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Abstract1

The minimum rank of a simple graph G is defined to be the smallest possible rank over all2

symmetric real matrices whose ijth entry (for i 6= j) is nonzero whenever {i, j} is an edge in G and3

is zero otherwise. Maximum nullity is taken over the same set of matrices, and the sum of maximum4

nullity and minimum rank is the order of the graph. The zero forcing number is the minimum size of a5

zero forcing set of vertices and bounds the maximum nullity from above. This paper defines the graph6

families ciclos and estrellas and establishes the minimum rank and zero forcing number of several of7

these families. In particular, these families provide the examples showing that the maximum nullity8

of a graph and its dual may differ, and similarly for zero forcing number.9
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1 Introduction12

All matrices discussed are real and symmetric; the set of n× n real symmetric matrices will be denoted13

by Sn(R). A graph G = (VG, EG) means a simple undirected graph (no loops, no multiple edges) with14

a finite nonempty set of vertices VG and edge set EG (an edge is a two-element subset of vertices). For15

A ∈ Sn(R), the graph of A, denoted G(A), is the graph with vertices {1, . . . , n} and edges {{i, j} : aij 6=16

0, 1 ≤ i < j ≤ n}. Note that the diagonal of A is ignored in determining G(A).17

Let G be a graph. The set of symmetric matrices described by G is S(G) = {A ∈ Sn(R) : G(A) = G}.18

The maximum nullity of G is19

M(G) = max{nullA : A ∈ S(G)},20

and the minimum rank of G is21

mr(G) = min{rankA : A ∈ S(G)}.22
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Clearly mr(G)+M(G) = |G|, where the order |G| is the number of vertices of G. Extensive work has been23

done on the problem of determining minimum rank/maximum nullity of graphs. A variety of techniques24

have been developed to determine the minimum rank, and the minimum rank of numerous families of25

graphs has been determined, but in general the problem remains open. See [8] for a survey of results and26

discussion of the motivation for the minimum rank problem.27

The zero forcing number was introduced in [1] and the associated terminology was extended in [2, 3, 7,28

10, 11]. Let G be a graph with each vertex colored either white or black. Vertices change color according29

to the color-change rule: If u is a black vertex and exactly one neighbor w of u is white, then change30

the color of w to black. When the color-change rule is applied to u to change the color of w, we say u31

forces w and write u→ w. Given a coloring of G, the derived set is the set of black vertices obtained by32

applying the color-change rule until no more changes are possible. A zero forcing set for G is a subset of33

vertices Z such that if initially the vertices in Z are colored black and the remaining vertices are colored34

white, then the derived set is all the vertices of G. The zero forcing number Z(G) is the minimum of |Z|35

over all zero forcing sets Z ⊆ V (G).36

Theorem 1.1. [1, Proposition 2.4] For any graph G, M(G) ≤ Z(G).37

Let G = (VG, EG) be a graph and W ⊆ VG. The induced subgraph G[W ] is the graph with vertex set W38

and edge set {{v, w} ∈ EG : v, w ∈W}. The subgraph induced by W = VG\W is also denoted by G−W ,39

or in the case W is a single vertex {v}, by G − v. Minimum rank is monotone on induced subgraphs,40

i.e., for any W ⊆ VG, mr(G[W ]) ≤ mr(G). If e is an edge of G = (VG, EG), the subgraph (VG, EG \ {e})41

is denoted by G− e. We denote the complete graph on n vertices by Kn, the cycle on n vertices by Cn42

and the path on n vertices by Pn. The union of Gi = (Vi, Ei), i = 1, . . . , h is ∪h
i=1Gi = (∪h

i=1Vi,∪h
i=1Ei).43

An (edge) covering of a graph G is a set of subgraphs {Gi, i = 1, . . . , h} such that G = ∪h
i=1Gi. The44

following observation is useful when bounding minimum rank from above by using a covering to exhibit45

a low rank matrix.46

Observation 1.2. [8] If G = ∪h
i=1Gi, then mr(G) ≤

∑h
i=1 mr(Gi).47

The path cover number P(G) of G is the smallest positive integer m such that there are m vertex-48

disjoint induced paths in G such that every vertex of G is a vertex of one of the paths. Path cover49

number was first used in the study of minimum rank and maximum eigenvalue multiplicity in [12] (since50

the matrices in S(G) are symmetric, algebraic and geometric multiplicities of eigenvalues are the same,51

and since the diagonal is free, maximum eigenvalue multiplicity is the same as maximum nullity). In [12]52

it was shown that for a tree T , P(T ) = M(T ); however, in [4] it was shown that P(G) and M(G) are53

not comparable for graphs unless some restriction is imposed on the type of graph. A graph is planar if54

it can be drawn in the plane with no edge crossings. A graph is outerplanar if it has a drawing in the55

plane without crossing edges such that one face contains all vertices. Recently Sinkovic established the56

following relationship between P(G) and M(G) for outerplanar graphs.57

Theorem 1.3. [14] If G is an outerplanar graph, then P(G) ≥ M(G).58

A connected graph G is k-connected if for any set of vertices S such that G − S is disconnected,59

|S| ≥ k. The dual Gd of a 3-connected planar graph G is the graph obtained by putting a dual vertex60

in each region of a plane drawing of G and a dual edge between two dual vertices whenever the original61

regions share an original edge (we assume the graph is 3-connected to ensure that the dual is determined62

by the graph rather than a particular plane embedding). At a research meeting devoted to minimum63

rank at the American Institute of Mathematics, the following questions were asked:64

