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Chapter 4

Process Characterization
and Capability Analysis

Sections 5.1 through 5.3 of V&J discuss the problem of summarizing the be-
havior of a stable process. The “bottom line” of that discussion is that one-
sample statistical methods can be used in a straightforward manner to char-
acterize a process/population/universe standing behind data collected under
stable process conditions. Section 5.5 of V&J opens a discussion of summariz-
ing process behavior when it is not sensible to model all data in hand as random
draws from a single/..xed universe. The notes in this chapter carry the theme
of 85.5 of V&J slightly further and add some theoretical detail missing in the
book.

4.1 General Comments on Assessing and Dis-
secting “Overall Variation”

The questions “How much variation is there overall?” and “Where is the varia-
tion coming from?” are fundamental to process characterization/understanding
and the guidance of improvement ecorts. To provide a framework for discus-
sion here, suppose that in hand one has r samples of data, sample i of size n;
(i =1,...,r). Depending upon the speci..c application, these r» samples can
have many dizerent logical structures. For example, §5.5 of V&J considers the
case where the n; are all the same and the » samples are naturally thought of as
having a balanced hierarchical/tree structure. But many others (both “regular”
and completely “irregular”) are possible. For example Figure 4.1 is a schematic
parallel to Figure 5.16 of V&J for a “staggered nested data structure.”

When data in hand represent the entire universe of interest, methods of
probability and statistical inference have no relevance to the basic questions
“How much variation is there overall?” and “Where is the variation coming
from?” The problem is one of descriptive statistics only, and various creative
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Levelot A [ 2
Level of B(A) 1 2 |1
Level of C(B(A)) I 2 |1 |1
Level of D(C(B(A))) 1 2 |1 |1 |1

Figure 4.1: Schematic of a staggered Nested Data Set

combinations of methods of statistical graphics and basic numerical measures
(like sample variances and ranges) can be assembled to address these issues.
And most simply, a “grand sample variance” is one sensible characterization of
“overall variation.”

The tools of probability and statistical inference only become relevant when
one sees data in hand as representing something more than themselves. And
there are basically two standard routes to take in this enterprise. The ..rst
posits some statistical model for the process standing behind the data (like the
hierarchical random ezects model (5.28) of V&J). One may then use the data
in hand in the estimation of parameters (and functions of parameters) of that
model in order to characterize process behavior, assess overall variability and
dissect that variation into interpretable pieces.

The second standard way in which probabilistic and statistical methods be-
come relevant (to the problems of assessing overall variation and analysis of its
components) is through the adoption of a “..nite population sampling” perspec-
tive. That is, there are times where there is conceptually some (possibly highly
structured) concrete data set of interest and the data in hand arise through the
application (possibly in various complicated ways) of random selection of some
of the elements of that data set. (As one possible example, think of a warehouse
that contains 100 crates, each of which contains 4 trays, each of which in turn
holds 50 individual machine parts. The 20,000 parts in the warehouse could
constitute a concrete population of interest. If one were to sample 3 crates
at random, select at random 2 trays from each and then select 5 parts from
each tray at random, one has a classical ..nite population sampling problem.
Probability/randomness has entered through the sampling that is necessitated
because one is unwilling to collect data on all 20,000 parts.)

Section 5.5 of V&J introduces the ..rst of these two approaches to assessing
and dissecting overall variation for balanced hierarchical data. But it does not
treat the ..nite population sampling ideas at all. The present chapter of these
notes thus extends slightly the random ewzects analysis ideas discussed in 85.5
and then presents some simple material from the theory of ..nite population
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sampling.

4.2 More on Analysis Under the Hierarchical
Random Ewgects Model

Consider the hierarchical random erects model with 2 levels of nesting discussed

in 85.5.2 of V&J. We will continue the notations y;;x, ¥;;, ¥;. and g used in

that section and also adopt some additional notation. For one thing, it will be
useful to de..ne some ranges. Let

R = max yijk—mkin yij1 = the range of the jth sample within the ith level of A,

A; = max y;;—min g;; = the range of the J sample means within the ith level of A,
J J

and

I' =maxy; —miny; = the range of the means for the I levels of A .

