Exarmple (Wetheritl)
*Shewhart * Chart cwith 1 exdom alarm re.

*one ,Doiaf " @/‘01 A~

‘2 ,oor‘a,ér rn & row rn ’ej"ﬂf &B°

ANB =g p
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Suppase G, Rz, itd wité NYr (]%zed
ma,ryina,l) dsn (it need rnot be Zhe
one used to define A and B)
ARL =9
Let £4=P[4) ’s in regien A4)
£a=P[Q /s in regirne B
L =ARL
L* = mean # of additional ,Daz‘»;z‘: needed
to produce a Signal if #here has
been nome Gy date and presedt 4 /s in B
78



Then | =124+ (1+L7) £g +(1+L) (-£4—Fa)
=1+L(-84—8)+ L™ #g

LY =2:(6a #£0) + (14L) (=1 ~g5)

=1+LO0HY~po)
These are 2 lonear e/uo,z‘z'am m L oand L™

That can be solved .sv‘wulz‘anéau:‘d, and

I+ £e
1= (= 84—53) ~Fs (~24~53)

Aside . an appleation of this (i exactly as just
developed ) might be b0 the +foltowing
O =X = a cownt
Trvent a Seheme ’J‘:‘;ﬂa,/ e farst
dime the sum of 2 Consecutive

Xse is 22°”

Thes s excwfé Lke the Wetherill example %= 4
g8 =f(n=P[X=1]
Ga = I—f) =S =P(X22]

( a.sm»u‘y X& are ivid)
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Note also that I can even generalize e
Wetherill example :Zyé,:‘& and have o
non-iid model ﬁY A5 —
ey Jet
9, =PLQ is n regioy A)
 PL Gt s im region A ) 55 1n CACE

(and any sequence before G|

ZB =P[Q, is in region BJ
P laun 21 8 2 1 0]

and
3 = P[Oews 35 in 4G 35 n B]

52 =PlQew isinB| Gt is in B]

(Here I 70 longer reguir® 2y =51 o f3=£2.)
This is now a 2on—itd model for K
Seguence. — wWith L and L™ as befrre I car
SEN cworide linear ?mm Jor them.

L =184 +0+L) g+ (1+L)-(~£4—F5)

L¥= 1‘(24* +45) +(1+L) (-84 ~55).
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Application of Dscrete Time S Discrete State
J;aace Markoy Chains 7 /4/20.9:".1‘ q‘ /Focess
Mmﬂ‘ef $Meme:

Markov CA2IS — spodels ffor systems that
al discrete tomes 1.2.3. - borice
around between Fstates” S.s: S,
S, Sme, |

(Markoy Lheins « MCE)

Markov” @ssnphion, condstional don of whero
LU be ot time ¢+1 given the entire history
uptérmgé ﬁ"”f‘l"mgdeoem/:m She
State ot time T.

“Stationary "MCr employ 2hE @S o1 Hhat
a single maxrix of > bransitioor probabiiidies”
Qoverns movement ot ad “omes

P=C( 7’?)

(m+) X (m)

Py = PLS; at time #+1)5; o time ]
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Example Simple F-State yxz‘em

Definckion. TIf Py =1 <state & s calld
an @65075 :zz :‘Z‘alfe?.

Of particalar interest are MCs where
St 25 aéo”m’!i?f (where X is posiiére

at /least euefz:/ua.@ % move Jront any
of S 5. S to Smw).

— These have assoccated metir formulas
for Fmean times Yo absoption” that

We can use to conpute ARLS. s

4



Let L; = mean # of Sunsitions /’?u‘/ea/
‘fo 770V€ ]‘FM Se ﬁ Sorrev/

L R v
L = LZ P —_— mem mx)
mxl : (1) x (i)
Lom O 1
1% m 1x)

L, = (1+L) P + (1+L2)Pa + +(’+Lm)ﬁm +1-5, mw

L, = (1+L,) P2 T (14+L2) P2y + "'+(I+Lm)/>2m +15. e

Lm = (L) Pou T (H'Lz)fmz + o F (L) B 2 B,

Ly = 1+Puly +Pa2lat 7 Pl
Lo =1+pP,L+Palat By ln

L =1+ Buly *+ Puzla * T B LM

&1



That is, L =1+RL

mxl mx) Mkm Mx)

(I-RL =1
L = (I1-R)’1
I-R ss naﬂ.r,‘@au/ar n our
Context
& . :
E‘i‘?ﬁ P=(y9 \o:\os) 7?:-(78 I)
o 0 |/ AN
oY/ = /0% Li=to &
ord (R ({)= (" oo

Howo to make use of this mackinery?
‘Often” we can thnk up MC represertetion
of monitoring Scheme beravesr with

Syt = alarm’” fout of control sipnal

oand Seme element [ becomes phe
ARL 7‘ mterest.