Question 1.4. If G is a 3-connected planar graph, is it true that M(Gd) = M(G)?65

Question 1.5. If G is a 3-connected planar graph, is it true that Z(Gd) = Z(G)?66
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In Section 3 we give examples of graphs G such that M(Gd) 6= M(G) and Z(Gd) 6= Z(G). The67

examples are taken from the family of estrellas. This family and the related family of ciclos are defined68

in Section 2, and the minimum ranks, maximum nullities, and zero forcing numbers of some members of69

these families are established. In Section 4 we determine the vertex spreads and edge spreads of select70

members of the ciclo and estrella families, thereby computing the minimum ranks, maximum nullities,71

and zero forcing numbers of additional families of graphs (spreads are defined in Section 4).72

2 Ciclo and estrella graph families73

Definition 2.1. Let G be a graph and let e be an edge of G. A t-ciclo of G with e, denoted Ct(G, e), is74

constructed from a t-cycle Ct and t copies of G by identifying each edge of Ct with the edge e in one copy75

of G. If a symbol for the graph identifies a specific edge, or if G is edge transitive (so it is not necessary76

to specify edge e), then the notation Ct(G) is used. A vertex on Ct is called a cycle vertex.77

The ciclo C4(K4) is shown in Figure 1. Ciclos of complete graphs are discussed in Section 2.1. The78

order of Ct(G) is (|G|− 1)t. Note that although Ct(G, e) is defined as a union of a t-cycle Ct and t copies79

of G to explain the construction, in fact Ct(G, e) is a union of just the t copies of G.80

Figure 1: The complete ciclo C4(K4) and the complete estrella S4(K4).

Definition 2.2. Let G be a graph, let e be an edge of G, and let v be a vertex of G that is not an81

endpoint of e. A t-estrella of G with e and v, denoted St(G, e, v), is the union of a t-ciclo Ct(G) and82

the complete bipartite graph K1,t with each degree one vertex of K1,t identified with one copy of v. If a83

symbol for the graph identifies a specific edge and vertex, or if G is vertex and edge transitive (so it is84

not necessary to specify e and v), then the notation St(G) is used. The degree t vertex of the K1,t used85

to construct the estrella is called the star vertex of the estrella, and every neighbor of the star vertex is86

called a starneighbor vertex. A cycle vertex in the ciclo that is used to construct the estrella is also called87

a cycle vertex in the estrella.88

The estrella S4(K4) is shown in Figure 1. The order of St(G) is (|G| − 1)t+ 1. Estrellas of complete89

graphs are discussed in Section 2.2. The families of ciclos and estrellas formed from house graphs (see90

Sections 2.3 and 2.4) are introduced because of their importance as examples answering the duality91

questions (see Questions 1.4 and 1.5 above). Related families of ciclos are studied in Sections 2.5 and92

2.6. Another natural family of ciclos are the cycle ciclos, discussed in Section 2.7.93

2.1 Complete ciclo Ct(Kr)94

Definition 2.3. The complete ciclo, denoted Ct(Kr), is the ciclo of the complete graph Kr, with t, r ≥ 395

(note that Kr is edge transitive). A vertex not on Ct is called a noncycle vertex.96

The order of Ct(Kr) is (r − 1)t.97

Theorem 2.4. For t ≥ 3, r ≥ 3, M(Ct(Kr)) = Z(Ct(Kr)) = (r − 2)t and mr(Ct(Kr)) = t.98
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Proof. First, we will derive a lower bound for the maximum nullity. We know from Observation 1.2 that99

the minimum rank of a graph will be less than or equal to the sum of the minimum ranks of the subgraphs100

in a covering of it. Since every Ct(Kr) can be covered by t copies of Kr graphs, each of minimum rank101

1, mr(Ct(Kr)) ≤ t and (r − 2)t ≤ M(Ct(Kr)).102

The zero forcing number can be used to bound the maximum nullity from above. There are many103

possible zero forcing sets of minimum cardinality, but it suffices to exhibit one for each of the two cases104

r = 3 and r ≥ 4 (see Figure 2).

Figure 2: The zero forcing sets for the complete ciclos Ct(K3) and Ct(Kr).
105

Case r = 3: A set Z consisting of t−1 cycle vertices and one noncycle vertex adjacent to the cycle vertex106

that is not in Z is a zero forcing set of t vertices.107

Case r ≥ 4: Let Z consist of all the cycle vertices and for each Kr, all but one of the noncycle vertices.108

Then Z is a zero forcing set because there will always be at least one black noncycle vertex in each109

Kr that will force the one white noncycle vertex, coloring the entire graph. Note that |Z| = (r−2)t.110

In either case, M(Ct(Kr)) ≤ Z(Ct(Kr)) ≤ (r − 2)t.111

2.2 Complete estrella St(Kr)112

Definition 2.5. The complete estrella, denoted St(Kr), is the estrella of the complete graph Kr, with113

t, r ≥ 3 (note that Kr is vertex and edge transitive). A vertex in St(Kr) that is not the star vertex, not114

a starneighbor vertex, and not a cycle vertex is called a standard vertex.115

The order of St(Kr) is (r − 1)t+ 1, and St(K4) is planar and 3-connected.116

Theorem 2.6. For t ≥ 3 and r ≥ 4, mr(St(Kr)) = t+ 2 and M(St(Kr)) = Z(St(Kr)) = (r − 2)t− 1.117

