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Design 1: Mixed Linear Model for the Observations
from a Single Gene
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Design 2: Mixed Linear Model for the Observations
from a Single Gene
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Design 2: Mixed Linear Model for the Observations
from a Single Gene
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Note that b and e are completely confounded in Design 2.
Thus we would use only one random residual term for both

factors, but we write the terms separately here for the sake
of comparison with Design 1.
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Variance of the Estimated Difference
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than Design 2
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Design 2 is Preferred over Design 1

» The variance of the estimated treatment difference for
Design 2 will always be lower than or equal to the
variance for Design 1.

* The standard errors for Design 2 will tend to smaller than
for Design 1.

* The t-statistics for Design 2 will tend to be more extreme
than the t-statistics for Design 1 when genes are truly
differentially expressed.

* The p-values for differentially expressed genes will tend
be smaller with Design 2 than with Design 1.

» Design 2 has more power for detecting differential
expression than Design 1.

Some General Microarray
Experimental Design Advice

» Use as much biological replication as is affordable.

« If the number of microarray slides or GeneChips is the
limiting factor, measure each sample only once.
Measuring any one sample more than once reduces the
degree of biological replication that is possible, and this
reduces the power to detect differential expression.

« If the number of biological replications is the limiting
factor, measuring each experimental unit multiple times
can improve precision, but this technical replication is no
substitute for biological replication.




For example, Design A > Design B > Design C
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An Analysis Based on Red — Green Dif‘ferences*l
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An Analysis Based on Red — Green Dif'ferences*l
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Test for Differential Expression Using a 2-Sample t-Test
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Test for Differential Expression
Using Simple Linear Regression
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Test for Differential Expression
Using Simple Linear Regression

dy=Bg + By(-1) + 14
d=Bo + By(1) + 1,
dg=Bo + By(-1) +15
dy=Bo+By(1) +1y
ds=Bo + By(-1) + 15
dg=Bo +B4(1) + 1
d;=Bg + By(-1) +17
dg=Bo + B4(1) +1g

Same Equations in Matrix Form

d, 1 -1 Bo '
d, 1 1 B4 ro
ds 1 -1 rg
d, = 1 1 *or,
dsg 1 -1 rs
dg 1 1 re
d, 1 -1 r,
dg 1 1 rg
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Results from Multiple Regression
Note that the elements of r are independent and normally
distributed with variance 02 = 20% + 202 according the our
original linear model. Thus
« The best linear unbiased estimator of B is
B=(xx)1 x"d,

* B is normally distributed with mean B and var o2 (X’ X) -1,

«§62= (d-Xﬁ)’ (d-Xﬁ)/(n-p) is an unbiased estimator of 02
where n=length of d and p=length of B,

e and t=(g”’ é - g’ B)/(62g’ (X’ X)g)°5 ~ t with n-p d.f.
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Results from Multiple Regression for Our Example

(x'X){g g] (xXX) 1 = [1{,8 1?8]
xd dy+dy+dy+d,+ds+dg+d;+dg } YooY
-d,+d,-d;+d,-ds+dg-d,+dg Y=Y
A YooY
B=(X'X)"Xd= |
YooYy, St
Var(é)=02£1é8 1?8}(2°§+209 £1(/)8 1(/)8]= 0 @
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A 2 x 2 Factorial Experiment

» Suppose we wish to study gene expression in
chickens in response to Salmonella infection.

» We have only 6 two-color microarray slides and
12 chickens to work with.

» We wish to consider two factors:
- infection type : mock or Salmonella

- breed : resistant (r) or susceptible (s)
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There are 4 Possible Treatments

Treatments Alternative ways to code their means

1. mockr 4 p+a+B4+(aB)q H+a+B+6
2. mock s My p+a+B,+(aB)y, H+p
3. Salmonellar p+ay+B+(aB)y p+a

4. Salmonellas y, P+0,+Bo+(aB),, M
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Tests of Interest

1
10+ H+d  |s mean
expression
aat under
35‘5\ Salmonella
u+o+B+6 infection
different
susceptible between the
e resistantand
p+p H susceptible
0+ breeds?

Normalized Log Expression
T

T T
mock Salmonella

Infection
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Is the difference that we see between the breeds
the same under Salmonella infection as it is under
mock infection?

10+ pta

u+a+B+06

susceptible
B M

Normalized Log Expression
[6)]
1

T T
mock Salmonella

Infection
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Does the difference between mock and Salmonella
infected chickens depend on the breed?

