
Mechanial Vibrations with Additional Forces

So far, we have considered the model for an oscillating
spring

mu′′ + γu′ + ku = 0.

We now look at the more general case where additional
forces, Fs are applied to the system.

The model becomes nonhomogeneous

mu′′ + γu′ + ku = Fs.

Often the additional forces, Fs, are periodic, so can be
approximated by trigonometric functions.

For our purposes, let’s imagine that the external force at
time t is given by the forcing function

Fs(t) = F0 cos ωt,

for some numbers F0 and ω.

We can apply the method of undetermined coefficients to
find the general solution to mu′′ + γu′ + ku = F0 cos ωt:

u(t) = c1u1(t) + c2u2(t) + A cos ωt + B sinωt,

where u1 and u2 are linearly independent solutions to the
corresponding homogeneous equation, c1 and c2 are
arbitrary constants, and A,B are fixed numbers coming
from the method of undetermined coefficients.



The general solution to

mu′′ + γu′ + ku = F0 cos ωt,

u(t) = c1u1(t) + c2u2(t)︸ ︷︷ ︸
homogeneous part

+ A cos ωt + B sinωt︸ ︷︷ ︸
nonhomogeneous part

has two parts.

From our study of systems without external forces (i.e., the
homogeneous case), we know that if damping is involved in
the system, then the solutions u1 and u2 are dominated by
functions which decay exponentially.

The general solution to the homogeneous equation

uc(t) = c1u1(t) + c2u2(t)

is therefore called the transient part of the solution.

The particular solution to the nonhomogeneous equation

U(t) = A cos ωt + B sinωt

oscillates for all time, so is called the steady state
solution, or the forced response.



As we did in the last section, we will often want to express
the steady state solution in terms of a single trigonometric
function by requiring that

A = R cos δ and B = R sin δ.

Then, using trigonometric identities,

U(t) = A cos ωt + B sinω = R cos(ωt− δ).

In terms of the parameters in our model,

mu′′ + γu′ + ku = F0 cos ωt,

we have the following relationships.

R =
F0

∆
, cos δ =

m(ω2
0 − ω2)
∆

, sin δ =
γω

∆
,

where

∆ =
√

m2(ω2
0 − ω2)2 + γ2ω2 and ω2

0 = k/m.

A question of great importance is: How does the
amplitude R in the steady state solution depend upon the
frequency ω of the external force?

Certain values of ω result in resonance, and make the
amplitude R large.

To answer these questions, we need to look at the amplitude
of the system,

R =
F0

∆
=

F0√
m2(ω2

0 − ω2)2 + γ2ω2
,

as a function of ω.



We first consider the cases where the frequency of the
external force is small.

What happens as ω → 0?

lim
ω→0

∆ = lim
ω→0

√
m2(ω2

0 − ω2)2 + γ2ω2 = mω2
0 = m

k

m
= k.

Therefore,

lim
ω→0

R = lim
ω→0

F0

∆
=

F0

mω2
0

=
F0

k
.

So the smaller ω is, the closer the amplitude is to F0/k.

What about when the frequency ω is large?

lim
ω→∞

∆ = lim
ω→∞

√
m2(ω2

0 − ω2)2 + γ2ω2 = ∞.

Therefore,

lim
ω→∞

R = lim
ω→∞

F0

∆
= 0.

So the amplitude of the steady state solution dies out as the
frequency ω →∞.

Is there some ω greater than 0 that will make R greater
than the two values we observed here?



Since

R =
F0

∆
,

we can find where

R = R(ω), ω ∈ (0,∞)

is largest by finding where

∆ = ∆(ω) =
√

m2(ω2
0 − ω2)2 + γ2ω2, ω ∈ (0,∞)

is smallest.

This happens at the global minimum of the function

f(ω) = m2(ω2
0 − ω2)2 + γ2ω2, ω ∈ (0,∞).

Let’s expand

f(ω) = m2ω4
0 − 2m2ω2

0ω2 + m2ω4 + γ2ω2.

Then, the critical points for ω ∈ (0,∞) occur where

0 = f ′(ω) = 4m2ω3+(2γ2−4m2ω2
0)ω = ω(4m2ω2+2γ2−4m2ω2

0).

In other words, the only critical point for f(ω) on (0,∞)
occurs where

4m2ω2 + 2γ2 − 4m2ω2
0 = 0,

so that

ω =

√
4m2ω2

0 − 2γ2

4m2
=

√
ω2

0 −
γ2

2m2
= ω0

√
1− γ2

2m2ω2
0

.



If
γ2

2m2ω2
0

> 1,

then

ω = ω0

√
1− γ2

2m2ω2
0

is complex, so that there are no critical points on (0,∞).

