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EVENTUALLY CYCLIC MATRICES AND A TEST FOR STRONG
EVENTUAL NONNEGATIVITY

LESLIE HOGBEN*

Abstract. Eventually r-cyclic matrices are defined, and it is shown that if A is an eventually
r-cyclic matrix A having rank A? = rank A, then A is r-cyclic with the same cyclic structure. This
result and known Perron-Frobenius theory of eventually nonnegative matrices are used to establish
an algorithm to determine whether a matrix is strongly eventually nonnegative (i.e., is an eventually
nonnegative matrix having a power that is both irreducible and nonnegative).

Key words. Eventually nonnegative matrix, eventually r-cyclic matrix, strongly eventually
nonnegative matrix, Perron-Frobenius.
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1. Introduction. A matrix A € R"*"™ is eventually nonnegative (respectively,
eventually positive) if there exists a positive integer ko such that for all k > ko, A¥ >0
(respectively, A¥ > 0), and the least such kg is called the power index of A. A matrix
A € R"*" is strongly eventually nonnegative if A is eventually nonnegative and there
is a positive integer k such that A* > 0 and A* is irreducible [4].

For a fixed n, the power index of an eventually positive or eventually nonnegative
n X n matrix may be arbitrarily large, so it is not possible to show a matrix is not
eventually positive or eventually nonnegative by computing powers. Eventual posi-
tivity is characterized by Perron-Frobenius properties, which provide necessary and
sufficient conditions to determine whether a matrix is eventually positive. Unfortu-
nately, nilpotent matrices, which have no Perron-Frobenius structure, are eventually
nonnegative, and there is no known “if and only if” test using Perron-Frobenius-type
properties for eventual nonnegativity. Strongly eventually nonnegative matrices are a
subset of the eventually nonnegative matrices having weaker connections with Perron-
Frobenius theory than eventually positive matrices, but still allowing an “if and only
if” test, presented here in Algorithm 3.1, which provides a way to show a matrix is not
strongly eventually nonnegative. The proof of the algorithm is based on results from
the literature and the result that if rank A? = rank A and A is eventually r-cyclic,
then A is r-cyclic (Corollary 2.8 below).

*Department of Mathematics, Iowa State University, Ames, IA 50011, USA (lhogben@iastate.edu)
& American Institute of Mathematics, 360 Portage Ave, Palo Alto, CA 94306 (hogben@aimath.org).

1



28

29

30

31

32

33

34

35

36

37

38

39

40

S

42

43

44

45

46

47

48

49

50

51

52

53

54

55

56

57

58

59

60

61

62

63

64

Throughout this paper all matrices are real. An eigenvalue A of A is a dominant
eigenvalue if |A| = p(A) (where p(A) denotes the spectral radius). A matrix is even-
tually positive if and only if p(A) is a simple eigenvalue having positive right and left
eigenvectors and A has no other dominant eigenvalue [6].

Just as digraphs are central to the Perron-Frobenius theory of nonnegative ma-
trices, they are central to our analysis of strongly eventually nonnegative matrices,
and we need additional notation and terminology. A digraph T' = (V, E) consists of a
finite, nonempty set V' of vertices, together with a set E C V x V of arcs. Note that
a digraph allows loops (arcs of the form (v,v)) and may have both arcs (v,w) and
(w,v) but not multiple copies of the same arc.

Let A = [a;;] € R"*™. The digraph of A, denoted I'(A), has vertex set {1,...,n}
and arc set {(¢,7) : a;; # 0}. If R,C C {1,2,...,n}, then A[R|C] denotes the subma-
triz of A whose rows and columns are indexed by R and C, respectively. If C' = R, then
A[R|R] can be abbreviated to A[R]. For a digraph ' = (V, E) and W C V, the induced
subdigraph T[W] is the digraph with vertex set W and arc set {(v,w) € E : v,w € W}.
For a square matrix A, T'(A[W]) is identified with I'(A)[W] by a slight abuse of no-
tation.

