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“Two-Scale” problem

1. Separate the low energy-momentum degrees of
freedom (DOF) from the high energy-momentum DOF

Alt: Separate long range collective motion from strong
short distance pair correlations

2. Derive an effective Hamiltonian and effective operators
in the low energy-momentum DOF that produce certain
exact observables

Example: QED -> Coulomb potential + small corrections

In strong interactions the corrections are non-perturbative




Constructing a non-perturbative bridge between

“Short distance physics” “Long distance physics”
Asymptotically free current quarks Constituent quarks
Chiral symmetry ” Broken Chiral symmetry
High momentum transfer processes Meson and Baryon Spectroscopy

Hadron-Hadron interactions

Bare NN, NNN interactions Effective NN, NNN interactions
fitting 2 & 3-body data describing low energy nuclear data
Short range correlations & Mean field, pairing, &
strong tensor correlations quadrupole, etc., correlations
Bare transition operators Effective charges, GT quenching, etc.
BOLD CLAIM

We now have the tools to accomplish this program in
nuclear many-body theory

Motivations

Nuclear Astrophysics - Solar models, C-N-O cycle,
supernova modeling, black hole formation, neutrino
detectors

Cosmology - Big Bang Nucleosynthesis, cosmic nuclear
abundances

Fundamental symmetries in nature - parity, charge,
neutrino mass, CKM unitarity

Collective modes - mesoscopic systems
Nuclei far from stability - Rare Isotope Accelerator (RIA)
Non-perturbative solutions of quantum field theory




Applications

Quantum Chemistry

molecular dynamics, fullerenes, atomic clusters

Condensed Matter Physics

theory of metals, semiconductors, liquids, electron-hole droplets,

quantum dots, atomic clusters, fullerenes, superconductivity

Atomic Physics

atomic shell model, high-Z atoms

Nuclear Physics

nuclear spectra and reactions

Particle Physics

quark models of mesons and baryons, quantum field theory

The tools are now sufficiently robust to provide
precision tests of the Hamiltonians themselves
Argonne-LANL-Urbana (GFMC) pioneered this path

New and Emerging NN, NNN interactions fitting NN and NNN data

+ Traditional meson-exchange theory (Nijmegen X, CD Bonn X, AVX, etc.,)
+¢ Effective field theory with roots in QCD (EFT X, Idaho X, NXLO, etc.,)

+* Renormalization group reduced bare NN interactions (V-lowk X)

¢ Off-shell variations of bare NN interactions (INOY-X, etc.,)

+¢ Inverse scattering theory (ISTP, JISPX, etc.,)

Hamiltonian fitting —® Nuclear spectra and
NN and NNN data ¢————— other properties

Major role for RIA experiments and theory
Climb the walls of the valley of stability!

Once these issues resolved, we have the tools to make high precision
predictions for tests of fundamental symmetries in nuclear experiments.




Ab Initio No-Core Shell Model

H and other observables, O,
act in their full infinite Hilbert Space

H, ¢ & O of finite subspace

Effective Hamiltonian for A-Fermions
Cluster Decomposition plus Lee-Suzuki Method

P. Navratil, J.P. Vary and B.R. Barrett,
Phys. Rev. Lett. 84, 5728(2000);
Phys. Rev. C62, 054311(2000)
K. Suzuki and S.Y. Lee, Progr. Theor. Phys. 64, 2091(1980);
K. Suzuki, ibid, 68, 246(1982);
K. Suzuki and R. Okamoto, ibid, 70, 439(1983)

Preserves the symmetries of the full Hamiltonian:
Rotational, translational, parity, etc., invariance

Employ Harmonic Oscillator basis space

L (B p)? . ,
Ha =T +V = # 5=+ Vi 1+ Vi Details in Appendix A
i<j
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HA Details in Appendix B




Reasons for these manipulations

(1) Why Trel? - Freedom from spurious CM motion
contributions to the the total energy.

(2) Adding and subtracting terms is a physics-motivated step
to accelerate convergence of a series or a sequence.

We believe the physics is dominated by a mean-field so we
should invoke that feature in our basis.

