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Abstract

Ergodic Theory and the Control of Mixing in Fluid Flows
by

Doemenico D’Alessandro

The mixing of fluids is one of the most widespread processes in nature that
underly many natural phenomena, and, at the same time, plays a major role in many
industria! applications. Although the mixing processes are very different in different
situations, important factors and mechanisms for mixing can indeed be identified
and controlled in a systematic fashion. The development of a unified theory for the
quantification and manipulation of mixing parameters is the aim of the emerging
theory of Control of Mizing.

In this thesis, a theory of mixing control is described where the model of the
mixing process is based on concepts of Ergodic Theory. A criterion is proposed
for the quantification of mixing using ergodic theoretic Kolmogorov-Sinai entropy.
In the process, a set of standard ergodic theory tools, originally developed for dy-
namical systems described by a single transformation, are extended to sequences of
transformations.

A motion planning problem will be dealt with, in detail, for the so-called pro-
totypical flow. This flow is important because it describes, in a simplified way, the
basic phenomena involved in mechanical mixing, namely stretching and folding. The
problem consists of choosing a sequence of velocity profiles which achieves the best
mixing. A closed form solution is derived in terms of maximization of entropy. The
entropy criterion is then tested on other mixers of physical interest, via numerical
experiments. In particular the Partitioned Pipe Mizer will be dealt with, in detail,
in different configurations.
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Chapter 1

Introduction

In many technological processes a fundamental stage involves the mixing of fluids.
For example, mixing between two or more fluids in a fuel-air mixture in combustion
engines, enhances the efficiency of the combustion process. Mixing between two
chemicals enhances the speed of a chemical reaction. Active control can be introduced
in these processes in order to force the fluid to follow prescribed trajectories so that
mixing is fast and uniform. Overall, the design of optimal mixing protocols is a
problem of both fundamental and practical importance.

Until recently, mixing has been treated on a case by case basis, where the specifi-
cations for the steering of fluid flows were usually given by heuristics. On the surface
this may seem quite reasonable since mixing processes in nature are very different
from each other. As a simple example, consider the difference between an explosion
and the mixing of food. The first process is very fast, it is affected by chemical reac-
tions, and it is inherently difficult to control, whereas the latter process is quite slow,
chemical reactions play almost no role, and the motion of the fluid can be affected
to give good mixing in a reasonable time. Despite these differences in various mixing
situations, important general factors and mechanisms can be identified and we can
abstract from some other physical processes in order to construct a mathematical
theory for mixing.

The aim of this thesis is to introduce concepts and tools from FErgodic Theory
in the analysis and control of mixing fluids. The model that we adopt is a measure
theoretic model in which the whole space where the mixing process occurs is modeled
as a megsure space, the region occupied by the fluid as a measurable set and the
transformation acting on the fluid as a measure preserving automorphism. In this
context, quantitative measures from ergodic theory are applied to the specification
of control laws in fluid mixing.



Compared to other approaches, ergodic theory has the advantage of being ‘quan-
titative’ in the sense that it is possible to associate to a particular mixing protocol a
quantity which characterizes its capability of mixing well. The quantity that will be
proposed in this work is the ergodic theoretic Kolmogorov-Sinai eniropy. It is also
possible to use the ergodic theoretic concept of mizing to define in mathematically
precise terms when a given protocol mixes well.,

The connection between the mathematical machinery of ergodic theory and fluid
dynamics will be done in Chapter 4 of the thesis. Until that point the treatment will
be mostly mathematical. In particular, Chapter 2 will introduce the main mathe-
matical background from measure theory and dynamical systems theory needed for
the following chapters.

Chapter 3 will be a concise introduction to Ergodic Theory. Some new mathe-
matical results will be presented here, regarding sequences of transformations on a
measure space. Standard ergodic theory is developed for a single measure preserving
transformation on a measure space. In the treatment developed here we consider the
more general setting of sequences of measure preserving transformations. Classical
results such as the Pointwise Ergodic Theorem, the Mean Ergodic Theorem and the
Recurrence Theorem will be extended to the setting of sequences under suitable as-
sumptions. Other new results concern the definition of entropy for sequences. In this
case, theorems are proven that allow us to reduce the computation of entropy to the
standard case and therefore to use standard results in the literature. The extension
to sequences is physically motivated by the fact that time invariant incompressible
flows are unable to undergo mixing. It is therefore necessary to consider time varying
flows and in mathematical terms, a time varying set-up. This point is discussed in
detail in Chapter 4.

In Chapter 5 we take up a motion planning problem for a prototypical flow which
models the basic stretching and folding mechanisms involved in mechanical mixing.
The flow is constrained to move on a two-dimensional torus according to a sequence
of purely horizontal and vertical velocity profiles. The considered problem consists of
choosing the latter velocity profiles in order to achieve good mixing. The concepts and
tools of ergodic theory, developed in the previous chapters, are used here to formalize
the problem in mathematical terms. In particular, the problem will be posed in terms
of maximization of entropy. We will see that this optimization problem admits a non-
trivial closed form solution which describes the best mixing sequence according to
the established criteria.

Other mixers are dealt with in Chapter 6. For these mixers, a numerical analysis
is necessary to verify the mixing capability of a given protocol. The analysis in
this chapter is meant to test, on mixers of physical interest, the postulate that
higher entropy corresponds to better mixing. In particular we consider in detail the



Partitioned Pipe Mixer in different configurations and numerically show that higher
entropy always corresponds to better mixing.

This thesis is a unique work in a literature where mixing has been dealt with in
a ‘qualitative’ way or on a case by case scenario. In an important paper [1], Aref
addressed the topic of mixing from the point of view of dynamical systems theory.
The book by Ottino (30] is a first attempt in introducing dynamical systems concepts
in the study of mixing, in a systematic way. There is some important more recent
work dealing with the control of mixing. In [24], the use of aperiodic sequences of
transformation was proposed in order to enhance mixing. In {22, 23] the authors
cearched for conditions for the nonexistence of low period elliptic fixed points of
associated maps. These points are in general responsible for the formation of large
islands and consequently poor mixing. In [13], the authors advocated the use of
aperiodic mixing protocols that destroy the symmetries in the flow.



Chapter 2

Mathematical Background

2.1 Measure theory and abstract integration

2.1.1 Structures of sets

Definition 2.1.1. Given a set M, a g-algebra (or o field) on M is a collection S
of subsets of M, with the following properties:
a)
MeS;
b)
AeS > A€ S,

e) If A, is a countable collection of sets in S, then
uUse, A, € 8.

The sets in § are called measurable sets, a pair (M, S) is called a measurable space.
If ‘countable’ is replaced by “finite’ in ¢), we have:an algebra (or field). It follows
from @) and b) that the empty set @ is also in S, and from &) and ¢) that a countable
intersection of sets in & is still in § since NP A4, = (UPAL)C. Also A - B=ANB°
isin &§,if A and B arein S.

Definition 2.1.2. Given a set M a topology on M is o collection T of subsets of
M, with the following properties

a) @ and M are in T;

b) If Ay, ..., A, is a finite collection of sets in T, then

M= 4; € T3



) If A; is a collection of sets in T, with the indez i varying in a (finite, countable
or uncountable} set I, then
UierAi €T,

The sets in 7 are called open sets, the complement of an open set is said closed,
a pair (M, T) is called a topological space.

Given any collection F of subsets of a set M, there always exists a o-—algebra
S(F) which is the smallest o —algebra containing F. This o ~algebra contains @, M,
the sets in F, their complements and all the countable unions of these sets. In these
cases, we say that F generates (or is a generator of) S(F). In particular, if F is a
topology, the associated o—algebra S(F) is called Borel o —algebra and the sets in it
Borel sets. A generator is called a w-generator if it is closed under finite intersection.
In particular, an algebra is a w-generator.

2.1.2 Measures

Definition 2.1.3. A positive measure is a function p which assigns to every element
A in a o—algebra § a value in [0, 00], with the following additional properties

a} u(0) = 0;

b)

(U An) = 3 u(Ay),

for every countable collection of disjoint measurable sets A, in S.
A measurable space (M, S), endowed with a measure p is called a measure space. If
(M) = 1, the space is said to be a probability space and the measure a probability
measure. Every measure space (M, S, i) with finite p{M) < oo can be turned into a

probability space just by redefining the measure u by ¢’ = H%T
As an example of a measure space, consider M a finite set of elements {1,2,...,n}.
We can define a o—algebra § as the collection of all the subsets of M, namely
S := 2™, Notice that this is in fact an algebra. A probability measure can be
defined by assigning a weight p; > 0 to every element ¢ € M, in such a way that
%1 pi = 1. In a general measure space an element z such that p(z) > 0 is called an
atom. Another measure that will be important in the sequel is the Lebesgue measure
defined in the Euclidean space R ™ {or on one submanifold M of R ™). Its definition
involves some technical work but we can think of it simply as the volume in R ™,
where the o —algebra of measurable sets is the one generated by rectangles of the form
R :=1I7_,(a;, b;). The Lebesgue measure in an n—dimensional Euclidean space will



be sometime denoted by dzdz;...dz,. The definition of Lebesgue measure can be
extended to arbitrary submanifolds of R ™ of dimension m. The open sets generating
the o — algebra are the inverse images of open sets of R ™ under the parametrization
of the manifold and the measure is given by dzy A -+ Adz,,.

Given a measurable space (M, S) and two measures defined on it v and g, p is
said to be absolutely continuous with respect to v, if, for each A € &, such that
v{A) = 0, we have p{(A) = 0.

2.1.3 Mappings

A mapping @ of a topological space (M, T) into a topological space (N, R) is
called continuous if ®~1(F) is an open set in 7 whenever E is open in R. It is called
an open mapping if ®(E) is an open set in R whenever F is open in 7.

