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A LOCAL DISCONTINUOUS GALERKIN
METHOD FOR KdV TYPE EQUATIONS*

JUE YANT AND CHI-WANG SHUT

Abstract. In this paper we develop a local discontinuous Galerkin method for solving KdV
type equations containing third derivative terms in one and two space dimensions. The method is
based on the framework of the discontinuous Galerkin method for conservation laws and the local
discontinuous Galerkin method for viscous equations containing second derivatives; however, the
guiding principle for intercell fluxes and nonlinear stability is new. We prove L2 stability and a cell
entropy inequality for the square entropy for a class of nonlinear PDEs of this type in both one and
multiple space dimensions, and we give an error estimate for the linear cases in the one-dimensional
case. The stability result holds in the limit case when the coefficients to the third derivative terms
vanish; hence the method is especially suitable for problems which are “convection dominated,” i.e.,
those with small second and third derivative terms. Numerical examples are shown to illustrate
the capability of this method. The method has the usual advantage of local discontinuous Galerkin
methods, namely, it is extremely local and hence efficient for parallel implementations and easy for
h-p adaptivity.
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1. Introduction. In this paper we develop a local discontinuous Galerkin method
for solving KdV type equations containing third derivative terms in one and multiple
space dimensions. An example of such a PDE is the original KdV equation [20],

(1.1) Us + (aU + BU?)y + 0Uppe = 0,

where «, 8, and ¢ are constants. In this paper we use capital letters such as U, V,
Q, etc. to denote the solutions to the PDEs and use lowercase letters to denote the
numerical solutions. Our scheme can be designed and proven stable for more general
nonlinearities, namely,

(1.2) Ut + f(U)a + (F(U)g(r(U)z)e)e =0

in one space dimension for arbitrary (smooth) functions f, g, and r, and

d d d
(1.3) U+ > fi@)a+ Y [ 7)Y 955 riU)s)e, | =0
i=1 i=1 j=1

T

in multiple space dimensions for arbitrary (smooth) functions f;, g;;, and 74, i, =
1,....,d.
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KdV type equations describe the propagation of waves in a variety of nonlinear,
dispersive media and appear often in applications. See, e.g., [1]. Various numerical
methods have been proposed and used in practice to solve this type of equation; see,
e.g., [4, 5, 19]. However, in many situations, such as in quantum hydrodynamic mod-
els of semiconductor device simulations [16] and in the dispersive limit of conservation
laws [21], the third derivative terms might have small or even zero coefficients in some
parts of the domain. We will call such cases “convection dominated.” The design of
stable, efficient, and high order methods, especially those for the “convection domi-
nated” cases, i.e., when the third derivative terms are small (|o| < 1in (1.1)), remains
a challenge, as the success of such methods depends crucially on correct treatment of
this singular limit. The situation is similar to convection diffusion problems. While
a large class of methods suitable for parabolic problems also works for convection
diffusion problems when diffusion dominates, these methods may not work well when
convection dominates.

The discontinuous Galerkin method is a class of finite element methods using
completely discontinuous piecewise polynomial space for the numerical solution and
the test functions. One certainly needs to use more degrees of freedom because of the
discontinuities at the element boundaries; however, this also gives one room to de-
sign suitable interelement boundary treatments (the so-called fluxes) to obtain highly
accurate and stable methods in many difficult situations.

The first discontinuous Galerkin method was introduced in 1973 by Reed and Hill
[24] in the framework of neutron transport (steady state linear hyperbolic equations).
Convergence for such methods was proven in, e.g., [22]. A major development of
the discontinuous Galerkin method was carried out by Cockburn et al. in a series
of papers [11, 10, 8, 12] in which a framework was established to easily solve non-
linear time dependent hyperbolic conservation laws (i.e., (1.2) and (1.3) without the
third derivative terms) using explicit, nonlinearly stable high order Runge-Kutta time
discretizations [26] and discontinuous Galerkin discretization in space with exact or
approximate Riemann solvers as interface fluxes and TVB (total variation bounded)
nonlinear limiters [25] to achieve nonoscillatory properties for strong shocks. See also
[17] for a discontinuous Galerkin method with additional “shock capturing” terms.

The discontinuous Galerkin method has found rapid applications in such diverse
areas as aeroacoustics, electromagnetism, gas dynamics, granular flows, magneto-
hydrodynamics, meteorology, modeling of shallow water, oceanography, oil recov-
ery simulation, semiconductor device simulation, transport of contaminant in porous
media, turbomachinery, turbulent flows, viscoelastic flows, and weather forecasting,
among many others. Good references for the discontinuous Galerkin method and its
recent development include the survey paper [9], other papers therein, and the review
paper [14].

The original discontinuous Galerkin method was designed to solve first order
hyperbolic problems. A simple example to illustrate its essential ideas is the linear
transport equation

(1.4) Up + Uy = 0.

Let’s denote the mesh by I; :[xj7%7xj+%] for j = 1,..., N, with the center of the
cell denoted by z; = %(Ij_% —|—:cj+%) and the size of each cell by Ax; = Tj1—T; 1.
We will denote Az = max; Az;. If we multiply (1.4) by an arbitrary test function
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V(z), integrate over the interval I;, and integrate by parts, we get

(1.5) /IUtde—/I UVyda + Uy, OV (2;4) — Ul

J J

N

This is the starting point for designing the discontinuous Galerkin method. We replace
both the solution U and the test function V' by piecewise polynomials of degree at
most k and denote them by u and v. That is, u,v € Va,, where

(1.6) Vaz ={v: vis a polynomial of degree at most k forx € I;, j=1,...,N}.

When U and V in (1.5) are replaced by w and v, there is ambiguity in the last two
terms of (1.5) involving the boundary values at z ja1, a8 both the solution u and the
test function v are discontinuous exactly at these boundary points. The idea is to
treat these terms with an upwinding mechanism (information from characteristics)
borrowed from successful high resolution finite volume schemes. Thus w at the in-
terfaces x 1 is given by a single valued numerical flux @, jEl = U il determined
from upwinding, and the v’s at the interfaces x; j+1 are given by the Values taken from

inside the cell I}, namely, v _+1 and vj Notlce that we use v~ and v* to denote

the left and right limits of v, respectlvely, at the interface where v is discontinuous.
For more general nonlinear fluxes f(u), the only difference is that the single valued
flux fj+1 would be taken as a monotone flux depending on both u’ i+l
(exact or approximate Riemann solvers in the system case). The resultmg method
of the method-of-lines ODE is then discretized by the nonlinearly stable high order
Runge-Kutta time discretizations [26]. Nonlinear TVB limiters [25] may be used if
the solution contains strong discontinuities. The scheme thus obtained, for solving
hyperbolic conservation laws ((1.2) and (1.3) without the third derivative terms), has
the following attractive properties:

1. Tt can be easily designed for any order of accuracy. In fact, the order of
accuracy can be locally determined in each cell, thus allowing for efficient p
adaptivity.

2. It can be used on arbitrary triangulations, even those with hanging nodes,
thus allowing for efficient h adaptivity.

3. It is extremely local in data communications. The evolution of the solution in
each cell needs to communicate only with the immediate neighbors, regardless
of the order of accuracy, thus allowing for efficient parallel implementations.
See, e.g., [3].

