The F- and t-Distributions
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Suppose Uy, U, are two independent random variables and
Uy ~ XZN Up ~ X1272'

Then
e Ui/p1

-~ Ua/pa
has the F-Distribution with p; and p, DF, denoted by

FNFPuPz'
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Result 5.12:

The density of F ~ F,, ,, is

r1
T (Pitp2) (p1) 2 _Pite
fr(t) = ( 1271 ) (pzz) t%lil (1 +plt> ’
I'(5)T (%) P2
Proof of Result 5.12:
HW problem. O
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Suppose U, and U, are independent random variables and suppose
2 2
Ul ~ Xpl(d)) and U2 ~ sz'

Then
Fo Ui /pi
Uz /p2

has the noncentral F-distribution with p; and p, DF and NCP ¢.
(F ~Fp,, P2(¢))
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Result 5.13:

Suppose W ~ F, ,,(¢). Then for fixed p;,p and ¢ > 0, P(W > ¢) is a
strictly increasing function of ¢.
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Proof:

d Ui /p
Us/p2’

where U; independent of Us, Uy ~ x;, (¢), and U ~ x5,.

W

Thus,

IP(W > C) = IP¢(W > C)
U
= IP¢ < l/pl > C>
Us/p>
~P, <U1 > Cp1U2>
P2

oo
:/ IP¢ (U1 > @uz
0 p2
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= /0 h 8¢ (u2)fu, (u2)dus

U, = u2>

= IP¢ <U1 > C;)ll@) by ind. of Uy, Us.
2

where

C,
g¢(u2) = IP¢ <U1 > ﬂuz
P2

By Result 5.11,

8¢, (uz) < g¢2(u2) Vo< gb1 < ¢2 and Vv U > 0.
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Thus,
0< / " (8a(102) — 01 (2))f ()t
0

= / 8, (u2)fv, (uz)dus — / 8, (u2)fv, (u2)duy
0 0

=Py, (W>c) =Py, (W>c) VO< ¢ <.

. P4 (W > ¢) is a strictly increasing function of ¢. O
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Suppose
U~N(u,1) and V~ xi.

If U and V are independent, then

has the noncentral ¢-distribution with k DF and NCP p. (T ~ #(u))
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If w =0,then T = U/\/V /k has (Student’s) r-distribution with k degree
of freedom and density

<)F<)

We use T ~ 1, to indicate that T has Student’s ¢-distribution with & DF.
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Suppose T ~ t(u).

Find the distribution of 772.
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