
1-D Finite Elements - Equilibrium Approach
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K  … stiffness matrix for the element
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For A, E constants
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now, we need to assemble the elements
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Place 1/2 of distributed
load at each end of the second element
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apply B.C. 
U1 = 0

Note: the full matrix is singular (determinant  = 0) since an arbitrary
constant displacement U1 = U2 = U3 = U4 = C will satisfy the
homogeneous equation. Another way to satisfy the boundary
condition would be to set ( )
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and then solve
the full 4x4 system.
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solving the 3x3 system yields the final solution 

problem with the equilibrium approach - not simple to 
generalize for non-constant strains in the elements,
varying q, varying A,E
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» K=[ 2  -1  0;
-1   2 -1;
0  -1  1]

K =
2    -1     0
-1     2    -1
0    -1     1

» F =[ 0.5  0.5  1]'

F =
0.5000
0.5000
1.0000

» K\F
ans =

2.0000
3.5000
4.5000

non-dimensional stiffness matrix, [K]

non-dimensional loads, {F}

solve [K]{U} = {F}

U2
U3
U4

Finite Element Solution



Exact Solution
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» % approximate (FEM) displacement in the bar 
» x = linspace(0, 3, 100);
» ua =2*x.*(x<1) + (2 +1.5*(x-1)).*(x>=1 & x<=2) + (x+1.5).*(x>2);
» 
» % exact displacement
» ue = 2*x.*(x<1) + (3*x -x.^2/2 - 0.5).*(x>=1 & x<=2) + (x+1.5).*(x>2);
» plot (x, ue, x, ua, '--')
» xlabel('x/l')
» ylabel('u*(AE/ql^2)')
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