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1. Different levelsof an amino acid (0O, 1, 3, or 6 mg/kg) were added to the rations fed to dairy
cows. Ten different cows were used in the study. The objective was to examine the
possible effect of the amino acid on milk production. Four cows were randomly assigned to
the control group ( 0 mg/kg of the amino acid) and two cows were randomly assigned to
each of the other three levels of the amino acid. Aside from the level of thisamino acid, the
rations fed to the ten cows wereidentical. The cows were kept in separate pens, so you can
assume that one cow responded independently of any other cow. Each cow was put on the
assigned diet immediately after giving birth to acalf. The response was the amount of milk
produced by the cow during the next 200 days.

The data are displayed in the following table.

Observed Level of
Milk Production Amino Acid (mg/kg)
Yu Xy = 0
Yo X1=0
Yis Xy = 0
Y14 Xl =0
Y21 X2 =1
Y22 X2 =1
Ya X3 = 3
Y32 X3 =3
Y41 X4 =6
Y42 X4 =6

Consider the following linear models:
Model A: Yi = bo+by(Xi—=2)+¢;  where e~ NID(0, s?)
Model B: Yi = m+a;+g where e~ NID(0, s?)

A. What isthe minimal set of conditions for amodd to be a Gauss-Markov moddl ?

B.  Statethe definition of an estimable function of parametersfor alinear model. Usethe
definition to determine if either of the following is estimable for model B. (In each
case give an explanation. A simple yes or no answer is not sufficient).
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(i) 2m+4a;-a,-aj



Modd B canbewrittenas Y = Wa + e, where
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Compute a generalized inverse for WTW and useit to obtain a solution to the
normal equations. Express your solution asafunctionof Yy , Yo, Y3, Y4 , the

sample means for milk production at the four levels of amino acid.

Veify that 3a;-a,- az-a, isanestimable function of the parametersin model B.
Present aformulafor the ordinary least squares estimator for 3a;-a,-az-as asa

functionof Y; ,Y,, Y3, Y,.

State the Gauss-Markov theorem and describe what it implies about the properties of

the ordinary least squares estimator for 3a; - a,- as- a4 that you presented in Part
D.

Writemoddd Aas Y = Xb +e, where
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and define B, = X(XTx)1xT. Alsodefine Ry = WWT W) W' for Model
B. Furthermore, recall the following results about the normal distribution and
distributions of quadratic forms.

Result 1. Let A be asymmetric matrix withrank (A) = k, andlet Y ~ N(m,&).

If A4 isidempotent,then YTAY ~ CZ(m' An) .

P
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.Let Y~N(m,&) and let A; and A, be symmetric matrices. If

A& A, =0,then Y'A;Y and Y'A,Y areindependent random

variables.
Result 3. If Y~ N(m,4) and A isasymmetric matrix of non-random constants,
then

ERTAYS = nfAm+tr(Ad)
~ ~9 - ~

Var(YTAY) = 4m AAAmM+2tr(A&A4)

Result 4. If Y~ N(m,&) and A isa matrix of non-random constants, then

AY~N(Am,A&AT).
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independent random vectorsif and only if Covng, ng =4a;, = 0.
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(i)  Show that YT(I- P) Y hasachi-square distribution under mode! B,

i.e,when Y ~ Nga%N g,szl 2 Report degrees of freedom. Doesit have a
- ~ [}
central chi-sguare distribution?
(i)  Showthat iZYT(I - R )Ry (1 - R¢)Y hasachi-square distribution under
s ~

model B. Report degrees of freedom. Doesit have a central chi-square
distribution?

G.  Using the notation and results presented in Part (F), show that

oY (- B)Rw(i- R)Y

" Y- Ry)Y

has an F-distribution for some constant ¢ when model B is the correct mode.
Report anumerical valuefor ¢ and degrees of freedom, and give aformulafor the
non-centrality parameter of the F-distribution.

H. Canthe F-datistic defined in Part (G) be used to test a null hypothesis of practical
importance? Explain.

Consider the study in Problem 1 and suppose the researchers also had information on the
age of each cow. Let Z; denote the age of the j-th cow fed thei-th level of amino acid.
The following model was proposed.

Model C: Y =Mgt+e where e~ N?,S 219 and
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(A)  Under what conditions, if any, would g, be estimable in model C?

(B)  Show how you would test the null hypothesis that the linear effect of age on average
milk production isthe same at every level of amino acid in the diet, i.e., show how to

test the null hypothesis Hg: g2 =093 =04 =05 against the dternativethat Hy is

fase. Report aformulafor your test statistic, degrees of freedom, and indicate how
you would reach a conclusion. (Just state the formulafor your test statistic, you do
not have to prove anything about the distribution of your test statistic or show any
derivation.)

(C) Suppose model C iscorrect. Show how you would construct a 95% confidence

interval for s2.

(D) Ismodel C areparameterization of model B in Problem 1? Give an explanation. A
simple "yes" or "no" response is not sufficient.

Consider thelinear model Y = Xb +e, where X isan n” k matrix with rank(X)=k

and Var(e)=52I +d211T, where | isthe n” n identity matrixand 1 isann” 1

vector of ones. For this model, each observation has the same variance s 2 4 d2, but the
observations are correlated. Any pair of observations has correlation d? /(s 24 dz) :

Furthermore, since X hasfull columnrank, every element of b isestimable and cThis

estimableforany ¢ 0. Theordinary least squares estimator for cThis

cTh=c" XTX)IxTy.

(A) Show that cTo=c' (XTX)'leY is an unbiased estimator for ¢ b .

B) Is cTbhb=c' (XTX)"IXTY abest linear unbiased estimator for ¢ b ? Justify

your answey.
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