Complex Roots of the Characteristic Equation for

ay” + by’ +cy =0,

We know how to solve
ay’ + by +cy =0.
when the characteristic equation
ar’ +br4+c¢=0

has real distinct roots 1 and 7. In this case, the general

solution is given by

y(t) = cre™" + cpe™?.

What do we do when b? — 4ac is a negative number? I

That is, how do we interpret the solutions

b+ Vb? —4dac —b— Vb? — 4dac

= ?
2a "2 2a

1

In this case what do we mean by

ri1t rat

e and e

when 71 and r9 involve the square roots of negative

numbers?

And, by the way, what the heck is a complex number?



We will denote the square root of —1 as ¢. In other words, we

define 7, formally, to be the number such that

v-1=—1.

A complex number is a number of the form A + uz, for any

real numbers A and .

Here are some examples of complex numbers:

37459, w+6i, e+ %

We represent the square roots of negative numbers using

the following convention:
For any positive real number u,
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For example,

V=5 5
V0= ivio, v Hesi 1Y P_q_ V5,



Next, we define what we mean when we exponentiate the

product of a real number and 1.

Euler’s Formula: For any real number ¢,

e’ = cost + isint.
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For example,

e’™ = cos2r +isin2r =14i-0=1,
€ (:osg—l—zsm3 2+ 27,,
e%izcosg—kising:()—l—i-l:i,

e1°83)7 — cos(log 3) + i sin(log 3),
and
e~ = cos(—t) + isin(—t) = cos(t) — isin(t).
This last equality follows from the trigonometric identities

cos(—z) = cos(x) and sin(—x) = —sin(x).

Euler’s Formula comes from an evaluation of the infinite
series representation for the exponential function
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It now makes sense, with these conventions, to write

e MHt for real numbers A and u.

Using laws of exponents, we get, for real numbers A and pu,

e M = erel = e (cos pu + i sin p).

Let’s return to the differential equation
ay’ +by +cy=0

in the case that b — 4ac is a negative number.

Theorem. The general solution to

ay” +by +cy=0

when
b — dac
18 negative 18
y(t) = cre cos put + coe sin put,
where !
b b* — dac
A= ~5 and = | 5 | .



Proof. All of the derivative rules, including

d rt t
—€ =Te
dt

work for complex, as well as real, values of . Therefore, to

solve
ay” + by +cy=0

when b? — 4ac is negative, we solve as we would in the case

b2 — 4ac > 0. We get two solutions

where r; and ry are roots of the characteristic equation

ar? +br +c¢ =0,

so that
—b+ vVb?% — 4ac —b — v/b?% — 4ac
L = , ro = .
2a 2a

Since b? — 4ac is negative,

b /|b® —4ac| b b2 — 4dac| |

" :_2a+ 2a " Tz:_Qa B 2a "
If we set, from now on,
b b2 — dac|
A= —— d — ,
2a a a 2a

then
1T = A+ ui and ro = A — L.



Therefore, with this notation, our solutions become
y1(t) = eAtni)t and ya2(t) = eA=pi)t,
Using Euler’s Formula, we find that

y1(t) 4 ya(t) = eMelt 4 erem i

e (cos put + i sin pt) + e (cos ut — isin ut)
. At

= e cos ut + ie sin ut + e cos ut — e sin put
= 2¢M cos ut.
Likewise,
y1(t) — yo(t) = oAt hti _ At —puti
e (cos it + isin put) — e (cos ut — i sin ut)
= e cos ut + ieM sin ut — e cos ut + ie sin ut

= 2ie sin ut.

Since y; and y, are solutions to the differential equation, so

u(t) = 5 (1) + (1)) = & cos
and .
v(t) = 5 (11 (1) = y2(t) = ™ sin pt.

We can show that
W (u,v)(t) = pe’* # 0,

since

6% — dac|
2a

b* — dac < 0 — W=

£0.



Since the Wronskian W (u,v)(t) is nonzero, the functions
u(t) = e cos ut and v(t) = e sin pt

form a fundamental set of solutions. This is the same as
saying that the general solution to the differential equation
is

A

y(t) = cru(t) + cov(t) = cre cos ut + cpe sin put.

This is what we wanted to prove. []

So, how do we apply the theorem in practice, without

having to memorize too much?

Solving ay” + by’ + cy = 0 when the roots of the
characteristic equation are complex:

1. Find the complex roots, r1, 7 to ar? +br +c =0

rT = A+ uz,
ro = A — L.

2. Use Euler’s formula to write out one solution in terms of

trigonometric functions:
y(t) _ 6()\+,wé)t _ e)\t+uti _ ekteuti
= eM(cos ut + i sin ut)

= e cos pt + ie™ sin put.

3. One solution to the differential equation is the real part of

y(t) and the other solution is the imaginary part of y(¢):

A

Real part of y(t) = e cos ut,

Imaginary part of y(t) = e sin ut.



Example. Find the general solution to

y"' — 2y + 6y =0.

The roots of the characteristic equation
2 _
r* —2r+6=20

are

=1+

T

24+ v4—24 V2
= Vi =1+ V5.
2 2
In other words, r = \ & ui, where
A=1 and 1w =5.

From the theorem above, the general solution is

At A

y(t) = cre’ cos ut + coe sin ut

= c1€’ cos V5t + coel sin V/5t.



Example. Solve the initial value problem

y" + 2y + 2y =0, y(m/4) = 2, y (m/4) = —2.

Our differential equation is of the form
ay” + by +cy =0,

where

Thus, the roots of the characteristic equation are

24/ 4

r

2
so that
r = \* uz,
where
b b2 — 4
A= —1 and W= | ac| =1

2 - 2a

By the theorem, the general solution to this differential

equation is

At A

y(t) = cre’ cos pt + coe™ sin ut

t t

= c1e "cost + coe” “sint.

We need to find constants, ¢; and cs, so that

y(m/4) =2 and y' (m/4) = —2.



Since

y(t) = e “(ci cost + cpsint),

we apply the product rule to calculate

y'(t) = —e (cy cost + cysint) + e Y(—cysint + ¢y cost).

) T .o 1 ) .
Therefore, using cos 1= sin — = —, we rewrite our initial

4 V2

conditions as

92— 4:—7T/4( T ' f):—ﬂﬂl a2
y(m/4) =e 61COS4—|—CQSIH4 e \/54—\@ :
(1)
and, taking great care,

s v

—2 =y/(n/4) = —e™/*(¢y cos 1 + co sin Z)
+ e " (—cy sin " 4 ¢ycos E)
4 Ty
1 1
= —e "4 ep—= 4 cp—=)

V2 V2
1 1

+e ===+ co——=
( 1\/5 2\/5)
2

- = —‘7(/4 . _f —‘7[/4
= e C1. = 2e C 2
\/’2 1 1 ( )

Equation (2) implies that

2
ﬁe
Using this value for ¢; in equation (1) implies that

2/2e™/* = \/2e™/4 + ¢4 — co = V/2e/4,

Therefore, the solution is given by

y(t) = V2™ *e "t cost + V2™ 4t sintt.

/4 _ \/5671-/4.

C1 =



