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Strain Energy Methods
Principles of Virtual Work and Stationary Potential Energy

Consider an elastic body which carries a set of loads, some if which are distributed and
some of which are discrete (concentrated forces and moments). Let the deflection at the
concentrated force P (i=1,...,N) in the direction of that force be given by A.. Similarly,

let the rotation at the concentrated moment M, (i =1,..., M) in the direction determined
from that moment by the right hand rule be given by 6.. We will assume the strain energy
of this body is expressed in terms of these displacements and rotations as
U=U(A,,...Ay,6,...6,).

Fig.1

Now, imagine we fix the concentrated forces and moments and make small changes in
these displacements and rotations SA,, 66,. These changes in turn will cause the strain
energy to change by a small amount, which we call 6U. Then the principle of virtual
work says that the work done by the forces and moments taken through these “virtual”
displacements and rotations must be equal to the resulting® virtual” change in the strain
energy, i.e

PSA, + 3 M50 (1)

1 i=1

Mz

SU =



EM 424: Energy Methods 2

This principle is often also stated in a different form , called the principle of stationary
potential energy, where the potential energy, I1, is defined as

N M
M=U-2PRA - XM 2)

i—i )
From the principle of virtual work it follows that for this potential energy
N M
oll=0U -2 RPoA, -2 M6 =0 (3)
i=1 i=1
i.e. the potential energy must be stationary. Actually, we can state a much stronger

requirement, namely that the strain energy must be also be a minimum when the body of
Fig. 1 is in equilibrium, but we will not show that result here.

Castigliano’s First Theorem

Since the strain energy has been assumed to be written as a function of the displacements
and rotations, it follows that

N oU M oU
U =>—0A, — 00, 4
E@Ai '+i2=:1849i ' )

so that placing this relationship into either Eq. (1) or Eq.(4) gives

3 U v oU
E(@A - Plj§A| + E(@H - Mljé‘el =0 )

which can only be satisfied, for all possible virtual displacements and rotations, if

S—Zzp, (i=1..,N)
N ©)
=M (=1..M)

which are called Castigliano’s first theorem.

Note the similarity of Castigliano’s theorem and the result we derived previously for the
strain energy density, namely
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Example of the use of Castigliano’s theorem:

Consider an axial load problem where two bars are welded together between two rigid
walls and are subjected to a force P at their connection

A 2
[
| _>PI

If we let A be the displacement at the load P and assume that the strains are constant in
each bar, then the strain energy of the entire system is

U(A):%%AZ +%%A2 (7)

Castigliano’s theorem gives

so solving for A we find

P
A= [AlEl AZEZJ ®
_+_
L L

which can be verified to be the exact result by solving this problem directly.
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The Rayleigh-Ritz Method

In the previous example we obtained the exact solution because the assumed
deformation field that we used to calculate the work and energy coincided with that of the
exact solution. In more complicated problems it may not be simple matter to obtain exact
deformation expressions. Nevertheless, if we can make a “reasonable” guess at the form
of the deformations in terms of some known simple functions and unknown coefficients,
then the principle of stationary potential energy (or virtual work) gives us a method to
determine the unknown coefficients in such a manner that equilibrium will be
approximately satisfied. In many cases, this approximate solution will closely follow the
deformation of the actual solution. This method is called the Rayleigh-Ritz method. The
procedure of the method is to assume that the displacements of the body can be
represented parametrically in terms of a set of basis functions and n unknown parameters
(al, ...,an). For example, in a 1-D problem we might take the displacement in the form

u =a, +ax+..+a_x""
In the Rayleigh-Ritz method, it is assumed that the functions and constants are chosen
such that any boundary conditions involving the displacements or rotations of the body
(so-called “essential” boundary conditions) are satisfied. Then the functions and

coefficients are placed into the expression for the potential energy of the body so that this
potential energy can be expressed in the form

M =11(a,....a, ;)

The potential energy is made stationary by requiring that

=5 s —o
i~0 08,

which can only be satisfied for arbitrary changes of these coefficients if
oIl .
—=0 (=0,..,n-1
o ( )

leading to n equations to be solved for the n coefficients.

As an example of the Rayleigh-Ritz method, consider a cantilever beam loaded by an end
moment as shown.
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The exact solution for the deflection of the beam is

M, x>
2El

y(x) =

so that the end deflection is given by

M, 12
2El

y(L)=

To obtain an approximate solution to this problem, let us assume

o-fo-o(2)]

This function meets the requirements stated previously, namely it satisfies the essential
boundary conditions in this problem which are:

ylx =0 = 0

dy
dx

=0

x=0
The total potential energy is then given by

[m=uU- MO¢9|X:I

L[ g2y P
_EH I[d—ﬂ dx — Moﬂ
2 oldx dx

x=L

placing the approximate deflection expression into this expression and carrying out the
indicated differentiations and integrations, we find
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Requiring that a_ 0 thenyields a = 63—0
oa 7 El

But a=y(L) and
0.52M, L2

y(L)=T

which is very close to the exact solution.