4. Tt has excellent provable nonlinear stability. One can prove a strong L? sta-
bility and a cell entropy inequality for the square entropy, for the general
nonlinear cases, for any orders of accuracy on arbitrary triangulations in any
space dimension, without the need for nonlinear limiters [18]. See also [17]
for a nonlinear stability result of a discontinuous Galerkin method with extra
“shock capturing” terms.

In [13] these discontinuous Galerkin methods were generalized to solve convec-
tion diffusion problems containing second derivative terms. This generalization was
motivated by the successful numerical experiments of Bassi and Rebay [2] for the
compressible Navier—Stokes equations. The idea can be illustrated with the simple
heat equation
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which we rewrite into a first order system
(1.8) Ui — Q. =0, Q-U,=0.

We can then formally use the same discontinuous Galerkin method for the convection
equation to solve (1.8), resulting in the following scheme: Find u,q € Va, such that,
for all test functions v, w € Vag,

urvdr VedX — G 1V j._ vt =0,
/Ij ' +/I_7q ’ G+ ity +q]_% i—3%

(1.9) /I qudz + /I uwdr — dj+%wj_+% T gw
J J

|
e

Nl

However, there is no longer an upwinding mechanism or characteristics to guide the
design of the fluxes 4 +1 and ¢; 41 The crucial part in designing a stable and accurate
algorithm (1.9) is a correct design of these fluxes. In [13], criteria are given for these
fluxes to guarantee stability, convergence, and a suboptimal error estimate of order
k in the L? norm for piecewise polynomials of degree k. The (most natural) central
fluxes

N Lo - + . Lo~ +
(1.10) Yi+s T 5 (“a‘+% +“j+é> U A8 (qﬁé + qa‘+%)
would satisfy these criteria and give a scheme which is indeed suboptimal in the order
of accuracy for odd k (i.e., the accuracy is order k rather than the expected order
k + 1 for odd k). This deficiency, however, is easily removed by a clever choice of
fluxes, proposed in [13]:
(1.11) ﬂj+% = uj_Jr%, ‘jj+% = ;_JF%E
i.e., we alternatively take the left and right limits for the fluxes in u and ¢ (we could
of course also take the pair u;r 1 and qj_+ 138 the fluxes). Notice that the evaluation
of (1.11) is simpler than that of the central fluxes in (1.10), and this easily generalizes
to multispace dimensions on arbitrary triangulations. The accuracy now becomes
the optimal order k + 1 for both even and odd k; see [6] for a proof of this in the
general h-p context. Notice that this alternating way of choosing fluxes may render
the resulting system nonsymmetric except for the P° case, although it still will be
positive definite. This is not a problem if the method is discretized explicitly in time or
if an implicit time discretization is solved by an iterative method suitable for positive
definite matrices.

The schemes thus designed for the heat equation (1.7), or in fact for the most
general multidimensional nonlinear convection diffusion equations (nonlinear in both
the first derivative convection part and the second derivation diffusion part), retain
all four nice properties listed above for the method used on convection equations.
Moreover, the appearance of the auxiliary variable ¢ is superficial: when a local
basis is chosen in cell I;, ¢ is eliminated and the actual scheme for v takes a form
similar to that for convection alone. This is a major advantage of the scheme over
the traditional “mixed methods,” and it is the reason that the scheme is termed local
discontinuous Galerkin method in [13]. Even though the auxiliary variable ¢ can be
locally eliminated, it does approximate the derivative of the solution u to the same
order of accuracy, thus matching the advantage of traditional “mixed methods” on
this.



LDG METHOD FOR KdV TYPE EQUATIONS 773

The purpose of this paper is to develop a similar local discontinuous Galerkin
method for the KdV type equations (1.1), (1.2), and (1.3) containing third derivative
terms. Our objective is to design a method retaining again all four nice properties
listed above for the method used on convection and convection diffusion equations,
plus having the feature of being local, namely, the auxiliary variables introduced to
approximate the first and second derivatives of the solution could be locally elimi-
nated.

The organization of the paper is as follows. In subsection 1.1 we give a short
“preview” of the proposed method on a simple linear equation to motivate the ideas.
In section 2 we describe the method for the one-dimensional case and prove its non-
linear L? stability and a cell entropy inequality, as well as an error estimate for the
linear case. In section 3 the multiple space dimension case is considered, where the
nonlinear stability is given for the general triangulations. In section 4 we provide
several numerical examples to illustrate the capability of the method. Concluding
remarks and remarks about future work are given in section 5.

1.1. A preview of the method. We will give a “preview” of the method on
the simple linear equation

(1.12) Ui+ Uper =0
which we again rewrite into a first order system
(1.13) Uy+P,=0, P-Q,=0, Q—-U,=0.

We can then formally use the same discontinuous Galerkin method for the convection
equation to solve (1.13), resulting in the following scheme: Find u,p,q € Va, such
that, for all test functions v, w, z € VA,

_ A, - —_— A, + =
/1 uvdx /I‘pvxdx —|—pj+%vj+% Dj—1vi 1 0,

J J

5 - 5 +  _
(1.14) /I_pwdx+/l._qw“’d$_qj+%wj+é +q_1w’ , =0,
J J

a - . +
/Iv qzdx + /1 Uzydr — Ujrp2i1 Tzl = 0.
J
However, the fluxes p;, 1 dj+ 1 and ;. 1 must be designed based on guiding prin-
ciples different than the first order convection or second order diffusion cases. The
crucial part in designing a stable and accurate algorithm (1.14) is again a correct
design of these fluxes. It turns out that the simple choices
- — ot 5 _ 7t . _

(1.15) DPj+1 _pj+%7 45+1 —qur%a Ujp L —uj+1a
which are partially motivated by upwinding (a simple wave solution to (1.12) moves
from right to left), would guarantee stability and convergence, as will be proven later
in this paper and also clearly seen in Example 4.1 in section 4.

We remark that the choice for the fluxes (1.15) is not unique. In fact, the crucial
part is to take p and u from opposite sides and to take ¢ from the right. Thus

S S St
Pits TPjrp G+3 T Grp Wi+d T Yy

would also work.
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2. The local discontinuous Galerkin method for the one-dimensional
case. In this section, we present and analyze the local discontinuous Galerkin method
for the following one-dimensional nonlinear problem:

(2.1) U+ fU), + (" (W)g(r(U)e)s)e =0, 0<z<1,
with an initial condition
(2.2) U(z,0)=U%%2), 0<z<l,

and periodic boundary conditions. Here f(U), r(U), and ¢g(Q) (with @ defined by
(2.3) below) are arbitrary (smooth) nonlinear functions. Notice that the assumption
of periodic boundary conditions is for simplicity only and is not essential: the method
can be easily designed for nonperiodic boundary conditions. Also notice that both
the linear equation (1.12) and the KdV equation (1.1) are special cases of (2.1).

To define the local discontinuous Galerkin method, we first introduce the new
variables

(2.3) Q=rU)s, P=9(Q)
and rewrite (2.1) as a first order system:
(2.4) U+ (f(U) +7'(U)P)s =0, P—g(Q):=0, Q-1(U);=0.