A square matrix A is reducible if there exists a permutation matrix P such that

An 0}

PAPT = {
Asy  Agp

where A;; and Ass are nonempty square matrices and 0 is a (possibly rectangular)
block consisting entirely of zero entries, or A is the 1 x 1 zero matrix. If A is not
reducible, then A is called irreducible. A digraph T' is strongly connected (or strong)
if for any two distinct vertices v and w of I', there is a walk in T" from v to w. It
is well known that for n > 2, A is irreducible if and only if I'(A) is strong. For a
strong digraph I', the index of imprimitivity is the greatest common divisor of the
the lengths of the closed walks in I'. A strong digraph is primitive if its index of
imprimitivity is one; otherwise it is imprimitive. The strong components of T are the
maximal strongly connected subdigraphs of I'.

For r > 2, a digraph T' = (V, E) is cyclically r-partite if there exists an ordered
partition (V1,...,V;) of V into r nonempty sets such that for each arc (4, j) € E, there
exists £ € {1,...,r} with i € V; and j € V41 (where we adopt the convention that
index r + 1 is interpreted as 1). For r > 2, a strong digraph T is cyclically r-partite
if and only if r divides the index of imprimitivity (see, for example, [2, p. 70]). For
r > 2, a matrix A € R"*" is called r-cyclic if I'(A) is cyclically r-partite. If T'(A) is
cyclically r-partite with ordered partition II, then we say A is r-cyclic with partition
II, or II describes the r-cyclic structure of A. The ordered partition IT = (V4,...,V}.)
is consecutive if Vi = {1,... i1}, Va={ir+1,...,i2},..., Vo ={ip_1 +1,...,n}. If
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A is r-cyclic with consecutive ordered partition II, then A has the block form

0 A 0 - 0

0 0 Ay - 0

C - (1)
0 0 0 A1,

where A; ;41 = A[V;|Viz1]. For any r-cyclic matrix A, there exists a permutation
matrix P such that PAPT is r-cyclic with consecutive ordered partition. The cyclic
index of A is the largest r for which A is r-cyclic.

An irreducible nonnegative matrix B is primitive if I'(B) is primitive, and the
index of imprimitivity of B is the index of imprimitivity of I'(B). It is well known
that a nonnegative matrix is primitive if and only if it is eventually positive. Let
B > 0 be irreducible with index of imprimitivity » > 2. Then r is the cyclic index of
B, T'(B) is cyclically r-partite with ordered partition IT = (V4,...,V,.), and the sets
V; are uniquely determined (up to cyclic permutation of the V;) (see, for example, [2,
p. 70]). Furthermore, I'(B") is the disjoint union of  primitive digraphs on the sets
of vertices V;,i = 1,...,7 (see, for example, [8, Fact 29.7.3]).

Section 2 presents the definition of eventually r-cyclic matrices and some of their
properties, including that if rank A2 = rank A and A is eventually r-cyclic, then A
is r-cyclic. It is also shown there that a strongly eventually nonnegative matrix is
eventually r-cyclic or eventually positive. These results are used in Section 3 to estab-
lish the validity of Algorithm 3.1, which tests whether a matrix is strongly eventually
nonnegative; examples illustrating the use of the algorithm are included.

2. Eventually r-cyclic matrices.

DEFINITION 2.1. For an ordered partition II = (Vi,...,V,) of {1,...,n} into r
nonempty sets, the cyclic characteristic matriz Cri = [c;;] of II is the n x n matrix
such that ¢;; = 1 if there exists ¢ € {1,...,r} such that i € V; and j € V41, and
cij = 0 otherwise.

Note that for any ordered partition IT = (V4,...,V;.) of {1,...,n} into r nonempty
sets, Oy is r-cyclic, and I'(Cry) contains every arc (v, w) for v € V; and w € Viyg.

DEFINITION 2.2. For matrices A = [a;;],C = [¢;;] € R™*", matrix A is conformal
with C'if for all ¢,7 = 1,...,n, ¢;; = 0 implies a;; = 0. Equivalently, A is conformal
with C' if T'(A) is a subdigraph of T'(C) (with the same set of vertices).