F2



E
Exempl  Yistherit! 2 alarm ruhe scheme

,_ﬂaﬁ&
E &z

L= L =ARL
Lz =L*

(I—R)ﬁ'z - z_L'j\
>3

ARL. of nterest

See problem 2.22 of #e notes For a
matlriz fm’mx/a For 2nd morrets |
Of temes lo absopleonr, «hich car be
used  get SDRL.

72 ;-r N

\ ere /s %0 wrigue «wy of doing Bhy,
re., Several possib  represestations
My exist For & given Seheme and

model for Q%
2



Example  2nd try ot Wetheril Tcheme

S3 no Q/arm
et and current

o/ 1=Aa . ,
54 Z‘P & VXY B ‘

Sy “no alarm
Yet and cwrent
& is in (AvB)S

s S 535 Ss
[0 rah 5 2
P = 0 1-bats Fs G4

B0 a8 0 FLtss

2\ 0 o 0 /

/

= L, =Lz (because Ist 2 rows
of P ae the same)

and ARL =Li=L2,



Example 2 Western Electric alarm rufes
— a single point qutside F—sigma limits
— & consecwtive points on a single

side of center bene
rd Qs ARL =7
¢ C _ ba. 8s. be

Nz
30g \\\ \ B8 i represendtation ?
C




é‘_&ﬁﬂe A sp-called Run-Sum’ scherne —

This ds&an.: Seores bo varicus Sovres

o a Shewhart chart

+3
s+ il e
L
+0
CLa e S0 — - -
IR ey,

let & :k = “Scoye dsxyﬂea( D &

R, = *total” of Scores -z%myé ,Der/‘a/ ¢
here & 7ew) Sum Starts chen

a Score has & 7EW Sigr
Alarme if /&;‘*/:3 or /R 2 %

Ej z &5* e

/ +0 +0
2 + 1 +/
3 +/ 72
4 t+o0 +2
5 —0 -0
£ =2 -2
7 -0 -2
& -3
2 *2

/Z +2 % ——alorr



For i=20. 21, £2, +3. let
S; = “no a,/w'm\yez‘wza( Clwrent rue—Sin
/1S 2
R id with
2. = PIA"=4]

for j=%o. 2. £2,13

So with a 94 State ‘é&ﬁ an alrrX
State we et a big (9X3) Lownsition
Matrin (recoded in he seotes. page 2x5)

P\ S J9 S Sz Spe S Jne JIw /oy

S| Q@0 841 &= 0 Fro Fm Gra O s
S| 0 G0 &v G2 Fro G Bre O &> 7543

Jro| g0 §v &2 © Gro G+ Gra O |22 "Fs




So O We'll judge the *goodness ” of A
Monitoring Seheme ox1 dhe Basis
of run fengih asn prepertres
Q@ MCs e tools for Sthulyiny Hhese
8. Lohat have pegple Found out abont-
Which Schemes have good ARL prpestiess/
Whet- are #he “best” avacbobl Jehenes?
A . CUSUM and EWMA sotemncs are a2y
the bast (See VAT 4/ard #2)

t2of VAT Cusum monitaring sehemes
(and the aralysis of their behaviord
BaS/E /Vaﬁﬁﬂ( LOirth yntees Cor.Ga, - anq

Some ‘reference value A ard Sorre
Starting value ClUsuM, I carn oofire

CUSUM; =CUSUM; (8 — &)
(= cusun, +J§ (G —4) )

and use thic as basis For mana_éw/y
S



Note that 7f Q% are 1id with »ean MUg.
how M& compares with A /X govers
the behavior of the CLSUM vepuence —
ousum Seguersce Ol be a rarndmr cwnldé
with per period arift Mg —4.
— If Mg—h=0 hern CUSUH <euerce
will fuckheate abrt ClSUt, .

—~If Mg—A#0 then CUSUN P UK
will drift wp or adlowsn 4ccar¢//‘y'

CUSUM,;

A8 =A Mg =constent of slgpe -4

(>0)
§7



Alarm Rules ?

One possié ,‘//::,‘:/ s b wuse a [Vmash

Beﬂ@r: &nflwaﬁh 47‘ /Vy/- and Low) -
Side Decision Iutervad CuSuUM Jeremes

J0