The local discontinuous Galerkin method is obtained by discretizing the above system
with the discontinuous Galerkin method. This is achieved by multiplying the three
equations in (2.4) by three test functions v, w, z, respectively, integrating over the
interval I;, and integrating by parts. We also need to pay special attention to the
boundary terms resulting from the procedure of integration by parts, as mentioned
in the previous section. Thus we seek piecewise polynomial solutions u,p,q € Vay,
where Va, is defined in (1.6) and consists of piecewise polynomials of degree up to k
in each cell I; such that for all test functions v,w, z € VA, we have, for 1 <j < N,

/Iutvdx—/l(f(u)—«—r’(u)p)vzd:c—i—(f—k;’;ﬁ) lvj;%—(f—i—??’]ﬁ) vt =0,

. .1
j j itz j—3 7

(2.5) /I pwdzx + /I g(qQwdx — §j+%wj_+% + Aj_%wt =0,

/Ij qzdx + /Ij r(u)zydr — fﬂ_%z;r% + fj_%z;;
The only ambiguity in the algorithm (2.5) now is the definition of the numerical fluxes
(the “hats”), which should be designed based on guiding principles different than the
first order convection or second order diffusion cases to ensure stability. It turns out
that we can take the following simple choices (we omit the subscripts j & % in the
definition of the fluxes, as all quantities are evaluated at the interfaces ;. 1):

(2.6)
; ) )

f=flu",ub), T/:W7 p=pr" §g=9a",q"), 7=r(u),

where f(u~,u") is a monotone flux for f(u), namely, f(u™,u") is a Lipschitz contin-
uous function in both arguments v~ and u™, is consistent with f(u) in the sense that



LDG METHOD FOR KdV TYPE EQUATIONS 775
f(u,u) = f(u), and is a nondecreasing function in v~ and a nonincreasing function
in u™. Likewise, —§(¢~,q") is a monotone flux for —g(q), namely, §(g—, q") is a Lip-
schitz continuous function in both arguments ¢~ and ¢, is consistent with g(g) in the
sense that §(q,q) = g(g), and is a nonincreasing function in ¢~ and a nondecreasing
function in ¢*. Examples of monotone fluxes which are suitable for discontinuous
Galerkin methods can be found in, e.g., [11]. We could, for example, use the simple
Lax—Friedrichs flux

o 1 _ _
(2.7) Fmu™) =5 (fw?) + fwh) —a(w —u7)),  a=max|f(u),
where the maximum is taken over a relevant range of u. The algorithm is now well
defined.
We remark that the choice for the fluxes (2.6) is not unique. In fact, the crucial
part is to take p and 7 from opposite sides. Thus
s ~ rut)—r@@)

f:f(u7?u+)7 T/:—v p:pia g:g(qf’q

+
ut —u~ )

=)
would also work. Since information for the third order equation (2.1) flows in preferred
directions, the choice of monotone fluxes above is heuristically justified based on
upwind considerations. Of course, the rigorous justification for the choice of fluxes
comes from the stability results to be proven in Proposition 2.1 below.

We also remark that the algorithm (2.5)—(2.6) is very easy for numerical imple-
mentation. Given w, one first uses the third equation in (2.5) to obtain ¢. This is
achieved locally: ¢ in I; can be obtained with the information of u in the cells I; and
I;_1. The second equation in (2.5) is then used to obtain p locally: p in I; can be
obtained with the information of ¢ in (at most) the cells I;, I;_1, and I;;;. Finally,
the update of the solution u is obtained using the first equation in (2.5), again locally,
namely, the update of w in I; can be obtained with the information of u in (at most)
the cells I, I;_1, and I, and that of p in the cells I; and ;1.

We have the following “cell entropy inequality” for the scheme (2.5)—(2.6). This
is a generalization of the cell entropy inequality obtained in [18] for the discontinuous
Galerkin method applied to hyperbolic conservation laws ((2.1) with g(q) = 0).

PROPOSITION 2.1 (cell entropy inequality). There exist numerical entropy fluzes
]flj+% such that the solution to the scheme (2.5)—(2.6) satisfies

d u?(x,t) . .
(2.8) il (2> dx + (Hj% - Hj_%) <o0.

Proof. We sum up the three equalities in (2.5) and introduce the notation

Bj(u,p,g;v,w,2) = / uyvdz — / (f(w) + 7 (wp)vsda + ( +775)

V. 1
I; I; j+3 Itz

(2.9) - (f + T/ﬁ)j,; v;;% +/ pwdzx +/ 9(qQ)w,dx — §j+%wj_+%
2 I]' I]'
+Aj_%w;’;% + /] qzdx + /1 r(u)zyde — fj_,_%z];% Jrfj_%z;;%.
J J

Clearly, the solutions u, p, ¢ of the scheme (2.5)—(2.6) satisfy
(2.10) Bj(u,p,q;v,w,2) =0
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for all v,w, z € Va,. We then take

to obtain, after some algebraic manipulations,

d u?(x,t) - .

0= Bj(u7paq;u7qa 7p) = %/] <2> dx + (Hj-i-% *Hj_ ) +@j—%
with the numerical entropy flux H defined by
(2.11) H = ~F(u)+Gla) = r(w )™+ (f+7p) ™~ ga~ +7p~

and the extra term © given by

Here

and

denotes the jump of v. Notice that we have dropped the subscripts about the location
j— % orj+ %, as all these quantities are defined at a single interface and depend only
on the left and right values at that interface. Now all we need to do is verify © > 0.
To this end, we notice that, with the definition (2.6) of the numerical fluxes and with

simple algebraic manipulations, we easily obtain

and hence

>

0 = [F(u [u] —[G(q)] + gld]

)] -
(f(s) = f(u‘,u+)) ds — / (9(s) — §(q~,q")) ds

q-

(2.12) =
u—
Z O’

where the last inequality follows from the monotonicity of the fluxes f and —g. This
finishes the proof. O

Now the L? stability of the method is a trivial corollary as follows.

COROLLARY 2.2 (L? stability). The solution to the scheme (2.5)—(2.6) satisfies
the L? stability

(2.13) a [ (uz(x’t)> dz < 0.

dt J, 2

Proof. For the proof, we simply add up (2.8) over j. a
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Regarding time discretizations, if we denote the semidiscrete local discontinuous
Galerkin method (2.5)-(2.6) by

us = R(u),
then the following implicit 6 scheme:
un-i—l —un
(2.14) —Qx = R(u"?), "t = (1 - )u™ + gu !
also will satisfy the same cell entropy inequality and L? stability as long as % <

0 < 1. Notice that this includes the first order backward Euler and second order
Crank—Nicholson implicit time discretizations as special cases. See [18] for the purely
hyperbolic case.

PROPOSITION 2.3 (implicit time discretization). The cell entropy inequality and
the L? stability also hold for the time discretization (2.14) with % < 0 <1 for the
scheme (2.5)—(2.6). That is,

(2.15) /1 <(“n+1(m))2 - (“n(z))2> dv+ HH — H'* <0

2At

J

and

1 1
(2.16) /0(u"+1(;v))2dm§/0 (u"(z))*dz.

Proof. If we take the test functions at n + 0, e.g., v = u™*? given by (2.14), we
obtain, just as before,

“nH(x) —u"(z) n+6 Frn+6 Frn+6

J

which can be rewritten as

[ ((u”ﬂ(x»jm (u”(x»?) "

~ N n+1 _am 2
+HJ’,L:19—H]TL_+19+(9_1) / ((u (z) — u"(x)) > o< 0.
2 2 Ij

2 At

Thus, a sufficient condition for obtaining the cell entropy inequality (2.15) is just
0> % Again, (2.16) is obtained simply by adding up (2.15) over j. d

The stability result obtained here can be used to get an error estimate in L? for
the numerical solution u when (2.1) is linear. Without loss of generality, we may take
f(U)=U, g(Q) =Q, and r(U) = U, resulting in the equation

(2.17) Uy + Uy + Upyw = 0.