Although the Rayleigh-Ritz method is a very powerful tool, for complicated 3-D
problems it is impossible to make good guesses for what the deformations might be for
the entire body, i.e. to choose global functions of approximation. However, suppose the
body is broken up into small elements over which locally the deformations can be
reasonably assumed to have simple variations, and these variations are written in terms of
unknown parameters (called nodal variables). Then the principle of stationary potential
energy (or virtual work) can be used to form up a set of linear equations for these nodal
variables (in the example just shown there was just one nodal variable a = y(L) ).
Solving this linear system yields an approximate solution for the deformation in the entire
body. This is basic idea behind the Finite Element Method, which we will discuss briefly
later.

Principles of Complimentary Virtual Work and Stationary Complimentary
Potential Energy

Consider the body in Fig 1 again where concentrated loads and moments were shown
together with their corresponding displacements and rotations. Now imagine these
displacements and rotations are held fixed while we change the applied concentrated
forces and moments by small “virtual” amounts SR, oM, where these virtual changes
must not violate the equations of equilibrium. For a statically determinant elastic system
we can write the complimentary strain energy in terms of the applied loads, i.e.

U =U°(,...Py,M,,...,M,,) so that the virtual changes in the applied loads will cause

this complimentary strain energy to change by an amount SU°. The principle of
complimentary virtual work states that

U = S AR+ LOM (©)
i=1 i=1

If we define a complimentary potential energy, I1°, for the system as

<

N
M°=U°-YAP-X M,

: i
i=1 i=1
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then the principle of complimentary virtual work can also be stated as the requirement
that the complimentary potential energy must be stationary, i.e.

ST =8 —SAP-YOM =0
i=1 i

i= i=1

Again, as with the case of stationary potential energy, we could actually prove a much
stronger result, namely that this complimentary potential energy must be a minimum, but
we will not do so here.

Engesser’s First Theorem and Castigliano’s Second Theorem

Since, as stated earlier, the body of Fig. 1 is assumed to be a statically determinant
problem where the complimentary strain energy can be written explicitly in terms of the
applied loads and moments only, it follows that the change in complimentary strain
energy also can be expressed as

N OUC M oU°
o = lo &/ oM.
Ei oP, I+i§l oM, '
so Eq. (9) becomes
N[ oUS M aU°
—A, |0P + -6, (oM. =0 10
'Zl{ al:)i lj I iZl{@Mi I} I (10)

If the virtual changes in the applied loads are varied independently, the only way for Eq.
(10) to be satisfied is if

oU°

P =A, (i=1..,N)
U (11)
™ =6 (i=1..,M)

Eq. (11) is called Engesser’s first theorem. For a linear elastic material, U° = U so that
Engesser’s theorem becomes

a—R:AI ( =1,...,N)
U (12)
mzei (i=1..M)

which is usually referred to as Castigliano’s second theorem.
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Again, note the similarity between Engesser’s first theorem and the result we had earlier
for the complimentary strain energy density in terms of strains and stresses, namely

€. = ajg
' ooy

Examplel. The use of Castigliano’s second theorem

Consider the following cantilever beam problem

The bending moment in the beam is given by M(x) = —Px so that the strain energy is

1:[M(x)
2T
_1pPe
"6 El

U= dx

Castigliano’s second theorem says the deflection at the load P in the direction of P is
given by

which can be verified independently by equilibrium methods.
Example 2. Use of the dummy load method

As the above example showed, we can obtain a deflection (or rotation) at the location of
any applied force (or moment). However, we can use the concept of a dummy load to
obtain the deflection or rotation at any point in the body. To see this, consider our
cantilever beam problem again where now we want to obtain the deflection at the center
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of the beam. In order to use Castigliano’s second theorem, we place a dummy load, Q, at
the center, as shown

L2 | L/

The bending moment in the beam is now
M(x)=-Px (0<x<L/2)
=-Px-Q(x-L/2) (L/2<x<L)

so that the strain energy is
U=U(P.Q)
1
P2x’dx+ [[Px+Q(x—L/2 dx}
" 2EI {I II A )]Z

from Castgliano’s second theorem, then we have

_0u(P.Q)

A. =
Q aQ

:Ei T[PX+Q(X—|_/2)IX—L/2)dx (13)

This is the deflection at Q due to both P and Q, whereas we want the deflection at Q due
to P only, which we can obtain from Eq. (13) by simply setting Q = 0 to find

o =M L ey L2y
Q=0 0Q 00 El U2 (14)
5 PL
18 El

By using a dummy moment instead of a dummy force, the same procedure would have
allowed us to obtain the local rotation at any point in the beam.
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There is an alternate way of viewing this dummy load process which leads to what is
called the unit load method. Consider, for example, a bending problem of the type we just
considered where the beam is acted upon by a set of applied forces P and moments M..