Proof. Note that |St(Kr)| = (r−1)t+1. Since St(Kr) can be covered by t copies of Kr (each of minimum118

rank 1) and one K1,t (of minimum rank 2), mr(St(Kr)) ≤ t+ 2 and (r − 2)t− 1 ≤ M(St(Kr)).119

Define a set Z consisting of all cycle vertices and all but one standard vertices; note |Z| = (r−2)t−1.120

We claim Z is a zero forcing set. In each of the complete graphs that has all its standard vertices in121

Z, any black standard vertex can force the one white starneighbor vertex. Then any one of the (now)122

black starneighbor vertices can force the star vertex. Then the star vertex forces the one remaining white123

starneighbor vertex, and any black neighbor forces the last white vertex. So the entire graph is black,124

establishing the claim. Thus,125

M(St(Kr)) ≤ Z(St(Kr)) ≤ (r − 2)t− 1.126

Theorem 2.7. For t ≥ 3, mr(St(K3)) = t and M(St(K3)) = Z(St(K3)) = t+ 1.127
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Proof. By Theorem 2.4, mr(Ct(K3)) = t, and since Ct(K3) is an induced subgraph of St(K3),128

t = mr(Ct(K3)) ≤ mr(St(K3)).129

To show that mr(St(K3)) ≤ t, we construct a matrix of rank t in S(Ct(K3)) and extend it to a matrix in130

S(St(K3)) without changing the rank of the matrix. Number the vertices of Ct(K3) as in Figure 3.131

1

2

t+1

2t

t

t-1

2t-1 2t-2

t+2

Figure 3: The numbering for Ct(K3).

Define the t× t matrix B to be132

B =



1 0 0 . . . 0 0 −1
−1 1 0 . . . 0 0 0
0 −1 1 . . . 0 0 0
...

...
...

. . .
...

...
...

0 0 0 . . . 1 0 0
0 0 0 . . . −1 1 0
0 0 0 . . . 0 −1 1


133

Note that the sum of each of the rows and the sum of each of the columns equal zero. Then the 2t× 2t134

matrix135

A =
[
I B
BT BTB

]
∈ S(Ct(K3))136

has rankA = t. Extend the matrix A to the (2t+ 1)× (2t+ 1) matrix137

A′ =

It×t B 1t

BT BTB 0t

1t
T 0t

T t

 ∈ S(St(K3))138

Note that BTB shares properties with B in that for each row and column, the sum is zero as well.139

Thus the entries of the new column 2t + 1 of A′ is the sum of the columns of A, and, similarly for the140

rows. Thus rankA′ = t, and141

mr(St(K3)) ≤ t.142
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2.3 House ciclo Ct(H0)143

Definition 2.8. A house H0 (also called an empty house) is the union of a 3-cycle and a 4-cycle with144

one edge in common, shown on the left in Figure 4. The symbol H0 also designates the specific edge e145

and vertex v shown in the figure (this figure also includes numbering that will be used later). A house146

ciclo is Ct(H0) = Ct(H0, e).147

The house ciclo C4(H0) is shown on the right in Figure 4. Note that the order of Ct(H0) is 4t and148

Ct(H0) is outerplanar.149

1

2

v=3

4

5
e

Figure 4: The house H0 and the house ciclo C4(H0).

Observation 2.9. For t ≥ 3, P(Ct(H0)) ≤ t, because Figure 5 shows how to create a covering with t150

paths.151

Figure 5: The method for creating a covering of Ct(H0) by t paths.

Theorem 2.10. For t ≥ 3, M(Ct(H0)) = t and mr(Ct(H0)) = 3t.152

Proof. Because house ciclos are outerplanar, Theorem 1.3 and Observation 2.9 give the following upper153

bound for the maximum nullity of Ct(H0): M(Ct(H0)) ≤ P(Ct(H0)) ≤ t.154

Using the obvious covering of the house ciclo Ct(H0) by the set of t houses H0, and the fact that155

mr(H0) = 3, we have the same lower bound on maximum nullity: M(Ct(H0)) = |Ct(H0)|−mr(Ct(H0)) ≥156

|Ct(H0)| − 3t ≥ t. Therefore, M(Ct(H0)) = t and mr(Ct(H0)) = 3t.157

Theorem 2.11. For even t ≥ 4,158

Z(Ct(H0)) = t.159

Proof. Since t = M(Ct(H0)) ≤ Z(Ct(H0)), it suffices to exhibit a zero forcing set Z with |Z| = t. Let160

Z consist of pairs chosen in alternate houses of Ct(H0) going around the cycle (2 vertices in the first161

house, skip the second house, 2 vertices in the third house, skip the fourth house, etc.), where each pair162

of vertices consists of the peak vertex v = 3 and its neighbor 2, labeled as in Figure 4. Because t is even,163

|Z| = t. Within each house that contains two black vertices, the remaining three vertices are forced to164

turn black. Then, the remaining three white vertices in a house in between two houses having all vertices165

black will be forced. So Z is a zero forcing set.166
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In the case t is odd, the method used in the proof of Theorem 2.11 will produce a zero forcing set of167

order t+ 1, so for t odd, Z(Ct(H0)) ≤ t+ 1. For odd t ≤ 9, it has been established by use of the software168

[6] that Z(Ct(H0)) = t+ 1.169

2.4 House estrella St(H0)170

Definition 2.12. A house estrella is St(H0) = St(H0, e, v) (where v and e are as shown in Figure 4).171

The house estrella S4(H0) is shown in Figure 6. Note that the order of St(H0) is 4t + 1 and St(H0)172

is planar and 3-connected.173

Figure 6: The house estrella S4(H0).