We have the following result, where C' here and below denotes a generic constant
which may be of different values at different locations.

PROPOSITION 2.4 (error estimate). The error for the scheme (2.5)—(2.6) applied
to the linear PDE (2.17) satisfies

(2.18) \/ /0 U t) — ule.0) de < CArE,

where the constant C' depends on the first k + 3 derivatives of U and time t.
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Proof. First, we notice that, in this linear case, most monotone fluxes simply
become upwinding,

fw™ut)=u",  4(q,q") =q",
and this is what we will assume. It is then easy to work out the exact form of © in
(2.12) for the cell entropy inequality to be

(2.19) @:%@P+Mﬂ.

We now notice that the exact solution of the PDE (2.17), U, @ = U,, and P = Uy,
clearly satisfies

Bj(U,P7Q;U,U),Z) =0

for all v,w, z € Va,, where B; is defined by (2.9). Taking the difference between the
above equality and (2.10), we obtain the error equation

(220) Bj(Uiluﬂpipinq;lU?w)Z):O

for all v,w, z € Va,. As usual, this error equation is the basic starting point of error
estimates.
We now take

(2.21) v=8U—-u, w=PQ—-q, z=p—PP

in the error equation (2.20). Here P is the standard L? projection into Va,; that is,
for each j,

/ (Pr(z) —r(z))s(x)dz =0 Vs e P*,

I;

where P* denotes the space of all polynomials of degree at most k. In other words,
the difference between the projection Pr and the original function r is orthogonal to
all polynomials of degree up to k in each interval. S is a special projection into Va,
which satisfies, for each j,

= T(mj‘__t,_l/Q);

/ (Sr(z) —r(z))s(z)de =0 Vse P! and Sr(xj_H/Q)

I;

in other words, the difference between the projection Sr and the original function r is
orthogonal to all polynomials of degree up to k—1 in each interval, and the projection
agrees with the function at the right boundary in each interval. This special projection
is needed for U because we have no control over the jumps of p in the cell entropy
inequality; see (2.19). Substituting (2.21) into the error equation (2.20) and moving
terms, we obtain

(222) Bj (Ua —Z, WV, W, Z) = Bj(vea 7'28’ ,we; v, w, Z)a
where v, w, z are given by (2.21), and v¢, w®, z¢ are given by

(2.23) W =8U-U, w'=PQ—-Q, 2=P—PP
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By the same argument as that used for the cell entropy inequality, the left-hand side
of (2.22) becomes

d v? iy -
(2.24) Bj(v,—z,w;v,w, z) = %/1 <2> dr + (HjJr% — HF%) + @jfé’
J
where, by (2.19),
1
(2.25) 0 _1=- (@]5_% + [w]?_%)

The right-hand side of (2.22) can be written out as

(2.26) Bj(ve, —2%wv,w,2) =T +IT+IIT+ 1V,
where
(2.27) I= / vivdz,
I;

(2.28)

17 = —/ zfwdz —|—/ wézdr — / (v® — 2% v,dx —|—/ wéw,dr —|—/ v¢z.d,

I; I; I; I; I;
(2.29)
€ - e + e + € -

Hi=- ((”j—;) ~(51) ) oy o+ (w5og) Wiy + (54) By

and

for some flux function h. Notice that v, w, z are given by (2.21) and v®, w¢, a¢ are
given by (2.23), respectively.

Now, by using the simple inequality ab < %((12 +b?), and the standard approxi-
mation theory on vf = (SU — U), (see, e.g., [7]), we have

2
< CAxJQ.k""?’ +/ <U2> dx.
I;

Because P is a local L? projection, and S, even though not a local L? projection, does
have the property that w — Sw is locally orthogonal to all polynomials of degree up
to k — 1, all the terms in ZZ are actually zero. The last term in ZZ7 is zero because
of the special interpolating property of the projection S. An application of the simple
inequality ab < %(a? 4 b?) for the first two terms in ZZ7 and standard approximation
theory on the point values of v¢ — 2¢ = (SU — U) + (PP — P) and of w® = PQ — Q
(see, e.g., [7]) then gives
1
2k+2 2k+2
IIT < C(AxSM? + Az H?) + 1 ([v]* + [w]?) .

Finally, ZV only contains flux difference terms which will vanish upon a summation
in j.
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Combining all these and summing over j we obtain the inequality

(Yt b (2 + wi?) < caa? 1 [ () a
il (2> vt ([ + [wf?) < OAc +/O <2> .
An integration in ¢ plus the standard approximation theory on v¢ = SU — U then
gives the desired error estimate (2.18). O

We remark that the actual numerical computations in section 4 demonstrate that
the order of accuracy is k + 1 in both L? and L™ norms. It is not clear if the error
estimate (2.18) is sharp. The trick to getting the extra half-order in the error estimate
is through the choice of projections in (2.23), similar to S there but satisfying the
point condition on the left boundary. This would eliminate the boundary terms in
777 but would cause problems in the control of volume integrals in ZZ. Notice that
for first order linear hyperbolic equations, the optimal order of accuracy is k+1 in one
dimension, and also in tensor product multidimensional cases [22], while the optimal
order is k + 1/2 for general multidimensional cases [23].

3. The local discontinuous Galerkin method for the multiple dimen-
sional case. In this section, we generalize the scheme discussed in the previous sec-

tion to multiple space dimensions = (x1,...,24). We solve the following nonlinear
problem:
(3.1)
d d d
U+ Y fi@)a, + )| 70D 05 (riU)a)e, | =0, 0<2<1, i=1,....d,
i=1 i=1 j=1

with an initial condition
(3.2) U(,0)=0U%%), 0<a2;<1, i=1,...,d,

and periodic boundary conditions. Here f;(U), r;(U), and g;;(Q) are arbitrary
(smooth) nonlinear functions. Notice that the assumption of a box geometry and
periodic boundary conditions is for simplicity only and is not essential: the method
can be easily designed for arbitrary domain and for nonperiodic boundary conditions.

Let’s denote a triangulation of the unit box by 7a,, consisting of nonoverlapping
polyhedra completely covering the unit box. Hanging nodes are allowed. Here Ax
measures the longest edge of all polyhedra in 7a,. We again denote the finite element
space by

(3.3) Vi, ={v: visapolynomial of degree at most k for x € K VK € Ta,}.