Following the dummy load procedure we calculate

UQ.P.M)

A, =
Qlg-
Q=0 oQ oo
where U is given by
L
U-—L [ M?dx
2El
so that
L
A LMl 2 gx (15)

Q|Q:0 T Ely %00 os

But MIQ:0 = M(Pi,Mi,x) is just the moment distribution without the dummy load present
and by superposition, we have the total moment distribution is

M(Q.R, M;,x)= M(R, M;,x) +M,(Q x) (16)

where M,(Q,x) is the moment distribution due to Q only. Since we are dealing with a
linear system

Ml(Q’X) = QMl(Q = l’X) (17)

where M,(Q =1,x) is the moment distribution due to a unit force at Q only. Using Egs.
(16) and (17), it follows that

oM(Q, P,M;,x)
=M,(Q=1,
Q |Q=O Q=1x)
so that Eq.(14) becomes
1t
Agly.o= = (j) MR, M, x)M,(Q =1, x)dx (18)

which is an expression for the desired displacement using the unit load method.

The advantage of using Eq.(18) over the original dummy load procedure is that in the
unit load method we only need to calculate our original bending moment distribution
(without Q) and the bending moment from a unit load by itself rather than having to
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compute a bending moment when the original loads and Q are simultaneously present.
As you can verify yourself, having both the original loads and Q present leads to more
complicated moment distributions expressions where much of the complexity ultimately
disappears anyway (through the differentiation process and subsequently setting Q = 0) in
the original dummy load method. Note that we can use a unit moment in exactly the
same way as done here with a unit force to calculate the rotation at any point in the beam
instead.

Example 3. The use of the unit load method

Consider again our previous cantilever beam problem. Using the unit load method, we
simply compute

M(P,x)=—Px (0<x<L)
V(O —Lx _{o (0O<x<L/2)
,(Q=1x)= —(x-L/2) (L/2<x<L)

to arrive at Eq.(14) again, namely

1 ¢t
QlQ:O == Jz(PXXX —L /2)dx
_SPU
48 El

Complimentary Strain Energy and the Principle of Least Work

All the previous uses of the principle of complimentary virtual work have been for
statically determinant problems where we could directly write the complimentary strain
energy in terms of the applied loads. For statically indeterminant problems this is not
possible and at most we can do is write the strain energy in terms of the applied loads and
a set of redundant forces and/or moments which arise from the over-constrained nature of
statically indeterminant problems. For, example, consider a beam supported, as shown at
its ends by two fixed supports.



EM 424: Energy Methods 12

M
R

It is obvious that this system is statically indeterminant to the second degree, i.e. there are
two more (redundant) forces and moments than there are equations of equilibrium. If we
take the right hand end reactions as these two redundants, then we could write the

complimentary strain energy as U° =U°(P,R, My ).

Similarly, in a more general situation where we had a number of applied forces and
moments (P, M, ) and a set of redundants (R, My, ) we could write
U =U‘(P,M,R, MRi). If we imagine temporarily removing the support constraints that

cause these redundants to exist, and let these redundants have virtual changes JR,,
keeping the external forces and moments constant and without violating equilibrium, then
the principle of complimentary virtual work gives

SU° = S AR+ 20.M., (19)
i=1

i=1

where we have assumed there are n redundant forces and m redundant moments present.
Thus, it follows, from Engesser’s first theorem that

ouU* .
=A. (1=1..,n
Yo (i=i..m)

oM
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However, to obtain the solution to our original problem, we must impose the original
constraints that generate the redundants, namely we must set

A =0 (i=1..,n)

6.=0 (i=1,..m)

which leads to n+m equations

ou°® .
=0 (i=1..n
oR, ( ) 20)
U0 (i=1..m
My,

that can be used to solve for the n+m unknown redundants.
From Eq.(20) it follows that the solution for a statically indeterminant problem satisfies

SU° — iau R +§: oJ
i-1 OR i-10M g,

Mg =0 (21)

which is called the theorem of least work (or Engesser’s second theorem). Stated
explicitly, this theorem says:

Of all the possible values of the redundants that satisfy equilibrium for a statically
indeterminant elastic system, the correct values of the redundants ( those that
satisfy both equilibrium and the given constraints) are those that make the
complimentary strain energy stationary.

