
ANalysis Of VAriance (ANOVA)

y = Xβ + ε, ε ∼ N(0, σ2I)

Let X1 = 1, Xm = X, and Xm+1 = I.

Suppose X2, . . . ,Xm−1 are design matrices satisfying

C(X1) ⊂ C(X2) ⊂ · · · ⊂ C(Xm−1) ⊂ C(Xm).

Let rj = rank(Xj) ∀ j = 1, . . . ,m + 1.
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Let Pj = PXj ∀ j = 1, . . . ,m + 1. Then

n∑
i=1

(yi − ȳ.)2 = y′(I − P1)y = y′(Pm+1 − P1)y

= y′
(

m+1∑
j=2

Pj −
m∑

j=1

Pj

)
y

= y′(Pm+1 − Pm + Pm − Pm−1 + · · ·+ P2 − P1)y
= y′(Pm+1 − Pm)y + . . .+ y′(P2 − P1)y

=
m∑

j=1

y′(Pj+1 − Pj)y.
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The sums of squares in the equation

y′(I − P1)y =
m∑

j=1

y′(Pj+1 − Pj)y

are often arranged in an ANOVA table.
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Sum of Squares Sum of Squares
y′(P2 − P1)y SS(2 | 1)
y′(P3 − P2)y SS(3 | 2)

...
...

y′(Pm − Pm−1)y SS(m | m− 1)
y′(Pm+1 − Pm)y SSE = y′(I − PX)y

y′(I − P1)y SSTo =
n∑

i=1

(yi − ȳ.)2
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Note that ∀ j = 1, . . . , m

(Pj+1 − Pj)(Pj+1 − Pj) = Pj+1Pj+1 − Pj+1Pj − PjPj+1 + PjPj

= Pj+1 − Pj − Pj + Pj

= Pj+1 − Pj.

Also, ∀ j < `

(Pj+1 − Pj)(P`+1 − P`) = Pj+1P`+1 − Pj+1P` − PjP`+1 + PjP`

= Pj+1 − Pj+1 − Pj + Pj

= 0.

Copyright c©2012 (Iowa State University) Statistics 511 5 / 18



Using these facts and previous facts about distributions of
quadratic forms, it can be shown that

y′(Pj+1 − Pj)y
σ2 ∼ χ2

rj+1−rj
(β′X′(Pj+1 − Pj)Xβ/σ2)

for all j = 1, . . . , m and that these m χ2 random variables are
mutually independent.
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Sum of Squares Degrees of Freedom DF
y′(P2 − P1)y rank(X2)− rank(X1) r2 − 1
y′(P3 − P2)y rank(X3)− rank(X2) r3 − r2

...
...

...
y′(Pm − Pm−1)y rank(Xm)− rank(Xm−1) r − rm−1

y′(Pm+1 − Pm)y rank(Xm+1)− rank(Xm) n− r
y′(I − P1)y rank(Xm+1)− rank(X1) n− 1
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For j = 1, . . . , m− 1 we have

Fj =
y′(Pj+1 − Pj)y/(rj+1 − rj)

y′(I − PX)y/(n− r)

∼ Frj+1−rj,n−r(β
′X′(Pj+1 − Pj)Xβ/σ2).

For j = 1, . . . , m− 1, define

MS(j + 1 | j) =
SS(j + 1 | j)

rj+1 − rj
=

y′(Pj+1 − Pj)y
rj+1 − rj

.
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ANOVA Table

Sum of Squares Degrees of Freedom Mean Square
SS(2 | 1) r2 − 1 MS(2|1)
SS(3 | 2) r3 − r2 MS(3|2)

...
...

...
SS(m | m− 1) r − rm−1 MS(m|m− 1)
SSE n− r MSE
SSTO n− 1
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Note that

SS(j + 1 | j) = y′(Pj+1 − Pj)y

= y′(Pj+1 − Pj + I − I)y

= y′(I − Pj − I + Pj+1)y

= y′(I − Pj)y− y′(I − Pj+1)y

= SSEREDUCED − SSEFULL
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Thus, SS(j + 1 | j) is the amount the error sum of square
decreases when y is projected onto C(Xj+1) instead
of C(Xj).

SS(j + 1 | j), j = 1, . . . , m− 1 are called “Sequential Sums
of Squares.”

SAS calls these “Type I Sums of Squares. ”
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The statistic
Fj =

MS(j + 1 | j)
MSE

can be used to test

H0 : E(y) ∈ C(Xj) vs. HA : E(y) ∈ C(Xj+1) \ C(Xj).
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The noncentrality parameter is

β′X′(Pj+1 − Pj)Xβ/σ2 =
β′X′(Pj+1−Pj)

′(Pj+1−Pj)Xβ

σ2

= || (Pj+1 − Pj)Xβ ||2 /σ2

= || Pj+1E(y)− PjE(y) ||2 /σ2.

If H0 is true, Pj+1E(y) = PjE(y) = E(y).

Thus, the NCP = 0 under H0.
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Example: Multiple Regression

X1 = 1
X2 = [1, x1]

X3 = [1, x1, x2]
...

Xm = [1, x1, . . . , xm−1]

SS(j + 1 | j) is the decrease in SSE that results when the
explanatory variable xj is added to a model containing an
intercept and explanatory variables x1, . . . , xj−1.
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Example: Test for Linear Trend and Test for Lack of
Linear Fit

X1 = 1, X2 =



1 1
1 1
1 1
1 2
1 2
1 2
1 3
1 3
1 3


, X3 =



1 0 0
1 0 0
1 0 0
0 1 0
0 1 0
0 1 0
0 0 1
0 0 1
0 0 1
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F Test for a Linear Trend

Let µi = mean yield for a plot that received i units of fertilizer
(i = 1, 2, 3).

MS(2|1)

MSE
can be used to test

H0 : µ1 = µ2 = µ3 ⇐⇒ µi = β0 ∀ i = 1, 2, 3 for some β0 ∈ IR

versus

HA : µi = β0 + β1(i) i = 1, 2, 3 for some β0 ∈ IR, β1 ∈ IR \ {0}.
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F Test for Lack of Linear Fit

The statistic
MS(3|2)

MSE
can be used to test

H0 : µi = β0 + β1(i) i = 1, 2, 3 for some β0, β1 ∈ IR

versus

HA : There does not exist β0, β1 ∈ IR such that

µi = β0 + β1(i) ∀ i = 1, 2, 3.
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The lack of fit test is a reduced vs. full model F test.

Thus, we can also obtain this test by testing

H0 : Cβ = d vs. HA : Cβ = d

for appropriate C and d.

β =

 µ1

µ2

µ3

 C =? d =?
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