Similar to the one-dimensional case, to define the local discontinuous Galerkin
method we first introduce the new variables

d
j=1
and rewrite (3.1) as a first order system:

d
U+ Y (f:(U) + 7i(U) Py)a, =0,
=1

d
(3.5) Pi=Y 6ij(Qi)z, =0, Qi—ri(U)s, =0, i=1,....d
j=1
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The local discontinuous Galerkin method is obtained by discretizing the above system
with the discontinuous Galerkin method. This is achieved by multiplying the equa-
tions in (3.5) by test functions v, w;, z; for i = 1,...,d, respectively, integrating over
an element K € 7, and integrating by parts. We again need to pay special attention
to the boundary terms resulting from the procedure of integration by parts, as in the
one-dimensional case. Thus we seek piecewise polynomial solutions u,p;,q; € VAdI,
where V£ is defined in (3.3), such that for all test functions v, w;, z; € V{, we have

d
/ 7-LtUd:r - Z/ (fz(u) + Ti(u)pz)vmld:ﬂ + / h/n:vinthS = Oa
K i—1 /K 3]

K

d
(3.6) / piw;dx + Z/ 9ij(¢i) (wi)z, dx — Gimew™5 ds =0, i=1,...,d,
K =K 0K

/qizidx—i—/ rl(u)(zz)xdx—/ @zi”thsZO, i=1,...,d,
K K oK

where 0K is the boundary of element K, and the numerical fluxes (the “hats”) are
defined similar to the one-dimensional cases, namely,

S (ra(ue®t) — ry(ui™t)) pif mg i

- T, int ext
_ K K
hnK = an,K(u y U ) + werts _ qintx

)

(B7)  Gimn = Gimm k(@™ ¢F),  Fing = ri(uT) ni k.

Here ng = (n1,k,...,nq,k) is the outward unit normal for element K along the
element boundary 0K, u™'% denotes the value of u evaluated from inside the element
K, and u®®*% denotes the value of u evaluated from outside the element K (inside
the neighboring element). On the other hand, p™ denotes the value of p evaluated
from a predesignated “plus” side along an edge e, which is always the boundaries of
two neighboring elements. For example, we could choose a fixed vector [, which is
not parallel with any normals of element boundaries, and then designate the “plus”
side to be the/si\de at the end of the arrow of the normal n with n -3 > 0; see
Figure 3.1.  fo . x(u™* u®'x) is a monotone flux for f,, (u) = E?Zl filw)n; Kk,
namely, m(um“‘,ue“f‘) is a Lipschitz continuous function in both arguments
™K and u¢*'% | is consistent with f,,, (u) in the sense that fn:(u, u) = fnx(u), and
is a nondecreasing function in «***% and a nonincreasing function in u**%. Moreover,
it is conservative (that is, there is only one flux at each edge shared by two elements,
added to the residue for one and subtracted from the residue for another), namely,

an,K(avb) = _f’nK/,K/(b) a)7

where K and K’ share the same edge where the flux is computed and hence ngs =
—ng. Likewise, —ginp (g%, ¢f") is a monotone flux for —g; . (¢;) = _2?21
9ij(¢)n;j k. Notice that we can again use the one-dimensional monotone fluxes as in

the previous section. For example, we can use the simple Lax—Friedrichs flux
(3.8)
d
T/ int ext 1 int ext ext int
Fre e (W™ u) = 5 (™) + fi(ue™)) ny g — a(ue —utt) |

i=1

o = max| [}, (u)],
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/B

Fic. 3.1. [Illustration of the definition of “plus” and “minus” sides determined by a pre-
determined vector 3.

where the maximum is taken over a relevant range of u. The algorithm is now well
defined.

Again, the algorithm (3.6)—(3.7) is very easy for numerical implementation. Given
u, one first locally solves for the g;, then locally solves for the p;, and finally locally
solves for the update of u. All the advantages listed for the method for the one-
dimensional case are still valid in this multiple dimensional case.

We still have the following “cell entropy inequality” for the scheme (3.6)—(3.7).
The proof follows along the same lines as that for the one-dimensional case, so we will
omit it.

PROPOSITION 3.1 (cell entropy inequality). There exist conservative numerical
entropy fluzes m such that the solution to the scheme (3.6)—(3.7) satisfies

2 —_—
(3.9) 4 (D g, +/ . xds <0.
dt J 2 oK 7

The definition of the numerical entropy flux m is similar to (2.11) for the
one-dimensional case and is a bit longer in notation; thus we do not write it out. It
is not important what the exact form of this numerical entropy flux is, as long as it
is a “flux”, i.e., shared by both sides of the edge and coming into the edge from one
cell and out to the other, thus summing to zero when both cells are considered.

The L? stability of the method is then again a trivial corollary by summing up
the cell entropy inequalities over K as follows.

COROLLARY 3.2 (L? stability). The solution to the scheme (3.6)—(3.7) satisfies
the L? stability

(3.10) % ) (“2(§’t)) da < 0.
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The same cell entropy inequality also holds for the implicit time discretizations
as follows.

PRrOPOSITION 3.3 (implicit time discretization). The cell entropy inequality and
the L? stability also hold for the time discretization (2.14) with % < 6 <1 for the
scheme (3.6)—(3.7). That is,

(3.11) /K ((“n+1( ))QN( )dm—i—/ H;;:‘)K s <0

and

(3.12) /Q(u”"’l(a:))Qd;vg/(u”(x))Zda:.

Q

Unfortunately, we could not obtain an error estimate similar to the one-dimensional
case because of the lack of a similar suitable projection S. However, numerical ex-
amples in the next section verify that the accuracy holds as in the one-dimensional
case. We remark that we could change the scheme to add an extra penalty term
for the jumps of p (i.e., modifying the definition of the flux 7 in (2.6) by adding an
additional term —c[p|, where c is a positive constant); then the error estimate proof
would proceed in a straightforward way since there will be an additional [p]? term
in the definition of © in (2.19). However, the resulting scheme would be much less
attractive because it will lose the local solvability property for ¢ and p. In order to
get g and p one would then need to solve a global system, thus losing the main ad-
vantage of a local discontinuous Galerkin method. We do not give further details of
this modified scheme here because it has little practical value, but interested readers
can find similar issues addressed for the convection diffusion problems in [13].

4. Numerical examples. In this section we provide a few preliminary numeri-
cal examples to illustrate the accuracy and capability of the method. Attention has not
been paid to efficiency in time discretizations, so an explicit third order Runge-Kutta
method [26] is used, with small time steps so that spatial errors always dominate.
We have also computed them with implicit time discretizations obtaining essentially
the same results. Study of suitable implicit time discretizations which have efficient
iterative solvers maintaining the local structure of the method is the subject of future
work.

We would like to illustrate through these numerical examples the high order ac-
curacy of the methods for both one-dimensional and two-dimensional linear and non-
linear problems. We would also like to illustrate the good behavior of the method for
the so-called convection dominated cases, namely, the case where the coefficients of
the third derivative terms are small.

Ezxample 4.1. We compute the solution of the linear one-dimensional equation

(4.1) Up + Upgw = 0

with an initial condition U(z,0) = sin(x) and periodic boundary conditions (with 2w
periodicity). The exact solution is given by U(z,t) = sin(z+t). Both uniform meshes
and nonuniform meshes are used. The nonuniform meshes in this and later examples
are a repeated pattern of 0.9A2 and 1.1Az with an even number of elements. The L?
and L™ errors, ||U — ul|r2 and ||U — ||, and the numerical order of accuracy are
contained in Table 4.1 for the uniform mesh case and in Table 4.2 for the nonuniform
mesh case. We can clearly see that the method with P* elements gives a uniform
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TABLE 4.1
Ut 4 Ugzz = 0. U(x,0) = sin(x). Periodic boundary conditions. L? and L™ errors. Uniform
meshes with N cells. Local discontinuous Galerkin methods with k =0,1,2,3. t = 1.