It will also be useful to consider the ANOVA sums of squares and mean
squares alluded to briefy in §5.5.3. So let

SSTot = > (yiji —17.)°
1,5,k
= (IJK —1) x the grand sample variance of all /JK observations ,
SSC(B(A) = Z(yuk - ?L‘j)z
1,5,k
= (K —1) x the sum of all I.J “level C” sample variances ,

SSB(A) = KZ(%‘ —7i.)?
= K(j]J— 1) x the sum of all 7 sample variances of J means ;;
and
SSA = KJY (5i.-19.)
= KJ(.;— 1) x the sample variance of the I means g;, .

Note that in the notation of §5.5.2, SSA = KJ(I —1)s3, SSB(A) = K(J —
1)1 s3; and SSC(B(A)) = (K —1)Y, ;5% = IJ(K —1)5°. And it is an
algebraic fact that SSTot = SSA+ SSB(A) + SSC(B(4)).

Mean squares are derived from these sums of squares by dividing by appro-

priate degrees of freedom. That is, de..ne
SSA

MSA =222
SA=TTT
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MSB(A) = ffji(’;lg ,
an SSC(B(A
MSC(B(A)) = IJ(I((—(l;)

Now these ranges, sums of squares and mean squares are interesting measures
of variation in their own right, but are especially helpful when used to produce
estimates of variance components and functions of variance components. For
example, it is straightforward to verify that under the hierarchical random ecects
model (5.28) of V&J

ER“ = dg (K)O’ y

EAL = dz(J)Q/O% +0’2/K

El — dg(I)\/ag +02/J +0%/JK .

So, reasoning as in §2.2.2 of V&J (there in the context of two-way random exects
models and gage R&R) reasonable range-based point estimates of the variance

Components are
=2
-k
d2(K))
— 2 2
32 =max [ 0, A - —
da(J) K
2 X N2
62 =max [ 0, (L> 1 (A> .
da(1) J \da(J)

Now by applying linear model theory or reasoning from V&J displays (5.30)
and (5.32) and the fact that Esfj = o2, one can ..nd expected values for the
mean squares above. These are

and

Q

and

EMSA = KJo?, + Ko + 02,

EMSB(A) = Ko +0°
and
EMSC(B(A)) = o? .
And in a fashion completely parallel to the exposition in §1.4 of these notes,
standard linear model theory implies that the quantities
I1J(K —1)MSC(B(A)) I(J—-1)MSB(A) and (I-1)MSA
EMSC(B(A)) " EMSB(A) EMSA

are independent 2 random variables with respective degrees of freedom

IJ(K —1),I(J — 1) and (I — 1) .
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Table 4.1: Balanced Data Hierarchical Random E=ects Analysis ANOVA Table
(2 Levels of Nesting)

ANOVA Table
Source SS df MS EMS
A SSA I-1 MSA KJU§+K025+02
B(A) SSB(A) I(J-1) MSB(A) Ka?j + o2
C(B(A)) SSC(B(A)) IJ(K—-1) MSC(B(A)) o2
Total SSTot IJK —1

These facts about sums of squares and mean squares for the hierarchical
random exects model are conveniently summarized in the usual (hierarchical
random exects model) ANOVA table (for two levels of nesting), Table 4.1. Fur-
ther, the fact that the expected mean squares are simple linear combinations of
the variance components o2, af, and o2 motivates the use of linear combina-
tions of mean squares in the estimation of the variance components (as in 85.5.3
of V&J). In fact (as indicated in 85.5.3 of V&J) the standard ANOVA-based

estimators

)

L, SSC(B(4))
7 T TIK 1)
9 1 (0 SSB(A) Az)

Uﬁigmax I(Jfl)io—

and

o= TR M\ T T 101

are exactly the estimators (described without using ANOVA notation) in dis-
plays (5.29), (5.31) and (5.33) of V&J. The virtue of describing them in the
present terms is to suggest/emphasize that all that was said in 8§1.4 and 81.5
(in the gage R&R context) about making standard errors for functions of mean
squares and ANOVA-based con..dence intervals for functions of variance com-
ponents is equally true in the present context.