Let II be an ordered partition into r nonempty sets. Then A is r-cyclic with
partition IT if and only if A is conformal with Cpy.
3
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OBSERVATION 2.3. If A,B,C,D € R"*" C,D >0, A is conformal with C and
B is conformal with D, then AB is conformal with CD. If A is an r-cyclic matriz
with partition 11, then AF is conformal with Cy”.

OBSERVATION 2.4. Let B > 0 be irreducible with index of imprimitivity r > 2 and
let II describe the r-cyclic structure of B. Then for d large enough, Cry is conformal
with B+ j.e., T(B¥*+1) =T'(Cn).

DEFINITION 2.5. A matrix A is eventually r-cyclic if there exists an ordered
partition IT of {1,...,n} into r > 2 nonempty sets, and a positive integer m such that
for all k > m, A* is conformal with Cr®. In this case, we say that II describes the
eventually r-cyclic structure of A. The eventually cyclic index of A is the largest r
for which A is eventually r-cyclic.

Many eventual properties, such as eventual positivity or eventual nonnegativity,
can be established by establishing the property for two consecutive powers of a matrix.
The following proposition shows this is sufficient for eventually r-cyclic matrices.

PROPOSITION 2.6. If A is a matriz and for some nonnegative integer d, A¥+1 s
r-cyclic with partition I1 and A% is conformal with Ct;, then A is eventually r-cyclic
and IT describes the eventually r-cyclic structure of A.

Proof. For every positive integer k sufficiently large, there exist a,b > 0 such
that k = a(dr) + b(dr + 1) (see e.g., [2, Lemma 3.5.5]). Fix k = a(dr) + b(dr + 1).
Then AF = Acldr)+bldr+1) — (gdrya(gdr+1)b g conformal with (CHT)“CHb, which is
conformal with Cp** O+ = c*. O

For any square matrix A, rank A% = rank A if and only if the degree of 0 as a root
of the minimal polynomial of A is at most 1. The combinatorial structure of eventually
nonnegative matrices with this property was studied in [3], where it is shown that if A
is an irreducible eventually nonnegative matrix such that rank A? = rank A, then some
power of A is irreducible and nonnegative, i.e., A is strongly eventually nonnegative.
A matrix with the property that rank A2 = rank A behaves very nicely in regard to
being eventually r-cyclic, because this property eliminates issues caused by a nonzero
nilpotent part. The following notation will be used in the next proof. The nullspace
of a (possibly rectangular) p x ¢ matrix M is NS(M) = {v € R? : Mv = 0}, and the
left nullspace of M is LNS(M) = {w € R? : wI'M = 0}.

THEOREM 2.7. If A € R™ ", rank A% = rank A, and there is a positive integer m
divisible by r such that A™1 s r-cyclic with partition II and A™ is conformal with
Cn'", then A is r-cyclic with partition II.

Proof. Assume that A, m, r and II = (V4,...,V,) satisfy the hypotheses. Since
rank A? = rank A, for every positive integer k, rank A¥ = rank A. Thus NS(4*) =
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NS(A) and LNS(AF) = LNS(A).
Initially, we assume that II is consecutive. Partition A = [A;;] where A;; =
A[V;|V;]. By hypothesis, A™ = B1 & --- & B, is a block diagonal matrix, and thus:

NS(A™) oo VI v € NS(By), £ =1,...,1};

{vi, -
LNS(A™) = {[wlT, W T i wy € LNS(By),£=1,...,7},

[v

For v; € NS(By), define v, = [07,...,07, v}, 07,...,07]", so A™v, = 0. Since
NS(A) = NS(4™),

and so A;pve = 0,i=1,...,7. Similarly, w} Ay; = 07,5 =1,...,r for wy € LNS(By).