k N=10 N=20 N=40 N=80

error error order error order error order
0 L? 2.2534E-01 | 1.2042E-01 0.91 6.2185E-02 0.95 3.1582E-02 0.98
L | 4.3137E-01 | 2.1977E-01 0.97 1.1082E-01 0.98 5.5376E-02 1.00
1 L2 1.7150E-02 | 4.2865E-03 2.00 1.0716E-03 2.00 2.6792E-04 1.99
Le° 5.8467E-02 1.5757E-02 1.89 4.0487E-03 1.96 1.0210E-03 1.99
2 L2 8.5803E-04 | 1.0823E-04 2.98 1.3559E-05 2.99 1.6958E-06 3.00
L°° | 4.0673E-03 | 5.1029E-04 2.99 6.4490E-05 2.98 8.0722E-06 3.00
3 L2 3.3463E-05 | 2.1035E-06 3.99 1.3166E-07 3.99 8.2365E-09 3.99
L>° | 1.8185E-04 | 1.1157E-05 3.97 7.2362E-07 3.99 4.5593E-08 3.99

TABLE 4.2
Ut + Ugga = 0. U(z,0) = sin(z). Periodic boundary conditions. L? and L errors. Non-
uniform meshes with N cells. Local discontinuous Galerkin methods with k =0,1,2,3. t =1.

k N=10 N=20 N=40 N=80

error error order error order error order
0 L2 2.2222E-01 | 1.2014E-01 0.88 6.2532E-02 0.94 3.1900E-02 0.97

L | 4.3282E-01 | 2.2006E-01 0.97 1.1210E-01 0.97 5.8810E-02 0.93

1 L? 2.0144E-02 | 5.2347E-03 1.94 1.3322E-03 1.97 3.3592E-04 1.98

L> | 8.8110E-02 | 2.3302E-02 1.93 5.9387E-03 1.97 1.4969E-03 1.98

2 L? 9.8394E-04 | 1.1974E-04 3.03 1.4953E-05 3.00 1.8687E-06 3.00

L>° | 5.2984E-03 | 6.8421E-04 2.95 8.5138E-05 3.00 1.0728E-05 2.99

3 L? 7.3589E-05 | 4.6509E-06 3.98 2.9191E-06 3.99 2.0141E-08 3.86

L | 3.4438E-04 | 2.2260E-05 3.95 1.3992E-06 3.99 9.1039E-08 3.94

(k 4+ 1)th order of accuracy in both norms for both the uniform and the nonuniform
meshes.
Ezxample 4.2. We compute the solution of the linear two-dimensional equation

(4.2) Us + U + Uyyy = 0

with an initial condition U(z,y,0) = sin(z 4+ y) and periodic boundary conditions
(with 27 periodicity) in both directions. The exact solution is given by U(z,y,t) =
sin(z + y + 2t). Both uniform and nonuniform rectangular meshes are used. The
nonuniform meshes are a repeated pattern of 0.9Az and 1.1Az, in both directions,
with an even number of edges in both directions. The L? and L° errors and the
numerical order of accuracy are contained in Table 4.3 for the uniform mesh case and
in Table 4.4 for the nonuniform mesh case. We can clearly see again that the method
with P* elements gives a uniform (k + 1)th order of accuracy for both the uniform
and the nonuniform meshes.

Ezxample 4.3. In order to see the accuracy of the method for nonlinear problems,
we compute the classical soliton solution of the KdV equation

(4.3) Uy =3(U?), + Usza =0
in —10 <z < 12. The initial condition is given by

U(x,0) = —2sech?(z).
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TABLE 4.3
Ut + Ugzo + Uyyy = 0. U(z,y,0) = sin(z + y). Periodic boundary conditions. L? and L™
errors. Uniform meshes with N X N cells. Local discontinuous Galerkin methods with k = 0,1,2, 3.
t=1.

k 10x10 20x20 40x40

error error order error order
0 L? 3.5528E-01 | 2.0535E-01 0.79 1.1090E-01 0.89

L> 7.1359E-01 4.0190E-01 0.82 2.1165E-01 0.92

1 L? 3.3603E-02 | 9.0904E-03 1.89 2.4084E-03 1.92

L 2.2074E-01 6.1899E-02 1.83 1.5962E-02 1.95

2 L? 3.8750E-03 | 4.8463E-04 | 2.99 | 6.0501E-05 3.00

L°° | 3.9084E-02 | 4.8902E-03 2.99 | 6.1274E-04 | 2.99

3 L2 4.1491E-04 | 2.6426E-05 3.97 1.6550E-06 3.99

L> | 4.2847E-03 | 2.8478E-04 | 3.91 1.7846E-05 3.99

TABLE 4.4
Ut + Ugze + Uyyy = 0. U(x,y,0) = sin(x + y). Periodic boundary conditions. L% and
L errors. Nonuniform meshes with N X N cells. Local discontinuous Galerkin methods with
k=0,1,2,3. t =1.

k 10x10 20x20 40x40

error error order error order
0 L? 3.5963E-01 | 2.0788E-01 0.79 1.1228E-01 0.88

L | 7.3869E-01 | 4.0713E-01 0.85 2.1681E-01 0.91

1 L? 3.4590E-02 | 9.1681E-03 1.92 2.3412E-03 1.97

L% | 2.5815E-01 | 7.2978E-02 1.82 1.8533E-02 1.97

2 L? 4.0949E-03 | 5.1285E-04 2.99 6.4054E-05 3.00

L | 5.0429E-02 | 6.3078E-03 2.99 8.0584E-04 2.97

3 L? 4.5434E-04 | 2.8854E-05 3.97 1.8080E-06 3.99

L*° | 6.0982E-03 | 4.0321E-04 3.92 2.5340E-05 3.99

The exact solution is
Uz, t) = —2sech®(z — 4t).

Table 4.5 (uniform mesh) and Table 4.6 (nonuniform mesh) give the errors of numerical
solution at ¢ = 0.5 using the boundary condition

(44) U(_lovt) = gl(t)7 U$(12’t) = 92(t)a Umc(]-Qvt) = g;;(t),

where g;(t) corresponds to the data from the exact solution. Notice that the local
discontinuous Galerkin method allows for an easy implementation of such boundary
conditions. We can see from these tables that the orders of accuracy are comparable
to that for the linear case.

Ezample 4.4. In order to see the accuracy of the method for nonlinear problems
with small coefficient for the third derivative term, we compute the soliton solution
of the generalized KdV equation [5]

+ EUxxz =0

x

(4.5) Uy + Uy + <T)

in —2 < < 3, where we take € = 0.2058 x 10~%. The initial condition is given by

(4.6) U(z,0) = Asech? (K (z — z0))
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The KdV equation U — 3(U%)y + Ugye = 0. U(x,0) = —2 sech?(z).
(4.4). L? and L™ errors. Uniform meshes with N cells. Local discontinuous Galerkin methods with

k=0,1,2,3. t = 0.5.
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TABLE 4.5

Boundary

condition

k N=40 N=80 N=160 N=320
error error order error order error order
0 L2 2.5292E-01 | 1.9098E-01 0.40 1.3019E-01 0.55 7.9780E-02 0.71
L°° | 9.0170E-01 | 6.8651E-01 0.39 4.6405E-01 0.56 2.8531E-01 0.70
1 L2 2.6512E-02 | 4.6652E-03 2.50 1.0108E-03 2.20 2.5906E-04 1.96
Le° 1.4748E-01 3.4625E-02 2.09 1.1840E-02 1.55 3.3239E-03 1.83
2 L2 1.5317E-03 | 1.8083E-04 3.08 2.2642E-05 2.99 2.8335E-06 2.99
L°° | 1.7486E-02 | 2.7505E-03 2.66 3.5575E-04 2.95 4.4397E-05 3.00
3 L2 2.0631E-04 1.3981E-05 3.88 8.9054E-07 3.97 5.6029E-08 3.99
L™ 2.0155E-03 | 2.1462E-04 3.23 1.4461E-05 3.89 9.1140E-07 3.98

TABLE 4.6

The KdV equation U — 3(U?)z + Ugze = 0. U(z,0) = —2 sech?(z). Boundary condition (4.4).
L? and L errors. Nonuniform meshes with N cells. Local discontinuous Galerkin methods with
k=0,1,2,3. t = 0.5.

