The Method of Undetermined Coefficients for
Higher Order Differential Equations

The method of undetermined coeflicients works for finding

particular solutions to higher order equations.

The key difference is that, if our guess is a multiple of the
solution to the corresponding homogeneous equation, then

we may need to multiply that guess by
t, 2 t3, 4 and so on,

up the order of the differential equation, in order to make

things work.
Otherwise, the same procedure applies.

We make a guess for the form of the solution based upon

the form of ¢(t) in
y ™ + 1)y 4 4 pu ()Y + pa(t)y = g(1).

The general solution to a nonhomogeneous equation is found
by adding a particular solution of the nonhomogeneous
equation to an arbitrary linear combination of the n linear
independent solutions to the homogeneous equation:

y(t) =Y () + c1ya(t) + caya(t) + - - cayn(?) -

—~— ~
P.S. Gen. solution to homogeneous




Example. Find a particular solution to the equation
y ™ 4+ 2¢" +y = 3sint — 5 cost.
The corresponding homogeneous equation is
y W 42y +y=0.

We solved this equation previously by showing that the
characteristic equation

rt+2r2 + 1 =[(r+i)(r —i)]> =0,
so that the general solution to the homogeneous equation is
y(t) = cpcost + cosint + cgtcost + cytsint.

From the form of ¢g(t) = 3sint — 5 cost, we would normally
guess that a solution to the nonhomogeneous equation
would be of the form

Y (t) = Acost + Bsint.

However, each term here is a solution to the homogeneous

equation.

Our next guess,
Y (t) = Atcost 4+ Btsint

also includes solutions to the homogeneous equation.

Therefore, our guess should be

Y (t) = At* cost + Bt*sint.



Now we need to take all four derivatives of our guess and
plug the resulting expressions into the differential equation

to find A and B.

After computing these, plugging them into the differential
equation, and simplifying, we find that

—8Acost —8Bsint = 3sint — 5cost,

so that
5 3

A=2 B=--
8 8

Example. Find the solution to the intial value problem

/

y =3y 2 =t+e

We first solve the corresponding homogeneous equation

22

y —3y" +2y =0.
The characteristic equation is
=32 42 =r(r* =3r+2)=r(r—1)(r—2)=0.

Thus, the general solution to the homogeneous equation is

y(t) = c1 + cae® + cze?t.

To find the general solution to the nonhomogeneous
equation, need a particular solution to the nonhomogeneous
equation. Since g(t) =t + e’ is the sum of two terms,
containing functions of different forms, we consider the two

equations

y/// - 3y// + 2y/ — t, (1)

/

y =3y 2y =e. (2)



For equation (1), we guess
Y(t) = At + B.

Then we think again and notice that B is a multiple of a
solution to the homogeneous equation, so that our guess
needs to be multiplied by ¢. That is, we guess that a
solution is of the form

Y (t) = At? + Bt.
When we plug in Y (t), the DE (1) reduces to
_6A+ 2B + 4At = t,
so that

—6A+2B =0, and 4A = 1.

Therefore,

1 3
- B=".
4’ 4
In making the guess for a solution to equation (2), our first

A=

impulse is to use Y (t) = De’, but this function satisfies the
homogeneous equation. Hence, we use Y (t) = Dte’. For this

Y (t), the differential equation reduces to
_Det — et — D — —1

So our particular solution to the nonhomogeneous equation
is
1 3

Y(t) = Zt2 + 5t = tel.



Using the general solution to the homogeneous equation, we
see that the general solution to the nonhomogeneous

equation is

1 3
y(t) = ¢y + coet + cze?t + ZtQ -+ Zt — te'.

We need to find the constants c1, co, ¢3 such that the initial

conditions
1 3
y0) =1, ¢y (O)=-7  ¥(0)=—3
are satisfied. We compute
/ 3 t t t t 2t
y'(t) = 1€ +§ —te’ 4 coe’ + 2c3e
and .
y"'(t) = 5~ 2e! — te! + coet + dege?.
Thus,
1=y(0)=c +ca+c3
1 1
_Z — y/(o) = Cy —|—2(33 — Z
3 3
—5 = y"(0) = —p Tt des

Solving this system, we find that
01:1, 62:0, 03:0.

Therefore, the solution to the initial value problem is

1 3
=14+ —t>+ =t — te’.
y(t) +4 +4 e



Example. Determine the suitable form of a “guess” to a

particular solution to the following differential equation

y(4) — " — vy +y =t*+4+tsint.

We need to determine the solutions to the homogeneous
equation so that our guess does not include a multiple of
one of these solutions. The characteristic equation for

y(4) _y///_y//+y/ —0
is
it =1 —r?—r+1)=0.

By Newton’s divisibility criterion, the possible rational
roots of above cubic are £1, and, in fact, » = +1 are both

roots. Therefore, by long division characteristic equation is
r(r—1)(r+1)-z=r*—r3—r* 47 =0.
By long division of polynomials, we see that
r=r—1.
Therefore, the characteristic equation is
r(r —1)*(r +1) = 0.
So the solutions to the homogeneous equation are

t t —t
1, e, te”, e .



We can write the particular solution to
y b — " — oy p o =t> + 4+ tsint
as the sum of solutions to the differential equations
y b —y — )ty =17+ 4

and

y(4) o y/// . y// 4+ y/ — tsint.

Our first guess for the particular solution to the

nonhomogeneous equation
y(4) _y/// _y// _|_y/ — 2 44
s
Y(t) = Ait? + Agt + As.

We must ask ourselves, are any of the terms above multiples
of the solutions

t t —t
1, e, te”, e

to the homogeneous equation?

Yes, the constant term, involving only As, is a multiple of
the solution

yi(t) =1

to the homogeneous equation.

Therefore, we need to multiply our guess by t before we
start taking derivatives:

Y (t) = Ait® + Axt? + Ast



Our guess for the particular solution to
y(4) _ y/// . y// 4+ y/ — ¢sint
is
Y (t) = (Bit + Bg) cost + (Cqt + Cs) sin t.

None of the terms in our guess is a multiple of any of the
solutions

1 el tel, et

to the homogeneous equation.

Therefore, our guess for the particular solution to

y(4) . y/// . y// +y/ — 2 44+ tsint
is
Y (t) = Ayt? + Agt* + Ast + (Bt + By) cost + (C1t +Cy) sin t.
For a complicated function of the above form, involving
many unknown parameters, a computer algebra system can
be extremely helpful in executing the tedious algebraic

calculations needed to apply the method of undetermined

coeflicients.



