
1 Poisson sampling

1.1 Poisson sampling, Horvitz-Thompson estimator

We make the following assumptions on finite population and sampling design:

Assumption 1.1.1. The finite population UN = {y1, · · · , yN} is a realization of a

sequence of iid random variables from Uniform [0, 1] distribution.

Assumption 1.1.2. A Poisson sample An = {y1, · · · , yn} is selected from UN , with

inclusion probabilities π1 between 0 and 1. Assume κN = 1
N

∑

U
1−πi

πi
, and κ =

lim
N→∞

1
N

∑

U
1−πi

πi
is a well-defined finite quantity.

Assumption 1.1.3. Let dN = (I1, · · · , IN) be a random vector with each component

supported on {0, 1} and dN is independent of (y1, · · · , yN).

We use the following estimator to estimate the distribution function,

F̃n(y) =
1

N

∑

A

1

πi

I( yi≤y) (1)

To obtain asymptotic normality for finite dimensions, we denote,

zi =









I(yi≤t)

I(yi≤s)

1









,z =









t

s

1









,

for 0 ≤ s, t ≤ 1.

We define

z̄HT =
1

N

∑

A

1

πi

zi =
1

N

∑

U

1

πi

ziIi,

where Ii denotes sampling indicator.
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Now, let us work out the expectation and variance of z̄HT .

E(z̄HT ) = EξEp
1

N

∑

U

1

πi

ziIi

= Eξ

[

Ep

(

1

N

∑

U

1

πi

ziIi

∣
∣
∣
∣
∣
FN

)]

A1.1.3
= Eξ

1

N

∑

U

zi = z.

V ar(z̄HT − z) = Eξ [V arp (z̄HT |FN)] + V arξ [Ep(z̄HT |FN)]

A1.1.3
=

1

N2
Eξ

∑

U

1 − πi

πi









I(yi≤t)

I(yi≤s)

1

















I(yi≤t)

I(yi≤s)

1









T

+ V arξ

[

1

N

∑

U

zi

]

=
N − 1

N2









t t ∧ s t

t ∧ s s s

t s 1









κN +
1

N









t (1 − t) t ∧ s − ts 0

t ∧ s − ts s (1 − s) 0

0 0 0









,

where t ∧ s denotes the smaller one between t and s.

Assume the limit of V ar(z̄HT − z) to be V (z̄HT − z), which is of order κN+1
N

. To

establish asymptotic normality of z̄HT , we define

xi =
1

N
V ar−1/2(z̄HT − z)

{
1

πi

ziIi − z

}

,

then it is obvious that,

EξEpxi = 0, and
∑

U

EξEpx
T
i xi = Ik,

where Ik denotes the identity matrix of order k. Assumption 1.1.2 suggests that (κN +

1)
√

N → ∞, then ‖xi‖ → 0 as N → ∞. The following Lindeberg condition is then

2



satisfied,

lim
N→∞

∑

U

EξEp

[
‖xi‖2I(‖xi‖≥ ǫ)

]
= 0.

Then we can use the multivariate Lindeberg CLT to conclude that

V ar−1/2(z̄HT − z)(z̄HT − z)
d→ N(0, Ik), (2)

where we replaced the covariance matrix V ar(z̄HT − z) by its limit.

Now let us derive the finite dimensional distribution for the random function F̃n(y).

For simplicity purpose, we only consider the joint distribution of F̃n(t)−t and F̃n(s)−s.

By Taylor linearization,






F̃n(t) − t

F̃n(s) − s




 =






1 0 0

0 1 0




 (z̄HT − z) + smaller order terms,

then we can use Delta method to conclude that

√

N2

κN(N − 1) + N






F̃n(t) − t

F̃n(s) − s






d→ N




0,






t(1 − t) t ∧ s − ts

t ∧ s − ts s(1 − s)




+

κN

κN + (1 + 1
N−1

)






t2 ts

ts s2









 ,

which has the same finite dimensional distribution as the following stochastic process,

B(y) = W 0(y) + yX0

√

κN

κN + (1 + 1
N−1

)
, (3)

after multiplying by a constant on both sizes. Here, W 0(y) is a Brownian bridge with