The GKdV equation (4.5) with initial condition (4.6) and boundary condition (4.7). L? and L™
errors. Nonuniform meshes with N cells. Local discontinuous Galerkin methods with k = 0,1,2, 3.

k N=40 N=80 N=160 N=320
error error order error order error order
0 L? 2.4530E-01 1.9004E-01 0.37 1.3390E-01 0.50 8.4635E-02 0.66
L> | 1.0172E400 | 7.6826E-01 0.40 5.3383E-01 0.52 3.3655E-01 0.66
1 L? 2.7042E-02 4.9065E-03 2.46 1.0555E-03 2.21 2.6978E-04 1.97
L 1.4490E-01 4.1570E-02 1.80 1.3925E-02 1.57 3.9129E-03 1.83
2 L? 1.9493E-03 2.0134E-04 3.27 2.4926E-05 3.01 3.1208E-06 2.99
L 2.2876E-02 3.5163E-03 2.70 4.7161E-04 2.89 5.9033E-05 2.99
3 L2 3.0402E-04 1.5462E-05 4.29 1.0064E-06 3.94 6.3370E-08 3.99
L™ 2.7735E-03 2.1464E-04 3.69 1.8358E-05 3.55 1.3119E-06 3.80

TABLE 4.7

t=1.

k N=160 N=320 N=640 N=1280
error error order error order error order
0 L? 1.6566E-02 1.1259E-02 0.56 7.0817E-03 0.67 4.1526E-03 0.77
L | 9.3056E-02 | 6.6829E-02 0.48 | 4.4502E-02 | 0.58 2.7539E-02 | 0.69
1 L? 3.8554E-04 | 6.0675E-05 2.66 1.1784E-05 2.36 2.8635E-06 2.04
L°° | 3.2635E-03 | 6.2508E-04 2.38 2.2689E-04 1.47 | 6.4595E-05 1.81
2 L? 8.2907E-06 | 9.5348E-07 | 3.12 1.1895E-07 | 3.00 1.5290E-08 2.96
L°° | 1.6684E-04 | 2.2545E-05 2.88 3.0858E-06 2.87 | 3.9503E-07 | 2.97
3 L? 1.7005E-06 | 1.3664E-07 | 3.63 3.0527E-09 5.48 1.9206E-10 3.99
L°° | 1.7607E-05 | 1.3291E-06 | 3.72 8.3962E-08 3.98 5.2861E-09 3.99

)=

. The exact solution is

with A = 0.2275, 29 = 0.5, and K = 3 (g)
U(z,t) = Asech? (K(z — x0) —wt),
where w = K (1 + ’;‘—;). We compute the solution using the boundary condition

(47) U(727 t) =01 (t)a UT(3a t) = 92(15),

with a nonuniform mesh. The result is contained in Table 4.7. The scheme clearly
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Fic. 4.1. Single soliton profiles. Solutions of (4.8) with initial condition (4.9) and periodic
boundary conditions in [0, 2] using P? elements with 100 cells. Top left: solution at t = 0; top right:
t = 1; bottom left: t = 2; bottom right: space time graph of the solution up to t = 3.

demonstrates an order of accuracy of k + 1 for P* elements in both the L? and L>
norms for this problem with strong nonlinearity in the first derivative term, small
dispersive term, and nonperiodic boundary conditions.

Ezxample 4.5. In this example we compute the classical soliton solutions of the
KdV equation

U2
(48) Ut + (2) + EUzrx =0.
xr

The examples are those used in [15].

The single soliton case has the initial condition

(4.9) Uo(z) = 3esech? (k(x — o))

with ¢ = 0.3, o = 0.5, k = (1/2)\/(%, and € = 5 x 107%. The solution is computed
in z € [0,2] with periodic boundary conditions, using P? elements with 100 cells, and
is shown in Figure 4.1.

The double soliton collision case has the initial condition

(4.10) Uo(z) = 3¢y sech? (ky(x — 21)) + 3ca sech? (ko(x — 22))
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Fic. 4.2. Double soliton collision profiles. Solutions of (4.8) with initial condition (4.10) and
periodic boundary conditions in [0,2] using P? elements with 100 cells. Top left: solution at t = 0;
top right: t = 1; bottom left: t = 2; bottom right: space time graph of the solution up to t = 4.

with ¢; = 0.3, ca = 0.1, 1 = 04, 22 = 0.8, k; = (1/2)y/c¢;/e for i = 1,2, and
€ = 4.84 x 107%. The solution is computed in x € [0,2] with periodic boundary
conditions, using P? elements with 100 cells, and is shown in Figure 4.2.

The triple soliton splitting case has the initial condition

(4.11) Up(z) = %sech2 (\‘;ﬁ)

with € = 1074, The solution is computed in = € [0, 3] with periodic boundary condi-
tions and is shown in Figure 4.3.

Example 4.6. We compute in this example the KdV zero dispersion limit of
conservation laws. The equation is (4.8) with an initial condition

(4.12) U(x,0) =2+ 0.5sin(27rx)

for x € [0, 1] with periodic boundary conditions, and we are interested in the limit
when € — 07. Theoretical and numerical discussions about this limit can be found
in [21] and [27]. Here we are concerned mainly with the capability of our numerical
method in resolving the small scale solution structures in this limit when € is small.
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Fic. 4.3. Triple soliton splitting profiles. Solutions of (4.8) with initial condition (4.11) and
periodic boundary conditions in [0,3] using P? elements with 150 cells. Top left: solution at t = 0;
top right: t = 1; bottom left: t = 2; bottom right: space time graph of the solution up to t = 4.

For this purpose we compute the solution to ¢t = 0.5 with e = 107%,107°,107%, and
10~7 using P? elements with 300 cells for the first two cases, 800 cells for the third
case, and 1700 cells for the last case. We have verified that these are “converged”
solutions in the sense that further increasing the number of cells does not change the
solutions graphically. These solutions are shown in Figure 4.4. Notice the physical
“oscillations” which are typical in such dispersive limits; see, e.g., [21]. Clearly our
method is very suitable for computing such solutions.

