Exact Equations and Integrating Factors

We have the following methods available to use in solving differential
equations:

e Inspection, or solving via a clever trick,
e Integration factors on first order linear equations,

e Separation of variables on separable equations.

We now introduce a new procedure, applicable on exact equations.

Suppose we have an ODE of the form

d
M(x.y) + N(z.y) 7> = 0.

Suppose, in addition, we can find a function v (z,y) such that

M _
or

M (z,y) and — = N(z,vy).

Then, by the chain rule (a version for multivariable functions from cale. 1),

dy oY Od
OZM(:U,y)JrN(x,y)ﬁ:&—ZJra—fﬁ

= Ll (o),

where we used the chain rule for the final equality.

The extreme right and left sides of the above equality imply

dixw (x, y(:c)) = 0.

Integrate both sides with respect to x to find a solution given implicitly by
P(z,y) =C.



Definition. The first order equation

d
M(ﬂf,y)JrN(:v,y)% =0

is said to be exact (in some region of the xy-plane) if there is some function
U(x,y) with continuous partial derivatives such that

0 s 0 )
%Dé—zy):M(x,y), and %:N(Ly).

Example. Solve the differential equation

322 + % + 2zyy = 0. (1)

Define
(z,y) = 2 + xy’.

Then
o
ox

Equation (1) can be written as

= 32% + 4, and — = 2xy.
dy

dy _0v  0vdy
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By the chain rule for multi-variable functions, (2) can be written as

%(m?’ +2y?) =0 or, equivalently, % = 0. (3)

Here, since we are assuming y is a function of z, the calculations above also
follow by implicit differentiation.

To find the solution to (1), we integrate (3) with respect to x, to obtain
P+t =C or, equivalently, U(x,y) = C.

This equation gives solutions y = y(x) to (1) implicitly.



The challenge in solving exact equations lies in finding the function ¥ (x, y).
We will make the method more precise in later examples. For now, it may
look mysterious.

Exactness is equivalent to the existence of the function ¢ (z,y)

Theorem. Suppose M, N, 86]\;, B—JX are continuous in the rectangular region

D:={(z,y) |a<z < B, v<y<d}
Then there ezists a function ¥ (x,y) such that

o o
M@y, 5= Ny @
if and only iof
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Sketch of Proof.

e

Suppose there exists a function ¢ (z,y) such that (4) is satisfied. Then,
taking mixed partial derivatives of these equations, we obtain

0?1 o (oY oM d 0% 0 (oY ON (6)
= — B — = — an = — —_— = —.
Oyoxr Oy \ Oz oy’ Oxdy  Ox \ Oy Ox
Recall that if all functions involved are continuous, then mixed partial
derivatives are equal. In this case, from (6), we have
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Suppose that (5) is satisfied. Then, for any (xg,yo) € D, the function

U(x,y) /Msyods—I—/Nxt

satisfies equation (4). O



General Method for Solving Exact Equations
1. Identify M, N, by writing the equation in the form

M(a:ay) + N(x,y)y’ = O,

and show exactness of the equation by verifying that

0 0

—M =—N .

oy (z,9) = 5-N(z,y)

2. Integrate
oY
%YM
e (z,y)
with respect to z, including an arbitrary function h(y) instead of a

constant.

3. Differentiate with respect to y the function ¢ (x,y) from step 2 and set

O

a—y:N(I,y).

4. Solve for h(y) using the equation from step 3.

5. The general solution to the differential equation is given implicitly by

(z,y) = C.
Throughout this process, we repeatedly use
o
— =M
e (z,y) 5

It may be helpful to write these equations at the top of the page when solving
an exact equation.

Remark: In step 2, it may be easier to integrate

with respect to y and interchange = and y in successive steps.



Example. Solve the differential equation

ycosw + 2re? + (sinw + 2%e¥ — 1)y = 0.

This equation is of the form

M(z,y) + N(z,y)y =0,

with
M(z,y) = ycosx + 2xe?, N(z,y) = sinx + 2%e¥ — 1.
Therefore,
oM ON
—— =cosx + 2xeY, — =cosx + 2xeY,
oy ox
so we conclude that
OM  ON
oy  Ox’

Therefore, equation (8) is exact. So there exists 1(x,y) such that

0
a—f = M(z,y) = ycosx + 2ze?
0
a—;j = N(z,y) = sinz + 2%e¥ — 1

If we integrate both sides of (9) with respect to z, we find
U(@,y) = ysine + 2%’ + h(y),

for some differentiable function h(y).

Taking the partial derivative of ¥ (z,y) with respect to y, we find

Z—Z = sinx + 2%e¥ 4 I/ (y).

(10)



By (10),

0
0_25 = N(z,y) = sinz + 2%e¥ — 1,
so that
sinz + 2%e¥ + A/ (y) = sinx + 2%e¥ — 1.
Therefore,
h,(y) - _1a
and so
h(y) = —y
So we have

U(z,y) = ysinw + 2%e¥ — y.

By differentiating v (x,y) implicitly with respect to z, it is easy to verify
that the differential equation

ycosw + 2we? + (sinw + 2%e? — 1)y =0

is equivalent to

d

Therefore, the general solution to the differential equation is given implicitly

by
U(z,y) =C,
or, equivalently,

ysinz + z%e¥ —y = C.



Sometimes equations which are not exact can be made exact by multi-
plying by an integration factor.

Example. Solve the differential equation

(zy?® + 42%y) + (32%y + 42°)y’ = 0. (11)

This equation is not exact since

oM ON
—— = 2xy + 427, —— = 6xy + 122°.
dy ox

If we multiply both sides of (11) by u(z,y) = Q7 the equation becomes
T

(v° + day?®) + (3zy® + 4a?y)y’ = 0.
This equation is exact since

oM, ON

Proceeding as in the previous example, we find that

U(z,y) =y + 22°y* + h(y)

and so
2 2. _ oy 2 2 /
3xy” 4+ 4z*y = N(z,y) = 8_y = 3zy” + 4x"y + h'(y).
Therefore,
h(y) =0,
and so

U(a,y) = 2y’ + 207y,
Therefore, solutions of the differential equation are given implicitly by

zy’® + 227y = C.



Finding an integration factor that will transform a non-exact equation
into an exact equation is difficult in general.

If we assume that the integration factor, u, is a function of only one
variable, say x, then we can try to find p by writing down what it means for

p(x) M (z,y) + p(z)N(z, y)y" =0
to be exact. Namely, that
0 0
—(puM) = —(uN
ay(“ )= 5, 1),

or, equivalently, that

oM _ N |y
'uﬁy ™ dr

d
Solving for —N, this implies

dx
oM _ AN
dp 5y ~ ox
L 12
dx N (12)
Example. Solve the differential equation
3zy +y* + (22 + 2y)y = 0.
Condition (12) can be written as
TR T d 1
Thus, an integration factor p(z) = z can be chosen. After multiplying

through by px(z) = z in the differential equation, we obtain the exact equa-
tion

(32%y + xy?) + (2° + 2%y)y’ = 0.

Proceeding as above we show that solutions are given implicitly by

1
iy + §x2y2 =C.