W (0) = 0,W (1) = 0, and X0 ∼ N(0, 1) independent of W 0. A Brownian bridge

W 0(t)
d
= W (t) − tW (1), where W (t) is a standard Wiener process with mean 0 and

variance t.
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Now, let us show that

E
[

|F̃n(t) − F̃n(t1)|2|F̃n(t2) − F̃n(t)|2
]

≤ [H(t2) − H(t1)]
2α

,

for some continuous, nondecreasing function H(·) on [0, 1], and 0 ≤ t1 ≤ t ≤ t2 ≤ 1.

We need to make the assumption of 1
N2

∑

i
1
πi

< ∞ in the limit.

E
[

|F̃n(t) − F̃n(t1)|2|F̃n(t2) − F̃n(t)|2
]

= c1
1

N4
EξEp

∑

i1,i2,j1,j2

1

πi1πi2πj1πj2

I(t1≤yi1
≤t)I(t1≤yi2

≤t)I(t≤yj1
≤t2)I(t≤yj2

≤t2)Ii1Ii2Ij1Ij2

≤ c1
1

N4

N !

(N − 4)!
(t − t1)

2(t2 − t)2

︸ ︷︷ ︸

None of i1, i2, j1, j2 are equal

+ c1
1

N4

∑

i

1

πi

(t − t1)(t2 − t)2N(N − 1)

︸ ︷︷ ︸

i1=i2,j1 6=j2

+ c1
1

N4

∑

j

1

πj

(t − t1)
2(t2 − t)N(N − 1)

︸ ︷︷ ︸

i1 6=i2,j1=j2

+ c1
1

N4

∑

i6=j

1

πiπj

(t − t1)(t2 − t)N(N − 1)

︸ ︷︷ ︸

i1=i2,j1=j2

≤ c2(t − t1)(t2 − t)

≤ c2(t2 − t1)
2.

Now, by Theorem 15.6 of Billingsley (1968), we can conclude that,

√

N2

κN(N − 1) + N

(

F̃n(y) − F (y)
)

d→ B(y), (4)

and then,
√

N2

κN(N − 1) + N
sup

y

∣
∣
∣

(

F̃n(y) − F (y)
)∣
∣
∣

d→ sup
y

|B(y)| . (5)
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1.2 Poisson sampling, Hajek estimator

Let UN = {y1, · · · , yN} be a collection of iid random variables from Uniform[0, 1]

distribution, and π1, · · · , πN be a vector of constants between 0 and 1 associated with

each random variable. A Poisson sample An = {y1, · · · , yn} is drawn from UN and the

following estimator can be used to estimate the distribution function,

F̂n(y) =

∑

A
1
πi

I(yi≤y)
∑

A
1
πi

(6)

Now let us derive the finite dimensional distribution for the random function F̂n(y).

For simplicity purpose, we only consider the joint distribution of F̂n(t)−t and F̂n(s)−s.

By Taylor linearization,






F̂n(t) − t

F̂n(s) − s




 =






1 0 −t

0 1 −s




 (z̄HT − z) + smaller order terms,

then we can use Delta method to conclude that






F̂n(t) − t

F̂n(s) − s






d→ N




0,

(N − 1)κN + N

N2






t(1 − t) t ∧ s − ts

t ∧ s − ts s(1 − s)









 ,

given (2). The limiting distribution is the same as finite dimensional distribution of

Brownian bridge W 0(·) after multiplying by
√

N2

(N−1)κN+N
on both sides. A Brownian

bridge W 0(t)
d
= W (t)− tW (1), where W (t) is a standard Wiener process with mean 0

and variance t.

Now, let us show that

E
[

|F̂n(t) − F̂n(t1)|2|F̂n(t2) − F̂n(t)|2
]

≤ [H(t2) − H(t1)]
2α

,

for some continuous, nondecreasing function H(·) on [0, 1], and 0 ≤ t1 ≤ t ≤ t2 ≤ 1.
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We need to make the assumption of 1
N2

∑

i
1
πi

< ∞ in the limit.