A mapping @ of a measurable space (M,S) into a measurable space (N, A) is
called measurable if ®~1(F) is a measurable set in §, whenever E is measurable
in A. It is called bimeasurable if also ®(F) is a measurable set in A when F is
measurable in &.

A mapping @ of a measurable space (M, S) into a topological space (N, T) is
called measurable if ®~'(E) is a measurable set in S whenever E is open in 7.
If, in particular, (M,S) is a Borel measurable space and ® : (M,S) - (N,7T) is
a continuous mapping then ® is also measurable, since all of the open sets in the
corresponding topology are in § by definition, and & is said to be Borel measurable.

A one to one and onto mapping between two topological spaces which is contin-
uous and open is said to be an hAomeomorphism and the two spaces are said to be
homeomorphic.

A one to one and onto, bimeasurable mapping between two measurable spaces is
said to be an isomorphism of measurable spaces and the two spaces are said to be
isomorphic.

A measurable mapping @ of a measure space (M,S, ) into a measure space
{N,A,v) is said to be measure preserving if ¢(®~1(E)) = v(E), for each measurable
set £ in A. If F is a w—generator of § and @ : M — M is a measurable transfor-
mation, and u(®7'(A4)) = p(A) for each A € F, then p(®~'A4) = p(A), for each
Acs.

An isomorphism of a measure space onto itself which is also measure preserving
is said to be an aufomorphism. In the context of measure spaces, sets of measure



zero do not matter therefore we shall refer to as an automorphism also in the case
of mappings that satisfy all the requirements of the definition except on a set of
measure zZero.

Special type of mappings are functions f which map topological or measurable
spaces into the set of real R (or complex € ) numbers endowed with the usual
topology, namely the topology whose open sets are arbitrary unions of open intervals
in R (orin @ ). For functions the same terminology {continuous, open, measurable,
etc) is adopted.

A sequence of measurable functions f,, : M = R { € ) is said to converge almost
everywhere to a measurable function f: M — R (C ), if for every £ € M, except
perhaps on a subset of M of measure 0, we have lim,, o, fu(2) = f(z). fn is said
to converge to f in measure if, for every € > 0, we have lim,_,o, p{{z € M||fa(z) -
f(2)] > €}) = 0. Convergence in measure implies convergence almost everywhere for
a subsequence of { f,}. Moreover, if p(M) < oo, then convergence almost everywhere
implies convergence in measure.

2.1.4 Lebesgue integral

A particularly important case of a function defined on a measure space (M, S, )
is the characteristic function xg of a measurable set E, defined by xg(z) = 1, if
z € E and xg{z}) = 0, if # ¢ E. This function is clearly measurable since the
inverse image of every open set is either F, E¢, @ or M, that are all measurable
sets. The next simplest example of a measurable function is a function s with values
in [0,00) which only assumes a finite number n of values {ay,..,a,}. If the sets
A; := {& € M|s(z) = a;} are measurable, s can be written as a linear combination
of characteristic functions x4,

n
s = ZaiXAn (2'1)
=1

and therefore it is also measurable. A function s so defined is called a simple function.
GGiven a measurable set £ in M and a simple function s as in (2.1}, the integral of s
on F is defined as

/ sdp =" awu(4; N E). (2.2)
E =1

Given a measurable function f, defined on a measure space (M, S, u), with values in
[0, >0), and a measurable set E in M, the integral of f on F is defined as

/ fdu = Sllpf sdu, (2.3)
E s JE



where the sup is taken over all of the simple functions s, with 0 < s < f. This
definition can be generalized to a measurable function f with values in R by writing
f as the sum of its positive and negative part f = f* 4+ f~ and defining

[ gane= [ rrau— [ gdn (2.4)

Analogously one can extend the definition to complex function by considering real
and imaginary parts. The integral of a measurable function as defined in (2.3) is
called Lebesgue integral and generalizes the standard Riemann integral of elementary
calculus with which it shares many important properties such as linearity and mono-
tonicity. The following are the basic results concerning convergence and Lebesgue
integration.

From now on a property will be said to be valid almost everywhere (a.e) if it is
valid everywhere except on a set of measure zero.

Theorem 2.1.4. (Lebesgue Monotone Convergence Theorem) Consider a sequence
of measurable functions {f,} with

0< filz) L falw) €+ - <00

for a.e. € M and assume that for a.e. x € M lim,_,o fu(z) = f(z). Then, f is
measurable and we also kave

Jim [ fadu= [ fdu (25)

From now on we will drop the adjective ‘measurable’ when dealing with functions.

Lemma 2.1.5. (Fatou’s Lemma ) Let {f,} be a sequence of functions with values
in [0, 00) and assume

fim inf f fudp < 00, (2.6)
=300 M
Then,
]M ll&l&gf fadp < llgl_}loléf -/M fadg. (2.7)

In the following we shall call integrable a function f such that | fy, fdu| < co.

Theorem 2.1.68. (Lebesgue Dominated Convergence Theorem) Let f,, n =1,2,...
a sequence of complexr valued functions with

lim f.(z) = f(z), a.e. (2.8)

—r 00



Assume there exists a nonnegative valued integrable function g(z) such that

|fn(m)| Sg(m)? n = 1?2?"".‘ (2'9)

for almost every © € M. Then,

lim fM fa = fldu = 0. (2.10)

From {2.10) and the property of the integral

/lelduz I/Mfdjul, (2.11)

one also gets (2.5), under the assumptions of Theorem 2.1.6.

If (M,S,p)is a measure space and & : M — M a one to one and onto measurable
map, then @ naturally carries the measure y onto a measure v = u(®~') on (M, §).

Then ¢ is measure preserving if and only if, for every measurable function f on
(M, S),

[ fav = /M foddp. (2.12)

In particular, if M C R", p is the Lebesgue measure u = dx(dey - - - dx, and @ is
differentiable, then we have

/ fdxldxg---dmn:] f 0 ®|det D, ®|deides - - - day, (2.13)
M M

where D_® is the Jacobian of ®. ® is measure preserving if and only if |detD,.®| = 1.

2.1.5 L? Spaces

Given a measure space (M, S, i), the space of the complex valued functions de-
fined on M such that

[ 1fpds < o,
M
for some integer p, with 1 < p < o0, is denoted by LP(M). The quantity

o

1flly = ([ 177 dn)
M
is called the p-norm of f. If there exists a finite B such that

|f(z)] < B, ae z€M, (2.14)
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then we say that f is in L*°(M) and we denote by L (M) the space of all the
functions with this property. The smallest B such that (2.14) holds is called the
oo-norm of f and it is denoted by || f||c. If f, ¢ € LP{M), with 1 < p < oo, then one
has the following Minkowski’s inequality

1Lf + gl <1l + gl (2.15)

Moreover, if p and ¢ are conjugate exponents, namely %-&- é =1 (where é = 0) then
one has the following Holder’s inequality

7alle < 11 f1lol191ls- (2.16)

Under the assumption that (M) =1 we also have that f 0 < r < s < ¢

1 £1l- < 11f11s- (2.17)

For 1 € p € oo the p—norm is in fact a norm on the elements of LP(M) if one
identifies functions that are different only on sets of measure zero. If f is in LP(M),
and « is a real {or complex) number, of is also in LP(M), and if g is another function
in LP(M), inequality {2.15) shows that f + ¢ is also in LP(M) so that LP(M) is a
vector space endowed with a norm. Every vector space V with a norm || - || is also a
metric space, in that one can define a distance function (or metric) d(f, g) between
any two elements f and ¢ as d(f,¢) = ||f — gl|- An open ball with center f and
radius r > 0 is the set of all the g such that d{f,g) < r, and a topology on V can
be defined as the collection of subsets of ¥V which are arbitrary unions of open balls.
This topology is called the topology induced by the metric. In general a metric space
does not need be a vector space if we can define a distance function on it. A sequence
fn In a metric space is said to be Cauchy if, for every € > 0, there exists a ¥V > 0
such that d{f,, fra) < €, whenever n,m > N. A metric space is said to be complete
if every Cauchy sequence converges to an element of the space. Each one of the
space LP spaces above introduced is complete. Moreover [>°(M) is dense in L1(M),
meaning that for each f € L!(M), and each ¢ > 0 there exists a g € L*°(M) such
that ||f —g|l1 < e

The fact of being a normed vector space which is also complete qualifies L? as a
Banach space. A special case happens when p = 2. In this case one can define an
inner product < -,- > between any two elements of L?(M) as

< f,g >= /M fodu. (2.18)
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Using (2.16) and the fact that f and ¢ are both in L2(M), it is easily seen that the
value in (2.18) is always finite so that the above definition is well posed. A Banach
space with an inner product is an Hilbert space.

2.2 Dynamical Systems

We introduce now our main object of study.

Definition 2.2.1. A (sequential) abstract dynamical system is a quadruple (M, S, g,
{®:}), where (M, S, u} is a probability space and {®,} is a sequence of automorphisms
of M, parametrized byt € & , G being a group.

The parameter t, in the above definition, is usually interpreted as time, and
therefore it varies in R (continuous dynamical systems) or I (discrete dynamical
systems). In the first case, it is usually assumed that ®; is the flow associated to a
differential equation on the compact manifold M

&= f(z,t) z(0) = 2. (2.19)
In this case one has for ®; the group property namely
‘I’t+3 = ¢t Q @_, VS,t e R . (220)

In the discrete time case, one usually assumes that ®; is the same ® foreacht ¢ ¥
and considers the system to be given by (M,S, 4, ®). In this work, we will provide
some new results for discrete time systems whose evolution law is allowed to change
at each time step. We will sometimes call this case sequential to emphasize the
generalization with respect to the standard case. We will see, through examples,
how the structure of the time-independent case is lost in the general case and we will
extend some classical results under suitable assumptions.

