 0
1 1 1 1 1 0 0
1 1 1 2 2 1 1
0 0 1 2 1 1 1
0 0 0 1 1 1 1
0 0 0 1 1 1 1


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932



0 −1 −1 0 0 0 0
−1 −2 −1 2 −1 0 −1
−1 −1 −1 1 0 −1 −1

0 2 1 −1 1 −1 0
0 −1 0 1 −1 1 0
0 0 −1 −1 1 −1 0
0 −1 −1 0 0 0 0


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944



1 1 1 0 0 0 1
1 1 2 0 1 1 2
1 2 1 1 0 0 1
0 0 1 0 1 1 1
0 1 0 1 0 0 0
0 1 0 1 0 0 0
1 2 1 1 0 0 1


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953



−2 1 0 1 0 0 0
1 0 1

2 0 1 1
2

1
2

0 1
2 1 1 1 0 0

1 0 1 1
2 1 0 0

0 1 1 1 2 1 1
0 1

2 0 0 1 1 1
0 1

2 0 0 1 1 1


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956



1 1 0 1 1 1 1
1 0 1 0 0 1 0
0 1 0 1 0 0 0
1 0 1 0 0 1 0
1 0 0 0 1 1 1
1 1 0 1 1 1 1
1 0 0 0 1 1 1


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958



0 1 1 −2 1 1 0
1 1 1 0 0 0 1
1 1 1 0 0 0 1
−2 0 0 −2 0 0 −2

1 0 0 0 1 1 1
1 0 0 0 1 1 1
0 1 1 −2 1 1 0

 0
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970



1 1 1 0 0 0 0
1 2 2 1 1 0 0
1 2 1 1 0 −1 −1
0 1 1 1 1 0 0
0 1 0 1 0 −1 −1
0 0 −1 0 −1 −1 −1
0 0 −1 0 −1 −1 −1


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

1
8

1
2 0 1

2 0 0 0
1
2 0 2 1 1 0 0
0 2 −1 1 0 1 1
1
2 1 1 3

2
1
2 0 0

0 1 0 1
2

1
2 1 1

0 0 1 0 1 1 1
0 0 1 0 1 1 1


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995



1 1 0 1 1 0 0
1 1 1 0 0 1 1
0 1 −1 1 2 0 0
1 0 1 0 −1 0 0
1 0 2 −1 −2 1 1
0 1 0 0 1 1 1
0 1 0 0 1 1 1


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996



1 0 1 0 1 0 1
0 2 1 1 0 2 0
1 1 1 0 2 1 1
0 1 0 0 1 1 0
1 0 2 1 −1 0 1
0 2 1 1 0 2 0
1 0 1 0 1 0 1


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

1 0 1 1 0 0 1
0 0 1 1 −1 −1 0
1 1 1 0 0 −1 1
1 1 0 −1 1 0 1
0 −1 0 1 0 1 0
0 −1 −1 0 1 2 0
1 0 1 1 0 0 1



0
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1005



1 0 0 0 1 1 1
0 1 0 1 0 −1 1
0 0 1 1 1 0 −1
0 1 1 2 1 −1 0
1 0 1 1 2 1 0
1 −1 0 −1 1 2 0
1 1 −1 0 0 0 3


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1028



1 0 2 −1 1 1 0
0 0 1 0 1 0 0
2 1 4 −1 2 2 1
−1 0 −1 1 0 −1 0

1 1 2 0 1 1 1
1 0 2 −1 1 1 0
0 0 1 0 1 0 0


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1060



2 −1 −1 0 1 1 0
−1 2 1 1 1 0 1
−1 1 1 0 0 0 1

0 1 0 1 1 0 0
1 1 0 1 2 1 1
1 0 0 0 1 1 1
0 1 1 0 1 1 2


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1075



0 −1 2 1 2 0 0
−1 0 1 0 0 1 −1

2 1 0 1 0 0 2
1 0 1 1 1 0 1
2 0 0 1 1 −1 2
0 1 0 0 −1 1 0
0 −1 2 1 2 0 0


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1077



0 0 1 1 1 0 0
0 1 0 −1 −1 0 1
1 0 1 1 0 1 0
1 −1 1 2 1 1 −1
1 −1 0 1 0 1 −1
0 0 1 1 1 0 0
0 1 0 −1 −1 0 1


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1087



0 0 1 1 1 0 0
0 1 1 0 1 1 0
1 1 0 −1 0 1 1
1 0 −1 −1 −1 0 1
1 1 0 −1 0 1 1
0 1 1 0 1 1 0
0 0 1 1 1 0 0


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1095



2 1 0 0 1 −1 −1
1 2 1 0 0 −1 2
0 1 1 1 0 0 2
0 0 1 3 1 1 1
1 0 0 1 1 0 −1
−1 −1 0 1 0 1 0
−1 2 2 1 −1 0 5

 0
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1099



1 0 1 0 1 0 1
0 2 1 1 0 2 0
1 1 1 0 2 1 2
0 1 0 0 1 1 1
1 0 2 1 −1 0 −1
0 2 1 1 0 2 0
1 0 2 1 −1 0 −1


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1104



−1 2 2 3 0 0 0
2 −1 2 0 3 0 3
2 2 −1 0 0 3 −3
3 0 0 −1 2 2 0
0 3 0 2 −1 2 −3
0 0 3 2 2 −1 3
0 3 −3 0 −3 3 −6


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

−1 1 0 0 −1 0 −3
1 −2 1 0 1 −1 4
0 1 −2 1 1 1 −4
0 0 1 −1 −1 0 3
−1 1 1 −1 −2 0 0

0 −1 1 0 0 −1 1
−3 4 −4 3 0 1 −19
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1167



0 1 0 0 1 2 1
1 −1 1 0 0 −1 −1
0 1 −1 1 0 1 2
0 0 1 −1 1 1 −1
1 0 0 1 0 0 1
2 −1 1 1 0 −1 0
1 −1 2 −1 1 0 −2
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

3
5

1
10 −1

2 0 1 1 0
1
10

3
5

1
2 1 0 1 0

−1
2

1
2 1 1 −1 0 0

0 1 1 3 1 1 3
1 0 −1 1 3 1 3
1 1 0 1 1 3 −1
0 0 0 3 3 −1 7
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

0 4 −2 3 2 1 0
4 −1 1 0 0 1 4
−2 1 −1 1 0 0 −2

3 0 1 −1 1 0 3
2 0 0 1 0 1 2
1 1 0 0 1 0 1
0 4 −2 3 2 1 0
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