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Abstract for the missing row or column classification. Multiple imputation,
proposed by Rubin (1978; see also Rubin 1987, 1996), provide

Maximum likelihood estimators (MLEs) of parameters can beg way to take advantage of commonly used tests of independen:
obtained from the log-likelihood function for cell probabilities for completely classified tables. Li et al. (1991) proposed a Walc
of two-way incomplete contingency tables. ~Constraints onest statistic and Meng and Rubin (1992) proposed likelihooc
probabilities can be incorporated through Lagrangian multipliersatio tests withF reference distributions. In addition to such
Variances of the MLEs can be derived from the matrix of secondests of independence, one can estimate joint probabilities an
derivatives of the loglikelihood with respect to cell probabilities their standard errors using sets of, say, five imputed two-way
and the Lagrangian multipliers. In this paper, Wald and likelihoodcontingency tables obtained from data augmentation.
ratio tests of independence are examined. Simulation results
under the assumption that data are missing at random reveal thgkst et al. (2002) proposed a method using an EM algorithm
maximum likelihood esimtation (MLE) produces more efficient (Dempster, Laird, and Rubin 1977) and a Bayesian prior distri-
estimates of population proportions than either multiple impution on unknown proportions to analyze longitudinal studies
tation (MI) based on data augmentation or complete case (CGyith repeated measures. They generate all possible sets
analysis. Neither MLE nor MI leads to an improvement overy|yes for those that are missing, form a set of possible complet
CC analysis with respect to the power of tests for independencggig sets, and then weight each data set according to clear
Thus, the partially classified marginal information increasegyefined assumptions. They apply an appropriate statistical te:
Fhe preqision of estimates of proportions, but is not helpful forprocedure to each data set, combining the results to give a
judging independence. overall indication of significance.

Keywords: Complete Case Analysis; Lagrange Multipliers
Maximum Likelihood Estimation; Multiple Imputation; Wald
Statistic.

"Instead of imputing information for missing classifications,
maximum likelihood estimates of population proportions can
be obtained from the observed information, including both the
completely and partially classified cases. Little (1982) used &
simple EM algorithm to estimate cell probabilities. Lipsitz et al.
(1998) show how to use generalized linear model software tc

In the analysis of contingency tables, it may happen that som@valuate maximum likelihood estimates of cell probabilities using
observations are not fully cross-classified. One simple approacH}e connection between the multinomial and Poisson likelihoods
known as complete-case (CC) analysis, discards the missing
data by restricting analysis to only fully classified counts in anHot deck imputation methods select observed cases to 'donat
incomplete contingency table. values to fill-in missing entries. The Fully Efficient Fractional
Imputation (FEFI) method described by Kang, Koehler, and
Chen and Fienberg (1974) used an iterative procedure for conkarsen (2006) uses all feasible observed cases as donors there
puting maximum likelihood estimates and developed Pearsofeducing variance due to random imputation. It yields consisten
and likelihood ratio tests of independence for two-way tables foestimators of cell probabilities if the missing mechanism is
which either the row classification or the column classificationmissing completely at random (MCAR; Rubin 1976). It is not
could be missing for some cases. As in Chen and Fienbergecessarily consistent if data are simply missing at randon
(1974), Hocking and Oxspring (1974) consider three independerfMAR).
multinomial distributions corresponding to the set of fully cross-
classified counts and the two sets of partially classified countdvlaximum likelihood estimates of population proportions are
where either the row classification or the column classification i®btained from the partial log-likelihood function for the cell
missing. probabilities of two way incomplete contingency tables. Chen
and Fienberg (1974) used this log likelihood in their work. This
An alternative approach involves constructing a complete table, iMLE method does work under MAR. Constraints such as the fac
which all cases are completely classified, by imputing informatiorthat cell probabilities sum to one can be incorporated with La-

1. Introduction



grangian multipliers, as proposed by Aitchison and Silvey (1958)Kang et al. (2006) are given by the following formula:
Variances of MLE estimators of population proportions can be

derived from the matrix of second derivatives of the loglikelihood A= m e+ m <-’I»'7,m " xm)

with respect to cell probabiliies. Wald and likelihood ratio “ T @i ey

tests of independence can be based on the likelihood function TijTrmm Tim | Tmj

evaluated at the MLEs. Nz \Ito T Tos

Section 2 presents notation and the likelihood function. Section = Ty <1 + T + . j) (1 + M) , (D)
Lie LY - Lmm