We adopt the following convention for numbering the vertices of St(H0). We start the numbering174

on one of the houses from the lower left corner, starting with 1, and complete the numbering clockwise175

around the house, as in Figure 4. When that house is done, continue to the clockwise-adjacent house.176

The star vertex is numbered 4t+ 1.177

Theorem 2.13. For t ≥ 3, mr(St(H0)) = 3t and M(St(H0)) = t+ 1.178

Proof. In Theorem 2.10, it was shown that mr(Ct(H0)) = 3t, and since Ct(H0) is an induced subgraph179

of St(H0),180

3t = mr(Ct(H0)) ≤ mr(St(H0)).181

Next, we will construct a specific matrix A ∈ S(Ct(H0)) having rankA = 3t that we can extend to a182

matrix A′ such that G(A′) = St(H0) and rankA′ = 3t, thus showing that the minimum rank of St(H0)183

is also 3t.184

Define the following submatrices185

U =


1 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0

 , V =


1 1 0 0
1 1 1 1
0 1 1 1
0 1 1 1

 , W =


1 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0

186

The sum of the adjacency matrix of Ct(H0) and the 4t× 4t identity matrix is the 4t× 4t matrix187

A =



V W 0 0 . . . 0 0 0 U
U V W 0 . . . 0 0 0 0
0 U V W . . . 0 0 0 0
0 0 U V . . . 0 0 0 0
...

...
...

...
. . .

...
...

...
...

0 0 0 0 . . . V W 0 0
0 0 0 0 . . . U V W 0
0 0 0 0 . . . 0 U V W
W 0 0 0 . . . 0 0 U V


. (1)188
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Note that V is the submatrix corresponding to the adjacencies between the vertices numbered 4s+1, 4s+189

2, 4s+ 3, 4s+ 4, and V lies on the diagonal.190

Let b be the 0, 1-vector describing the adjacencies of the star vertex. If b ∈ rangeA, then there exists191

a vector x such that Ax = b and for192

A′ =
[
A Ax

xTA xTAx

]
,193

rankA′ = rankA and G(A′) = St(H0). Thus it suffices to show that b is in the range of A.194

To prove b ∈ rangeA, we show that b ∈ (kerA)⊥ and apply the fact that for any real symmetric195

matrix A, (kerA)⊥ = rangeA [9, Fact 5.2.15]. Establishing b ∈ (kerA)⊥ can be done by finding a basis196

for the kernel of A and showing that b is orthogonal to the vectors in the basis of the kernel. To construct197

the basis, we construct t linearly independent null vectors (and note that nullA ≤ M(Ct(H0)) = t by198

Theorem 2.10).199

Let α = [0, 0,−1, 1], β = [0,−1, 0, 1], ω = [0,−1, 1, 0], 0 = [0, 0, 0, 0]. Then construct the vectors in200

the following manner201

v1 = [β, β, . . . , β, β, β︸ ︷︷ ︸
t

]T202

v2 = [α, β, . . . , β, β,︸ ︷︷ ︸
t−2

ω]T203

v3 = [α, β, . . . , β,︸ ︷︷ ︸
t−3

ω, 0]T204

...205

vr = [α, β, . . . , β,︸ ︷︷ ︸
t−r

ω, 0, . . . , 0︸ ︷︷ ︸
r−2

]T206

...207

vt = [α, ω, 0, . . . , 0︸ ︷︷ ︸
t−2

]T208

209

To show that the vectors vi, i = 1, . . . , t are null vectors of A it is sufficient to observe that210

[
U V W

]
4×12

 βT ωT 0T 0T αT αT αT βT βT ωT βT ωT 0T

βT αT αT αT βT βT ωT βT ωT 0T ωT 0T 0T

βT βT βT ωT βT ωT 0T ωT 0T 0T αT αT αT


12×13

= 04×13.211

Next, we show that the vectors vi, i = 1, . . . , t are linearly independent, viewing these vectors as block212

vectors (as constructed). Suppose
∑t

i=1 γivi = 0. The vector v1 has βT = [0,−1, 0, 1]T as the last block213

of the vector, so the last coordinate is 1. The vector v2 has ωT = [0,−1, 1, 0]T as the last block of the214

vector, so the last coordinate is 0, and the last coordinate of vi, i ≥ 3 is also 0. Thus γ1 = 0. Assuming215

γk = 0, by examining block t − k + 1 of
∑t

i=k+1 γivi = 0, we see that γk+1 = 0. Thus the vectors216

v1, . . . ,vt are linearly independent.217

To complete the proof it suffices to show that 0, 1-vector b describing the adjacencies of the star vertex218

is orthogonal to kerA. Let ϕ = [0, 0, 1, 0]; then b = [ϕ, . . . , ϕ]T . Note that219

