STAT611 Homework 2 Solutions

1. Suppose A : n X p, B: mxn,C : pxq, rank(B) = n, and rank(C') = p. Prove that
rank(A) = rank(BAC).

Let 7 = rank(A). Then A has r linearly independent columns. Let ayy,.. .,y denote r

linearly independent columns of A. Suppose
x1Bap) + - + x,Bay,; = 0.

Then
3(371@[1} +-+ %Qm) =0

which implies

riap) + -+ xpap) =0

because the columns of B are linearly independent (rank(B) =number of columns of B).

Now it must be that x = 0 due to the linear independence of any, - - - q This proves that

T
Bayy, . .., Bay, are linearly independent. Since these are r columns of BA, we have estab-
lished that rank(BA) > r = rank(A). By Theorem A.23 (iv), we have rank(BA) < rank(A).

Thus, we must have rank(BA) = rank(A).
Now let D = BA. By the above work, we know that rank(D) = rank(A) = r. Thus, D has r

linearly independent rows, say, dl[l}’ ceey d’m. We now apply the same argument used previously:

0,C'dpy + -+ 2,C'djyy = 0
= C'(zdpy + -+ 2,dpy) =0
= x1dpy) + -+ + 2.dp) = 0 (by LI of rows of C')
= g:Q(byLIofdm,...,d[r]).

Thus, C’ d[1]7 N O Clm are linearly independent. Because these vectors are the rows of DC, we
have rank(DC) > r = rank(D). By Theorem A.23 (iv), we have rank(DC) < rank(D) = r.
Thus, we must have rank(DC) = r. Because DC' = BAC and r = rank(A), we have
rank(BAC) = rank(A).

Note that some students used the fact that B’B and C'C” are each nonsingular when B is of
full column rank and C' is of full row rank. Using these facts leads to a much shorter proof.
However, we had not established those facts in class at the point that this question was posed in

the notes. Thus, I offered the proof above which uses only results in notes that came prior to the
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statement of the problem. Student who used those facts should be sure that they can prove them
and that their proof does not depend on the result they are trying to prove. In this case, there is
no problem because it is easy to establish the nonsingularity of B’B and C'C" using facts about

Py, for instance.

. Let A be an arbitrary n x p matrix of rank r. By the Singular Value Decomposition Theorem,

we have A = UDV"’ where U : n x n is orthogonal, V' : p X p is orthogonal, and

L 0
0 0

with L = diag(¢y,...,¢,)and ¢; > Oforalli =1,...,r.

(a) Show that the columns of U are eigenvectors of AA’.

First note that

AA' = UDV'VD'U' = UDD'U’ and that DD’ = diag(¢2,...,¢2,0,...,0)

YT

with n — r trailing zeros so that DD’ is n x n.

Now note that

|AA' = AI| = |UDD'U’ — M|
— [UDD'U' = \UU|
= |[UDD' = ADU|
= |U[|DD" = M||U|
= |UU'||DD' = A
— |I||DD’ — A

SHLCEPVES | (RN

i=1

Thus, the non zero eigenvalues of AA" are ¢2, ... (2. Finally, note that

Thus, the columns of U are the eigenvectors of AA'.

(b) Show that the columns of V" are eigenvectors of A’A.

The argument here is completely analogous to the argument used to prove part (a).
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(c) Show that the nonzero eigenvalues of AA’ are the same as the nonzero eigenvalues of A’ A

and that these eigenvalues are (2, . .. (2

We already showed that ¢3, ... ¢? are the nonzero eigenvalues of AA’ in part (a). The

same basic argument shows that these are also the nonzero eigenvalues of A’A.

3. Show that any matrix satisfying the Moore-Penrose conditions is unique.

Suppose G; and GG, are any two matrices satisfying the four Moore-Penrose conditions. Then

we have

G1 = G1AG, = G1AGLAG, = G1AG,GL A = GiGLAGLA = G1GLA
= G1AGy = AG |Gy = AGIGLAG, = AGIA'GLGy = A'GLG,
- GQAGQ - GQ.

Therefore, the Moore-Penrose generalized inverse is unique.

4. Let A be an arbitrary n X p matrix of rank . By the Singular Value Decomposition Theorem,
wehave A=ULV' whereU :nxr,V :pxr,UU=V'V =1:rxr, L=diag(l,...,¢)
with ¢; > O foralli = 1,...,r. Is VL71U’ the Moore-Penrose inverse of A? Explain.

Yes. V L~'U’ matrix satisfies the four conditions as follows:

(@) AVL 'U'A=ULV'VL'U'ULV' = ULL'U'ULV' =UU'ULV' =ULV' = A

b) VLIU'AVL™YWU' = VL7YU'ULV'VL™ YWU' = VLILV'VL U = VV'VL7IU' =
VLU

(©) VLTIWWA=VL'WWULV' = VL 'LV’ = VV' which is clearly symmetric.

(d) AVLYWU' =ULV'VL U = ULL™'U" = UU’ which is clearly symmetric.

5. Suppose A is an m x n matrix. Prove that all nonzero eigenvalues of A’ A are positive. Note that
we used this lemma to prove the Spectral Decomposition Theorem. Thus, your proof should not
use the Spectral Decomposition Theorem or any other facts that we proved using the Spectral
Decomposition Theorem. Use only facts and results from your notes that were presented before

the statement of this lemma.



Let A # 0 be an eigenvalue of A’A. Then
AA—N|=0 = Jz#0 3 (AA— Az
= da#0 >3 AAz =Xz
= da#0 3 A Az =z
= Jz#£0 3 N=2AAx/2'z.