Otherwise, assuming

γ2

2m2ω2
0

< 1 =⇒ 4γ2 < 8m2ω2
0 ,

we find

f ′′

(√
ω2

0 −
γ2

2m2

)
= 12m2

(
ω2

0 −
γ2

2m2

)
+ 2γ2 − 4m2ω2

0

= 8m2ω2
0 − 4γ2 > 0.

Therefore, the point

ω = ω0

√
1− γ2

2m2ω2
0

corresponds to a global minimum for f(w).

Since
∆ =

√
f(w),

this means that ∆ has a global minimum on (0,∞) at

ω = ω0

√
1− γ2

2m2ω2
0

.



Finally, since

R(ω) =
F0

∆(ω)
,

we see that R has a global maximum on (0,∞) at

ω := ωmax = ω0

√
1− γ2

2m2ω2
0

.

Notice that when the damping constant γ is small, ωmax is
close to ω.

The actual maximum value for R is then

R(ωmax) = R

(
ω0

√
1− γ2

2m2ω2
0

)

=
F0

γω0 ·
√

1− γ2

4mk

≈ F0

γω0

(
1 +

γ2

8mk

)
.

This last approximation is only valid only for small values
of γ.

Two important conclusions about resonance:

• The closer the value of 4mk is to γ2, the larger the value
Rmax will be. This conclusion is valid for any value of γ.

• For small values of γ,

Rmax ≈
F0

γω0
.



Recall that we defined critical damping to refer to the
situation where γ2 = 4km.

If you don’t want your system to oscillate out of control, you
should avoid values for the damping constant γ close to the
critical damping value.

If your damping constant is small, then you should assure that
the values of ω0 and F0 are such that

F0

γω0

is not too large.

Of course, sometimes resonance is good. For instance, if your
spring system is designed to detect weak oscillations.

In this case, choosing a small γ will ensure that the amplitude
of the exerted force F0 is pronounced.

In general, adjust the system to your advantage by noting
the relationship between the constants m, γ, k, F0, ω0.

Be particularly careful about when these parameters collude
to to yield large oscillations in the resulting system.



We can visualize the relationship between these parameters
by plotting

Rk/F0 as a function of ω/ω0

for different values of Γ =
γ2

mk
.

Forced Vibrations Without Damping

What happens when we add energy into the system, but
neglect damping entirely?

In this case γ = 0, so our model becomes

mu′′ + ku = F0 cos ωt.

There are two imporatant subcases here:

ω 6= ω0 and ω = ω0,

where ω0 =
√

k/m.



In the case where ω 6= ω0, the method of undetermined
coefficients (and a bit of work) implies that the general
solution to

mu′′ + ku = F0 cos ωt

is given by

u(t) = c1 cos ω0t + c2 sinω0t +
F0

m(ω2
0 − ω2)

cos ωt,

where the constants c1 and c2 are determined by the initial
conditions.

If those initial conditions are

u(0) = 0 and u′(0) = 0,

then the constants become

c1 = − F0

m(ω2
0 − ω2)

and c2 = 0.

Thus, the solution becomes

u(t) =
F0

m(ω2
0 − ω2)

(cos ωt− cos ω0t).

We can use trigonometric identities for cos(x± y) to write
this as

u(t) =
(

F0

m(ω2
0 − ω2)

sin
(ω0 − ω)t

2

)
sin

(ω0 + ω)t
2

.



The solutions

u(t) =
(

F0

m(ω2
0 − ω2)

sin
(ω0 − ω)t

2

)
︸ ︷︷ ︸

amplitude

sin
(ω0 + ω)t

2

are oscillatory, but the amplitude of the oscillation also
varies in a regular way.

Systems with this type of motion exhibit a beat, also
known as amplitude modulation.

Example. Solve the initial value problem

u′′ + u = 0.5 cos 0.8t, u(0) = 0, u′(0) = 0.

In this case, we have

ω0 =
√

k/m = 1, ω = 0.8, F0 = 0.5.

From the formulas above, the solution is

u(t) = 2.77778 sin 0.1t sin 0.9t.

A graph of the solution and bounding functions is



In the case where ω = ω0 (called the resonant case),
variation of parameters can be used to show that the system

mu′′ + ku = F0 cos ω0t

has the general solution

u(t) = c1 cos ω0t + c2 sinω0t +
F0

2mω0
t sinω0t.

Because of the t in the coefficient of the last term, solutions
of this form become arbitrarily large as t grows.

Example. Find the solution to

u′′ + u =
1
2

cos t, u(0) = 0, u′(0) = 0.

Here the natural frequency

ω0 =
√

k/m = 1,

which matches the frequency in the forcing function. The
general solution with these initial values is

u(t) =
1
4
t sin t.