ϕ · α = −1 , ϕ · β = 0 , ϕ · ω = 1.220
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Then221

b · v1 = [ϕ, . . . , ϕ]T · [β, . . . , β]T =
t∑

i=1

ϕ · β = 0222

and for 2 ≤ r ≤ t,223

b · vr = [ϕ, . . . , ϕ]T · [α, β, . . . , β,︸ ︷︷ ︸
t−r

ω, 0, . . . , 0︸ ︷︷ ︸
r−2

]T = ϕ · α+
t−r∑
i=1

ϕ · β + ϕ · ω +
r−2∑
i=1

ϕ · 0 = −1 + 0 + 1 + 0 = 0224

Therefore, b ∈ (kerA)⊥.225

Corollary 2.14. For even t ≥ 4,226

Z(St(H0)) = t+ 1.227

Proof. The zero forcing set Z of Theorem 2.11 together with the star vertex is a zero forcing set of order228

t+ 1 and the result then follows from Theorem 2.13.229

For t odd, there is a zero forcing set of order t+ 2, so for t odd, Z(St(H0)) ≤ t+ 2. For odd t ≤ 9, it230

has been established by use of the software [6] that Z(St(H0)) = t+ 2.231

2.5 Half-house ciclo Ct(H1)232

Definition 2.15. A half-full house or half-house H1 is a house with one diagonal in the square, as shown233

on the left in Figure 7. The symbol H1 also designates the specific edge e and vertex v, as shown in this234

figure. A half-house ciclo is a ciclo of half-houses Ct(H1) = Ct(H1, e).235

v

e

Figure 7: The half-house H1 and half-house ciclo C4(H1).

The half-house ciclo C4(H1) is also shown in Figure 7. Note that mr(H1) = 3 = |H1| − 2. The order236

of Ct(H1) is 4t and Ct(H1) is outerplanar. Half-full house ciclos have many properties in common with237

house ciclos. The proofs of the results below are analogous to the proofs of the corresponding results for238

house ciclos, and are omitted.239

Observation 2.16. For t ≥ 3, P(Ct(H1)) ≤ t.240

Theorem 2.17. For t ≥ 3, M(Ct(H1)) = t and mr(Ct(H1)) = 3t.241

Theorem 2.18. For even t,242

Z(Ct(H1)) = t.243

In the case t is odd, Z(Ct(H1)) ≤ t+ 1.244
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2.6 Full house ciclo Ct(H2)245

Definition 2.19. A full house H2 is the union of K4 and K3 with one edge in common, or equivalently, a246

house with both diagonals in the square, as shown on the left in Figure 8. The symbol H2 also designates247

the specific edge e and vertex v, as shown in this figure (this figure also includes numbering that will be248

used later). A full house ciclo is a ciclo of full houses Ct(H2) = Ct(H2, e).249

1

2

v=3

4

5
e

Figure 8: The full house H2 and full house ciclo C4(H2).

The full house ciclo C4(H2) is also shown in Figure 8. Note that the order of Ct(H2) is 4t and250

mr(H2) = 2. We adopt the following convention for numbering the vertices of Ct(H2). We start the251

numbering on one of the houses from the lower left corner, starting with 1, and complete the numbering252

clockwise around the house, as in Figure 8. When that house is done, continue with the clockwise-adjacent253

house.254

Theorem 2.20. For t ≥ 3, M(Ct(H2)) = Z(Ct(H2)) = 2t and mr(Ct(H2)) = 2t.255

Proof. We can bound the maximum nullity from below by bounding the minimum rank from above256

using a covering of Ct(H2) with t copies of the full house. Since a full house has minimum rank 2 and257

|Ct(H2)| = 4t, 2t ≤ M(Ct(H2)).258

Next, we can derive an upper bound for the maximum nullity by showing that the set259

Z = {1, 2, 3, 6, 7, 10, 11, . . . , 4k + 2, 4k + 3, . . . , 4(t− 2) + 2, 4(t− 2) + 3, 4(t− 1) + 2}260

is a zero forcing set. There are three black vertices of the four vertices in the first house, one in the last,261

and two in every other house (where the first four of the five vertices actually in a house are associated262

with that house to avoid duplication). To see that Z is a zero forcing set, examine the first full house.263

Since vertices 1, 2, and 3 are black, the other two vertices in house 1 are forced, which means the next264

house already has its first vertex 5 = 4(2−1) + 1 black, in addition to 6 and 7. This process will continue265

around the ciclo until we reach the last full house, house t, which now has vertices 4(t−1)+1, 4(4−1)+2,266

and 1 colored, so the remaining 2 vertices in this house can be forced. Since |Z| = 2t,267

2t ≤ M(Ct(H2)) ≤ Z(Ct(H2)) ≤ |Z| = 2t,268

and we have equality throughout.269

2.7 Cycle ciclo Ct(Cr)270

Definition 2.21. A cycle ciclo is a ciclo of cycles Ct(Cr), r ≥ 4.271

The cycle ciclo C4(C6) is shown in Figure 9. The order of Ct(Cr) is (r−1)t and Ct(Cr) is outerplanar.272

Cycle ciclos have many properties in common with house ciclos. Note that mr(Cr) = r − 2 = |Cr| − 2273

and mr(H0) = 3 = |H0| − 2, and Z(Cr) = 2 = Z(H0). The proofs of the results below are analogous to274

the proofs of the corresponding results for house ciclos, and are omitted.275
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Figure 9: The cycle ciclo C4(C6).