When dealing with discrete time systems, we will use the following notation:
'@ = P,0---0®), 9B := Id. When 9, is the same @, for every ¢, then '® = &'
'Py =P 0. - By, fort > k.

A discrete time periodic dynamical systemsis a system of the form (M, S, g, {®,}),
such that there exists an integer 7', called the period, with &4 1 = ®;, (mody), for
each £ > 1. This is the simplest case of sequential discrete-time dynamical system
and we will see that the basic results of the standard case with single transformation
can be extended directly to this case. We will also see in the next chapter that the
ergodic properties of periodic sequences can be studied in terms of the composite
transformation that characterizes it namely, if T is the period, ® := ®7 0. - -®.
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2.2.1 Variational equations and Liouville’s Theorem

The Jacobian of the flow D,®; of a a system of n differential equations such
as (2.19) satisfies a matrix linear time varying differential equation, the so called
variational equation:

d

aDr@t = Dg;f(il:(t), £)Dz@f, Dy ®o = Inxn, (2.21)
where the matrix of coefficients on the right hand side is the Jacobian of the vector
field f in (2.19), with z(t) varying along the trajectory solution of (2.19), namely
z(t) = ®¢(xp). In order to show this, recall that by the definition of flow, for each
x € M, we have

d

5 21(@) = f(:(2),1). (2.22)
Differentiating this with respect to @, we obtain
d
Dy = ®4(2) = Dz (f(®4(2),1)); (2.23)

Interchanging the order of differentiation in the left hand side and using the chain
rule in the right hand side of (2.23), we obtain the differential equation in (2.21).

Concerning, matrix linear time varying differential equation of the form
X(t)=A@)X(),  X(0)=Xo, (2.24)

the following result, referred to as Liouville’s Lemma, is often useful.

Lemma 2.2.2. (Liouville’s Lemma) Consider a linear time varying differential equa-
tion (2.24), with A(t) continuous, then we have

detX (1) = detX (to)eo Tr(A@)ds (2.25)

where T'r(A(s)) denotes the trace of the matriz A(s).

Proof. If X (t) is not a fundamental solution of (2.24), then det(X (t)) = 0, for each
t > 0 and (2.25) is verified. If it is a fundamental solution, then det(X (t)) # 0, for
each t > 0, and we can define the matrix B(t) := X ~1(¢)A(t) X (t), with A(t)X(¢) =
X (t)B(t) and Tr(B(t)) = Tr(A(t)). Define z(t) := det X (t). We have

¢ = i det[z1(8)] - - 251 ()& (B)[2j+1 (B)] - - - [2n ()]
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= z_: det[z1(t)| - - |zj—1 ()| A(E) 2 ()| z 41 (8)] - - - |2n(P)]

= D det[zi ()] - - |2j-1 (O] X (Ob;(E) 2542 ()] - - - J2a(t))

=1
= Y detfar(t)] -+ - oo (OI55 (D1 2541 (O] - - [2a 8]
i=1
= (D bis(t))det(X (1))
=1
= (Tr(A()))=(t). {2.26)
From (2.26), (2.25) follows immediately. a

Liouville’s Lemma along with the variational equation (2.21) can be used to de-
termine the property of a flow associated to a differential equation (2.19) to preserve
the Lebesgue measure. To this aim, recall that, given a (time varying) vector field
f(z,t), its divergence is defined as the scalar quantity

din(f(e,) =Y e, (2.27)
i=1 §

and notice that this quantity, computed along the solution of (2.19), is actually the
trace of the coefficient matrix in the variational equation (2.21). Applying Liouville’s
Lemma to the variational equation, one concludes that, in the case div(f(z,?)) =0,
the determinant of the Jacobian of the flow is constant and equal to one for each
t > 0, and therefore, the flow, in this case, preserves the Lebesgue measure. In
conclusion, we have the following Liouville’s theorem.

Theorem 2.2.3. The flow associated to a divergence free vector field, preserves the
Lebesgue measure in R ™,

The importance of Liouville’s Theorem in dynamical systems theory, is usually
associated to Hamiltonian dynamics, where the evolution of the system is described
by equations of the type

OH(p,q,t)
dp
. _0H(p.qt)
p - 3q L]
(2.28)
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forpe R™, g€ R™, and a suitable Hamiltonian function H(p,q,t). In this case
the vector field is divergence free and Liouville’s Theorem applies.

2.2.2 Examples of dynamical systems

Example 2.2.4 (Examples in Probability)

Given a probability space (M, §, ), a random variable is a measurable function w
from M to the set of real numbers R endowed with the Borel o —algebra B generated
by the usual topology. The space (M, S, 1) is also called the space of events and w
represents a coding of the events in & into the elements of R . For example, in the
experiment of tossing a coin, we can assign a 0 to the event of having a ‘Head’ and
a 1l to a ‘Tail’. A random variable w also induces a probability measure v on ( R |, B)
in the natural way: v(E) = p(w™!(E)), where E is a measurable set of B.

In order to introduce the concept of stochastic process, we have to proceed to
the construction of a measurable space as the product of a countable number of
measurable spaces. Recall, we denote by B the Borel o—algebra associated with the
usual topology of R.

Consider R ¥ which is the bi-infinite product of copies of R or, equivalently,
the set of all the bilateral sequences Q := {...w_3, w_1,wp, w1, ws, ...} with real values.
Consider the subsets of R ¥ of the form

C={QeR¥weAa, (2.29)

for some j € T and some A € B. We call these sets elementary cylinders. Ele-

mentary cylinders generate a o—algebra on R L that we denote by R ¥ More
complicated cylinders belong to this o—algebra, which have the form

C:={0e RT, caw,e A, .. v €A} (2.30)

The set C in (2.30) is the intersection of k elementary cylinders. The cylinders {2.30)
generate R L and actually they are a m—generator since the intersection of a finite
number of them is still a cylinder of the form (2.30).

Given a probability space of events (M, S, i), a stochastic process is defined by
a measurable mapping T : (M,S) —» (R Z ,RZ ). An event z € M is mapped
in the bi-infinite sequence T'(x) = (...,w-z(2),w-1(2),wo(z),wi (2}, wa(z),...}). The
functions w;, j = 0,£1,%2,£3,.. are such that, for any measurable set A; € 8,

WA =T e R T |u; € 45, (2.31)

is also measurable, since it is the inverse image under T of an elementary cylinder,
and T is measurable by definition. The functions w; are therefore random variables.
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The measure g in (M,S, ) naturally induces a measure v, on (R Z ,RZ )
given by v(E) = p(T~(E)), for each measurable set E in RZ . yis also called the
probability distribution of ( R I rt ).

A stochastic process (R Z ,’Rz , ) is said to be stationary if the measure of
every cylinder is invariant under shift. More specifically, define the (left) shift trans-
formation Sh, on the sequence Q of R z , by

(SR} = wnp1, ¥Yne L. (2.32)

The action of the shift on a cylinder (2.30) is described by

SER(C): = Shifte R ¥ |w; 41 € Ap,wipq1 € Agyoywjpt € Ar})
= {R€R z lwj, € A, wj, € Az, .wj, € Ak} {2.33)

A stochastic process is stationary if ¥(Sh(C)) = »(C) and by induction v{Sk!{C)) =
v{C}), for each { > 0. In other terms, the joint probability distribution » of a k—uple
of random variables only depends on the reciprocal distance of the random variables
in the sequence and not on their position in the sequence itself. Recalling that the
class of cylinders is a 7 —generator of the o—algebra R L we conclude that Sh is a
measure preserving transformation for { R 1 Rl , V) (see Subsection 2.1.1).

In conclusion, a stationary stochastic process is defined as a dynamical system
characterized by a space of random sequences, the o— algebra generated by cylinders
and a shift-invariant probability measure, otherwise arbitrary. The measure preserv-
ing transformation is given by the shift so that the dynamical system is written as

(R z R z , v, 5h). This is one of the main objects of study in Probability Theory.

Example 2.2.5 (Examples in Statistical Mechanics)

The most important system of interest in statistical mechanics consists of N (very
large) noninteracting particles in a volume V. The state of the system is specified
by 3N position coordinates ¢ := g1, 42, ..., g3y and 3N momentum coordinates p 1=
P1, P2, ..., Pan. The coordinates (g, p) specify a point in the phase space which is the
set M on which the system evolves. The evolution of the system is described by

0H(q,p)

= —t t=1,..,3N 2.34
g B: g 3 (2.34)
. 0H(q,p) .

, = ———D8 j—1..3N 2.35
P Ba; J 3 (2.35)

where H := H(p, ¢) is the Hamiltonian function of the motion which gives the total
energy in terms of the coordinates p and ¢. It is easily verified, from equations (2.34),
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{2.35), that the system is divergence free so that, from Liouville’s Theorem 2.2.3, we
have that the flow ®; preserves the Lebesgue measure A := dg dgs - - - dgaydprdps - - -
dpan. We denote the o— algebra underlying the Lebesgue measure A by S and the
dynamical system under consideration is given by {M, S, A, {®;}}.

Example 2.2.6 (Examples in Information Theory)

The output of a transmission channel can be modeled by a bi-infinite sequence
in AL , where A4 := {1,...,n} is the set of n possible symbols called the alphabet.
Every symbol has an a priori strictly positive probability of being transmitted p;,
with 377, p; = 1. From these probabilities one can construct a measure v on the
o—algebra. § generated by cylinders of the form

o T ) . ap
C={weA” |w, =i .,wy, =1} (2.36)

If the measure v on cylinders is invariant under the left shift Sk, then the quadru-
ple {A I ,S,v,5h} define a dynamical system in the sense of the Definition 2.2.1
(compare to the discussion for Example 2.2.4).