That is, for all 4,5 =1,...,r,
NS(B@) g NS(AM) and LNS(B@) g NS(AKJ) (21)
Now consider
BiAy BiAw ... BiAg,
L ByAy BaAsxy ... DA,
A= A= | | .
BrArl BTAT’Z v BTAT"I”

Since A™*t! ig conformal with Cpy,

ByAyj =0unless j=¢+1 mod r.
Since Byv = 0 implies A;y;v =0,0=1,...,7,

AigAg; =0 unless j =¢+1 mod r. (2.2)
By considering A™*1 = AA™ and the left null space,

AjpAp; =0unlessi=¢—1 modr. (2.3)

So the only product of the form A; A, that is not required to be 0 is Ap_1 ¢0A¢ 41
(with indices mod 7). Thus,

By = (Apgy1- AmAra- Ag1 )™,

SO NS(AZ_Lg) g NS(B@) and LNS(A&[.H) g LNS(B@) Then by (21),
5
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NS(AZ—LK) = NS(B@) and LNS(AA@_H) = LNS(B@) (24)

So by (2.1), NS(Ay_1,) C NS(A; ) for i =1,...,r. This implies that for each ¢ there
exists a (possibly rectangular) matrix M; such that

Ao = M;Ap_1,. (2.5)
So fori# ¢ —1 mod r,
0= rank( itAr 1) by (2.3)
ank(M;Ag_1,0A0,041) by (2.5)
ank(M;Ag_10) +rank(Ae—1 ¢ A e41) — rank(Ae_1 ¢) by [9, (2.7)]
(
nk(A;

| \/

ank MA@ 1 g) because LNS(A@,LgAg)ngl) = LNS(Ag,Lg) from (24)
) by (25).

Thus A;y =0fori# £ —1 mod r, and A is r-cyclic with partition II.

Without the assumption that II is consecutive, there exists a permutation matrix
P such that (PAPT)m+1 = pA™+1PT is r-cyclic with consecutive partition IT" and
(PAPTY™ = PA™PT is conformal with Cyp/". Since rank(PAPT)? = rank(PAPT),
(PAPT);; =0 unless j =i+ 1 mod r (using the block structure of Cpy/). Thus A is
r-cyclic with partition II. O

COROLLARY 2.8. Let A € R™"™ have rank A2 = rank A. Then A is eventually
r-cyclic if and only if A is r-cyclic.

We now return to strongly eventually nonnegative matrices. We need a prelimi-
nary lemma.

LeEmMMA 2.9. If A and B are n X n nonnegative matrices having all diagonal
entries positive, then T'(A) UT'(B) C T'(AB).

Proof. Let A = [a;;] and B = [b;;]. If (u,v) € I'(A), then

(AB)u Z Auibiv > Quybey > 0,

i=1
so (u,v) € T'(AB). Thus I'(A) C T'(AB). The case I'(B) C I'(AB) is similar. O

REMARK 2.10. Let A be a strongly eventually nonnegative matrix with power
index ko and r dominant eigenvalues. Since A is eventually nonnegative, p(A) is
an eigenvalue of A [5]. There is a positive integer k such that A*¥ > 0 and A* is
irreducible. For any such k, A* has positive left and right eigenvectors for its spectral
radius; the same is true for every power of A, including A itself. If r = 1 then

6
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A is eventually positive [6]. Now assume ¢ > ko such that p(A¢) is simple. Then
A* is irreducible [1, Corollary 2.3.15], and so the r dominant eigenvalues of A* are
{p(AY), p(ADw, ..., p(AY)w™~1} where w is a primitive rth root of unity [1, Theorem
2.2.20]. Furthermore, A* is r-cyclic [1, Theorem 2.2.20]. Note that £ > ko with p(A*)
simple necessarily exists (e.g., £ = kkor +1). If u > kg and p(A“) is simple, then any
positive integers x,y divisible by r, the multiplicity of p(A**+) = p(AY)*p(A%)Y) is
7, so D'(A*u) has r strong components [1, Theorem 2.3.14].

THEOREM 2.11. Let A be strongly eventually nonnegative matrix A having r > 2
dominant eigenvalues and power index ko. Then there exists a positive integer m > ko
divisible by r such that A™t s r-cyclic with partition II and A™ is conformal with
Cn".