E
[

|F̂n(t) − F̂n(t1)|2|F̂n(t2) − F̂n(t)|2
]

= E

(
∑

A
1
πi

I(t1≤yi≤t)

)2 (∑

A
1
πi

I(t≤yi≤t2)

)2

(
∑

A
1
πi

)4

≤ c1
1

N4
E

(
∑

A

1

πi

I(t1≤yi≤t)

)2(∑

A

1

πi

I(t≤yi≤t2)

)2

≤ c1
1

N4
E

∑

i1,i2,j1,j2

1

πi1ππ2
πj1πj2

I(t1≤yi1
≤t)I(t1≤yi2

≤t)I(t≤yj1
≤t2)I(t≤yj2

≤t2)Ii1Ii2Ij1Ij2

≤ c1
1

N4

N !

(N − 4)!
(t − t1)

2(t2 − t)2

︸ ︷︷ ︸

None of i1, i2, j1, j2 are equal

+ c1
1

N4

∑

i

1

πi

(t − t1)(t2 − t)2N(N − 1)

︸ ︷︷ ︸

i1=i2,j1 6=j2

+ c1
1

N4

∑

j

1

πj

(t − t1)
2(t2 − t)N(N − 1)

︸ ︷︷ ︸

i1 6=i2,j1=j2

+ c1
1

N4

∑

i6=j

1

πiπj

(t − t1)(t2 − t)N(N − 1)

︸ ︷︷ ︸

i1=i2,j1=j2

≤ c2(t − t1)(t2 − t)

≤ c2(t2 − t1)
2.

Now, by Theorem 15.6 of Billingsley (1968), we can conclude that,

√

N2

κN(N − 1) + N

(

F̂n(y) − F (y)
)

d→ W 0(y), (7)

and then,
√

N2

κN(N − 1) + N
sup

y

∣
∣
∣

(

F̂n(y) − F (y)
)∣
∣
∣

d→ sup
y

∣
∣W 0(y)

∣
∣ . (8)
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The standard theory on Kolmogorov-Smirnov test would give

P (sup
y

∣
∣W 0(y)

∣
∣ ≤ x) =

∞∑

j=−∞

(−1)je−2j2x2

, 0 < x < ∞,

which provides the theoretical distribution of our test statistic.
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1.3 General sampling design, Hajek estimator

Assumption 1.3.1. The finite population UN = {y1, · · · , yN} is a realization of a

sequence of iid random variables from Uniform [0, 1] distribution.

We consider a general sampling design, but assume the design normality for any

nonrandom vector z with suitable moment conditions.

Assumption 1.3.2. Assume that for any z with positive variance-covariance matrix

and finite 2 + δ moment

n∗1/2(z̄π − z̄N)|FN
d→ N(0, Σz), a.s. (9)

where z̄N = 1
N

N∑

i=1

zi and z̄π = 1
N

∑

A

zi

πi
.

Assumption 1.3.3. We have the following assumptions on inclusion and joint inclu-

sion probabilities,

1. KL ≤ πi
N
n∗

≤ KU for all i where KL and KU are positive constants.

2.
∑∑∑ πijk

πjπjπk
= O(N3), a.s.

3.
πijkl

πjπjπkπl
are uniformly bounded by a positive constant c3, for all unequal i, j, k, l.

Let zi = (I(yi≤t), I(yi≤s), 1)′, Assumption 1.3.2 implies that

n∗1/2

N

∑

U







1

πi









I(yi≤t)

I(yi≤s)

1









−









FN(t)

FN(s)

1















∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

FN
d→ N(0, Σz), a.s.,

where Σz = n∗

N

∑

i

∑

j ∆ij
ziz

′

i

πiπj
.

Now we can use Taylor linearization to find the finite dimensional distribution of
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F̂n(y) as defined in (6).