2.2.3 Koopman operators in Hilbert spaces

Every measure preserving transformation ®, on a measure space (M, 8, i), deter-
mines a linear operator U : LZ(M} — L*(M). In particular, if f € L2(M), we have
Uf := fo®. Such an operator is said Koopman operator. A Koopman operator is
an isometry in L?{M), since, for every f € L%*(M), we have

W= [ wiidn= [ \fooldu= [ 11Pdp (237)

where we have used {2.12), with v := p(®~!) = pu, since & is measure preserv-
ing. A special case is when the measure preserving transformation ®; comes from
a dynamical system (M, S, u, {®:}). This simple identification makes it possible to
study the properties of a dynamical system (M,S,y, {®:}), in terms of the asso-
ciated operators U;. In this case, being ®; an automorphism, U; is also invertible
and we have U;'f = fo®;!. Recall that a Hilbert space is, by definition, en-
dowed with an inner product and the adjoint U™ of an operator U on it, is such
that < f,Ug >=< U*f,g > for each f and g. In the case of invertible Koopman
operators the adjoint is equal to the inverse.

2.2.4 Distance between dynamical systems

Consider two discrete time (or continuous time) dynamical systems acting on
the same space M, with the same o—algebra S, and the same measure &, namely
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(M, S, 1, {®{}) and (M, S, u,{®?}). Ifforeacht € T (t € R) ®! and $? are the
same except on a set of measure y zero, the two systems from a measure theoretic
peint of view are the same and we can say that their distance is zero. In order to
define a distance between dynamical systems, it is convenient to identify in classes
of equivalence automorphisms that differ only on sets of measure zero and to deal
only with classes of equivalence.

The group F of equivalence classes of invertible measure preserving transforma-
tions on M which differ on a set of measure zero can be turned into a metric space
by the introduction of the metric

pL(®1, ®2) = p{z € M|Pyz # Poz}. (2.38)
The metric (2.38) is equivalent to
pg(‘pl,q)g) = sup{,u((I'lAAQQAHA € S}, (239)

and to

p3(@1, B3) = sup{ﬁllfc@l — fo®?||y|f € LA(M)} (2.40)

= sup{——|1U1f — Uz fllalf € L2(M)},
7112

where Uy and U, are the Koopman operators associated to ®; and ®;. The equiva-
lence has to be intended as that convergence in the topologies induced by p,, p; and
p3 are equivalent properties. In the following, we shall sometimes consider pairs of
sequences of transformations {®}}, {®?} and denote by

W, = {z € M|®lz # ®2z). (2.41)

According to the above defined metric py (p2, p3), we will say that &} tends to ®7,
if limyoyoo t{W;) = 0. This topology on F is called strong topology, and the metric
p1 is called Rohlin metric.
The weak topology on F is defined in the following way: {®?} tends to {®!} for
t —+ oo if for each A € 8,
lim H(@IAADA) =0, (2.42)

or, equivalently, for each f ¢ L?(M)

b ]. . l
lim —“f”?Ilfo ®; ~ fo®ll; = lim |l f - Uafllz = . (2.43)

t—oo —}oo“f”z

Clearly, convergence in the strong topology implies convergence ir the weak topology.
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2.3 Notes and References

There are several excellent introductory books to measure theory and abstract
integration such as [38] and [6]. A text in dynamical systems theory with a more
advanced and abstract point of view is [17]. The abstract definition of dynamical
systems presented here follows [3]. The book [2] contains a derivation of Liouville’s
theorem using symplectic geometry and integration on manifolds that would com-
plement the one given in this chapter. Standard texts in probability theory and
stochastic processes are [19] and [31] and a good text in statistical mechanics at the
first year graduate level is [35]. The book [5] is a classic text to look at information
theory from a measure theoretic point of view such as the one presented here with
particular attention to ergodic theory which will be introduced in next chapter. The
strong and weak metric is discussed in detail in [37} and some further properties are
proven. These metrics were also discussed in [14] [36] in conjunction with the problem
of establishing ‘genericity’ for some ergodic properties of dynamical systems.
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Chapter 3

Ergodic Theory

This chapter is an introduction to ergodic theory. We will introduce the basic
concepts that will be used in the following chapters to formulate and solve control
problems involving mixing of fluids.

Ergodic theory is the study of long term average behaviour of dynamical systems.
In many problems of practical interest, we are not interested in the specific trajec-
tories described by a system under the action of a transformation but only a global
description of the trajectories has to be given. An example is the study of mixing,
as treated in this work, where the basic question is whether the trajectories of the
system are such that points initially belonging to prescribed sets get homogeneously
distributed. In this type of study a global or average point of view is required.

Basic topics in ergodic theory include questions of existence of averages computed
along trajectories dealt with in the Ergodic Theorems (Section 1) and the study of
recurrence properties such as ergodicity and mizing dealt with in Section 2. The study
of entropy a quantity which measures the randomness introduced by a transformation
is introduced to Section 3.

Compared to other introductions to ergodic theory we will take here a more
general time varying point of view. In fact, we will introduce new results concerning
the nonstandard case where the transformation acting on the measure space, in the
definition of the dynamical system, possibly changes at each time step.

3.1 Ergodic Theorems

The ergodic theorems deal with questions of convergence of averages of functions
computed along trajectories of dynamical systems. More specifically, consider a
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dynamical system (M, S, u, {®;}) and a function f defined on M. The average of f
along n steps of the trajectory starting at z is defined as

1 T
An(z) = —Zf(k(I)x), (3.1)
n
k=0
in the discrete time case, and as
1 T
Ap(z) = ‘ff f(@2), (3.2)
0

in the continuous time case. A, and Ar are also called the Frgodic Averages. The
question in the ergodic theorems consists of checking if, for a fixed € M, the limit

flz) = nll}néo An(z), (3.3)
in the discrete time case, or
f(@) == Jim_Ar(z), (3.4)

in the continuous time case, exist. It is in fact not always true that the above limit
exists, for a given x, and it may exist only in the mean, namely it may exist a function
f such that M, /7400 S | Ans — fldu = 0. The Pointwise Ergodic Theorem and
the Mean Ergodic Theorem answer these questions in the continuous time case and
in the discrete time case with measure preserving transformation, for every t € T .
Extensions can be given to the general case and will be discussed below.

We will discuss and present proof for the discrete time case in the following. The
standard results, namely the ones concerning a constant automorphism & have a
natural counterpart in the continuous time case when {®;} is the flow associated to
a differential equation.

Physically the question of the ergodic theorems arises when one tries to measure
macroscopic quantities, for example temperature, of a system in evolution. Consider,
as an illustration, Example 2.2.5. Every point in the phase space represents a state
of the system characterized by specific values for position and momentum variables.
If one needs to measure the temperature, one can average the temperature along a
very long period of time, following the evolution of the system. Is this a plausible
measurement procedure? In other terms, do the average values converge to a given
value? Would the measurement be independent of the initial state of the system?
The answer to the latter question is provided by the concept of Ergodicity, discussed
in the next section. The answer to the first one by the ergodic theorems.
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3.1.1 The Mean Ergodic Theorem

Theorem 3.1.1. (von Neumann Mean Ergodic Theorem) Consider a discrete time
dynamical system of the form (M, S, 1, ®), a function f in L?(M) and the associated
ergodic averages given by

1 n—1
An(z) = S f(@F). (3.5)
k=0
There ezists a function f € L*(M), such that
; Fi2 — i _ 1?2 —
Jdm [ A= Ffdp= lim [14. - fI = 0. (5.

Moreover f is invariant under ®, namely f = f o ®.

Proof. We denote by A/ the closure of the linear span of {g — go®lg € LZ(M)} and
by M the set of all functions in L?(M) invariant under ®. Recall, from elementary
Hilbert spaces theory, that given a closed subspace A, the Hilbert space H can be
written as the direct sum of A" and A’, the orthogonal complement of A’, namely
the vector subspace {g € H| < g,k >= 0,Yh € N}. The first step of the proof
consists of showing that with the above definitions M = AL,

We first show that A+ C M. To this aim, for each h € N+, we need to show
that h o ® = h. For each g € L2(M), we have

0=< h,g—god >=< h,g> — < h,go® >=< h,g> — < ho®7, g >=< h—ho® !, g >,
(3.7)

and since this has to be true for each g € L#(M), we have h = ho ®~!. Applying &

on both sides of this equation, we get & € M. Similarly, to show that M C AL, we

have that if h € M, ho ®~! = h, and, for each g € L?(M)

<hg—god>=<hg>—-<hgo®>=<h—hod ! g>=0. (3.8)
The next step of the proof is to show that, if f € A, then } Tohig F(@F) converges
to zero in LE(M). If f = g — g o ®, we have

n—1

123 (6~ 90 @)@ = 12 (g - 90811z < Zlgllo, (39)
k=0

where we used Minkowski’s inequality (2.15) and the fact that & is measure preserv-
ing. Letting n go to infinity in (3.9), we obtain the claim, in this case. If f € A is
the limit of a sequence of functions f; = g; — ¢; o ®, then we have

n—1 n-1 1 n—1

H% 3 fo | < ||% YU =)o@ +II2 Y fo ¥, (3.10)

k=0 k=0 k=0
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and we can choose ¢ and n to make the first and the second term, respectively,
arbitrarily small.