5. Concluding remarks. We have designed a class of local discontinuous Galer-
kin methods for solving KdV type equations containing third derivatives and have
proven their stability for any space dimensions for a general class of nonlinear equa-
tions. Numerical examples are shown to illustrate the accuracy and capability of the
methods, especially for the convection dominated cases where the coefficients of the
third derivative terms are small. Efficient implicit time discretizations which have
efficient iterative solvers maintaining the local structure of the method, an accuracy
enhancement study, and more numerical experiments with physically interesting prob-
lems constitute an ongoing project.
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P?, e=10" t=0.5, n=300 P2, =107, t=0.5, n=300

3.4 3.4

3.2 3.2

2.8

2.6

2.2

N

1.8; 1-8;
1-6; 1.ef—
“0: L I a— 1'40: L N T a—
X X
P?, £=10",t=0.5, =800 P? £=107,t=0.5, n=1700
34 34
s2f 32F
3f sk
28F 28F
26F 26F
32.4; :2‘4;
2-2; 2.2f—
2f Zf—
18fF 18f
1.6; 1‘6;
X X

Fic. 4.4. Zero dispersion limit of conservation laws. Solutions of (4.8) with initial condition
(4.12) and periodic boundary conditions in [0,1] using P2 elements at t = 0.5. Top left: ¢ = 1074
with 300 cells; top right: € = 10~5 with 300 cells; bottom left: € = 105 with 800 cells; bottom right:
€=10"7 with 1700 cells.

Acknowledgments. We would like to thank Bernardo Cockburn for his valuable
help in the discussion about the projection & and thank Andrew Majda for point-
ing out reference [21] and test cases of zero dispersive limits of conservation laws in
Example 4.6.

REFERENCES

[1] T. B. BENJAMIN, J. L. BOoNA, AND J. J. MAHONY, Model equations for long waves in nonlinear,
dispersive systems, Phil. Trans. Roy. Soc. London Ser. A, 272 (1972), pp. 47-78.

[2] F. Basst AND S. REBAY, A high-order accurate discontinuous finite element method for the
numerical solution of the compressible Navier-Stokes equations, J. Comput. Phys., 131
(1997), pp. 267-279.

[3] R. Biswas, K. D. DEVINE, AND J. FLAHERTY, Parallel, adaptive finite element methods for
conservation laws, Appl. Numer. Math., 14 (1994), pp. 255—283.

[4] J. L. Bona, V. A. DoucaLis, AND O. A. KARAKASHIAN, Fully discrete Galerkin methods for
the Korteweg-de Vries equation, Comput. Math. Appl. Ser. A, 12 (1986), pp. 859-884.

[5] J. L. BoNa, V. A. DoucaLis, O. A. KARAKASHIAN, AND W. R. McKINNEY, Conservative,
high-order numerical schemes for the generalized Korteweg-de Vries equation, Phil. Trans.
Roy. Soc. London Ser. A, 351 (1995), pp. 107-164.



(22]

(23]

Q » W W

<

LDG METHOD FOR KdV TYPE EQUATIONS 791

. CasTILLO, B. COCKBURN, D. ScHOTZAU, AND C. SCHWAB, Optimal a priori error estimates

for the hp-version of the local discontinuous Galerkin method for convection-diffusion prob-
lems, Math. Comp., 71 (2002), pp. 455-478.

. CIARLET, The Finite Element Method For Elliptic Problems, North-Holland, Amsterdam,

1975.

. COCKBURN, S. Hou, anD C.-W. SHU, TVB Runge-Kutta local projection discontinuous

Galerkin finite element method for conservation laws IV: The multidimensional case,
Math. Comp., 54 (1990), pp. 545-581.

. COCKBURN, G. KARNIADAKIS, AND C.-W. SHU, The development of discontinuous Galerkin

methods, in Discontinuous Galerkin Methods: Theory, Computation and Applications,
Lecture Notes in Comput. Sci. Engrg. 11, B. Cockburn, G. Karniadakis, and C.-W. Shu,
eds., Springer-Verlag, Berlin, 2000, pp. 3-50.

. COCKBURN, S.-Y. LiN, AND C.-W. SHU, TVB Runge-Kutta local projection discontinuous

Galerkin finite element method for conservation laws III: One dimensional systems, J.
Comput. Phys., 84 (1989), pp. 90-113.

. COCKBURN AND C.-W. SHU, TVB Runge-Kutta local projection discontinuous Galerkin

finite element method for scalar conservation laws 1I: General framework, Math. Comp.,
52 (1989), pp. 411-435.

. COCKBURN AND C.-W. Suu, T'VB Runge-Kutta local projection discontinuous Galerkin finite

element method for scalar conservation laws V: Multidimensional systems, J. Comput.
Phys., 141 (1998), pp. 199-224.

. COCKBURN AND C.-W. SHU, The local discontinuous Galerkin method for time-dependent

convection diffusion systems, SIAM J. Numer. Anal., 35 (1998), pp. 2440-2463.

. COCKBURN AND C.-W. SHU, Runge-Kutta discontinuous Galerkin methods for convection-

dominated problems, J. Sci. Comput., 16 (2001), pp. 173—-261.

. DEBUSSCHE AND J. PRINTEMS, Numerical simulation of the stochastic Korteweg-de Vries
equation, Phys. D, 134 (1999), pp. 200-226.

. L. GARDNER, The quantum hydrodynamic model for semiconductor devices, SIAM J. Appl.
Math., 54 (1994), pp. 409-427.

. JAFFRE, C. JOHNSON, AND A. SzEPESSY, Convergence of the discontinuous Galerkin finite

element method for hyperbolic conservation laws, Math. Models Methods Appl. Sci., 5
(1995), pp. 367-386.

G.-S. JIANG AND C.-W. SHU, On cell entropy inequality for discontinuous Galerkin methods,

T

Math. Comp., 62 (1994), pp. 531-538.

. A. KARAKASHIAN AND W. McKINNEY, On the approzimation of solutions of the generalized
Korteweg-de Vries-Burgers equation. Solitons, nonlinear wave equations and computation,
Math. Comput. Simulation, 37 (1994), pp. 405-416.

. J. KORTEWEG AND G. DE VRIES, On the change of form of long waves advancing in a
rectangular canal and on a new type of long stationary waves, Philosophical Magazine, 39
(1895), pp. 422-443.

. D. Lax, C. D. LEVERMORE, AND S. VENAKIDES, The generation and propagation of oscilla-

tions in dispersive initial value problems and their limiting behavior, in Important Develop-
ments in Soliton Theory, Springer Ser. Nonlinear Dynam., A. S. Fokas and V. E. Zakharov,
eds., Springer-Verlag, Berlin, 1993, pp. 205-241.

. LESAINT AND P. A. RAVIART, On a finite element method for solving the neutron transport

equation, in Mathematical Aspects of Finite Elements in Partial Differential Equations,
C. de Boor, ed., Academic Press, New York, 1974, pp. 89-145.

. E. PETERSON, A note on the convergence of the discontinuous Galerkin method for a scalar
hyperbolic equation, SIAM J. Numer. Anal., 28 (1991), pp. 133-140.

[24] W. H. REED AND T. R. HiLL, Triangular Mesh Methods for the Neutron Transport Equation,

Technical report LA-UR-73-479, Los Alamos Scientific Laboratory, Los Alamos, NM, 1973.

[25] C.-W. SHU, T'VB uniformly high-order schemes for conservation laws, Math. Comp., 49 (1987),

pp.105-121.

[26] C.-W. SHU AND S. OSHER, Efficient implementation of essentially non-oscillatory shock cap-

turing schemes, J. Comput. Phys., 77 (1988), pp. 439-471.

[27] S. VENAKIDES, The zero dispersion limit of the Korteweg-de Vries equation with periodic initial

data, Trans. Amer. Math. Soc., 301 (1987), pp. 189-226.



