STAT611 Homework 7 Solutions
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y=10+zb+e Var(y) = opzx’ + 0?1

By Problem 3 on Exam 2, the quadratic form will be x? distributed if “AX” is idem-
potent. Note that
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(Px—Pm)(O'bZEZL‘ +O'I) (Px—Px)(fl'J? +]) PX_P£7
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which is idempotent. Thus, the quadratic form is x? distributed. Now
rank[(Px — Py)/c? =1, and
nB* Y,z — 2)°
LED IR
Thus, the quadratic form is noncentral y? with noncentrality parameter

nB® Y 1(1‘1 —z)’°
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9 = 1xz

1
;ﬁﬂ,(PX - P&)l

By Problem 3 on Exam 2, the quadratic form will be x? distributed if “AY” is idem-
potent. Note that
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1
— (I — Px)(ojzz’' 4+ 021) = (I — PX)(—xx +1I)=1- Py,

g

which is idempotent. Thus, the quadratic form is y? distributed. Now
rank[(I — Py)/o?| =n — 2, and

1
;621’(1 — Px)L=0.

Thus, the quadratic form is central x2_,.

(Px — Pr)(ofaz + 0*I)(I - Py)/o* = (Px — Pp)(I - Px)/o” = 0.

Thus, by Theorem Q2 from the notes, these quadratic forms are independent.
(n =2)y'(Px = Pe)y/y'(I = Px)y.

Central F' with 1 and n — 2 d.f.

Noncentral F' with 1 and n — 2 d.f. and ncp from part (b)i.



iv. Find the probability that a central /' random variable with 1 and n — 2 d.f. would
exceed the observed value of (n — 2)y'(Px — Pr)y/y' (I — Px)y.

@y =218+e = E’Q +u = 7, where ¢/ = 2/ and & = u. The general formula for
the BLUP of 7 is 7 = ﬁ’@ + 4, where é is any solution to the Aitken equations and
i = M'W~'(y — X3) where Cov(g,u) = oM. In this case, X; plays the role of X, Y,
plays the role of y, W = I, and M = 0. Thus 7 is 2 (X5X5) ' X3y, .

(b) Note that X' X = X} X5 + z,2]. Thus, Problem 9 from HW 3,

Xy Xo) oz (X5 Xo) ™!

X/X—IZX/X —1_(
) = e X e,

It follows that )

_ —1
I—gx) g, At

and that

o) (X5 Xo) a2 (XéXQ)_lX,g
1+ 2y (X5X0) 2y

2y (X'X) 7 Xy = 2 (X5X0) ' X"y —

Thus

Y1 —

o=l (14 2 (X5 X0) "ty — [1+ 2 (X5 Xo) a2 (X5 Xo) ' Xy

+£’1(XQX2)_1@1§/1(XQXQ)_lX’y
=y + 2y (X3Xo) Tzyy — gll(XéXg)_lX’Q

= W+ l’l(XéX2)_1£1yl - Zli(XéXﬁ_lL‘yi

=1
= 5= (X
= Y — Zx’l(XéXQ)_lXé% =d;.
(¢) dy = [1, =2 (X5X2) "' X}]y. Thus d; is normally distributed with mean
[1, =2} (X5.X5) ' X5]X 3 = 2 B — 2 (X5 X,5) ' X5 X6 = 0

and variance

o*[1, =2y (X3Xo) 7 XG)[L, =2, (X3 X0) X5 = o (1 + 2 (X5X0) T XS X(X5 X))
= o’ (1+2)(X5X0) 'z).



(d) From the previous part, we have
dy
Vo (1 + 24 (X5X0) ey

~ N(0,1).

We know that (n — p — 1)67;)/0® ~ x*(n — p — 1) from our course notes. Note that

5_2 _ 0 Q/
m=Y 0 TPy,

Thus

0 0

B =0
Q I_PXQ ;

y/(n—p—1)and [1, —2, (X;X,) "' X}] [

dy
\/02(1 + 21 (X5X2) " tay)
are independent by Theorem A.88. Thus

and (n —p — 1)6(21)/02

di/\Jo (11 (X5 Xo) ) 0 g1
Jn=p =163/ /(n=p=1)  u)\/1 +25(X3Xs) "y |

(e) If Var(ey) = 0 + o2, then
dq
Vo + (L 24 (X4 X))

~ N(0,1)

independent of (n — p — 1)6(,)/0® ~ x*(n — p — 1). Thus
d di/\Jo(1+ 24 (X} X))

/1 + 21 (X5Xo) ", \Jl(n—p— 162 /0’ /(n—p—1)

( o3 +02(1 +xa<X§X2>1x1>> di/\Jo? + 02(1 + zf (X X) 'z
o*(1 4 z1(X5X5) " 'zy) \/[(n —p—106¢)/0%]/(n—p—1)
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d 05
= 1 ttnh —p—1).
( +02<1+x’1<X5X2>—1x1>> e

Thus under H,, the test statistic from (d) (call it ¢) will have a central ¢-distribution with

n — p — 1 degrees of freedom. Under the alternative, ¢ is distributed as a constant greater

than one times a central ¢-distribution with n — p — 1 degrees of freedom. Thus
Py, (|t| > z) > Py, (Jt| > z) YV x > 0.

Thus we can compute a p-value by comparison with a t(n — p — 1) distribution as in any

two-sided t-test.

3. Suppose Y1, . . ., Yn ~ N(u,0?).



@ [y2=9,-.,ya — 4"
(b) [yQ Y5 Yn — g}/ = A/g where
1
A= [anlu [(n—l)x(n—l)] - ﬁlﬂfllil

Thus [y2 — ¥, . . ., Yyn — | is normally distributed with mean

1
(100 1+ T tysn] = Lo 124 ) Logt = Lo gt = L e =0

and variance

1 1 !
o’ ([On—la Itn—1)x(n-1)] — nln—ﬂil) ([On—h Itn—1)x(n-1)] — nln_ﬂil)

1
=0’ (I(nl)x(nl) - 1n_11;_1> = o*W.

n

()
—(n— 1 _ 1 _

L(O'2; Aly) = (27T) ( 1>/2m’W‘ 1/2 exp {_MZ/AW 1A/y} .

(d)
—1 1
log L(c% A'y) = _n 5 log o* — ﬁy’AW_IA’y + constant.
Y 524 Y
dlog L(o* A'y)  n-—1 N y AWt Ay
do? 202 204

Equating the derivative to 0 and solving for o yields 62 = ¢ AW ' A’y/(n — 1). Using
Problem 9 from HW 3, we have W' = I + 11’. Thus

YyAWT Ay = =7,y — I+ 1) =7,y — 3
- [yQ—ga7yn_g]l[y2_gvvyn_g]/
e =Ty — 9 [y — G,y — )
n n 2
= Z(yi—@)2+{2(yi—y)}

=2 =2
n

= -9+ - - s

= Z(% - 7).
i=1
Thus 6% = 37, (y; — 9)%/(n — 1).
(e) The REML estimator is the same as the usual unbiased estimator.

(f) The REML estimator is invariant to the set of n — p* LIN independent error contrasts as

demonstrated in class.