HET+V= T2+ 3]

Exactly Solvable  Treated Approximately

Hartree-Fock methods, method of “pseudo-potentials”,
symmetry breaking schemes such as RPA, BCS, HFB,
deformed single-particle models, etc.,

Introduce similarity transformation
acting only on the intrinsic coordinates
[Lee-Suzuki]

H, k) = E]' |k)

H =e"SA HA e& =e"SA|:H§ n HCMkSA =H (l)+H (A)n HCM
) q S SR N
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Nothing has happened to the original problem
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ar:ljmj$$z |0>=nljm; $ >
Let

&' {nljm,$3}

So

a; [0>=|&>

and

<P[&>" (4(F)

Define an antisymmetrizedormalized A - Fermion basis sta
@;--3)0) %% - $) A" )
Hol" ) =&|" )
& W& +&+--+&}

Define the A particle basis space {Bpace) to consist of
all basis stateq 1{,,)} satisfying:

& "' {N.,+3A/2}A( <Selects “low-energy” scale

N, YN, + N

N, YdMinimum oscillator quanta)[ (2n+1)] for A -fermions

We characterize the-RBpace by quotingN .7( "
"te |76}

Notation: {
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Motivation for this definition of P-space

1. All states up to cutoff (N,,) in unperturbed quanta are retained.
Thus, the more realistic our choice of H_, the more rapidly we
expect convergence with cutoff.

2. We can exactly retain translational invariance in this
overcomplete basis (3A degrees of freedom vs. 3A-3 intrinsic)
using a Lagrange multiplier (Lipkin-Lawson projection method):

H—H+AH,, —%hg)

With H acting only on intrinsic coordinates and A chosen

sufficiently large, we obtain a spectroscopy:

b AhQ States with spurious CM motion

s======N_ =0 } Physically relevant states




Define the finite basis (P-space) effective Hamiltonian
Introduce A-fermion basis space projectors P and Q
F, = # |! PX" P|
PP
O = # |! QX! Q|
0"Q
F, +0, = lA
P: =k Qi =0, KO =0

Require the similarity transform to satisfy decoupling condition
=> separate Hermitian effective Hamiltonians for P&Q spaces

[P +QJH [R +QR=E:[R +Q )
RH Q=0=QH B

=>P.H P, [¢)=E; P, [K) k=1,d
=>QH Q[R)=ElQ[R) k=d+1.

Stll no approximations to the original problem

Formal solution to the full decoupling problem
Instructive for the cluster approximation

A Details in Appendix C
Hy [k) = B [k)
' =Q,!R,

(o= )
where : <R| P) = Inverse{(k|" - )}
S, =arctanh(! % 7)

Provides formal solution in a convenient form

H = (R +0'0)™(R +R0'Q)H, (QuR +R)(R +w'0)™

The same transformation applies to other observables.
Stll nothing has happened to the original problem except
a similarity transformation which preserves all observables




Other experimental observables

ConsiderO = 0", an Hermitian operator correspondir
to an experimental observabfggrturbatively calculabl
Examples include electroweak transitions in nuclei
leading to the transition raté f:

1=K do Y

Fermi's Golden Rule then implies averaging over
initial states and summing over final states. Now,

(kf |O| ki) = (kf |eSe$SOeSe$S |ki)

= (k; |0|k_) Yok, .k &K.
Thus, we transform bare operatofk,to effective
operatorsJ = e*0e®, to preserve observables. The

matrix element is calculable onkle , |k‘) are obtained.

Symmetry Properties
Givenng symmetries of H:
[HK,]=0 a=1..n
=>[H ,K:'a]:O, a=1...,ng
as a consequence of the unitary transformation.

Depending on the choice oftlis could mean the
loss of manifest symmetries:

[H ,Ka] =0, for somea

However,choosing § such that:

[K..9]=0

guaranteek, = K, and that symmetry is preserved
[H ,Ka] =0, for thatc.

Note the possible paradigm for spontaneous symn

breaking WherﬁH ,Ka] = 0 is advantageous.