Example

For the statically indeterminant beam shown, determine the unknown reaction force at the
left hand support

LyvYvyyvYyy
O

+-— | —>
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This problem is statically indeterminant to the first degree and we can take the desired
reaction force R as the single redundant.

X
— W

EEEEER'

A
+— | —>

R

The bending moment in terms of the coordinate x shown is

2
M(x):Rx—M
2
so that
U(R) = U(R) = — T(R ijzd
= =— X——1 dx
R) (R) 2El 2
and from
c L 2
e :AR:iI[Rx—WX jxdx:O
OR El o 2
we find R:?’WTL.

Reciprocal Relations

A linear elastic body possesses some interesting properties that can be used to advantage
in many cases in finding solutions to particular problems. One of these properties is that
of reciprocity.

Consider a linear elastic body that occupies the volume VVand whose surface is S
and let x be an arbitrary point in V and x, an arbitrary point on S. Also, let

o’ (x), ef”(x), u(x) be the stresses, strains, and displacements in V for this body due to

a set of surface tractions, surface displacements, and body forces given by
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T, ) ul (x,) 2 (x,). Similarly, let o (x), e(x),u”(x) be the stresses, strains
and displacements due to T,%(x, ), u{”(x, ), f?(x,) for the same body. Then

S [oMeldv = 33 [oPelVav

i=1j=ly i=1j=1ly

which follows directly from the fact that for both cases (1) and (2) the stress-strain
relations give

(1) z ZCUkle(l)

'J

2 2
() zijkle( )

However, because of the symmetry of the stresses we have for either case

ZZq%

13 3 ou 3 3 OU,
_Zzzo—lj(a—u+_Lj Zzo—j_].
i=1j=1 i=1

j=1 OX OX |111'6X

so that

3 3 (2) au(l)
sz‘a(l)_aj_ dv = z zf O_(Z)Ej_dv

i=1j=1v Xi i=1j=1v Xi

From the use of the chain rule of calculus and the equations of equilibrium, for either
case

iia ] iii( o, J)+Zf1uJ

i=1j=1 IJaX i=1j 18X

so that
3y . 0 (0(1) (2))1\/ > [ £V = 393 j (0(2) (”)JIV > J £2u®dv 22)
i=lj= lva j=1v i=1j lv j=1v

But, by the divergence theorem, the first integrals on each side of Eq. (22) can be
transformed to integrals over the surface of the body, i.e.

izj‘ @) (Z)n dS + Z,[ f(l) (Z)dv ZZJ‘O_(Z) (1)n ds + Z,[ f(2) (1)dV (23)

i=1j=1s i=lv i=1j=1s i=lv

and for either case, the surface tractions are given by T, = Z o;n; ,reducing Eq. (23) to
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3 3 3 3
ITOuPds + X [ £ YuPdv = 3 1£ TPuPds + 3 [ £2udv (24)
]=

j=1s j=lv j=1v

Eq. (24) is a statement of the reciprocal theorem of Betti-Rayleigh. Stated explicitly, this
theorem says that the work done by the surface tractions and body forces of case (1)
acting through the displacements of case (2) is equal to the work done by the surface
tractions and body forces of case (2) acting through the displacements of case (1). For the
case where all the forces (and moments) are concentrated, and the body forces are absent,
the theorem can be written as

N M N M
z Pi(l)A(iZ) + z Mi(l)ei(z) — z Pi(Z)A(il) + z Mi(Z)Hi(l) (25)

i=1 i=1 i=1 i=1

Example use of reciprocity

Consider a cantilever beam acted upon by a distributed load w(x)as shown in Fig. (a)
below. We will call this problem case (1). Also, let the same beam be loaded by a
concentrated load as shown in Fig. (b). we will call this problem case (2)

* y w(X)

(b) |— X
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Then from the reciprocal theorem we have

—Tw(x)y(z)(P,x,d)dx =Py“(w,d)

where y(z) (P,x,d) is the displacement of the beam at x due to a load P acting at d and
y® (w,d) is the displacement at d due to the distributed load w(x). The minus sign exists

on the left side of the above equation because w(x) acts down. It is relatively easy to
show that

Px?
i —@d=x) (0<x<d)
y“(Px,d)=1 "~
Z;I (Bx-d) (d<x<L)
which gives
y®(w,d)= 6_—;{1W(x)x2(3d — X)dx + zw(x)d (3% — d)dx} (26)

Equation (26) gives the displacement of the beam at point d due to an arbitrary
distributed load.