3 derives MLEs and their variances. Section 4 discusses tests
of independence. The performance of tests of independenggnerez,; is the observed count for fully observed cases prior
provided by the complete-case analysis, multiple imputation, ang) imputation,z;e — Z.j 2o andze. = Z( ... The total
maximum likelihood approaches are examined through Montg, e size i ng*l v * =

Carlo simulation studies in section 5 considering both type | er- R

ror level and power. Section 6 contains a summary and discussiowhen the count:,,, is discarded, (1) can be simplified as

~ o 1 Lim, Tmj )
2. Notation and Likelihood Function Mg = Tig \ L 7e; ) @

Consider ar x J contingency table where the row fact& has  The population proportions are estimated as
I categories and the column fact&k has.J categories. Assume

. . . A 1. . . A
simple random sampling with replacement. In a complete table, 0 = —(A11,R12, -, N1, N1, Nag, -,
where the row and column categories are observed for every no o
case in the sample, the counts have a multinomial distribution Ry, Mg) )
with sample sizeV and probability vectof. Let n;; denote the _ i(ﬁTlaﬁT% R RSy R
count for the(s, j) cell, and letd;;, an element of, denote the N
population proportion for théi, 5) cell. Ny, i)

When information on either the row or column classification isThe log-likelihood function for the cell probabilitigspresented

missing, we can construct a table of counts for the completel;py Chen and Fienberg (1974) is the following;
classified cases wherg; denotes the number of cases observed
in the (i, 7) cell. We can also construct one-way tables of counts |(?) = Z wa log 0 + Z T 10g Ouj + Z Tim 10g Oz
for partially classified cases. Let,,, denote the number of cases v J ! @)
in thei*” row category; = 1,2, - - - I, where the column category
is unknown, and let,,,; denote the number of cases in tfié
column category; = 1,2,---J where the row category is un-

known. Thengz;,, andz.,; are marginally observed counts ona 3. Maximum Likelihood Estimation Of Cell Probabilities

Note that the log-likelihood function in (4) does not includg,,, .

single variable. Let,,,, denote the number of cases where both And Variances
the row and column categories are missing. The total sample size
is The EM algorithm (Dempster, Laird, and Rubin 1977) can be usec
to produce maximum likelihood estimates (MLES) of proportions
N = inj + inm + mej + Tmm in an incomplete contingency table. Little (1982) includes an il-
ij i j lustration of the procedure with partially classified data on two
= Tee + Tom + Tine + Tinm- variables. Leﬂg?) be an initial estimate of;;, such ase;;/z...

- ot therth iterati hm
Discarding ther,.,,, cases for which both variables are missing | "€ €stimate of;; at thet™ iteration of the algorithm is

does not affect any results in this paper except that it necessitates (t—1) (t—1)
changingN ton = N — x,,,,. Those cases do not contain any ® _ g , ij , ij

information about the joint distribution or marginal distributions b =1/ (x” i X (t=1) i Ef}_l)) ©)
of X; and X5.

The estimates at the first step of the EM procedgire, is exactly
The counts in a completed table obtained by fully efficient frac-same a# in (4). The algorithm converges to the MLEs6bf

tional imputation under simple random sampling proposed by



For the example by Little (1982), the 30 partially classified units 4. Tests of Independence

with X; = 1 have X5 = 1 with probability 100/(100 + 50) . . : .
and X — 2 with probability 50/(100 + 50). Thus in ef- A Wald test and a likelihood ratio test for independence in an

fect, (30)(100)/150 = 20 are allocated toX, —= 1 and incomplete two-way contingency table are described in this

(30)(50)/150 = 10 are allocated taX, = 2 at the first step. S€ction-

In the next step new cell probabilities are computed from the

completed data and the procedure iterates to convergence. ialblfa\ Wald Test Using MLE in an Incomplete Contingency
Since the proportions are constrained to sum to @g 0,; =

1), the likelihood function (4) incorporating the constraint can be
expressed with a Lagrangian multiplier as

For a complete two-dimensional contingency table with sample
size N, the null hypothesis of statistical independence is

