Analytical Study of Sensor Network Lifetime
under Connected-k-Coverage Constraint

Abstract

In this technical report, we provide the omitted theoretical analysis in our submitted journal version.

I. LOWER BOUNDS ON THE PROBABILITY OF Pr,, AND Propn

In this section, we derive the lower bounds of P,,, and F,,,, respectively.

A. Lower Bound on P,,,

LEMMA 1 Let n points distributed independently and uniformly in a square field D of unit
area within R?, then for sufficiently large n, these points form a stationary Poisson point process

with density n.

Lemma 1 is a well-known result and its proof is given by Hall in [17]. Let P = {&;,i > 1}
denote the set of active sensors. It is shown in Lemma 2 that P is also a stationary Poisson

point process with density np for sufficiently large n.

LEMMA 2 Let n points distributed independently and uniformly in a square field D of unit
area within R%. Each point is marked independently as an active point with probability p, where
0 < p < 1. Then the set of active points, P = {;,i > 1}, is a stationary Poisson point process

with density np for sufficiently large n.

Proof: For M disjoint Borel sets {S,,}_,, where S,, € D and M > 1, let z,, denote the

m=1>

number of active points &; in S, ¥, the number of points (active or non-active) in S,,, ||S.||



the area of S,,. For any j > 0, the limit of the probability of x,, = j, as n goes to infinity, is
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where the second equality is due to the fact that P(x,, = j) < 1, the third equality is the result
of Monotone Convergence Theorem (MCT) [19], and the fourth equality is from the Lemma 1.
Thus in the limit, the number of active points in S, is Poisson distributed with mean np)||S,,||.

Next, we prove by induction that z,,’s are independent random variables. The exchange of
limit and summantion used above will also be applied in the following proof, therefore all
limits are omitted. According to the Lemma 1, all these points (active or non-active) form a
stationary Poisson process, which means that y,,’s are independent Poisson random variables.

All probability mass functions like p(z,, = j,,) will be abbreviated as p(z,,).
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where the second equality is due to the fact that given y;, ; is independent of x; and y; for
1 # j. Since
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the Eq. (1) can be written as

p(z1]22) = p(r1),

which proves that x; and x, are independent.

For 2 < m < M, we have
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Suppose {z; i":ll are independent, it is easy to prove that
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Plug (6) and (7) into (5), we obtain
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where the second equality is due to (2). Next, plug (9) into (4) such that

p(@m|T1, . 1) = D(T). (10)

Since {z;}7,' are independent, thus {z;}, are independent. By induction on m, we proved

that x,,,’s are independent random variables.
Based on the two results above, we conclude that the set P of active points is a stationary
Poisson process with density np for sufficiently large n. U
Let S; denote a random disc with radius r;; centered at the origin of R2, which is defined as
S; = {x € R?: |z| < ry;}, where ry; is the sensing radius of the i-th active sensor &;. Here, we
assume that all sensing radii are i.i.d random variables following an unknown distribution F'(r),

with known mean ry and variance r302, i.e., all S;’s are distributed as S:

S={zeR?:|z|<r, r~F(r)} (1)

Then, the sensing disc (abbreviated as disc) centered at active sensor & can be defined as
D;=&+Si={&+y:y€ S} The set of {D;,i > 1} forms a stationary coverage process.
For such a coverage process, Lemma 3 gives the distribution of the number of discs with certain

properties.

LEMMA 3 Let Q = {& + Si,i > 1} denote a stationary coverage process, where {&;} is a
stationary Poisson point process with density \ within D, and S;’s are distributed as S defined
in (11). For a given deterministic condition C, let Y denote the number of discs in Q that satisfy

the condition C. Then, Y is Poisson-distributed with mean

p=A-Ell{z: Io@+9) = 1}],

where 1o(-) is the indicator function of whether a disc satisfies the condition C' or not, and || - ||

denotes the area.

Proof: Let N denote the number of points &;’s wihtin D, then it is Poisson distributed
with mean A. Since all S;’s are distributed as S and ¢;’s are from a stationary Poisson process,

conditional on N, the events that individual disc (§; 4+ 5;) satisifies the deterministic condition



C are independent and have the same probability, defined as

po = P(Ic(& + Si) = 1|N). (12)
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By Fubini’s theorem, we have
p=E[Y] = E[ch(fi + Si)}

Svl /D Ie(e + S)dz
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Therefore, Y is Poisson distributed with mean . U
Let Y(x) denote the number of active sensors that cover a point x, and [;(x) denote the

indicator function of whether the point x is covered by at most (k — 1) active sensors, i.e.,

1, if Y(z) <k,

0, otherwise.

Then, the expectation of Bernoulli random variable I (z) is

E[Ix(z)] = P(x is at most (k — 1)-covered) = P(Y (z) < k).