In conclusion, we can write every f € L%(M) as f = fo + f, with fp € A and
f € M, namely f invariant under ®. We have

n—1 n—1 n=—1
=0 ®) = i =11= (/- Ho@Hli= = 3 fookall,  (311)
k=0 k=0 k=0

which tends to zero as n tends to infinity since fu € N, for what proved before. 0O

Remark 3.1.2. The above theorem can be generalized in several directions. In
particular the theorem is a special case of a more general result about contraction
operators in Hilbert spaces. Recall that a contraction operator U, on a Hilbert space
#H, is an operator such that ||Uf]| < {|f]| for each f € H. In particular, we have
that, in this case, the average %Zk;l U* f converges, in the norm of the space,
when n goes to infinity, to an element f of M = {f € # : Uf = f}. The above
result is recovered replacing the operator U by the Koopman operator induced by
the dynamical system under consideration. The proof is essentially the same, with
a slight modification of the first step, due to the fact that a contraction operator U/
need not be invertible.

In the following theorem, we will provide a generalization of the Mean Ergodic
Theorem to sequences of measure preserving transformations, namely to a time vary-
ing discrete time system of the form (M, S, p, {®.}}, under the following additional
assumptions:

H1: The sequence of automorphisms ®, converges weakly to a single transforma-
tion @ (see definitions in Section 2.2.4)

H?2 The limit automorphism ® defined in H1 is ergodic in the sense that each
function f on M, invariant with respect to ®, namely f o ® = f, is constant almost
everywhere,

The convergence of the ergodic averages for discrete time, time varying dynam-
ical systems, under convergence assumptions, will be also investigated in the next
subsection, when we will deal with pointwise convergence in the Pointwise Ergodic
Theorem. In that case, we will require strong convergence of a system to another
to conclude convergence of the ergodic averages. The concept of ergodicity will be
dealt with in detail in the next section.

Theorem 3.1.3. (Mean Ergodic Theorem for converging sequences of transforma-
tions) Constder a sequence of measure preserving transformations converging to a
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single ergodic transformation ® in the weak topology defined in (2.42). Then, for
every function f € L*(M), the ergodic average

%Zn: f(®z) (3.12)

k=0
converges in L2(M) to a function f constant almost everywhere.

Proof. The proof follows the same steps as the proof of the Mean Ergodic Theorem
3.1.1. In particular, one first proves, in exactly the same way, that the closure of
N:={g—god|lg e L* (M)} and M = {f € L} (M)|f = f o ®}, that in this case
corresponds to set of functions which are constant almost everywhere, are orthogonal
complementary subspaces in LZ(M).

Then one proves that if f € A, then 1 5222 £(*®) converges to zero in LZ(M).
It f=g—go®, we have

12 Y ko (g — g0 ®)(*®)iI2

= 2llg=g(@o" 1 @) + TPl gk @ — i 7 g0 @ oF B,
2llg—go®o™ 1 @3+ 2| Tis] go Bk oF I B — g0 @01 O
Mg—go®om 1@+ 2502 [lgo Bk — go @)

(3.13)

In the right hand side of the above expression, both the first and the second term
go to zero when n goes to infinity. In particular, for the second term, we used the
convergence assumption. If f € A, and f is the limit of a sequence of functions
fi = g; — g; o P, then we have

=1 n—1 n—1
=3 fofelh< 1= ( - Rk el =3 fiokell,  (314)
" k=0 = ? k=0
and we can choose ¢ and n to make the first and the second term, respectively,
arbitrarily small.
In conclusion, we can write every f € L2(M) as f = fo + f, with fo € A and
f € M. Notice that f is constant a.e., therefore f of ® = f a.e., for each k > 0, and
we have

1 n—1 B 1 n-1
=32 = ot ella=11-3" foo* |l (3.15)
% ko T =0
which goes to zero as n goes to infinity. a

Notice that applying (2.17) to A, — f in Theorems 3.1.1 and 3.1.3, we have that
“An"’f”ZZ“An_f“l} (3'16)
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and letting n go to infinity, we have that convergence in L?(M) implies convergence
in L1(M). Using (2.11) we obtain

S o fuw 2 1 [ 13 pra - aul -
M7 oo s MT oo o

ln—l . _ _
! @d—fd =fd—/d, 3.17
fym D Sron= [ Jau = | [ sau- [ Fau (317)
and letting » go to infinity in the above expression, and using the convergence in
L'(M), we obtain
/ fd,u:/ Fdp. (3.18)
M M

In particular, under the assumptions of Theorem 3.1.3, the constant f is equal to
the space average of the function f.

3.1.2 The Pointwise Ergodic Theorem

In this subsection, we will deal with pointwise convergence of the ergodic aver-
ages {3.1). In other terms, fixed z in the state space M, we will investigate the
convergence of the sequence (3.1). It is one of the main results in ergodic theory
that this limit actually exists for every f € L'(M), for almost every z € M, and
f € LY(M), in the case of systems described by a single measure preserving transfor-
mation, namely (M, S, 4, ®). This is the content of the celebrated Birkhoff Pointwise
Ergodic Theorem. In physical terms, this theorem gives a justification to the pro-
cedure of measuring a quantity in a system in evolution by averaging the measures
over a very long interval of time. The ergodic theorem does not hold, in general, if a
single transformation is replaced by a sequence of transformations, not even if these
transformations converge in the strong sense of (2.38).

This subsection is devoted to a proof of the Pointwise Ergodic Theorem as well as
to a discussion of the theorem for sequences, with examples and sufficient conditions
for the convergence of the ergodic averages in terms of distance between dynamical
systems. Among the many proofs of the Pointwise Ergodic theorem that have been
proposed so far, we present the one based on the Maximal Ergodic Theorem, since
the latter result is of interest by itself.

Theorem 3.1.4. (Maximal Ergodic Theorem) Consider a dynamical system (M, S, i,
®), and assume f € LY(M). Consider the associated ergodic averages A,(z) :=
L5 f (®Fz), the function

A*(z) = sup An(z), (3.19)
n>l
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and the set {4* > 0} := {z € M|A*(z) > 0} Then

/ fdu > 0. (3.20)
{A*>0}

The function A~defined in (3.19) is sometimes called Mazimal Ergodic function.

Proof. First define the functions

S, = ", 3.21
121}2n;f ° (3.21)
and notice that
f=5 <8< (3.22)
and that
{A* >0} = U2, ({z € M|S,(z) > 0} :={S, > 0}). (3.23)

In the first step of the proof, we prove the following inequality:
Sa< f+ 5500, (3.24)
¥n > 1, where S§ := maz{0,S,}. In order to do this, it is sufficient from (3.22) to
prove that Sp41 < f+ S o®. We have, for 1 < j < n+1,

1—2
Y fod¥)od < f+ 8 100K f+ 8,00 f+ST0®, (3.25)
k=0

g1
SR =+
k=0

and for j =1
Si=f< f+8Fod; (3.26)

Using (3.26) and {3.25) in the definition (3.21) we get (3.24).
In the second step of the proof, we use inequality (3.24) to prove (3.20). We have,

f fduzf Sndu—f S5 0 ®du =
{Sn>0} {8r >0} {Sn>0}
/S:{d,u, - / Stoddy > / Stdu — f Stoddu=0. (3.27)
{Sn >0} M M
The claim follows observing that

[ gdu= [ (fim s, (3.29)
A*>0 M



26

where xs, is the characteristic function of the set S, and applying the Lebesgue
Monotone Convergence Theorem 2.1.4, to the sequence of functions fxs,, along
with (3.20). O

Theorem 3.1.5. (Birkhoff Pointwise Ergodic Theorem) Consider a dynamical sys-
tem of the form (M,S,p,®), and a function f € LY(M). Then, for almost every
x € M, the following limit exists

n—1

X .1
lim An(z) =n11%n;05§f(¢%) (3.29)

Proof. The statemnet of the theorem is equivalent to the fact that the set
1 n—1 1 n-1 .
E = {z € M|liminf = ®*z) < limsup — dFz 3.30
(=€ Mlipjaf L 3 7(0*) <lmap 3 (#52)) (330

has measure zero. Notice that the set E is the countable union over rationals « and
[ of sets of the form

ln—l ln—l
Eog= M| lim inf = oF li t dFz)1, 3.31
p={z € M|limin né” Ty<a<f< 1{31_}801;1)”!;}1’( =)}, (3.31)

and the claim of the theorem is proven if we prove that E, 5 has measure zero for
each o and 3. It is easily proven that

lim inf An(z) = lim inf A,(®z), (3.32)

and

limsup A,(z) = limsup A, (®zx), (3.33)
n=30o0c =00

so that the set F, g is invariant under ®. Moreover, if 2 € E, g, then z is such
that A*(z) > 8, namely E, g C {A* > §}. Applying the Maximal Ergodic Theorem
3.1.4 to the dynamical system defined by the restriction of ® to E, 5 and with the
normalized measure ;;_(Eﬁ and considering the function f — §, we obtain

[ fduz Bu(Ea). (3.34)
Eap
Applying the same argument to the function —f one gets

] —fdp > —ap(Eap) (3.35)

Eop
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or, equivalently,

[ fau < on(Eap). (3.36)
Eog
From (3.34) and (3.36), one gets

Bu(Eap) < ap(Eap), (3.37)
which is possible, since o < 3, only if p(E, 3) = 0. o

The rest of this subsection will be devoted to the investigation of the convergence
of the ergodic averages for a general, possibly time varying discrete time dynami-
cal system, namely a dynamical system of the form (M, S, u, {®;}). We start this
discussion with a simple example.