S 10 p+a
(2}
3
a s
i (6‘5\5\6 \
o4 +a+B+0
3 59 rag 2=7
> . /=
_‘@ susceptible
©
1S u+B M
g o]
T T
mock Salmonella
Infection
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Write the null hypothesis for each test of interest in
terms of the treatment mean parameters.

S 104 p+a
12
8
a RS
2 @5‘5\9
2 5 u+a+p+o
|
3
N ., susceptible
@
1S u+B M
2 o
T T
mock Salmonella
Infection
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How would you assign treatments to chickens
and pair chickens on slides to best answer our
questions of interest?

Recall that we have 12 chickens, 6 slides,
and 4 treatments.
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A Comparison of Competing Designs

Design 1

p+a+B+6 u+a

u+B H
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A Comparison of Competing Designs

Design 2

p+a+p+0 u+a

H+B M
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Red — Green Differences for Design 1

p+a+B+0 1 u+a Slide Mean Difference
< ) < ) 5,-04-B-6

1
2 5,-5,-a
2 3 5,-0,+B
4 4 5,-0,+0+0
5 5,-5,-a-B-0
6 5,-5,-a+p
u+p 3 .
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X Matrix for Design 1

Red — Green Differences for Design 2

p+a+p+0 1 u+a Slide Mean Difference
5,-0,-B-6
0,-04-a
5,-6,+B
5,-0,+0+0
5,-0,-a-8
0,-0,+a

OO WN =
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) . X B
Slide Mean Difference
1 5,-5,-B-0 1.0 -1-1) (5.5
2 5,-5,-0 110 of |7
3 5,-5,+B 101 014
4 5,-5,+a+0 11 0 1 5
5 5,-5,-a--0 1 -1 -1 -1
6 5,-5,-a+p 1-1 1 0
33
X Matrix for Design 2
Slide Mean Difference X B
1 5,-5,-B-0 P
2 8,-0,-a :: : ? 2) 8 0,-04
3 6,-5,+p 101 0of]¢
4 5,-0,+a+6 11 0 1 B
5 5,-5,-0-8 11 0 -1 S
6 6,-0,*a 110 0
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Comparing Variances of the Competing Designs

5,-0, Recall that our tests of interest are
g=| «a Hy:a=0andH;:6=0.
B
2} The variance of our estimator of  is

given by a?(X’ X).

(X’ X) ! for Design 1 (X’ X) for Design 2

0.2 0.10 0.00 0.0 0.1875 -0.0625 -0.0625 0.125
0.1 0.25-0.5 -0.0625 0.1875-0.375
0.0 0.25 0.50-0.5 -0.0625 0.1875 0.6875-0.375
0.0-0.50-0.50 1.0 0.1250 -0.3750 -0.3750 0.750

Design 2 has a lower variance for the estimator of a. %




Comparing Variances of the Competing Designs

8,-0, Recall that our tests of interest are
B=| «a Hy:a=0andH,:6=0.
g
0 The variance of our estimator of 8 is

given by o?(X” X).

(X’ X)1 for Design 1
0.2 0.10 0.00 0.0
0.1 0.55 0.25-0.5
0.0 0.25 0.50-0.5

(X’ X) for Design 2
0.1875 -0.0625 -0.0625 0.125
-0.0625 0.4375 0.1875-0.375
-0.0625 0.1875 0.6875-0.375
0.1250 -0.3750 -0.3750

Design 2 has a lower variance for the estimator of 6. .

Dominance

» Design 2 is said to dominate Design 1 with respect to the
tests of interest because the variances of the parameter
estimators are lower for each parameter of interest when
using Design 2 as compared to Design 1.

* Let v, denote the variance of the estimator of the ki
parameter of interest using Design i. Design 2 is said to
dominate Design 1 if vy, < vy, for all k of interest and
V<V for at least one k of interest.
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Admissibility

A design is said to be admissible within a class of
designs if there is no design in the class that dominates
it.

A design that is dominated by another design in its class
is said to inadmissible.

In our example, Design 1 is inadmissible among the
class of designs that use 12 chickens and 6 slides
because it is dominated by Design 2.