0

Now note 2’ A’Az/2'z = ||y||* > 0 where y = Axz/||z||. Thus, A > 0. It follows that A > 0

because A was assumed to be a nonzero eigenvalue of A’A.

. Prove that all the eigenvalues of a symmetric matrix A are 0 if and only if A = 0. Use only
facts and results from your notes that were presented before the statement of this lemma. You
may wish to use the result from the previous problem in your proof. That is acceptable even if

you weren’t able to prove the previous result.

If Ay, =0, then |[A— X| = | — AI| = (—\)P. The roots of this polynomial are all zero. Thus,

A = 0 implies all the eigenvalues of A are zero.
To prove the converse, note the following:
|A—X|=0ifand only if A =0
= [A=MI|[A—(=N)I|=0iff x\=0

= |AA - XNI|=0iff A\ =0
= |[AA-NI|=0iff \=0
= |A’A — X\I| = 0iff A = 0 by the result proved in question 5
= all eigenvalues of A’A are zero
p P p
= ZZa?j =tr(A’A) =) A\ =0
i=1j=1 i=1
= ay; =0VY4,]
= A=0.

. Show that 3 a symmetric matrix A : n x n for any matrix B : n X n such that 2’ Bz = 2’ Az V
z € R". (Note that this implies that we can restrict our attention to quadratic forms involving

symmetric matrices.)

Let A = %B + %B’. Then A is symmetric, and
1 1

1 1
‘Az = ’(B B’) — ~2/'Bx+ -2'Bz =2'B
££72+2£2l$+2££l$
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because 2/ B’z is a scalar which implies 'B’'x = (2'B'xz) = 2/ Bzx.

8. Suppose A : n x n is positive definite. Prove the following:

(a) All the eigenvalues of A are positive.

We will actually prove more than required here. A,,.,, symmetric = A = I'AI" in accor-

dance with the Spectral Decomposition Theorem. Now note that V z # 0,
2’ Az = 2'TATz = 2/Az,
where z = "z # 0 (because z # 0 and I" is nonsingular). Likewise V z # 0,
2Nz = 2ZT'TAT'Tz = Z'T'Al'z = 2’ Az,

where x = I'z # 0 (because z # 0 and I is nonsingular). Thus

{2'Az -z e R",2 #0} ={Z/Az: 2z € R", 2 #0}. (1
Now by taking z to be columns of [, ,,, we see from (1) that

A,y Ay €{2'Az iz € R,z # 0}. )

Now by (2), A positive definite = \; > 0 for any ¢ = 1,...,n. This completes the
proof of the homework problem, but we can go on to prove the converse. Namely, we
can establish that if A,,,, is symmetric with all positive eigenvalues, then A is positive
definite. By (1) we, need only argue that 2’Az = > | )\izf > 0V z # 0. This is clearly

true because )\; > 0 for all 7 and 2? > 0 for all 7 with strict inequality for at least one 1.

) |A] > 0.
|A| =TT, A > 0 by (a).
(c) A~!is positive definite.

By the additional argument at the end of the proof of part (a), A~! will be positive definite
if all its eigenvalues are positive. Note that A=! = TA~'T". Given this expression, we can

show that the eigenvalues of A~' are 1/, ..., 1/), as follows:
A7t = XI| = DAY — M|
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— |[PA7Y — ATTY|
= DA™Y = ADY|
= [D|A™ = AI||T|
= |[ITY||A™Y = |

= [I[]A7 = A

= A=\

Now note that [A~'—=\I| = IT",(1/X\;—\). Thus, the eigenvalues of A= are 1/, ..., 1/\,.
It follows that 1/Aq,...,1/A, > 0 because \y,..., A\, > 0.

(d) If P : n x mis of rank m, then P’ AP is positive definite.

Let 2 be an arbitrary nonzero vector. Now z # 0 and P of full column rank implies
y = Pz # 0. Now y # 0 implies 2’ P"APz = y' Ay > 0 by positive definiteness of A.
Thus, z # 0= 2'P’"APx > 0.

(e) If P :n x mis of rank r < min(m,n), then P'AP is positive semi definite.

A positive definite = 2’ P’ APz > 0 with equality if and only if Pz = 0. Thus, P’AP
is nonnegative definite. Because P has rank less than m, the columns of P are linearly
dependent. Thus, there exists z # 0 such that Px = 0. Thus, there exists z # 0 such that
2/ P’APz = 0. Therefore, P’ AP is positive semidefinite.

9. Prove that if A is idempotent, then tr(A) = rank(A).

Suppose A : m x n has rank r. (Because A is idempotent, we know A must be square (m = n),
but we will begin by establishing a result that holds for more m X n matrices in general.) By
the Singular Value Decomposition Theorem, we have

LT‘XT Orx(nfr) V!

nxn

A= Um><m

O(m—r) X7 O(m—'r) X(n—r)

where U and V' are orthogonal and L is diagonal with positive diagonal elements /1, ..., /.. Let

L 07" m—r
B=U xmen

] andC' =V".
O(mfr)xr [(mfr)x(mfr)



Then
L 0

0 0

ITT Or n—r
B X X o — V' = A

O(mfr) X7 O(mfr) X (n—r)

Note that B and C' are each nonsingular because

L7t 0
0

Bl = Uand O~ =V.

Now A idempotent implies

B CB

0 0

I
OIC:B[IOIG
00 0 0

Left multiplying by B! and right multiplying by C~! on both sides of the above equation
yields
I0 ro]l [r1o0
[ 00 00 ] 100 ] ’
Thus, we have

rank(A) = r:rank([[ 0]):‘51“([[ X )ztr(
0 0 0 0
I 0

CB