Extension to Scattering Theory

Adopt the “J-matrix” method - designed to work with
harmonic-oscillator basis representation of scattering states.
The J-matrix method is related to the well-known R-matrix
coordinate space method.

)" Pe*s|ky= " k) fork $%
& |k)=eS|F)= (1+ ’ )M#l/zlk'—)

We may define the Méller wave operator, Q:

kY= |k) = 1 +#)M*"|k). for k YK

The J-matrix develops the asymptotic wavefunction from the
P-space projection of the exact wavefunction

Pk)=P" |k‘) =P+ Q#P)M$1/2|I\;—)
= PM*V?|R), for k %K

These non-orthonormal projected wavefunctions are obtained in the
ab-initio NCSM by an additional transformation using the metric, M,
evaluated at the cluster level.

Note that in scattering applications where we define “physical”
channels with different partitions of the A-body problem into
subsystems, we may find it more convenient to use the
projections of exact states on the model space for evaluating
transition matrix elements. Thus, all states of all possible
subsystems are in the same representation.

This eliminates the need to manage different LS-type unitary
transformations for each subsystem.
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Up to this point everything is exact but as difficult to solve as the full H.
=> Need a physically motivated approximation

=> Nuclear Shell Model tells us that the strongly interacting system
behaves as a system of low-density Nucleons (mean field), pairs or triplets.

Hence, we make a cluster approximation where the exact results are

obtained with a sufficiently large basis space or with a sufficiently large cluster.

Approximation is reminiscent of the works of Brueckner, Bethe,
Brandow, others, but without a perturbative expansion.

Cluster Approximation

Assume the model-space A-body effective Hamiltonianis a
superposition of a-body cluster effective Hamiltonians

H "HY+H @ #H,,

WA %

#H2& A ,
=H © 4 ( Viisisnia ) Hewm
f\ p/$apAP1<i2<i3<...ia e
# a &th&

a
v, — A “a Q %
V123...a_e Ha,Ae - Ehi
I
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Key equations to solve at the a-body cluster level

Solve a cluster eigenvalue problem in a very large but finite harmonic
oscillator basis and retain all the symmetries of the bare Hamiltonian

Pa = # |'I PX‘I P|
PP Details of methods in
Qa _ fo|! Q)(! Q| Appendix D

R+Q,$1,
Hoalk) = E k)
(ololo)= &(#o[<XH)
Where<lQ|#P> = Inversd(k|#, )}
H® =P, +0"0)"*(P,+ Pw'Q)H,, (QP,+P,)(P,+w'w)™*

Returns to exact answer eitherasa->A oras P -> 1

Additional basic equations for reference to original problem

Qe *H,e*P,=0
S =actanh(# ! #')
# =QH#F,

Now let us look at a sample of results
with the Ab-Initio No Core Shell Model
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Ab-initio no-core shell model (NCSM) results

a=2for2<A<16,47,48, 49
a=3for3<A<16

Results in a harmonic oscillator basis space

P, characterized by: controls
&~ momentum
— scale limit
Nm - $ (2nl + ll) %Nmin N Nmax
i"# g

ht  |controls length scale of basis functions (“box™)

Results compare well with VMC and GFMC results

Special thanks to Petr Navratil for many results shown below

L 3 ] —+--bare hQ=57.43 MeV
y He ]
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] } ] _
s 7 '\! AV18 ] — he=28MeV
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Conclusions at this stage of the lectures

> Ab-initio NCSM is founded on established physical intuition

» High precision comparisons between theory and experiment
are emerging

» Applications up through A =4 (and beyond) tell us that
NNN interactions are needed with realistic local NN interactions

What i1s next in the lectures?