Hy:0,; = 0;,0,;, foralliandj. (8)
= Z Z x;5log 6, + Z Zimjlog ba; (6) ! !
Defining
+ Z Tim IOg 97,0 + ’V 1 - Z 01] 7 gab(9> = <E;-]:1 9a]~) (Zle Gib) — eaba
the null hypothesis of statistical independence can be expresse
wheref* = (6, ~)". as
o o | Ho : gap(6) = 0 ©9)
The first derivative of(6*) in 6 with respective t@;,; and toy are foralla=1,2,-- Tandb=1,2,---,J. Let
al(a*) — in_;'_@_FM_fy g(e):(911(9)7"'aglJ(9)7921(9)>"'192J(9)5"'791J(9))/-
;Z(ee’i ) Oi ~ Ooj ~ Ois Then (9) can be expressedHs : g(0) = Q.
= 1-) 6. .
Oy %: ’ The estimatorf, has an approximate multivariate normal distri-
bution with variances = V,/N by the Central Limit Theorem,
The second partial derivatives are whereVy = (Ag — 66’) andAy is a diagonal matrix with the ele-
) ments off on the main diagonal. Undé{, ¢(6) has an approx-
O°UOT) =iy Ty Lim imatep = I x J dimensional normal distribution with variance
00z, 0z, 0y 0% GYG', whereG,, is the matrix of first partial derivatives gf6)
d21(0%) Tim  O21(6%) Tonj with respect td;;. The elements of7,«,, are
89”8013 - 912. ’ aemﬁﬁkj - 3%n,b(9) _
0.
2 * 2 * 2 *
°Uo") 0, 31(9):_1’ 5192):0 i1 0+ 00— 1, fora=i, andb =
00,001 00,0~ Iy S 0w, fora=i, andb # j
Let 7(6*) be the matrix of second derivatives of the loglikelihood 2 j=10aj, fora i, andb=j

with respect t@*. An estimate of the covariance matrix@f, the 0, fora#i, andb # j

MLE of 6%, is —I~1(6%). Let Sur be a matrix omitting the last A Wald statistic for testing, is
row and column of-7-1(6*). The matrix3: s gives an estimate . At oA

of the covariance matrix af,;, whered,, is the MLE of6. For a Q=g(0)T"g(0), (10)

2 x 2 table,0 = (011,012,021, 022, 7) andI(6*) is whereT = (G¢') is obtained by substituting for # and —

denotes generalized matrix inverse. For a complete téj)ltas a

i” ﬁ W 192 L distribution converging to a central chi-squared distribution with
o od 00 Gl df = k = (I —1)(J — 1) whenH, is true.
10 )=—1 % 0 dn = 1|,
0 Tgr Ly d222 1 For an incomplete contingency tablgf) andG are obtained by
1 7 1 1 0 substitutingds for 6. ThenT = (GEG') is obtained by sub-
stituting X2, for X in (10). Thus a Wald statistic for testinidg
whered;; = 75 - 5+ T is

Qunr = 9(00) Try9(00r), (11)



whereT); = (G3,G') andG is obtained by substitutingy, for Pr(X,ismissingX, =0) = my

6. Then for a incomplete tablé),, has an approximate central Pr(X,ismissing = ms

chi-square distribution withif = k = (I — 1)(J — 1) whenH,

is true. For the first casen; = 0.1, my = 0.3, mg = 0.2 in (13). In the
second caser; = 0.2, mo = 0.4, mg = 0.3. The percentages

4.2 Likelihood Ratio Test of cases with missing information on at least one variable are

expected to be 36% and 51% for case 1 and 2 respectively.
Under the model of independence in (8), the MLB)gfis
Table 1 shows the numbers of tables for which the independenc
é% _ <1'i. + Mm) (x.j + xmj> ' (12)  null hypothesis was falsely rejected out of 1000 tables for three
Tee + Tom Tee + Tme nominal Type | error levels. The results using MLE and CC seen
to have appropriate Type | error levels on both tests, but Type
error levels tend to be inflated for the MI method.