Example 3.1.6. Assume that M consists of two atoms A and B, with the natural
o— algebra S := {A, B,®, M}, it is the measure g(A) = u(B) = % and consider ® the
transformation that switches A with B. Consider the sequence of transformations
{®} with &, = & when t = ¥ 124, k =0,1,... and @, = Id, where Id denotes the
identity, otherwise. If f is the function with f(A) =1, f(B) = 0, we have that the
limit limpoee & 728 F(*®2), for 2 = A, is equal to the limit when n goes to infinity
of d,(A) == 3—“?(1&1 where s,{A) is the number of times the trajectory passes through
the point A after » — 1 iterations. The function d,, is sometimes referred to as the
n— density of the system and its upper (lower) limit, when n goes to infinity, as the
upper (lower) density. In the above case, for n = E?:D 2, k=0,1,..

15402 + (-2)7)
2 2;?=0 95

the limit of the above expression when k goes to infinity is equal to % for odd k and %
for even k, showing that the n-density does not admit a limit when n goes to infinity.

11— (=2)Ft
3 2kl _ ] )i

do(A) = = %(1 + (3.38)

The following result shows that, if we can prove pointwise convergence for the
averages (3.1), then also convergence in L'(M) follows. Notice that we have already
proved L!-convergence as a consequence of the Mean Ergodic Theorems 3.1.1 and
3.1.3.

Theorem 3.1.7. Consider a sequential dynamical system (M,S,p, {®:}), and a
function f € L_I(M). If the ergodic average Ay(z) = %E}:;é (*®zx) converges a.e.
to a function f(x), then it converges in L'(M). As a consequence,

[ f@dn= [ s (3.30)
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Proof. First, notice that applying Fatou’s Lemma 2.1.5 to the sequences of functions
Ay, we have

_ n—1 n—-1
1Al < [ Jim S 1fC0aldu < lim S [ 17¢we)de =1l @40
k=0 k=0

Therefore £ is also in Ly (M) and ||f||; < [|f|l;- That A, converges to f in L!(M)
follows immediately from the Lebesgue Dominated Convergence Theorem 2.1.6 if f
is in Loo(M). If this is not the case, for any g € L°°(M), we have

1ﬂ-l _ 171”_1 1"'_1 _
=3 —fllh <=3 (e - g* @)l + 1= D ¢"® — glls + 1 - Fll1. (3.41)
nk:[} nk:D nk:D

The first term is less or equal than ||g — f||;, and so is ||g — f||: from what proved
before. The second term converges to zero by the above Lebesgue Dominated Con-
vergence Theorem argument since g € L®. Therefore, the right hand side of the
above expression can be made arbitrarily small by a suitable choice of ¢ € L™ (M)
and for n sufficiently large. The equality (3.39) follows easily from L' convergence
(see {(3.17), (3.18)). !

In the following, we will sometimes call B-regular {from Birkhoff) a dynamical
system (M, S, i, {®,}), or the associated sequence of measure preserving transforma-
tions {®, }, for which the ergodic averages converge a.e. for every function f € L'{M).
We will deal, in the rest of this section, with the following “robustness” question:
Assume that a dynamical system (M, S, u, {®}}) converges, in one of the senses spec-
ified in Subsection 2.2.4, to a B-regular dynamical system (M, S, p, {®}}), then is the
system (M, S, u, {®]}) B-regular as well? The following nontrivial example shows
that this is not true even if we require strong convergence, in the sense of (2.38).
We will see however, in the next theorem, that this is the case if the convergence is
sufficiently fast.

Example 3.1.8. Let M be the square [0,1) x [0,1] with the standard Lebesgue
measure dzdy, and, for every t > 1, ®] be the identity. The ergodic theorem holds
for {®;}. Let {®?} be the identity over all of M except on a strip

W, = {(z,y) € M|0 < a(t) <z < b(t) <1}, (3.42)

where the functions a(t) and b(t) will be specified later. On W;, ®? reflects the point
(z,y) about the line y = %, namely, on Wy, ®7 : (z,y) = (2,1 — y)}. The function f
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is chosen to be equal to 1 when y > % and equal to 0 otherwise, which is clearly in
LY(M). In this example we will see that, for a suitable choice of the functions a(t)
and 4(2), namely of the size of the strip W; in (3.42), the average in (3.3) does not
exist on a set of positive measure, although lim, ., g(W;} = 0.
Consider an index § =0,1,2,.... For every 7 consider the strips
k-1 k

Ejk = {{z.y)e M|z € [2_.?’ 2__,)}? (3.43)

with £ =1,2,...,2%, and set

i=0, W)= FEqn,
7=1, Wa=En, W;=Epy, (3.44)
J=2, Wy==FEy, Wi=E); Ws=~Epm W;=FEy,

and so on. It is clear by this definition that lim,— ., x(W;) = 0. Assume now, by
contradiction, that the ergodic theorem holds for {2} and therefore for almost every
PeM

Ff(P) := lim 1 nf f(ka?p) (3.45)
k=D

n—00 13

exists. From (3.39) of Theorem 3.1.7 we also have that

[ EPyn= [ gPrdu=3, (3.46)

and therefore there exists a set of positive measure I/ on which f(P) is finite and
strictly greater than zero. Pick P in U — {x = 0} and notice that, denoting the =
coordinate of P by xp, we can choose two integers I > 2, n > 1 such that

£2n1 <zp < 2% (3.47)
Let us now study the limit in (3.45). Assume, without loss of generality that P is in
the part of M where f(P) =1 (if this is not the case we can always consider another
sequence starting with a switch of the two zones of M followed by {®?} and our
example will go through). In the study of the trajectory, the time can be indexed by
7 asin (3.44); 27 instants of time correspond to each j. For each § only one switch in
the trajectory will occur. This will happen for the m, 1 € m < 27 such that the set
Ejm includes P. At that time, the value of the function f will change from 1 to 0 or
viceversa. For j = () the transition will occur at the first step namely after no steps
and in the sequence f(*®?P) we will have a number 2(0) = 1 of ones. In general the
transition for the index 7 > 1 will occur after

n(j) =271 = (27 zp] 4 [P ap) (3.48)
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steps, where [-] denotes the integer part. This is so because the transition related
to j happens after [2/zp] steps of the 7 — th series plus the steps left out from the
previous series, that are indeed 29~! — [2/-1zp). As a result we will have, in the
sequence f(*@?P) a sequence of n(0) 1’s, n(1) 0’s, n(2) 1’s and so on, where n(j) is
given by (3.48). Define now the following sums

¥(s) =D _nlj), (3.49)
§=0
5—1
k(8) := Z n(7), {3.50)
j=0
j even

and notice that S(s} := % is a subsequence of the sequence cousidered in (3.45).
Consider the subsequence corresponding to odd s, S,44(s), and observe that

x(s) _ Soad (s)

Sedd(s5+1) := = . 3.51
CH) ) ) T 1 2k (331
Since we have assumed
oc> lim S(s)= lim S(s+1)>0, (3.52)
8 — 00 5=
s odd s odd
we must have (s)
n(s
lim —s=0. 3.53
) (3:53)
s odd

Now notice that, from (3.48) and (3.49), we have

s—1
(s} =142 27 2 ep] + [Pop] = 27 — [p] + [ ap] = 2271 4 (27 ep).

j=1
(3.54)
Using (3.48) and (3.49), the ratio % can be written as
n(s) _ 2071 — (2o~ 1z p) + [2°2 5] (3.55)

v(s) 27t + 227 1zp]
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and, for s large enough,

-2.9—1 [23 1
n(s) _ @ten] ~ Lt ety 2,56
= = : (3.56)
v(s) ETep 11
Now recall the bound on zp given by (3.47), so that we can write
s—1¢p _ s—lf
lu] <[ lap] < |2 ] (3.57)
2n 2=
and )
2°(1 - 1) 9s-1]
[2—'&:\ S [23$P] < 9n } (358)

For s > n, we can omit the integer part on the left and the right hand side of these
inequalities. We obtain from (3.57)

(-1 [ ep] 1

on 2 91 < 27, (359)

which shows that the denominator in {3.56) is bounded by a bound that depends on
zp. Therefore the only possibility for (3.56) to tend to zero when s tends to infinity
is that the numerator in {3.56) tends to zero. Using (3.57), (3.58), with s > =n, we
obtain

20-1) _ [2zp] _ A

; 2 izp] <7 T (3.60)
Using this and (3.59) we obtain
251 [22zp] _ 2% 2(1-1)
—_—4 3.61
2125l T lep) 0 T T I (3.61)
Now recall that we chose n and [ such that
2" +1> 3, (3.62)
which also gives
2 2l-1 1
AN Gl BRI (3.63)
l { {
This, combined with (3.61), gives
s—1 8 1
2 '2p] 141 (3.64)

[2Tzp] T 2 lzp] ;
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which shows that the numerator of (3.56) is bounded from below by 1, and so is
its limit when s goes to infinity, which therefore cannot be zero. This concludes the
example.

Theorem 3.1.9. Assume {®}} is a B-regular sequence. Consider another sequence
{®2} and the sets Wy as in (2.41). Assume

> n(Wy) < oo, (3.65)
t=0
Then {®?%} is B-regular.

Proof. Assume there exists a set B, with u(B) > 0, such that

) 1 n—1 - o 1':1—] bxd
hnm_f’olépizf( @m)>}1&%f52f( b4z), Vz ¢ B. (3.66)
k=0 k=0
From (3.65) we can choose a f such that
S 4(W) < u(B). (3.67

-
Il
Ll

From (3.66) for almost every z in B, there exists a k& > 0 such that
Sl @ln € Wiy (3.68)

If this was not the case, then FF@2i~192; — H+p1i-19°4 for each k > 0, and
1 1 t
T

D = S U ul
i Eiwa-m S oo

n—oo T 4
i=

which exists (a.e.) because of the hypothesis of the B-regularity of {®]}. Therefore,

BC [J{oN) Wik, (mod p) (3.70)
k>0

and

™8

B((19h) W) =

gk

#(B) < n(We), 3.71)

i
|
]
e

which contradicts {3.67). a
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We now give another condition for B-regularity of a sequence {®%} converging in
the strong sense of (2.38) to a B-regular sequence. This condition is given in terms
of the topology of the sets W; in (2.41).