Design 2 is also inadmissible in the class of designs that
use 12 chickens and 6 slides. Can you find a design that

dominates it? i

Alternative Designs

u+a+p+6 y+a

1o L

p+B u

y+a+p+6 y+a

iile

p+B M
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x1=matrix(c(
1,0,-1,-1,
1,-1,0,0,
1,0,1,0,
1.1,0,1,
1,-1,-1,-1,
1,-1,1,0),
byrow=T,nrow=6)

+ 4+ + + ++V

\2

x2=x1
x2[5,]1=c(1,-1,0,-1)
x2[6,]=c(1,1,0,0)

vV Vv

41

3=matrix(c(
,1,0,1,

,-1,0,0),
yrow=T,nrow=6)

4+ttt

X
1
1
1
1,-1,0,0,
1
1
b

X4=x3
x4[,4]=c(1,-1,0,0,0,0)

vV Vv

\Y%

x5=x4
x5[2,4]=0

\%

\%

X6=x5
x6[,4]=c(1,-1,1,-1,1,0)

\%

42




> X3

[.11 [.21 [.31 [.4]1
1.1 1 1 0 1
[2.] 1 -1 o -1
[3.1 1 1 0 1
4.1 1 -1 0 0
[5.1 1 1 0 0
[6.1 1 -1 0 0
> x4

[-.11 [.21 [.31 [.4]1
1.1 1 1 0 1
[2.] 1 -1 o -1
[3.1] 1 1 0 0
4.1 1 -1 0 0
[5.1 1 1 0 0
[6.1 1 -1 0 0
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[.11 [.21 [.31 [.4]1
[1.] 1 o -1 -
[2.] 1 -1 0 0
[3.1] 1 0 1 0
4.1 1 1 0 1
[5.1] i -1 -1 -1
[6.1] 1 -1 1 0
> X2

[.11 [.21 [.31 [.4]
1.1 1 o -1 -1
[2.] 1 -1 0 0
[3.1] 1 0 1 0
4.1 1 1 0 1
[5.1 1 -1 0o -1
[6.1] 1 1 0 0
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> x5

[.11 [.2]1 [.31 [.4]
1.1 1 1 0 1
[2.] 1 -1 0 0
[3.] 1 1 0 0
[4.] 1 -1 0 0
[5.1] 1 1 0 0
[6.1] 1 -1 0 0
> X6

[.11 [.2]1 [.31 [.4]1
[1.] 1 1 0 1
[2.] 1 -1 o -1
[3.1 1 1 0 1
[4.] 1 -1 o -1
[5.1] 1 1 0 1
[6.1] 1 -1 0 0
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Alternative Designs

u+a+p+6 y+a

1o L

p+B u

y+a+p+6 y+a

iile

p+B M
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> solve(t(x1)%*%x1)
[.11 [.21 [.3]1 [.4]
.10 0.00 0.0
.55 0.25 -0.5
.25 0.50 -0.5
.50 -0.50 1.0
> solve(t(x2)%*%x2)
[.1] [.2] [.31 [.4]
0.1875 -0.0625 -0.0625 0.125
-0.0625 0.4375 0.1875 -0.375
-0.0625 0.1875 0.6875 -0.375
0.1250 -0.3750 -0.3750 0.750
> solve(t(x3[,-31)%*%x3[,-31)
[.1] [.21 [.3]
[1,] 0.1875 0.0625000 -0.125
[2,] 0.0625 0.3541667 -0.375
[3,] -0.1250 -0.3750000 0.750
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Alternative Designs

u+o+B+6 u+a u+o+B+6 u+a

I !

p+p p+B y

u+o+B+6 u+a

iile

p+p M
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> solve(t(x3[,-3])%*%x3[,-31)
[.1] [.21 [.3]
[1,] 0.1875 0.0625000 -0.125
[2,] 0.0625 0.3541667 -0.375
[3.] -0.1250 -0.3750000 0.750

> solve(t(x4[,-31)%*%x4[,-31)
[.11 [.21 [.3]
[1,] 0.1666667 0.00 0.00
[2,] 0.0000000 0.25 -0.25
[3,] 0.0000000 -0.25 0.75
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Alternative Designs

y+o+B+6 u+a u+a+B+6 y+a

IR !

p+p p+p y

y+o+B+6 u+a

ite

p+B M
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> solve(t(x4[,-31)%*%x4[,-31)
[.11 [.21 [.3]
[1,] 0.1666667 0.00 0.00
[2,] 0.0000000 0.25 -0.25
[3.]1 0.0000000 -0.25 0.75

> solve(t(x5[,-31)%*%x5[,-3])

1] [.21 .31
[1,] 0.20833333 0.04166667 -0.25
[2,] 0.04166667 0.20833333 -0.25
[3.] -0.25000000 -0.25000000 1.50

> solve(t(x6[,-31)%*%x6[,-3])
[-.1] [.21 [.3]
[1,] 0.2083333 0.2083333 -0.25
[2,] 0.2083333 1.2083333 -1.25
[3.] -0.2500000 -1.2500000 1.50
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The concept of admissibility for two-color
microarray experiments was introduced by

Glonek, G. F. V. and Solomon, P. J. (2004).
Factorial and time course designs for cDNA
microarray experiments. Biostatistics, 5, 89-111.
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Which of Design 1 or Design 2 would be better if
our primary goal was to...