Let Ly be the maximized value of the log-likelihood function
under the null hypothesis of (8) add be the maximized value
under Hy|JH,. Lo can be calculated directly by substituting
69, for 6;; in (6) and L, can be obtained by usingy;. Then
2L, — 2Ly has a limiting null chi-squared distribution asgoes
to infinity when Hy is true. A sizea test is implemented by
rejectingHy if 2L, — 2Lg > Xﬁ,a-

5.2 Power Study

An alternative to independence frx 2 tables with equal proba-
bility margins was used to compare the power of the various pro
cedures. The generated multinomial variables have the cell prok
abilities
5. Simulation to Compare Three Methods

(011,012,021,022) = (0.2,0.3,0.3,0.2), (14)
The performance of tests of independence on incomplete tables ) o )
using maximum likelihood estimation (MLE), multiple impu- with sample size 500. The missing data mechanisms (13) ar
tation (MI), and complete case analysis (CC) are compare§ame as for the two cases used previously.
through Monte Carlo simulations. Two missing data mechanisms _
corresponding to the missing at random (MAR) assumption ar&€fore we study power of independence test, let's compare thre
used in simulations. Type | error levels are estimated from 1,006'€thods with checking point estimationsfof andfy 6.1 —611.
tables simulated tables under the independence assumptiolfble 2 shows means and standard deviations of 1000 value

Power levels are examined by simulating 1000 tables under &' the estimates o, from the generated 1000 tables in this
alternative to independence. subsection. The true value 6f, is 0.2. MLE and MI methods

provide essentially unbiased estimates for the cell probabilitie:
For multiple imputation, the Wald statistic proposed by Li, Put CC does not. The standard deviations of the estimates diffe

Raghunathan, and Rubin (1991) and the likelihood ratio tesRCross methods. Complete-case analysis provides the estimate
statistic proposed by Meng and Rubin(1992) based on five imf11 with the Iargest variance. For all m_ethods, variation increase!
puted data sets were applied to test independence. The algorith@® the proportion of missing values increases. MLE tends
for MI were programmed through S-PLUS 6.1 (2001) functionsProvide smaller standard deviations of cell proportion than MI.

for missing values. - .
Table 3 shows means and standard deviations of 1000 simulate

5.1 Type | Error Levels values for the estimates 6f_ 6.1 — 611, a measure of association
between the two variables. The true valuefpf6,, — 611 is
The 2 x 2 incomplete contingency tables generated for thisD-05. The averages of the estimates are similar for all method:
study to check type | error level were generated with equal celfhe complete-case and MLE have similar standard deviations an
probabilities and data missing at random(MARY),. and X, were they exhibit smaller standard deviations than MI. Results on poin
independently generated as Bernouli(0.5) random variables witgstimation are helpful in interpreting power simulation results.

sample size 500. ) o
The numbers in Table 4 indicate the number of tables out of 100

There are two cases with different missing at random mechd®r which the independence null hypothesis was rejected unde
nisms; 1,000 tables were generated for each case. The missiHif givena levels among 1000 tables in each type.

mechanism for each case is as follows:
Table 4 shows MLE and CC have more power than MI. MLE

Pr(XiismissingXes =1) = my (13)  does not show much improvement on the power levels of the test
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Table 1:Comparison of Type | Error Levels.

Wald test
MLE Ml CcC
Case\a | 1% 5% 10%| 1% 5% 10%| 1% 5% 10%
1 10 53 91 | 10 45 96 | 9 51 95
2 9 58 109| 16 68 110| 8 56 109
Likelihood ratio test
1 9 52 91 | 10 44 96 | 9 51 96
2 7 57 109| 16 66 108| 8 57 109
Table 2:Estimation of 6;;.
MLE Ml cC
Case| Mean S.D. Mean S.D. Mean S.D.
1 0.1984| 0.02063| 0.1988| 0.02118| 0.2242| 0.02377
2 0.1978| 0.02193| 0.1977| 0.02281| 0.2281| 0.02697




Table 3:Estimation of ;0,1 — 611.

MLE Ml CcC

Case| Mean S.D. Mean S.D. Mean S.D.

1 0.0495| 0.01376| 0.0493| 0.01422| 0.0488| 0.01358
2 0.0498| 0.01608| 0.0496| 0.01691| 0.0490| 0.01585

Table 4:Power Comparison.

Wald test

MLE Mi cC

Case\a | 1% 5% 10%| 1% 5% 10%| 1% 5% 10%

1 848 955 976| 718 896 953| 840 956 976
2 702 874 928|525 765 865|698 876 931

Likelihood ratio test

=Y

846 955 976| 709 894 953| 840 956 976
2 690 870 928|503 752 862| 701 877 932