By Lemma 1, we know that Y (x) is Poisson-distributed with mean

p= np-B[l{z: (z+5)n{zo} # 0}] = np-E[llzo — S|]] = npas,



where a, = E[||S]|] = nr3(1 + 02). Therefore,

(npa.)’

i (14)
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K-coverage of the sensing field D means that each point in D should be covered by at least
k active sensors. Next, we will give a lower bound of P,, for finite np. A Similar bound has
been proved in [13] for the case of deterministic sensing radius model and non-sleeping sensor
networks. Theorem 1 is a generalization of the results in [13] for the random sensing radius

model.
THEOREM 1 Forn > 1, 0<p <1, and as < 1,

PCO’U > Péov? (15)

in which .
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where a, = wri(1+ 02/2).

Proof: Observe that

Peov =1 —p1 — p2 — p3,

where

p1 = P(no active sensors centered within D) = e~ "P < e~ "P%s,

Here, we assume as < 1, meaning that, even for the random sensing radius model, the expected

sensing area of one sensor will not cover the entire field D.

p2 = P(at least one disc centered within D, but none of the discs intersects with
any other disc, and none of the discs intersect the boundary of D)

< P(at least one disc centered within D) - P(a given disc intersects with no other discs)

. )2 _ _ 2 2 _
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where 7, ; and 7,9 are sensing radii of two active sensors, which are i.i.d with mean 7, and

variance 7502, and the second equality is due to Lemma 3.

p3 = P(D is not k-covered, at least one disc centered within D, and at least

one disc intersects with another disc or the boundary of D).



Therefore
Peoy > 1 —2e7"P% — p3. a7

Our next task is to derive an upper bound on ps.

Define a crossing to be either an intersection point of the boundaries of two discs or an
intersection point of the boundary of an disc and the boundary of the field D. A crossing is said
to be k-covered if it is within at least £ discs. It is proved in [8] that, field D is k-covered if
there exist crossings and every crossing is k-covered. Therefore, if D is not k-covered, if one
or more discs are centered within D, and if there exist crossings in D, then at least one of the

discs has two or more crossings that are not k-covered. Thus

p3 < P(My 2 2) < E[Mg]/2, (18)

where M), denotes the number of crossings that are not k-covered.

Define L; and L, as the number of crossings created by two discs intersecting with each
other, and the ones created by a disc intersecting the boundary of field D. We first study the
expected value of L;. The expected number of crossings created by a given active sensor &;

with other active sensors is

E[2np - 7(rs,1 + 7s,2)%] = 8npal,

where a, = 7ri(1+02/2), and the expected number of discs centered within D is np. Therefore,

E[L1] = np - 8npa’,/2 = 4n’*p?al,.

If a disc intersects the edge of field D, at most two crossings will be created; if a disc
intersects the corner of field D, at most four crossings will be created (due to the toroidal model

assumption). Thus the expected value of L, is bounded by

E[L2] < 8npro.

The probability that a given crossing is not k-covered is given by (14). Therefore,
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By (17), (18), and (19), we have
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This completes the proof. 0

B. Lower Bound on P.,,,

LEMMA 4 Given the number of sensors deployed, the number of neighboring sensors that can

communicate with a given sensor is Poisson-distributed with mean
_ 22
= na, where a. = 7L(0s + 1).

Proof: At first, we will calculate the probability (p,) that an arbitrary sensor is a com-
munication neighbor of a given sensor (denoted by s). Note that the distance between two
communication neighbors must be shorter than L£;. Suppose L’s pdf and cdf are f(£) and

F(L), respectively. The calculation is shown as follows:

Ly
Po = / (1—-F(L))2rLdL
0
Ly
=Li7 —/ F(L£)2rLdL
0 (20)
Ly
=Lin —L?ﬂr+/0 f(L)L2mdL
= 71'0'252 -+ 7r£_2 = Qc.
Secondly, similar with the proof of Lemma 3 in the technical report, we can prove that the

number of communication neighbors of sensor s, denoted by Y follows Poisson distribution

with the parameter na, as below:

P(Y =y)= > P(Y =y|N=m)-P(N=m)
m=y
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Thus, we complete the proof. U

THEOREM 2 Forn>1,0<p<1, as<1anda.<1,

Peom > Pclém, in which (22)



L _ 1 — npe~"™P% . min{1, % - (8npal, + 4n2p?alas) - e e Zf;& M} ifry, > Ly,

com
1 — npe~"Pac ifry < Ly,

where A = np(as — LEm)(1 — (np)2e~2npac),

Proof: Due to the interesting percolation phenomenon in [3], we know that a node can
be either connected to the dominant connected component (denoted as DCC from now on) or
individually isolated (not connected to any other nodes) in a Poisson point process of high
density. Thus, we have