For example, the formula (1.3) of these notes can be applied to derive stan-
dard errors for 53 and &2 immediately above. Or since

o1 <07 (SSA SSB(A))

1

05 = wEMSB(A) - %EMSC(B(A))

and

1 1
2 _ I
0% = EMSA— —-EMSB(A)

are both of form (1.4), the material of §1.5 can be used to set con..dence limits
for these quantities.

As a ..nal note in this discussion of the what is possible under the hierarchical
random ezects model, it is worth noting that while the present discussion has
been con..ned to a “balanced data” framework, Problem 4.8 shows that at least



50CHAPTER 4. PROCESS CHARACTERIZATION AND CAPABILITY ANALYSIS

point estimation of variance components can be done in a fairly elementary
fashion even in unbalanced data contexts.

4.3 Finite Population Sampling and Balanced
Hierarchical Structures

This brief subsection is meant to illustrate the kinds of things that can be done
with ..nite population sampling theory in terms of estimating overall variability
in a (balanced) hierarchical concrete population of items and dissecting that
variability.

Consider ..rst a ..nite population consisting of N M items arranged into N
levels of A, with M levels of B within each level of A. (For example, there might
be N boxes, each containing M widgets. Or there might be N days, on each of
which M items are manufactured.) Let

y;; = a measurement on the item at level ¢ of A and level j of B within the
ith level of A (e.g. the diameter of the jth widget in the ith box) .

Suppose that the quantity of interest is the (grand) variance of all NAM mea-
surements,
1 N M
2 _ - T2
i=1 j=1
(This is clearly one quanti..cation of overall variation.)
The usual one-way ANOVA identity applied to the N M numbers making up
the population of interest shows that the population variance can be expressed

as
1

2
5 T NM -1

(M(N —1)S3 + N(M —1)Sg)

where
N
s3 = 1 > (5 — .)* = the variance of the N “A level means”
N-1 pt '

and

N M
1 1
SE = — . — ;)2 | = the average of the N “within A level variances.”
B NZL,:1 MAZ],:l(yJ 2 g

Suppose that one selects a simple random sample of n levels of A, and for each
level of A a simple random sample of m levels of B within A. (For example, one
might sample n boxes and m widgets from each box.) A naive way to estimate
S? is to simply use the sample variance

1 —%
st = Z(yij -7’

nm—1
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where the sum is over the nm items selected and g* is the mean of those mea-
surements. Unfortunately, this is not such a good estimator. Material from
Chapter 10 of Cochran’s Sampling Techniques can be used to show that

E52%5§+<”(m1)+m(”1) (ii» S2

nm — 1 nm — 1 m M

which is not in general equal to S?.
However, it is possible to ..nd a linear combination of the sample versions of
S% and S that has expected value equal to the population variance. That is,
let
g o= — > @ -y
n — 1 K3 .
= the sample variance of the n sample means (from the sampled levels of A)

1 1
2 _ - L a%)2
s = nE <m1§ (yij yl))
= the average of the n sample variances (from the sampled levels of A) .

Then, it turns out that
1 1
E 2 _ 52 = S2
A AT <m M) B

and
Esi = SE .

From this it follows that an unbiased estimator of S? is the quantity

M(N1)2+<N(M1) M(N1)<1 1))2

NM—12"\Nm—-1 NM—-1 \m M))%®

This kind of analysis can, of course, be carried beyond the case of a single
level of nesting. For example, consider the situation with two levels of nest-
ing (where both the ..nite population and the observed values have balanced

hierarchical structure). Then in the ANOVA notation of 84.2 above, take

) SSA

SA =T
AT (I-1)JK’
2 _ SSB(4)
BT -1

and
, _ SSC(B(A))
Se=

TJ(K —1)
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Let 5%, S3 and Sg be the population analogs of s%, s and s, and fg and
fc be the sampling fractions at the second and third stages of item selection.
Then it turns out that

(1-fs) (1-feo)
1—
Bsj = 53+ LI
and
Esd = S& .

So (since the grand population variance, S?, is expressible as a linear combina-
tion of S2, S and SZ, each of which can be estimated by a linear combination
of s3, s} and s%) an unbiased estimator of the population variance can be built
as an appropriate linear combination of s%, s3 and sZ.