F̂n(t) − FN(t)

F̂n(s) − FN(s)




 =






1 0 −t

0 1 −s




 (z̄HT − z̄N) + smaller order terms,

and obtain the following asymptotic normality,

n∗1/2






F̂n(t) − FN(t)

F̂n(s) − FN(s)






∣
∣
∣
∣
∣
∣
∣

FN
d→ N (0, ΣHA) , a.s., (10)

where

ΣHA =
n∗

N

∑

i

∑

j

∆ij

πiπj






(I(yi≤t) − FN(t))2 (I(yi≤t) − FN(t))(I(yi≤s) − FN(s))

(I(yi≤t) − FN(t))(I(yi≤s) − FN(s)) (I(yi≤s) − FN(s))2




 ,

where ∆ij = πij − πiπj.

It follows from the standard Central Limit Theorem that

n∗1/2






FN(t) − t

FN(s) − s






d→ N




0,

n∗

N






t − t2 (1 − t ∨ s)(t ∧ s)

(1 − t ∨ s)(t ∧ s) s − s2









 . (11)

Assume there exists a function C(t, s) defined on [0, 1] × [0, 1], such that

C(t, s) = lim
N→∞

n∗

N

∑∑

U

∆ij

(
I(yi≤t) − FN(t)

) (
I(yi≤s) − FN(s)

)

πiπj

+ lim
N→∞

n∗

N
(1−t∨s)(t∧s), a.s.,

(12)

where t ∨ s = max{t, s}, t ∧ s = min{t, s}.

We can verify that C(t, s) is a non-negative definite kernel function, and by Lemma
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1.3.1 of Fuller (2006),

n∗1/2






F̂n(t) − t

F̂n(s) − s






d→ N




0,






C(t, t) C(t, s)

C(t, s) C(s, s)









 , (13)

for all t, s ∈ [0, 1]. The asymptotic normality in (13) can be generalized to all finite

dimensions fairly easily.

Now, let us show that

E
[

|F̂n(t) − F̂n(t1)|2|F̂n(t2) − F̂n(t)|2
]

≤ [H(t2) − H(t1)]
2α

,

for some continuous, nondecreasing function H(·) on [0, 1], and 0 ≤ t1 ≤ t ≤ t2 ≤ 1.

E
[

|F̂n(t) − F̂n(t1)|2|F̂n(t2) − F̂n(t)|2
]

= E

(
∑

A
1
πi

I(t1≤yi≤t)

)2 (∑

A
1
πi

I(t≤yi≤t2)

)2

(
∑

A
1
πi

)4

≤ c1
1

N4
E

(
∑

A

1

πi

I(t1≤yi≤t)

)2(∑

A

1

πi

I(t≤yi≤t2)

)2

= c1
1

N4
E

∑

i1,i2,j1,j2

1

πi1ππ2
πj1πj2

I(t1≤yi1
≤t)I(t1≤yi2

≤t)I(t≤yj1
≤t2)I(t≤yj2

≤t2)Ii1Ii2Ij1Ij2

≤ c1c3
1

N4

N !

(N − 4)!
(t − t1)

2(t2 − t)2

︸ ︷︷ ︸

None of i1, i2, j1, j2 are equal

+
1

N4

∑

i,j,k

πi,j,k

πiπjπk

︸ ︷︷ ︸

o(1), a.s., by Assumption 1.3.3

≤ c2(t − t1)(t2 − t)

≤ c2(t2 − t1)
2.

Now the conditions are satisfied to apply Theorem 15.6 of Billingsley (1968), and we

can conclude that n∗1/2(F̂n(y) − y) converges to a Gaussian process with zero mean

and covariance function C(t, s).

Remark: In stratified sampling, given Assumption 1.1.3, we can simplify the ex-
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pression of C(t, s) as,

C(t, s) = lim
N→∞

n

H∑

h=1

W 2
h

(

1 − nh

Nh

)
1

nh

(1− t∨ s)(t∧ s) + lim
N→∞

n

N
(1− t∨ s)(t∧ s), a.s.,

where nh and Nh denote the stratum sample size and strutum size, respectively, Wh =

nh

Nh
, and H is the number of strata.

Remark: We can not simplify the covariance expression (12) for general sam-

pling designs, as the right hand side usually involves dependent summands, which

makes it very difficult to show almost sure convergence even when the sampling is

non-informative.
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