Theorem 3.1.10. Assume {®]} is a B-regular sequence. Consider another sequence
{®?}. Define W; as in (2.41) and assume lim;_,o, t(W;) = 0. Moreover assume that
there exists a t > 0, such that for every t > f, one of the following equivalent
conditions holds 1.

a)
Wi C ®FWy;
b)
Wiy C @%Wt;
c) )
(I)?Wi N WH-l = @,
d)

@}Wg N Wt+l — m
Then, {®?} is B—regular.

Proof. Given > 0, a sequence {®;} is B-regular if and only if {®;,,} is B-regular.
Moreover, {®2} — {®}} if and only if {®Z,,} — {®},.}, and the assumptions a) d),

hold for ¢ > ¢ for {®!}, {®?} if and only if they hold for {®} .}, {97}, for t > 0.

In view of these facts, there is no loss of generality in assuming ¢ = 0.

We first note the equivalence of the conditions @) through d). The equivalence
of a) and ¢) (or b) and d)) is an immediate consequence of the invertibility of {®?}
({®}}), for each t. Moreover c) and d) are equivalent since &2 and ®} are the same
on W;, for every t, by definition.

Since limyq p(W;) = 0, for a.e. £ € M, there exists a £ = ¢(z) > 0 such that
x ¢ Wi, namely z € W, or equivalently

iz = ®lz. (3.72)
Define Vg the set of such z's. Applying inductively assumption ¢}, we get that

$ 0 0d2r =0} 0---0Plz, VE20. (3.73)

IThese relations are meant to hold everywhere except on a set of measure zero. A denotes
the complement of the set A.
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Define now B; the set of points 2 € M such that lim,_ %Z?;ol (*®'2) does not
exist. Since {®]} is B-regular, we have that p(B;) = 0, and, if we define

V] = Vg bt th)lBh (374)
20

we have p(V7) = 1. Therefore, we can write M = V) U B; for some measurable set
By, with p(B;) = 0. Define now

Vo=M - | (@) 7' By, (3.75)
>0

that again has full measure. Notice also that, by construction, V4 C V; C V.
Consider now 2 € V2, since & € Vp, there exists a f such that (3.73) holds. Consider

y:=' &%z, (3.76)
We have y € B3 since ¢ € V3, therefore y € V. Set
z:= (f@1) 1y, (3.77)
we have that z ¢ B, since y € V|. In conclusion, we have
limg o0 3 4oy f(@%2) =

limnyoo 3 Sorcy S(10% 0 (@F) 7 of B12) = (3.78)
limy_yeo % Zt=_01 f(t@lz)'

This limit exists, since z ¢ B;. Therefore, we have proven that for each x in a set of
measure 1, V5, the limit in (3.78) exists. This concludes the proof of the theorem. 0

The conditions added to convergence, in Theorems 3.1.9 and 3.1.10 rule out the
situation occurring in the Example 3.1.8, where the set

B:={z e M|Vt > 0,3t >1,'®* € Wiy} {3.79)
was a set of positive measure, indeed the whole space M.

We conclude this section discussing the case of periodic systems to which both the
Mean Ergodic Theorem and the Pointwise Ergodic Theorem can be extended directly
by using the construction of skew products. More specifically, if T is the period
consider an auxiliary dynamical system (N, A, Sh,v), where N is a set of T atoms
representing the time modulo T, A is the o—algebra 27V of all the possible subsets of
N, Sh is a forward shift of times (mod T), and » is a measure which assigns % to
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each element in N. Given this dynamical system and (M, S, g, {®:}), we define the
skew-product dynamical system as (M X N, Ax 8, ¥, ¢’ = g xv), where AX S is the
product o—algebra namely the o—algebra generated by the sets of the form S x A,
where S is measurable in S and A in A . ¥ is the map defined by ¥(z,t) = (D2, (¢ +
1) (mod T}}, and p' is the product measure namely p'{A x B) = p(A) x v(B).
Using the properties of {®,} it is easy to show that ¥ is measurable and measure
preserving. We can now look at the ergodic averages as averages computed along
trajectories of the new dynamical system (M x N, AxS, ¥, u') and therefore conclude

potntwise convergence and mean convergence using the standard results Theorems
3.1.3, and 3.1.5.

3.2 Recurrence properties: Ergodicity and Mix-
ing

Given a dynamical system (M, S, g, {®;}), we will characterize in this section the
qualitative features of its trajectories concerned with recurrence properties. More
specifically we will try to answer questions like: will a trajectory starting at a point
zg return arbitrarily close to zq (Recurrence)? Will it span the whole space M
(Ergodicity)? Will the sets in the g—algebra § get uniformly mixed under sufficient
iterations of the map ®; (Mixing)?

A simple example shows that recurrence is not always verified for a dynam-
ical system (M,S,u,{®:}). If M has only two atoms A and B, with measures
#(A) = p(B) = %, and ®; switches the two atoms at time 1 and leaves the positions
unchanged, namely it is the identity transformation for the following times, then the
trajectory starting at A (or B) will never come back to A (or B). On the other
hand, if the transformation were the Identity for all the time that would have been
the case. Notice that in this example of sequential system we have convergence, in
the strong sense of (2.38), to a system for which recurrence holds. Nevertheless the
recurrence property does not hold for this system. The fact that recurrence holds
for every system characterized by a single transformation is the content of what can
be considered the first result in Ergodic Theory namely the Poincare’ Recurrence
Theorem.

Definition 3.2.1. Given a dynamical system (M, S, i, {®:}), a point = in a mea-
surable set B € S is said to be recurrent with respect to B if there ezists a time t > 0
such that *®x ¢ B.

Theorem 3.2.2. (Poincare’ Recurrence Theorem) Consider a dynamical system
characterized by a single transformation ®, namely of the form (M,S,pn,®). For
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every measurable set B € §, almost every point of B is recurrent with respect to B.

Proof. Assume there exists a measurable set A C B of positive measure of noare-
current points namely, ®* AN B = @, ¥t > 0, which implies

DANA=0, Vt>0. (3.80)

This implies that the sets ®¥ A and ®7A4 are disjoint for & # 7. In fact, assuming
without loss of generality k > j, we have ®*AN &/ A = &/ (d*7A N A) = @, from
(3.80). By countable additivity of the measure i (see b) Definition 2.1.3), the set
U2 4(®' A) has infinite measure, which contradicts the fact tha (M) = 1. a

The theorem means that no matter how small we choose a set B in the #—algebra
8, {almost) all the trajectories starting in B will eventually come back to B. For
example, in the Example of Statistical Mechanics 2.2.5, the system will return ar-
bitrarily close to the values of positions and momenta it had at the time instant
zero.,

We now investigate recurrence for time varying systems under convergence as-
sumptions. We have seen, in the example at the beginning of this section, that
convergence alone to a system that satisfies the recurrence property is not sufficient
to guarantee that the recurrence property is verified. We can however require con-
vergence to a transformation that moves the points all around the space namely a
transformation which is ergedic in the sense that will be specified in the next sub-
section. We can say here that a dynamical system (M, S, 4, ®) is ergodic if, for each
A€ 8, with p(A4) > 0, #(UL,®*A) = 1. We will see, in the next subsection, that
this definition of ergodicity is equivalent to others (see in particular the one given in
the Mean Ergodic Theorem for converging sequences of transformations (Theorem
3.1.3)). If we assume that the convergence to an ergodic system is sufficiently fast
we can prove the recurrence property for the given system. This will be done in
Theorem 3.2.4. We first have the following result.

Lemma 3.2.3 Let (M, S, i, {®:}) be a a dynamical system strongly converging (see
(2.38) to an ergodic dynamical system (M, S, u, ®). Assume

ipﬁ(Wt) < 00 (381)

t=0
holds with Wy := {& € M|®.z # ®z}. Then, for each set A, with 0 < u(A) <1,

w(URFoA) =1, (3.82)
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holds.

Proof. From condition (3.81), we know that for each € > 0 there exists a & > 1 such
that

oo

ST p(We) <e. (3.83)

k=k

Consider a set A with (A} > 0, and take € = ﬂzﬁ in (3.83), and the corresponding
k. Recall the definition *®; := @, 0--- o ®;. Consider the set

A :=E_1 ¢)A -_ U_?C;D(I)_jWE-H- (3-84)
We have
. 0 A
pA) 2 p(A) = Y uowi) > 4, (3.85)
k=k

so that A has positive measure. We also have
PA=FHL O A Vs> (3.86)

This is true for s = 1 since, if it is not true then there exists an z € A such that &z #
Orz, namely z € Wi which is excluded by the definition (3.84). Analogously, for s >
2, using induction, if ®*A AR+s-l @;zﬁi, then there exists an z € $5-1 4 =F+s-2 ‘I’EA
with z € W5, ,_, which is impossible since AN (®*~1)" Wy, | = B,

Now we have

USZ, F @A D URFH e oF 184 D URFHEA = UR, 84, (3.87)
where, in the last equality, we have used (3.88). Therefore we have
WUFZ R A) 2 p(UR, & 4) =1, (3.88)

where, in the last equality, we used the ergodicity of ® and the fact that A has
positive measure. This proves (3.82). O

It is easy now to prove the result about recurrence for sequences converging
sufficiently fast to an ergodic transformation.