1. test for a dye effect?

2. test for a difference between mock and
Salmonella infection for the susceptible breed?

3. test for a difference between the resistant and
susceptible breeds under mock infection?

4. test for infection type main effects?

5. test for breed main effects?

53

Normalized Log Expression

10 Ha
S
<65‘5\a
5 p+a+B+6
., susceptible
B M
O_
T T
mock Salmonella

Infection
54




Questions Restated in Terms of Model Parameters

1. 5,5,=0? (1000)B=07?
2. B=0? (0010)p=07? . 220,
3. a+6=0? (0101)Bp=07? g
4. B+6/2=0? (001.5)B=07
5. a+6/2=0? (010.5)B=07?

55

> gl=c(1,0,0,0)
> t(g1)%*%solve (E(x1)%*%x1)%*%gl
1]

[1,] 0.2

> t(gl)%*%solve (t(x2)%*%x2)%*%gl
[.1]

[1,] 0.1875

> g2=c(0,0,1,0)

> t(g2)%*%solve (E(x1)%*%x1)%*%g2

[.11

[1.] 0.5

> 1(g2)%*%solve (t(x2)%*%x2)%*%g2
[.1]

[1,] 0.6875
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> g3=c(0,1,0,1)
> t(g3)%*%solve (t(x1)%*%x1)%*%g3
[.1]
[1,] 0.55
> t(g3)%*%solve (t(x2)%*%x2)%*%g3
[.1]
[1,] 0.4375

> g4=c(0,0,1,.5)
> t(g4)%*%solve (E(X1)%*%x1)%*%g4
1]

[1.,] 0.25
> t(g4)%*%solve (t(x2)%*%x2)%*%g4
[-.11

[1.1 0.5
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> g5=c(0,1,0,.5)

> t(g5)%*%solve (t(x1)%*%x1)%*%g5
[.11

[1.] 0.3

> t(g5)%*%solve (t(x2)%*%x2)%*%g5

[.1]
[1,] 0.25
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Choice of Parameterization is Not Important

* The definition of the four treatment means as
p+o+B+6, u+B, u+a, and y and the choice of
B=(8,-94, a, B, B) were just convenient choices
for the sake of illustration.

» Any other equivalent parameterization would
lead to the same conclusions.

* Itis not necessary to use an X matrix that has
full column rank. Calculations could be based
on comparisons of g’(X'’X)-g, where (X'X) is an

generalized inverse of X’X.
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2 x 3 Factorial Experiment

Suppose factor A has levels A1 and A2.
Suppose factor B has levels B1, B2, and B3.

Suppose we have 12 experimental units and 6
two-color microarray slides.

What design should we use if our primary
objective is to test for interaction between factors
A and B?

60
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Response

Means for the 2 x 3 Factorial Experiment

= p+a+p,+6,

A1
p+a+B,+0, Hy : No Interaction
pta Hy: 0=0+6,=a+6,
© H,: 6,=6,=0
o p+B,
E/‘\ A2
- p+B,
B1 B2 B3
Level of B 61

Means for the 2 x 3 Factorial Experiment

Multiple Regression Parameterization

d=XpB+re_

/' vector of
\ residuals

vector of
red — green parameter
differences design vector

matrix
5,5,
a Ho . e1=92=0
B= 21 H, : MB=0 where

2

6, _foooo010 =H
0, M [O 0000 1] 0 0

63

= pta+p,+6,
. Al H, : No Interaction
prarp;+, Ho: B1=B4+6,
o =
@ o and
g - B2-B1=B2- B4+ 6,8,
3 and
x .
Bo= B,+8,
: ﬁ/“:&\ a2 | Ho:8,26,=0
o u+B,
B1 B2 B3
Level of B 62
0,-5;
a H, : 6,=6,=0
b= 21 H, : MB=0 where
2
0, M=[000010 =H
0, 000001 9o

The interaction parameters 6, and 6,

are estimated by Mﬁ.
Var(MB)=02M(X'X)" M’

64

Var(MB)=a2M(X'X) M’

Find design X so that the determinant
of M(X’X)"'M’ is minimized.

65

Which design is preferred?