Observation 2.22. For t ≥ 3, P(Ct(Cr)) ≤ t.276

Theorem 2.23. For t ≥ 3, M(Ct(Cr)) = t and mr(Ct(Cr)) = (r − 2)t.277

Theorem 2.24. For even t ≥ 4,278

Z(Ct(Cr)) = t.279

In the case t is odd, Z(Ct(Cr)) ≤ t+ 1.280

2.8 Summary281

Table 1 summarizes the results established in this section for certain families of ciclos and estrellas.282

Table 1: Properties of the Ciclo and Estrella graph families
Graph G |G| mr(G) M(G) Z(G)
Ct(Kr) (r − 1)t t (r − 2)t (r − 2)t
Ct(H0) 4t 3t t t if t even

≤ t+ 1 if t odd
Ct(H1) 4t 3t t t if t even

≤ t+ 1 if t odd
Ct(H2) 4t 2t 2t 2t

Ct(Cr) (r ≥ 4) (r − 1)t (r − 2)t t t if t even
≤ t+ 1 if t odd

St(Kr)(r ≥ 4) (r − 1)t+ 1 t+ 2 (r − 2)t− 1 (r − 2)t− 1
St(K3) 2t+ 1 t t+ 1 t+ 1
St(H0) 4t+ 1 3t t+ 1 t+ 1 if t even

≤ t+ 2 if t odd

3 Complete estrellas and house estrellas as duals283

The next theorem and our previous results show that complete estrellas and house estrellas provide a284

negative answer to Questions 1.4 and 1.5.285

Theorem 3.1. The dual of the complete estrella St(K4) is the house estrella St(H0).286

Proof. Since St(K4) is a 3-connected graph, its dual is independent of how it is drawn in the plane, so287

we draw St(K4) with the star vertex in the center, as shown in Figure 10. Each K4 together with the288

star vertex produces a house as its dual, so ignoring the infinite region we obtain the house ciclo Ct(H0)289

as the dual. The last step to creating the dual is to add a dual point that represents the infinite region290

outside the St (K4), and it connects to the vertex numbered 3 of each house (with numbering as in Figure291

4), creating the house estrella St(H0) shown in Figure 10.292
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Figure 10: The house estrella St(H0) as the dual of the complete estrella St(K4).

Corollary 3.2. Since M(S4(K4)) = Z(S4(K4)) = 7 and M(S4(H0)) = Z(S4(H0)) = 5, this example293

answers negatively Questions 1.4 and 1.5.294

4 Rank spread, null spread, and zero spread295

If the minimum rank, maximum nullity, and/or zero forcing number are known for a graph G, it is296

sometimes possible to use this information to determine the same parameter for the graph obtained from297

G by deleting a vertex or edge. In this section we determine the minimum rank/maximum nullity and298

zero forcing number of any complete ciclo or complete estrella from which one vertex or one edge has299

been deleted. Note that a complete ciclo has two types of vertex, a cycle vertex and a noncycle vertex.300

For a complete estrella there can be four types of vertex: the star vertex, a starneighbor vertex, a cycle301

vertex, and a standard vertex; note that St(K3) does not have any standard vertices.302

4.1 Vertex spreads of complete ciclos and estrellas303

Let G be a graph and v be a vertex in G. The rank spread of v, defined in [4], is304

rv(G) = mr(G)−mr(G− v),305

and it is known [13] that306

0 ≤ rv(G) ≤ 2.307

In analogy with the rank spread, the null spread and the zero spread were defined in [7]. The null spread308

of v is nv(G) = M(G) −M(G − v). The zero spread of v is zv(G) = Z(G) − Z(G − v). Clearly, for any309

graph G and vertex v of G,310

rv(G) + nv(G) = 1,311

and thus312

−1 ≤ nv(G) ≤ 1.313

Theorem 4.1. [11, 7] For every graph G and vertex v of G,314

−1 ≤ zv(G) ≤ 1.315
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As might be expected from the loose relationship between zero forcing number and maximum nullity,316

the parameters nv(G) and zv(G) are not comparable, and examples of this are given in [7]. However,317

under certain circumstances we can use one spread to determine the other.318

Observation 4.2. [5] Let G be a graph such that M(G) = Z(G) and let v be a vertex of G. Then319

nv(G) ≥ zv(G), and so if zv(G) = 1, then nv(G) = 1 (equivalently, rv(G) = 0).320

Theorem 4.3. For any vertex v, M(Ct(Kr) − v) = Z(Ct(Kr) − v) = (r − 2)t − 1, or equivalently,321

nv(Ct(Kr)) = zv(Ct(Kr)) = 1.322

Proof. We exhibit a zero forcing set Z for Ct(Kr) − v such that |Z| = (r − 2)t − 1 (here r ≥ 3). Since323

Z(Ct(Kr)) = (r − 2)t and zv(Ct(Kr)) ≤ 1, zv(Ct(Kr)) = 1 and Z(Ct(Kr) − v) = (r − 2)t − 1. Since324

M(Ct(Kr)) = Z(Ct(Kr)), by Observation 4.2 nv(Ct(Kr)) = 1, and thus M(Ct(Kr) − v) = (r − 2)t − 1.325

When exhibiting a zero forcing set, we separate Ct(K3) from Ct(Kr) with r ≥ 4. For each of these two326

cases, there are two types of vertex v, a cycle vertex and a noncycle vertex. The zero forcing sets Z are327

illustrated as black vertices in Figure 11.328

Case Ct(K3): For a cycle vertex v, let the two noncycle neighbors of v in Ct(K3) be denoted by u329

and w. Then Z consists of every noncycle vertex except w. For a noncycle vertex v, let the two neighbors330

of v (both of which are cycle vertices) be denoted by u and w. Then Z consists of u and every noncycle331

vertex except for the one adjacent to w.

u

w

w

u

Figure 11: The zero forcing sets for Ct(K3) (v a cycle vertex and v a noncycle vertex) and Ct(Kr) with
r ≥ 4 (v a cycle vertex and v a noncycle vertex).

