Multiple Testing

Copyright ©2012 Dan Nettleton (lowa State University) Statistics 611 1/18



http://xkcd.com/882/

JELY BEANS WE FOUNDNO THAT SETILES THAT.
CAUSE ACNE! LINK BETWEEN :
T HEAR ITS ONLY
SCENTISTS | JELLY BEANS FD A CERTAIN COLOR
WEST}GATE' ANNE (P > 0.05). THAT CAUSES IT:
BUT WeRe
ENTI STS‘
e 3
Flnrz Hrummm'
WE FOUNDND { WE FOUNDNO WE FOUND NO ‘ WE FOUNDND WE FOUNDNO
LINK BETWEEN LINK GETWEEN LINK, GETWEEM LMK, GETWEEN LMK, BETWEEN
PURPLE JELLY BROWN JELLY Pinie. JELLY BLWE Jewy TEAL TELL
Copyright (©)2)0 TEPMD AUBHAEIEN ([ojva BEANS BRREMIRY) | | BEANS AND ANE BEANS AND ACNE BEPNSTROIBNE 61

2/18



WE FOUND NO WE FOUND NO WE FOUNDNO WE FOUNDNO WE FOUNDNO
LINK BEWEEN LINK BETWEEN LINK GEWEEN LINK GERJEEN LINK GETWJEEN
Jewy BROWN JeLy P JELY BWE Jeuy TEAL TELY
i B i BEANS PRID ANE. AHD
(p>005) (p>005) (p>0.05). (p>005) (p>005)
/ / / / U
WE FOUND NO WE FouND NO WE FOND NO WE FOUNDINO WE FUNDNO
LINK BETJEEN LNK BETWEEN LINK GEWEEN LINK BETJEEN LINK GETWEEN
SALMON TELY RED Jewr TURGUOISE JELLY | [ MAGENTA YELLOW Tewy
B i AE B i BEANS AND ANE ‘BEANS AND ANE
(P>005) (p>o~05), (p>005) (p>0.05), (P>005)
/ ' /! / U
WE FOUND NGO WE FOUND NO WE FOUND NO WE FOUND A WE FOUND NO
LINK BETWEEN UNK BETWEEN LINK BETWEEN LINK BETWEEN LINK GETWEEN
GREY JELY THN Jewy Cvan JELy GREEN JEuy MAWVE
B ’ AMNE ERNS AD ANE. BEANS AND
(P>0.05) (p>oo€) (p>005) (P<0.05), (p>005)
@“ @’ iy @j
WE FOUND NG WE FOUND NO WE FOUND NO WE FOUNDNG WE FOUND NG
LINK BEWEEN UNK BETWEEN LINK BEWEEN LINK BEWEEN LINK GETWEEN
BEIGE JELLY LA BuAck JELLY PERCH JELLY ORANGE JELLY
PRD ANE. BEPNS D, D ANE BEPNS AND ACNE.
(P>005) p>oo€) (p>0.05) (p>0.05). (p>005)




Al | I I L} Al

== News ==
GREEN JEILY
RBEANS LINKED

T ANE! @
95, ConfrOENE .

-
e R e

MY 5% CHANGE b
%QM.QDENCE! SCIENTSIC ..
—_— T =

|| LA Al I| LE L |



Familywise Error Rate (FWER)

The simultaneous interval estimation methods we learned about
correspond to simultaneous testing procedures that control the
familywise error rate (FWER).

The familywise error rate (FWER) is the probability of one or more
Type | errors when conducting a family of tests.
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For example, suppose
y=XB+e, e~N(0,0%),
and we wish to test
Hoj:cjlﬂzo for j=1,...,m,

where each H; is a testable null hypothesis.
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If foreachj=1,...,m, we reject Hy; <= 0 ¢ I; where

I = |ciB — tyr, o &Zc;(X’X)—cj,c;B + ity 2 [G2)(X'X)e)

then the FWER will be bounded above by «.

Prove that this is true.
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Let Jy denote the set of indices corresponding to true null hypotheses;
i.e.,
Hy; : c]’.,B =0istrue < je Jy.

Then

FWER = P || J{Hq is rejected}
JE€Jo

= ®(Uwogn ) =pUtgs¢n

Jj€Jo j€Jo
m m

< Pl eBén ]| =1-P ([ {eBel}
j=1 j=1

< 1—-(1—a)=a.
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As another example, suppose
yi=pi+ej i=1,....6j=1,...,n,
ii.d. 2
where E11,€12y+++4Em ~ N(0,0’ )

Consider testing the family of null hypotheses

HY'™ o= e, 1<i<it <1,
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Suppose for each i < i* pair, we reject H\"" iff

_ o L o)
0¢& |yi —yir. — %Rl,t(n—l),avyi- = Yix. + %Rt,t(n—l)ya

Then FWER = a.
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Strong Control of FWER

The methods we learned about (Bonferroni, Scheffé, Tukey)

correspond to multiple testing procedures that provide strong control of
the FWER.

A method for testing a family of null hypotheses Hyy, . .., Hy, provides

strong control of FWER at level « iff FWER < « regardless of which or
how many nulls in the family are true.
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Weak Control of FWER

In contrast, a method provides weak control of FWER at level « if
FWER < « whenever all null hypotheses in the family (Hoy, ..., Hom)
are true.
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Strong control of FWER = weak control of FWER.

Show by example that weak control - strong control.
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Suppose
Yij = Wi + €ijs i=1,23j=1...,n

id.
where 11, ...,e3, ~ N(0,0?).

Fori=1,2,3, consider testing

Ho; : p1; = 0.
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Consider the following multiple testing procedure.

Reject Hy,Hp, and Hy; iff

nla/2

\/Uz/l’l

yi-
| < BH-1),a
'\/m’ 3(n—1),a/2

reject nothing.
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When Hy,, Hy,, and Hy; are all true,
FWER = P(UL,{H rejected })

> t3(n—1),a/2>

_p V1.
( V6% /n

= Q.

Thus, FWER is weakly controlled at level «.
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Suppose Hy; is false and Hy, and Hy; are true.

FWER = P(U.,{H rejected})

yi-
= Pl |l—F—=| 2 6Bu-1).a
577 = B0 a2
> Q.
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@ Many multiple testing procedures that provide only weak control of
the FWER have been published in the statistical literature.

@ Methods that provide weak control of the FWER tend to be more
powerful than methods that provide strong control, but weak
control is rarely sufficient.

@ Thus, methods that provide strong control of FWER are preferred.
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