» Nuclei up through 16-O and beyond with NN potentials
» Applications with NN + NNN potentials
» Reactions and scattering applications

Appendices

A: T, details

B: H details

C: Detailed derivation of the Lee-Suzuki solution

D: Calculational details for the a=2 cluster

E: Transforming from single-particle to intrinsic coordinates

F: Additional theoretical and numerical tools used
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Appendix A: T, details

2
T B
Y.2m
T=Tg+ Tewm
p? r 1 rr
____I Vo—o—— | poe
CM 2M 2M( p|) 2Am p| p]

Ty=T" Ty =1 —="——1 pe
Mt 2m e 2AmSY, '
1 P O
T, =—" D
“ = ZAm P ReR)
1 p-2 " B p )’
__| i e ) __' LY S
“2Am: (2 Pep+ ) 2Am} 2
1 (R" P
i<j 2mMA
Define: p A pj, andu=? so that
=2
Trel=£. L
A|<j 2Au

Appendix B: H details
Hy =T4+V+Hy, ! Hoy
Hy =T +V+T+Ug, +Ug U ! Hey

= Fogt ¥ Yy Ya ! How
HA
1 2 2 2$1
u,=uU!uU,,==n r! M"
rel CM 2 #il 2 %# 2
1 .., o Am L, ror
Uu,=—nt o ==" I ¥r.
rel 2 #I i 2 A |#J i j
im ri 1m $2 ror r?
Ug =5+" A L R e e
2 A i'j[ '] 2A T8 b2)
1m, ror
Urd:z_ 2# [rll f;
i<j A
[p' sl v, s wne$ How
. 2m 2 i<i
H
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Appendix C: Detailed derivation of Lee-Suzuki solution

This is formal and based on solution of full problem.

Our approximation will be introduced later but will use

results from this formal development.

First, consider the derivation of a non-Hermitian effective

Hamiltonian, dropping the “A” labels for notational simplicity
HIK) = E[K)k =1..."

Introduce a similarity transformation

E g’g g<>= Ee*|K)

ISI|k |k

and requlre

1. P]EIPP|k) EkP|1£>,k =1,..d
2. $=Q,%P,

Fork =1..d states:

|ﬁ) = P||£) = Pe'*|k)= P(1" Q#P)|k)= P|k)

So|k) is the projection of exact solutiofk), onto the
d- dimensional basis space.

Similarly, fork =1,..d states:

Q|§)= QP|lg)= 0= Qe™[k)= Q1" Q#P)|k)

$ dk)=0#P|k)

Thus, may recover full state from its projection:
k)= 2” +Q)|k) = (P + Q#P)|k)= (L+ 0#P) Plk)

= e#lk) %0& 110 01t0r k), for k=1..d states.
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Using above resulproject with Q space basis state:
("o |# {Qk)=Q$P|K}, k=1..d
% <"Q|k) N (”Q|$P| )= & <"Q|$|” Xe <)

Now, takek =1,...,d states producing linearly independ
projections on the Pspace and defind'( then invert:

(bl - & e
where(l@l” P) = Inversd(k|" - )}

a resultingdxd matrix inversion.
Our net result at this stage is a Aéfermitian
P - space effective Hamiltonian for digenstates:

= @*He® * I—(I+

Now develop full unitary transformation assum#wg S(" ):
H [K) =€eHe%™|k)= E k), for allk

Now, our decoupling condition is stated:
PHQ=QH P=0 and

Pe|k) =€"S|k) for k $%,

Qe™|k)= €*°|k) fork &%.

With unitarity we have:

H=H"" H =H *

' e®He®=e*He*™' ' S=#S'

Leading to the Hermitian "effectiveamiltonian:
PHP=PH *P

QHQ=QH "Q

PHQ=QH P=0

17



Solving for the generator of the unitary transformation:S(" )
Begin with full problem and insert identity operators
developed front', the similarity transformation generator:
(KlPe' # {He'e” |K)= E,e e” k)}, k=1...%
to obtain:

(K|Pe’ "He e* |K)= E,(k'|Pe e e* |Kk),&k,k'

Now take K K,k'* K, and use

(KP = (15-| and €' |K) = |;(<)= Pk)

to obtain:

(l£'|e" "He' ||£)= Ek(lg'|e" e |I£),&k' K.K' K,

a generalized eigenvalue problem in a finite vumthonormal
basis with Hermitian effective Hamiltonian, ,Hind metric M
H'=Pe He P

M=Pe eP=M =P1+")1+")P=PL+""")P

When the P| k),k €K, are linearly independent, H' may be
transformed to an orthonormal basis and yield the Lee -
Suzuki Hermitian effective Hamiltonian:

H = M—]/ZHIM—UZ = M—ﬂZeu)*HewM—l/Z = e—SHeS

solves the finite matrix problem for the exact eigenvalues:
H [K)= EJ}) k=1...d

and basis - space representations of exact states:
[K)=e9k), kek

General observations:

1. K and P are not isomorphic. More than d-solutions are available
through multiple choices of K satisfying linear independence criteria
on the P-space projections of each k;

2. There is a symmetry between P and Q above. Hence, interchange
of P & Q yields the effective Hamiltonian for the Q-space.
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PéS=PM“@¥+=PE—£%$EO+#3
+

Note that P commutes with M Y2 and that we may freely
add a term ## * to the argument of the square root since
it is a pure Q -space term and there is no ambiguity of
the square root or its inverse. We can also add " # to the

numerator on the rhs due to P commuting with M "2,
1
[1+7## +## ]"?
Working with commuting operators, #" #", we can

rewrite the above result as:
1
[(A+#" #)A" #+#7)]
B e N Y )
[1+#" #7] [1+F#)]

PeS=P

AL+#*" #)

Pe®=P

w1+ # " #) 71

$ PDs(#)

Now take full expression
‘s [l+#+ n #]1/2
At #T
noting that we only need Pe ®and evaluate
S="In[e]

S={" ilen[(l" #a#)]+ %In[(1+# " H#)

S=tanh'(#" #*).
which is the Lee - Suzuki form.
Note that with the sum of log terms, itis clearthat S’ =" S
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Appendix D: Calculational details for the a=2 cluster

With the a = 2 cluster approximation for the H,, of the total system,

we solve the decoupling equation and obtain an Hermitian effective
operator form for the relative 2 -body Hamiltonian. That is:

[H;A ]rel # [H;A ]eff

effective
operator
treatment

Since this is carried out in intrinsic coordinates, we use "eff" to
indicate " rel" as well.
Then, we define

(0 AT S B O WS A R P B A

mOE

Now, take the above effective pair Hamiltonian to act between all
pairs and recall the need to subtract H,,,. Then we define oura =2
cluster approximation for H,, of the total system as:

A &p? Ao
[HA]gff (5’;1 +% 3 2’?‘21."' ) 4[‘/zj,A]eﬁ. %,
i<

From our previous manipulations, we observe that

(Ml = T+ Ho 8 [V ] +[U,] MG,

T4 44 2 4 4 43
[VZA ]eff
[HA]eﬁ = T’el +|:V£A ]eff
where
pl] 2 2 $
|#<J 2,“ reI ﬁ] e # [ rel]

Our practice is to store matrix element files of [V;A]eff as

well as [V;A]eﬁ, in the case of a= 3, as input files for

many - body calculations.
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Appendix E
Transforming from single-particle to intrinsic coordinates
For evaluating fractional parentage coefficients, it is often more convenient
to transform to intrinsic coordinates, such as Jacobi coordinates. We obtain
eigenstates of the A-body system expressed as a superposition of Slater

Determinants in either the transformed basis or the original basis as seen above.
In either case, the following procedure is applicable.

Let ", i =1...,A#]1, represent intrinsic coordinate vectors,
and, r, i =1,...,A, represent space - fixed coordinate vectors.
Then, the intrinsic wavefunction, ("1 PRI |$ k), is the Slater -
Determinant basis wavefunction, (rlr2 ek |°/q( ), divided by the
0S harmonic oscillator CM wavefunction (R . |&0S )

Here, R, represents the A-body CM coordinate vector. That is:
(”1"2 - |$ k) = (’irz Ty |0/q(> /<RA |&os)

This is a well- defined procedure due to positive - definite

property of the 0S oscillator wavefunction.

Appendix F
Additional theoretical and numerical tools used

» Talmi-Moshinsky transformation from relative to single-
particle coordinates in the Harmonic Oscillator basis

» Lanczos algorithm for diagonalizing large sparse matrices
» Parallel computing with MPI and multiple topologies to
achieve fully scalable codes running on thousands of
processors simultaneously
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