332 Case Ct(Kr): Note that each of the one or two copies of Kr in which v was a vertex has now become333

Kr−1. For a cycle vertex v, Z consists of all the remaining cycle vertices and all but one noncycle vertex334

in each Kr or Kr−1. For a noncycle vertex v, Z consists of every cycle vertex and all but one noncycle335

vertex in each Kr or Kr−1.336

Theorem 4.4. For every vertex v, M(St(K3) − v) = Z(St(K3) − v) = t, or equivalently, nv(St(K3)) =337

zv(St(K3)) = 1.338

Proof. First let v be the star vertex of St(K3). Then St(K3)− v = Ct(K3), so by Theorems 2.4 and 2.7,339

nv(St(K3)) = zv(St(K3)) = 1. For any vertex v that is not the star vertex, we exhibit a zero forcing set340

Z for St(K3) − v such that |Z| = t, and as in Theorem 4.3 this establishes the theorem. In addition to341

the star vertex, there are two types of vertex in St(K3), a cycle vertex and a starneighbor vertex. The342

zero forcing sets Z are illustrated as black vertices in Figure 12.343

For a starneighbor vertex v, Z consists of every cycle vertex. For a cycle vertex v, let the two344

starneighbor vertices adjacent to v in St(K3) be denoted by u and w. Then Z consists of u and every345

remaining cycle vertex in St(K3)− v.346

Theorem 4.5. Let r ≥ 4. For every vertex v except the star vertex, M(St(Kr)− v) = Z(St(Kr)− v) =347

(r− 2)t− 2, or equivalently, nv(St(Kr)) = zv(St(Kr)) = 1. If x is the star vertex, then M(St(Kr)− x) =348

Z(St(Kr)− x) = (r − 2)t, or equivalently, nx(St(Kr)) = zx(St(Kr)) = −1.349

13



u

w

Figure 12: The zero forcing sets for St(K3)− v for v a starneighbor vertex and v a cycle vertex.

Proof. First let x be the star vertex of St(Kr) with r ≥ 4. Then St(Kr)− x = Ct(Kr), so by Theorems350

2.4 and 2.6, nx(St(Kr)) = zx(St(Kr)) = −1. For any vertex v that is not the star vertex, we exhibit a351

zero forcing set Z for St(Kr)− v of order (r − 2)t− 2, and as in Theorem 4.3 this establishes the result.352

The zero forcing sets Z are illustrated as black vertices in Figure 13.353

Let v be a cycle vertex, a standard vertex, or a starneighbor vertex, and in St(Kr) choose one Kr354

that does not contain v. Note that each of the one or two copies of Kr in which v was a vertex has now355

become Kr−1. If v is a cycle vertex or a standard vertex, then Z consists of all remaining cycle vertices,356

all remaining standard vertices in every Kr−1 or Kr except the chosen Kr, and all but one standard357

vertices in the chosen Kr. If v is a starneighbor vertex, then Z consists of all cycle vertices, all standard358

vertices in every Kr except the chosen Kr, and all but one standard vertices in the chosen Kr and in the359

Kr−1.360

Figure 13: The zero forcing sets for St(Kr) for v a cycle vertex, v a standard vertex, and v a starneighbor
vertex (with r ≥ 4).

4.2 Edge spreads of complete ciclos and estrellas361

In analogy with the rank, null, and zero spreads for vertex deletion, spreads for edge deletion were defined362

in [7]. Let G be a graph and e be an edge in G. The rank edge spread of e is re(G) = mr(G)−mr(G− e).363

The null edge spread of e is ne(G) = M(G)−M(G−e). The zero edge spread of e is ze(G) = Z(G)−Z(G−e).364

Clearly, for any graph G and edge e of G, re(G) + ne(G) = 0 [7].365

Observation 4.6. [13] For any graph G and edge e of G, −1 ≤ re(G) ≤ 1 and thus −1 ≤ ne(G) ≤ 1.366

Theorem 4.7. [7] For every graph G and every edge e of G,367

−1 ≤ ze(G) ≤ 1.368

It is known that although the bounds on the zero edge spread are the same as the bounds on the null369

edge spread, they are not comparable [7]. As with vertex spread, under certain circumstances we can use370

one spread to determine the other.371
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Observation 4.8. [7] Let G be a graph such that M(G) = Z(G) and let e be an edge of G. Then372

ne(G) ≥ ze(G), and so if ze(G) = 1, then ne(G) = 1 (equivalently, re(G) = 0).373

An edge is classified based on its vertices. For a complete ciclo, there can be three types of edge:374

cycle-cycle, noncycle-cycle, and noncycle-noncycle (if r ≥ 4). For a complete estrella there can be six375

types of edge: cycle-cycle, standard-cycle (if r ≥ 4), cycle-starneighbor, standard-standard (if r ≥ 5),376

standard-starneighbor (if r ≥ 4), and star-starneighbor.377

Theorem 4.9. For any edge e, M(Ct(Kr) − e) = Z(Ct(Kr) − e) = (r − 2)t − 1, or equivalently,378

ne(Ct(Kr)) = ze(Ct(Kr)) = 1.379

Proof. We exhibit a zero forcing set Z for Ct(Kr) − e such that |Z| = (r − 2)t − 1 (here r ≥ 3). Since380

Z(Ct(Kr)) = (r − 2)t and ze(Ct(Kr)) ≤ 1, ze(Ct(Kr)) = 1 and Z(Ct(Kr) − e) = (r − 2)t − 1. Since381

M(Ct(Kr)) = Z(Ct(Kr)), by Observation 4.8 ne(Ct(Kr)) = 1, and thus M(Ct(Kr) − e) = (r − 2)t − 1.382

When exhibiting a zero forcing set, we separate Ct(K3) from Ct(Kr) with r ≥ 4. The zero forcing sets Z383

are illustrated as black vertices in Figure 14.384

w

u

w

u
v

Figure 14: The zero forcing sets for Ct(K3) − e (e a cycle-cycle edge and e a noncycle-cycle edge) and
Ct(Kr)− e with r ≥ 4 (e a cycle-cycle edge, e a noncycle-noncycle edge, and e a noncycle-cycle edge).