Theorem 3.2.4. Let {®,}) be a sequence of measure preserving transformations and
® an ergodic transformation. Assume (3.81) is verified with W; defined in (2.41).
Then, almost every point in @ set B € § is recurrent with respect to B.
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Proof. If there exists a set A C B such that *®A N B = @, for each & > 1, we have
U, kAN B =1, (3.89)

which is impossible since, from Lemma 3.2.3, we have p(U , *®4) = 1. a

We conclude this subsection noticing that for periodic systems (M, S, i, {®;}) the
recurrence property holds. This can be easily seen by considering the associated time
invariant dynamical system whose transformation is the composite transformation
associated to {®;} and applying Theorem 3.2.2.

3.2.1 Ergodicity

Given a dynamical system (M, S, g, {®;}), we are interested in how the evolution
law {®;} evenly distributes the trajectories in the phase space M in an homogeneous
way, and if the trajectory will travel around all of the space M. Also, if we are
making measurements on the system with a long-time average procedure (see the
introductory part of this section), we would like to know whether the measurement
is independent of the initial state of the system. These issues are considered in
the definition of Ergodicity. We give the following definition for general sequential
systems:

Definition 3.2.5. A dynamical system {M,S, u, {®:}) is said to be ergodic if, for
every f € LY (M), the time average,

n—1
f(z) = lim % > ftea), (3.90)
&=0

exists and il is consiant almost everywhere,

Notice that it follows immediately from (3.39) of Theorem 3.1.7 that in the case
of ergodic systems, the constant f has to be equal to the space mean fas fdp of the
function f. Also notice that the definition implies that it does not exist any set A,
with measure 0 < p(A) < 1, which is invariant from one instant on, namely such
that there exists a k& > 1, with

$ACA Wtk (3.91)

In fact if this is the case, for any z € (*~1®)~'A, the time average for the character-
istic function of the set 4, x4 would be
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1 n=1 ) 1 k-1 ) n—1 _
. = § 1 2 3 k1
Jim_ - Z xa(?®zx) = ﬂ‘Il_rmm n(z xa(?®z) + E xaA(F @ Pe))
j=0 J=0 =k
1% : n—k
= [ - iy, K1 — I —
= lim " z; xa(l®p  dx) = Jim = 1. (3.92)
J:

Analogously one can show that if z is in the complement of the set (*~!®)~'A, the
time average is equal to zero. Therefore the time average is not constant almost
everywhere contradicting ergodicity.

A complete characterization of ergodicity in terms of invariant sets is given in the
next theorem for systems described by a single transformation.

Theorem 3.2.6 Consider a discrete time dynamical system of the form (M, S, u, ®).
The following conditions are equivalent:

a) For every function f € L' (M), the time average f = limu_e0 ):E;é (®Fx) is
constant a.e. and equal to the space average fy, fdy.

b) The only invariant functions (f = fo®) in L1(M), are the functions that are
constant almost everywhere.

c) If A€ S is an invariant set (®A C A), then u(A) =0 or p(A) = 1.
d) For every pair of seis Aand B in 8

n—1

lim > uw(®*ANB) = p(A)p(B). (3.93)
k=n

n—00 7

e) For any set A, with u(A) > 0,

p(UZ @A) = 1. (3.94)

Proof ¢ — b. if there exists an invariant function in L!(M) which is not constant
a.e. then the time averages computed in two points where the values of the function
differ, will be different and equal to the values of the function in those points, thus
contradicting a. & — ¢. If A is an invariant set in &, the characteristic function of
A, x4 is ®—invariant and therefore constant in M. x4 constant implies x4 equal
to zero or one almost everywhere. Therefore u(A) =0 or p(A) = 1. ¢ = a. If the
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time average f is not constant a.e. then there exists a number o such that the set
A= {z € M|f(z) < a}, is such that 0 < u(A) < 1. However this is impossible since
A'is an invariant set for ®. ¢ — e. Forevery A € S, with (A) > 0, the set U ,®" A,
is invariant under ®, and therefore it has measure 1. € — ¢. Assume A is an invariant
set with 0 < u(A) < 1. Then US,®"A C A, and p(U2,d"A) = p2(A) < 1, which
contradicts (3.94). @ — d. The limit limnooo = 728 x4(¥%2)xB(2) exists a.e. and
it is equal to pu(A)xs. Applying the Dominated Convergence Theorem 2.1.6, to the
sequence of functions 2 3071 v 4 (®*z) xp(z) we get
n—1
[ lim = Y xa(@ ) xa(e)d = pl4)a(B) =

n—oo n
k=0

] 1 n—1 . ) 1 n—1 i
nll;nolo - g /M xa(® z)xp(z)du = 1qli’moo - g,u(fb AN B). (3.95)
d — ¢. If Ais invariant, applying d with B = A, we obtain u(A)u{A) = 0, which
implies that p#{A) = 0 or p{A4) = 1. a

Notice that the condition (3.93) in d) of the above theorem is equivalent to ‘for
each 4 and B € S,

n—1

lim. % S 4(@*AN B) = u(A)u(B). (3.96)
k=0

We conclude this subsection discussing the case of periodic dynamical systems.
We have seen, in the previous section that the ergodic averages exist almost every-
where for these systems. A quick computation, provides an expression for them.
Consider f a function in L'(M), and set n = kT +1+4 1, with { = 0,1,...,T - 1,
k=0,1,2,..., where T is the period, and ® := Oy o - -0 &;. We can write

s i f('®2) = L o

(D520 Tico [(@ 0 ®/z) + i, (1@ 0 B¥2)).
Relation (3.97) defines T subsequences parametrized by I and indexed by k. For
almost every  all of these subsequences have the same limit when & goes to infinity,
by the Ergodic Theorem applied to periodic sequences (see the discussion at the end

of Section 3_.1). Moreover, for almost every ¢ € M and for every 0 < i < T - 1,
limg_yeo 1 F((® 0 ®*2) = 0. We have

limpeo %Ztgol f(ttpx) = S
limioo rpr (2520 T [(1092)) = (3.98)
1 25 F(9))(@),

(3.97)
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where [f(i®)] is the time average of the function fo &, i = 0,...,T — 1, for the
composite transformation ®. s these averages are constant almost everywhere then
also the time average for the sequence is. Therefore ergodicity of & implies ergodicity
of {®;}. The converse is in general not true. In order to see this consider, as a simple
example, the usual space M with two atoms A and B, u(A) = u(B) = % and ¢ the
switch transformation. Obviously @ = ® 0 @' = Id is not ergodic, every time
average of a function f € L1{M), for the sequence O~ 1dP~1dP~! . .. is equal to
1(f(A) + F(B)). We formally state the result about periodic systems below.

Theorem 3.2.7 Consider a periodic dynamical system (M, S, u, {®:}) and the asso-
ciated single transformation dynamical system (M, S, y, ®), with ® = 7o -0 @4,
If the latter system is ergodic then the sequential system is also ergodic.

3.2.2 Mixing

Consider a dynamical system (M, S, g, {®:}). If the evolution law {®,} is such
that the points in the state space M get homogeneously mixed, we have that for each
pair of sets of positive measure A and B, and after a sufficient number of iterations
n, for every n > a2, p(®p0 P,y 0 -+ 0P AN B) > 0. This means that from some
instant on, there exists always some part of A that is carried in B. This condition
is referred to as partial mizing. A stronger condition is the one given in the next
definition.

Definition 3.2.8. A dynamical system (M, S, u, {®,}) is said to be (strongly) mizing
if for each pair of measurable sets A and B in S, we have

lim k(@AM B) = u(A)u(B). (3.99)

The mixing condition in the above definition means that for every pair of sets A

and B, for sufficiently large time, the percentage of A that is carried into B, namely
4

K f%ns , s the concentration of A in the whole space, namely u(A) since M is

assumed to have measure 1.

Mixing is a very well studied property in the case of systems characterized by one
single transformation. The following result is useful to relate the mixing properties
of a system to the ones of another system strongly convergent to it (see {2.38)).

Theorem 3.2.9. Let (M, S,u, {®}}) and (M, S, u, {$?}) be two sequential dynam-
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tcal systems such that

> u(W) < oo, (3.100)
t=1
with W, := {z € M|®lz £ ®%z}. Then, (M,S,u, {®}}) is strongly mizing if and
only if (M, S, p, {®?}) is strongly mizing.

Proof We assume that (M, S, n, {®}}) is mixing and prove that (M, S, u, {®?}) is
mixing, the converse follows from symmetry. We also notice that (M,S, u, {®}})
mixing is equivalent to (M,S, u, {®;,,}) mixing, for each & > 0.

From condition (3.100), for each & > 0, we can choose a &, such that

> (W) < & (3.101)
t=fc
Define now the set
D=Wpu (U?’;l(i’%“_l o 0@ ) IWE, ). (3.102)

Notice the following two properties of the set D: First

(D) < p(Wg) + 3 p((®h,,_ 00 @) Wey)) =D u(Wy) <6 (3.103)
i=1 t=k

Second, defined, for t > k, ‘®f := ®; 0 ®;_; o -0 &; and analogously *®?, for each
z in D, the complement of DD, we have

‘olz = B, Vi > k. (3.104)

This can be proven by induction. First notice that k@%w =k ‘P%m, since otherwise z
would be in Wi C D. Then assume *~1®}r = =gy, o1 # t®;%¢, then we have
*=1®1z € W, which is not possible since otherwise we would have =z € (*~'@})~'W,; C
D (cfr. (3.102) with ¢ = k + 7).

Consider now two measurable sets A and B as in the definition of strong mixing
(3.99). For t > k, we can write

p( @2 1924AN D) N B) < p( (1924 N B) = u(*®?4ANB)  (3.105)
= u(*®2(* 104N D) N B) + u(t®i(*-'®’AN D) N B).

Noticing that B
p(tei(*'@*AnD)nB) <4, (3.106)