Proof. Choose a positive integer £ > ko such that p(A?) is simple, so A’ is
irreducible and r-cyclic, and let I = (V4,...,V,) denote an ordered partition that
describes the r-cyclic structure of A*. Let m = fr; the spectral radius of A™+! > 0
is simple, and thus A™*! is irreducible and r-cyclic. Let ¥ = (Wy,...,W,) be an
ordered partition that describes the r-cyclic structure of A™*+!. It suffices to show
that A™ is conformal with Cg™. Note that for an r-cyclic matrix, in any power that
is a multiple of r, the order of the sets in the partition is irrelevant, since all arcs are
within partition sets. Thus it suffices to show that the unordered sets {Vi,...,V,.}
and {Wy,...,W,} are equal.

By Observation 2.4, we can choose s large enough so that the diagonal blocks
Ars[V;] and A DTSV are positive for i = 1,...,7. Since
Abrs AtmAl)rs — ALrs)+(mt1)(rs)  T(Alrs AmF1)rs) has r strong components. Since
all diagonal entries of T'(A?"*) and T'(A(™+1)7s) are positive, by Lemma 2.9,

F(Alrs) U F(A(erl)rs) C F(AE’I”SA(erl)T‘S).

But T'(A*) U T(Am+D7s) contains the complete digraphs on Vi,i = 1,...,7 and
Wi,i=1,...,7, so the only way for T'(A*s A(m+1)7s) to have 7 strong components is
to have {V1,...,V;} ={W4,...,W,.}. O

COROLLARY 2.12. If A € R™*™ s strongly eventually nonnegative with r > 2
dominant eigenvalues, then A is eventually r-cyclic.

COROLLARY 2.13. If A € R™ ™ is strongly eventually nonnegative with r > 2
dominant eigenvalues and rank A% = rank A, then A is r-cyclic.

3. Testing for strong eventual nonnegativity. In this section we provide an
algorithm to test whether a matrix is strongly eventually nonnegative and prove that
it works, illustrate the algorithm with examples, and discuss computational issues
related to the algorithm.
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3.1. Algorithm and proof.

ALGORITHM 3.1. Test a matrix for strong eventual nonnegativity.
Let A be an n x n real matriz.

1. Compute the spectrum o(A), set r equal to the number of dominant eigenval-
ues, and set w = 2™/,

2. If the multiset of dominant eigenvalues is not {p(A), p(A)w, ..., p(A)w 1},
then A is not strongly eventually nonnegative,
else continue.

3. Compute eigenvectors v and w for p(A) for A and AT.

4. If v or w is not a multiple of a positive eigenvector,
then A is not strongly eventually nonnegative,
else continue.

5 Ifr=1,
then A is eventually positive (and thus is strongly eventually nonnegative),
else continue.

6. Compute a nonsingular matriz S € R™ ™ such that

A = S(diag(p(A), p(A)w, ..., p(A)w" ) o M)S™.

7. Set By = S(diag(1,w,...,w" 1) @ 0)S~.

8. If By is not nonnegative or By is not r-cyclic,
then A is not strongly eventually nonnegative,
else continue.

9. Set ¢ = [%]r. Then A is strongly eventually nonnegative if and only if A?
and ATt are conformal with B1" and B, respectively.

The following result will be used in the proof of Algorithm 3.1.

THEOREM 3.2. [4] If A is strongly eventually nonnegative and has r dominant
eigenvalues, then the dominant eigenvalues of A are {p(A), p(A)w,...,p(A)w" 1}

where w = e2™/T,

THEOREM 3.3. Algorithm 3.1 is correct.

Proof. The first three assertions that A is or is not strongly eventually nonnegative
are justified by the following theorems.

2. Theorem 3.2
4. Remark 2.10
5. Remark 2.10

There are two remaining assertions, in Steps 8 and 9. Define B = ﬁA, and
note that B has one of the following properties if and only if A has the same property:
nonnegative, r-cyclic, strongly eventually nonnegative, conformal with a matrix C.

8
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Thus we establish the results for B rather than A. There exists a nonsingular 7" €
R(=7)x(n=7) guch that M = T(G@HN)T~! where N is nilpotent and G is nonsingular.
Define By = S(0® T(G @ 0)T~1)S~!. From the definitions of By and By,
Bt =B ford>0, p(B1)=1,  p(Bo) <1,
B* = B,* + By for k > n, and rank(B; + By)? = rank(B; + By).