H+a+B+6,

pta O—>0O O—>Q H+a+By+6, ( 01 0 1 6
10-1 1 -1 1
X,=[1-1 0 0 0 -1
10 1-1 0 0
p O<—0O 0«0+, 1 0-1 00 0 0201
H+B; {1000 0 g
B: 1
B>
A1 00 0 0 &
p+a  p+a+,+8; p+a+p,+e, 1100 0 0 6,
1100 10
ii ii ii X2=11 14 0 0-1 0
110 0 0 1
u H+By u+B, \{ -1 00 0-1

66
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,-1,0,0,0,0,
,1,-1,0,0,0),nrow=6)

+E A+ +V
OrOROPR X
A
i
o
=
I
i
o

,1,1,1,1,1,

+ 4+ 4+ oV
COO0OR Rk X

67

> X1

[.11 [.2] [.3] [.4] [.5] [.6]
1.1 1 0 1 0 1 0
2.1 1 0 -1 1 -1 1
[3.1 1 -1 0 0 0 -1
4.1 1 0 1 -1 0 0
[5.1 1 0 -1 0 0 0
[6.]1 1 1 0 0 0 0
> X2

[-11 [.21 [.3] [.4] [.5] [.6]
1.1 1 1 0 0 0 0
[2.] 1 -1 0 0 0 0
[3.] 1 1 0 0 1 0
4.1 1 -1 0 0 -1 0
[5.1 1 1 0 0 0 1
[6.1 1 -1 0 0 0 -1

68

> M=matrix(c(0,0,0,0,0,0,0,0,1,0,0,1),nrow=2)
> M

[.11 [.2]1 [.3]1 [.4] [.5] [.6]
[t o o o o0 1 O
[2] o o o o0 o0 1

> det(M*%solve (E(XL)%*UXL1) %%t (M))
[1] 1.333333

> library(MASS)

> det(MF%ginv(t(X2)%*%X2)%*%t(M))
[1] 0.75

69

Three Treatment CRD with Loops

SO b

fixed
/_A—\ .
Y = trt dye slide xu
Nl

random

70

Three Treatment CRD with Loops

SO E G

Y SHHT O s tbirey,

!

Consider Red — Green Differences for Each Slide

HHT,+0,+8 +byten, )

= Y1 = - (UHT 4O+ thteqqqq)
Yo2u2- Y1111 = 0701 +T,-Ty+b,-bytens €444y
Yaoos- Yoo = 004475 Tytby-bytessns-€pns)
Yi131-Ya233 = 004 +Ty-Tatbi-bgteqyz-€a233

72

12



Variance of Red-Green Differences is Constant

Var(Yap1-Y114) = Var(®y-0,+7,-T+b,-01+€9515-€4444)
=Var(by-bi+€ep;1-€1111)
=24 32452432
—0b+0b+ce+ce

=252+252
=20§+20%

This variance is the same for the
difference from each slide.

73

Covariance between Red-Green Differences
from the Same Loop

CoV(Yor12-Y1111 Yazos-Y2222 )
=CoV(by-b1+€yp12-€1111, D3-bytessr3-€2255)
=Cov(b,, -by)
= _gg

This covariance is the same for all pairs of
differences that come from the same loop.

The covariance between differences that

come from different loops is 0.
74

We can model the differences using a multiple linear
regression model with correlated residual random effects.

ds di d d, dy d; dy, dio

Var(d) = Var(r) =V where

A = 20%+202

<
I

OO0O0O0O0OO0OO0O0OOWwW >
Oo0O0O0OO0OO0OO0COOW>» W
[=NeNeoNeNoNoNeNoRol iRl
OO0 O0OO0OO0OWW>» OO0
OO0OO0OO0OO0O0OW>»wWOOO
0O0O0O0O0O0O>»WwWOOO
OCOO0OWWIPOOO0OO0O0O0O
OCO0OO0OW>PWOOOOOO
COO0OPWWOOOOOO
WWP>O0O00O0O0000O0
WPH>WOOO0OO0OO0O0O0O0O0
>WWOOO0OO0OO0OO0OO0O0O0O

76

d, ds dg dyq

d, 1 1 0) 5,3, ry

d, 10 1 r,

d, 1 -1 -1 ToTy ry

d, 1 1 0 T3-Ty ry d=XB+r

ds 1.0 1 rs

dg | = [1 -1 -1 +olrg

d, 1 -1 0 r,

dg 1 0 -1 re

dg 111 ry

dyo 1-1 0 o

dy; 1 0 -1 Py

diz \1 ! D Mz 75
If V is known

The best linear unbiased estimator of B is
B=(X"V-1X)-1 X’V-'d.
. ﬁ is normally distributed with mean B and var (X’V-1X) -1

« Designs could be compared by examining (X’V-1X) -1 for
various choices of X.

» Note however that the assessment of a design might
depend on the variance components in V.

« In reality these variance component parameters are
unknown and must be estimated from the data.
77
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