More on the Differential Equation
ay’ +by +cy=0:
Repeated Roots.
We now know how to handle the differential equation
ay’ + by +cy=0

in the cases where
b* — dac # 0.

Recall that we considered separately the cases

b2 — 4ac > 0 or b2 — 4ac < 0.

What do we do when

b2 —4ac=0 ?

In this case, the roots of the characteristic equation
ar’ +br+c¢=0

are

—bt Vb —4dac  —b+£vV0O b

2a 2a 2a




How do we solve the differential equation
1 /
ay’' +by +cy=20
when the two roots r1, 72, of the characteristic equation
ar’ +br+c=0

are the same number? That is, what do we do when

gives us only one solution:

y1(t) _ 6—bt/(2a).
But the general solution to the differential equation

ay” + by’ +cy=0 (1)

is of the form

y(t) = cry1(t) + caya(t), (2)

where y5(t) is a solution to (1) linearly independent to w1 (t).

How do we find a general solution of the form (2)7



Answer: We guess that y(t) is the product of y;(¢) and

another function. That is, we guess that
y(t) = v(t)yi () = v(t)e "/ Y,

where v(t) is a function that we need to figure out.

If we assume that y(¢) has this form, then, by the product

rule,

— a b — a
y' (1) = (£)e™" ) — o (t)e /2, (3)

Applying the product rule to (3) and simplifying, we get

b b?
_ —bt/(2a —bt/(2a —bt/2a
Y (1) = o (t)e /(2a) _ avl(t)e /(2a) 4 4a2v(t)€ /2a
(4)
Then, substituting (3) and (4) into our original DE,

ay” + by +cy =0,

we get
b be /(2 b? bt /2
oo ()10 - Dot g afpye |
4 a
b
+b [v’(t)ebt/(m) — Tav(t)ebt/(m)]

+c [U(t)e_bt/@a)] = 0.

We now multiply both sides of this equation by eb*/(2@).



Next, we collect the terms involving v(t),v'(t), and v(t):
v b
av” (t) + (=b+ b)v'(t) + (— ——+ c) v(t)=0. (5)

Equation (5), in turn, implies that

b2 — 2% + 4
av” (t) + 4a+ acv(t) = 0. (6)

Since b? — 4ac = 0, we know that —b? 4 4ac = 0, so that

b2—2b2+4ac_ —b2+4ac_ 0

4a 4a da 0
From equation (6), we obtain
av” (t) = 0,
and, hence,
0" (t) =0
Integrating once, we get
v'(t) = ¢, some ¢; € R.
Integrating again, we see that
v(t) = c1t + ca, some c1,co € R.

Therefore, since y;(t) = e~/ (22),
y(t) — U(t)yl (t) = (Clt ‘|‘ C2)y1 (t) — Clte_bt/(za) _|_ C2€—bt/(2a).
Therefore, y(t) is a linear combination of the functions

y1(t) = ebt/(2a) and ya(t) = te~ bt/ (2a)



In this case, we can compute the Wronskian of these two

functions:
o—bt/(2a) te—bt/(2a)
W s, N _ —bt/(20)
(yl yQ)( ) _%e_bt/(Qa) (1 . 5_2) e—bt/(QCL) (&

(7)
Since the Wronskian is never zero, we know that
n (t) _ 6—bt/(2a) and yg(t) _ te—bt/(Qa)

are linearly independent on the real numbers, and therefore
form a fundamental set of solutions to the original

differential equation.

We have therefore proven the following useful theorem.

Theorem. In the case
b> — 4ac =0,
the general solution to the differential equation
ay’ + by +cy=0

18 given by
y(t) = c1e~b/29) 4 oot/ (20).



Example. Find the general solution to the differential

equation
vy — 6y + 9y = 0.
Here
a=1, b= —06, c=29,
SO

b — 4ac = 6% — 4(1)(9) = 36 — 36 = 0.

The characteristic equation
2 _
" —6r+9=0

has the repeated roots

By the theorem on the last page, the general solution to the
differential equation is

y(t) = cre’t + cote®.



We can now combine the three cases on b — 4ac in the
following theorem.

Theorem. Consider the differential equation
ay” +by' + cy = 0. (8)

Let r1 and ry be the roots of the correspondong characteristic
equation

ar? 4+ br 4+ ¢ = 0.
Then one of the three following cases occurs:

1. If b® — 4ac > 0, then r1 and ro are real, and the general

solution to the differential equation (8) is
y(t) = cre™" + cpe™?.

2. If b*> — 4ac < 0, then r1 and ro are complex numbers, say
A & pi. In this case the general solution to (8) is

y(t) = cre cos ut + coe sin put.
3. If b> — 4dac = 0, then r; = 19 = —%, and the general

solution to (8) is



Reduction of Order

(Or how to get a new solution from an old one)

To solve
ay’ +by +cy=0

in the case where b? — 4ac = 0, we made a lucky guess based

upon a known solution.

We can extend this to a general procedure that will give us

a solution to the equation

y' +pt)y +q(t)y=0

from a single known solution.

Reduction or Order Algorithm: If y;(¢) is a known solution

to the differential equation
y" +pt)y" +q(t)y =0,
then you might be able to find another solution by trying
y(t) = v(t)y(t),

and then using the differential equation to determine what the

function v(t) is.



1

Example. Given that y1(t) =t~ is a solution to the

differential equation
2t%y" 4+ 3ty’ —y =0, t >0,
find the second linearly independent solution.

Let’s try the reduction of order algorithm, setting
y(t) = v(t)t .

Then, by the product rule,

y'(t)
y" (t)

Let’s now plug this back into the original differential

v (Ot —v(t)t?,
" ()t — 20" (t) % + 2u(t)t 0.

equation:
2t? (v”(t)t_l — 20/ ()% + 2v(t)t—3>
+ 3t (v’(t)t_l _ v(t)t_2) ()t =0,
This simplifies to

2t0" (t) — v’ (t) = 0. (9)

We now think of (9) as a first order equation in the function
w(t) = v’'(t). We can then write (9) as

2tw’ (t) — w(t) =0 or 21562—1;J = w.

We can solve this separable equation by writing the last

equation in the form
dw dt

w2t



Integrating both sides gives
1
Inw = §1nt+K:1nt1/2+K, w>0, KeR.

Thus, by exponentiating, we find that

1/2
ll'lt :Ct1/2, K.

w(t) = ce c=e

(Our assumption that w(t) = ct'/2 > 0 is satisfied since

t > 0 by assumption.)

Therefore,
v (t) = w(t) = ct'/?.
Integrating this equation, we find that

2
v(t) = §Ct3/2 + k.

Since y1(t) =t 1,

2
y(t) — U(t)yl (t) — Clt1/2 + C2t_17 C1 — §C7 Co — k.

We can drop the last term since it contains the solution we
started with.

We see that y5(t) = t'/2 is an independent solution since

N L 52, ,—3/2
W(y1,y2)(t) = 2 1psp | St T AT
2

In particular
W(y1,y2)(1) =2 # 0.