Thus limg_, Bok =0, and
lim B! = B, (3.1)

d—oo

Thus if B; has an negative entry or is not r-cyclic, B! retains this property for ar-
bitrarily large d and so B and thus A are not eventually nonnegative. This establishes
the validity of Step 8.

For Step 9, we may assume that By > 0 is r-cyclic with partition II. By (3.1),
for k large enough, (Blk)ij > 0 implies (B¥);; > 0. By the construction of By from
S, By and BT have positive eigenvectors for simple eigenvalue 1, so by [1, Corollary
2.3.15], By is irreducible. Then by Observation 2.4 and the fact that B, ™! = By,
Ch is conformal with Bj.

First assume B? and B! are conformal with B;" and Bi, respectively. By
Proposition 2.6, B is eventually r-cyclic and II describes the eventually r-cyclic struc-
ture of B. So for k large enough, (3.1) implies B¥ > 0 and if ged(r, k) = 1, then
p(B¥) is simple so B* is irreducible. Thus B is strongly eventually nonnegative.

For the converse, assume that B is strongly eventually nonnegative, so B1 + By
is strongly eventually nonnegative. By Theorem 2.11, there exists a positive integer
m > ko divisible by 7 such that (B; + Bg)™*! is r-cyclic with partition IT and
(B + By)™ is conformal with Cp". Since rank(B; + Bg)? = rank(B; + By), by
Theorem 2.7, By + By is conformal with Cr;. As a consequence of (3.1), B; must
be r-cyclic with the same partition II. Since B; > 0 and Cp is conformal with
Bi, a matrix is conformal with Cn* if and only if it is conformal with B:*. Thus
(By + By)? and (B; + By)?*! are conformal with B;" and Bj, respectively. Since
q>n, B1= (Bl + Bo)q and BTl = (Bl + Bo)q+1. |

3.2. Examples. We illustrate the algorithm with examples.

EXAMPLE 3.4. Let

0 2 00 2 0

0 0 02 0 2

0 2 00 2 0

A_2120—10

0 0 02 0 2

2 -1 2 0 1 0]
9



s Step 1: o(A) = {4,-2+42iv3,-2—2i/3,0,0,0}, so r = 3 and p(A) = 4. The
2 eigenvectors of A and AT for eigenvalue p(A) = 4 are both [1,1,1,1,1,1,1,1]7. For
200 Steps 6 and 7, a possible S and the resulting B; are For Step 6, a possible S is

2

@

>3

[ (e (i) -

1 0 0 -1 r 1 1 7
2 2 0 = 0 0 5 O
—14i —1-i 2 2
R e R Gl 6) VRS S 000101
. g |1 (—1—21‘\/5) (—1-;‘\/5) 0 1 B, = 0 % 0 0 % 0
’ Lo 2 0 o0 0
1 1 1 -1 0 0 2 z )
) (-1+iv3)  (—1-iv3) 1 00 0 5 0 3
2 2 2 0 2 0 00
1 1 1 1 0 0] - -

2 Clearly B; > 0. By examining I'(B;) we see that By is 3-cyclic with partition
({1,3},{2,5},{4,6}). Computations then verify that A5 and A7 are conformal with
s B1% and By, respectively, so B is strongly eventually nonnegative.

2!

©

2

©
@

205 EXAMPLE 3.5. Let

-1 .3 _3 5 1 1 1 11

4 4 4 4 2 2 2 2

103 1 11111

Sl S S SR SR |

SO S S

0 0 0 0 = = = =

— 2 2 2 2

298 A=13 3 3 1 4 A 01 1

411 411 411 54 2 2 2 2

i 3 31 3 0 0 0 0

i1 1 1 1 1 _3 1

2 2 2 2 4 4 4 4

i1 1 1 1 1 1 s
L 2 2 2 2 4 4 4 4

2w Step 1: 0(A) ={2,-2,-1,-1,1,1,0,0}, so r = 2 and p(A) = 2. The eigenvectors of
xs A and AT for eigenvalue p(A) = 2 are both [1,1,1,1,1,1,1,1]7. For Steps 6 and 7, a
209 possible S and the resulting By are