Peom =~ 1 — P(3 an isolated single active sensor s whose sensing disk is not k-covered by sensors on the DCC)
> 1—np- P(s is isolated and its sensing disk is not k-covered by sensors on the DCC) (23)
=1—np-P(sisisolated) - P, =1 —mnp-e "P . Py,
where P, denotes the probability that s’ sensing disk is not k-covered by sensors on the DCC,
given s is isolated. The key step to get PZ is to find an upper bound of P,. Using the similar

coverage process techniques in the proof of Theorem 1, we can have

P, < P(Mj, > 2|s is isolated) < %E(M,’C\s is isolated)
= %E(number of crossings within s’ sensing disk|s is isolated)-
P(a crossing within s’ sensing disk is not k-covered by sensors on the DCC|s is isolated) (24)
< %E(number of crossings within s’ sensing disk)-
P(a crossing within s’ sensing disk is not k-covered by sensors on the DCC|s is isolated),
where M) is the number of crossings in s” sensing disk (including the disk boundary) that are
not k-covered by sensors on the DCC. The expected number of crossings in s’ sensing disk is

calculated as

E[number of crossings within s’ sensing disk]

=E[number of crossings on the boundary of s’ sensing disk] + E[number of crossings inside s’ sensing disk]
25)
1 (

=E[2np - 7(rs1 +7s5,2)%] + E[§ ~(2np - w(rs,1 +7s,2)%) - np - as)

=8npa’, + 4n’p®alas,
where 71 and 7, 5 are two sensors’ sensing ranges. Next, we will calculate the probability ()
that, given s is isolated, a crossing within s’ sensing disk its sensing disk is not k-covered by
sensors on the DCC. At first, when 7, is larger than Ly, we can calculate the probability (p.)
that a crossing within s’ sensing disk is covered by a sensor on the DCC, given s is isolated.
Because the worse case for the coverage of the crossing ¢ (as shown in the Fig. 1) is that s is

just at crossing ¢ and there are no sensors within a distance L£;; to ¢q. Denote the disk area, with
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The red dot represents sensor s and the black dots represent the other sensors. Crossing g, where two sensing disks

Fig. 1.
intersect, is within the sensing disk of s.

a radius Ly and centered at ¢, as D,. Thus, we may get the lower bound on p. as below:

pe = P(sensor sg is on the DCC) x P(sensor sg covers crossing ¢|s is isolated)

> P(s0 is on the DCC) x P(sq covers crossing g|s is isolated and located at g)

> (P(so is on the DCC when there is no isolated nodes in network) + P(sg is on the DCC when there is only one isolated sensor))

x E[||z : (z + S) N {q} # 0 and =z N D, = 0||]
> (1 — npePe) + (npe~"Pac (1 — (np — 1)e~p—Dac) PP Ly) oo p2 o
np
(26)

Because, when np is large, the result of (1 — npe ") is very close to that of (1 — (np —

1)e~(mp=Dac) and the result of (e~"P%) is very small compared with npe "P%. Thus, we can

have
pe = (as — L) X (1 — npe”"P% 4 (np — 1)e™"P% (1 — npe~"Pa¢))
— L%7) x (1 — npe™"Pa) . (1 + npe"Poc)) 27)

~ (as

= (as — LE7) x (1 — (np)2e2Pac),

Denote (a5 — L37) X (1 — (np)?e~2"P%) as pl.. Similar with the Lemma 3, the number of sensors

on the DCC that can cover point ¢, given s is isolated, is Poisson distributed, and, using the

above result about p. and p, we have

( )= (penp)? g = (Plnp)?
Pc=ec pCPZTge pCPZT' (28)
j=0 j=0
Using the upper bound on FP;¢, we can write the upper bound on P, as
k-1 ;
1 , ! np)J
P, <min{l, =(8npa, + 4n’p?alas) - e PP Z M}
2 — 7!
k—Jl ; 29
(Ae)? 1,

1
= min{1, Q(Snpa's +4n2p2alas) - e e



where \. = np(as — LE7)(1 — (np)?e~?"P%). By inserting P,’s upper bound expression, we can

get

k—1

1 Ae)d
Peom =21 —np-e”"P% .min{1, 5(8npa/s + 4n2p2alsas) ce e E 7( C|) 1, (30)
—~ 4l
j=0

when 7 is no less than L. When rp is smaller than Ly, it is very difficult to derive the
upper bound on P, barely based on some simple statistics like mean and variance of r, and L.
Therefore, we simply choose the upper bound of P, as 1 and have the lower bound on F,,,,

equal to 1 — np - e "P%, U
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