Case Ct(K3): There are two types of edges e, a cycle-cycle edge and a noncycle-cycle edge. For a385

cycle-cycle edge e = {u,w}, Z consists of the noncycle vertex in a K3 that contains u but not w, and386

every cycle vertex except u and w. For a noncycle-cycle edge e = {v, u}, let v be the noncycle vertex of e387

and let u be the cycle vertex of e. Then Z consists of every noncycle vertex except for the one adjacent388

to u.389

Case Ct(Kr): There are three types of edges: cycle-cycle, noncycle-noncycle, and noncycle-cycle.390

For e a cycle-cycle edge or noncycle-noncycle edge, Z consists of all cycle vertices except for one of the391

two cycle vertices in Kr − e and all but one noncycle vertex in each Kr or Kr − e; in the case that e is a392

noncycle-noncycle edge, the noncycle vertex in Kr − e that is not in Z must be an endpoint of e (this is393

relevant when r ≥ 5). For a noncycle-cycle edge, Z consists of all the cycle vertices, all but one noncycle394

vertex in each Kr, and all but two noncycle vertices in the Kr − e; one of the two noncycle vertices in395

Kr − e that is not in Z must be an endpoint of e (this is relevant when r ≥ 5).396

Theorem 4.10. For every edge e, M(St(K3) − e) = Z(St(K3) − e) = t, or equivalently, ne(St(K3)) =397

ze(St(K3)) = 1.398
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Proof. We exhibit a zero forcing set Z for St(K3) − e such that |Z| = t, and as in Theorem 4.9 this399

establishes the theorem. The zero forcing sets Z are illustrated as black vertices in Figure 15. There400

are three types of edges: cycle-cycle, star-starneighbor, and cycle-starneighbor. For a cycle-cycle edge or401

star-starneighbor edge e, let the two cycle vertices of the K3 that contains at least one endpoint of e be402

denoted by u and w. Then Z consists of the starneighbor vertex in the K3 that contains u but not w,403

and all cycle vertices except for w. For a cycle-starneighbor edge, Z consists of all cycle vertices.404

u

w

u

w

Figure 15: The zero forcing sets for St(K3) − e where e is a cycle-cycle edge, a star-starneighbor edge,
and a cycle-starneighbor edge.

Theorem 4.11. Let r ≥ 4. For every edge e except a star-starneighbor edge, M(St(Kr)−e) = Z(St(Kr)−405

e) = (r − 2)t − 2, or equivalently, nv(St(Kr)) = zv(St(Kr)) = 1. If d is a star-starneighbor edge, then406

M(St(Kr)− d) = Z(St(Kr)− d) = (r − 2)t− 1, or equivalently, nd(St(Kr)) = zd(St(Kr)) = 0.407

Proof. There can be 6 types of edges: cycle-cycle, standard-cycle, cycle-starneighbor, standard-standard408

(if r ≥ 5), standard-starneighbor, and star-starneighbor. For any edge e that is not a star-starneighbor409

edge, we exhibit a zero forcing set Z for St(Kr) − e of order (r − 2)t − 2, and as in Theorem 4.9 this410

establishes the result. The zero forcing sets Z are illustrated as black vertices in Figure 16.411

Let e be a standard-cycle edge, a cycle-starneighbor edge, or a standard-standard edge. Let u be a412

cycle vertex that is not an endpoint of e and is in the Kr − e. Then Z consists of all cycle vertices, all413

standard vertices in each Kr (or Kr − e) except those that contain u, and all but one of the standard414

vertices in the Kr and Kr − e that contain u.415

For a cycle-cycle edge e = {w, u}, Z consists of all cycle vertices except w and u, all standard vertices416

in each Kr (or Kr − e) except those that contain u, all but one of the standard vertices in the Kr and417

Kr − e that contain u, and the starneighbor vertex in the Kr and Kr − e that contain u.418

For a standard-starneighbor edge, choose one cycle vertex u in the Kr − e. Then Z consists of all419

cycle vertices except for u, all standard vertices in each Kr except the Kr that contains u, all standard420

vertices in Kr − e, and all but one of the standard vertices in the one Kr that contains u.421

For a star-starneighbor edge d, let Z be the set that consists of all cycle vertices and all standard422

vertices except one standard vertex in a Kr that does not contain an endpoint of d. Then Z is a423

zero forcing set for St(Kr) − d. Since St(Kr) − d can be covered by t copies of Kr and one K1,t−1,424

mr(St(Kr)− d) ≤ t+ 2. Thus425

(r − 2)t− 1 = |St(Kr)− d| − (t+ 2) ≤ M(St(Kr)− d) ≤ Z(St(Kr)− d) ≤ (r − 2)t− 1426

and we have equality throughout.427
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u u

u

w

u

u

Figure 16: The zero forcing sets for St(Kr)− e for e a standard-cycle edge, a cycle-starneighbor edge, a
standard-standard edge, a cycle-cycle edge, a standard-starneighbor edge, and a star-starneighbor edge
(with r ≥ 4).
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