1 -1 -1 8 0 0 0 —4] 0 0 0 0 7 % § 7]

1 -1 1. 0 0 0 0 O 0000%%%%

1 -1 0 -8 0 0 0 2 0000%%%%
|1t -1 0 0 0 0 0 2 oo o0 0 § 3 1 %
3°°S_1100—1—2—10’Bl_§§§§0000’
1 1.0 0 0 0 1 0 T 5 5 50000

1 1.0 0 0 2 0 0 14119000

1 1 0 0 1 0 0 0] 5 1 5 0 0 0 O]

sn and Bj is clearly nonnegative and 2-cyclic. Step 9: Computations show AY is not
sz conformal with By, so A is not strongly eventually nonnegative.
10
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EXAMPLE 3.6. Let

0 0 45 1155

0 0 2097 —-897
871 329 0 0
187 1013 O 0

Step 1: o(A) = {1200, —1200, 684i\/3, —684i\/3}, so r = 2 and p(A) = 1200. The
eigenvectors of A and AT for eigenvalue p(A) = 1200 are [1,1,1,1]7 and [7,5,9, 3]%,

) ) )

respectively. For Steps 6 and 7, a possible S and the resulting B; are

. 5% 5 3 1
L W A
s— |t 1 35 “i; B =2 0 11
1 L iy L2 0 of’
3 3 172 152
1 1 1 1 i3 15 0 0

so By > 0 and 2-cyclic. Since A is conformal with B;, A* and A® are conformal with
Bi* and By, respectively, and A is strongly eventually nonnegative.

In this particular case (because the spectrum consists entirely of real multiples of
roots of unity), we can extend the spectral analysis in the algorithm to estimate the

power index of A. Set B = 5554 and o = p(B — By), and define

5 5
0 0 T 4/3 43
0 0 _7 _ T
Bo=—(B-Bi)=| 1 _ 4\65 %ﬁ
43 43
_ V3 V3 0 0
4 1

Since O’(B()) = {i, —i,0,0}, Bo4k+1 = Bo. Solving Ozk|(E0)24| = (B1)24 yields k =
109.001, and in fact A'%? % 0, but A is nonnegative thereafter.

3.3. Computational issues. The computations in Examples 3.4, 3.5, and 3.6
were all done in exact arithmetic, so there was no issue of roundoff error. However,
eigenvalues will generally need to be computed as decimal approximations, and round-
off error is an issue. Fortunately, to implement Algorithm 3.1 it is not necessary to
compute Jordan forms (or eigenvectors for repeated eigenvalues), which are difficult to
do in decimal arithmetic. If the matrix A is eventually nonnegative, then the dominant
eigenvalues are simple and well spread out. The accuracy of the computations will
depend on the condition number of each dominant eigenvalue, which in turn depends
on the angle between the eigenvectors of A and AT (see, for example, [7, p. 323]).
Step 6 of Algorithm 3.1 requires computing a matrix S = [s1, ..., s,] such that

SLAS = diag(p(A), p(A)w, ..., p(A)w™ 1) & M.
11
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343
344
345
346
347
348
349
350
351
352
353
354
355
356
357
358
359

This can be done as follows.

Compute eigenvectors si,...,s, for the dominant eigenvalues
p(A), p(A)w, ..., p(A)w" .
Extend {s1,...,s,} to a basis {s1,...,8, Upt1,...,u,} for R™.
Set U = [81,...,Sr, Upt1,...,Uy]. Then
U™tAU = F{)ﬂ gm] where Hy; = diag(p(A), p(A)w, ..., p(A)w™ ).
22

Since o(Hiy1)No(Haz) = 0, by [7, Lemma 7.1.5], we can solve a system of linear

equations to find a matrix Z € R"*("=") such that H11Z — ZHsy = —Hjs.
1 Z H

Then for Y = [o In_J’ Y lUTAUY = [ 0“ ng and S = UY is a

satisfactory matrix for Step 6.
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