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Abstract

We consider the problem of determining the state of a quantum sys-
tem via a series of controlled evolutions and nonselective measurements of
a given observable. Generalizing previous results to the case of possibly
degenerate observables, we give a bound on the maximum number of pa-
rameters of the state that can be determined. We give a general algorithm
for the determination of the maximum number of parameters. We also
discuss how indirect measurement, when the system and probe are jointly
controllable, allows one to determine all the parameters of the quantum
state.

1 INTRODUCTION AND BACKGROUND

The introduction of control theory in quantum physics has provided new insight
and powerful tools to drive the state of quantum systems. Several problems
in areas such as molecular dynamics [10] and quantum information theory [8]
can be seen as control problems and treated within the framework of quantum
control. Recently, another important problem of quantum physics, the problem
of determination of the quantum state, [3], [9], was studied from the viewpoint
of control theory (see e.g. [4], [5]). In this context, the concept of observability
plays a central role. Techniques of state determination in quantum physics go
under the name of quantum state tomography (see e.g. [6] for a review). They
are concerned with the determination of a quorum of observables from which
the state of the system can be determined. From a control perspective, the
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combined effect of controlled dynamics and measurements has to be considered
in the determination of the initial state.

In this paper, we consider the framework of [4] namely a finite dimensional
quantum control system of the form

X(t) = —iHu)X(t),  X(0) = Lnxn, (1)

where X is the evolution operator and H is the Hamiltonian, depending on the
control u. The state is described by a density matriz p which evolves as

p(t) = X (t)p(0) X (1), (2)

where X (t) is the solution of (1). The dynamics in (1) is characterized by the
dynamical Lie algebra defined as the Lie algebra £ generated by span,{—iH (v)}.
Every solution of (1) lies on the connected Lie group associated to the Lie algebra
L, which is denoted here by e%. It is assumed that we are able to measure the
expectation value of a given observable S, namely

Y= TT’(S,D), (3)

where S is an Hermitian matrix which can be assumed traceless without loss of
generality. In this context, the system is said to be observable if there are no
two indistinguishable states, namely two states that give the same output y for
any control function u. The system is observable [4] if and only if

spanxeec {iX*SX} = su(n), 4)

or equivalently
V= 32 yspanf{adkiS} = su(n). (5)

The space span{adiS} is defined as spanned by the Lie brackets [R1, [Ra, [...[ Rk, iS]]]],
with R; € £, j = 1,..., k. More specifically, two states p; and p» are indistin-
guishable if and only if i(p; — p2) € V1, where V< is the orthogonal of V in
su(n). The following fact holds [4].

Proposition 1.1 Controllability i.e. £ = su(n) implies observability.

Upon measurement, the state of the system, p, is modified according to

p— ®(p), (6)

where the operation ® depends on the type of measurement performed (see
e.g. [2]). A consequence of this state modification is that, even for observable
systems, it might not be possible to determine all the n? — 1 parameters of the
initial density matrix by a sequence of measurements.

The contribution of this paper is organized as follows. In the next section,
we consider the case of a sequence of Von Neumann measurements and provide a



bound on the number of independent parameters of the density matrix that can
be obtained by a sequence of evolutions and measurements. The main technical
part of the paper is presented in Section III, where we give an algorithm, namely
a sequence of evolutions, which allows one to extract the maximum information
on the initial state for a sequence of Von Neumann measurements. In Section
IV, we argue that a sequence of indirect measurements will allow one to obtain
all the parameters of the initial state. Concluding remarks are presented in
Section V.

The problem treated in this paper was solved in [4] for the special case of
nondegenerate observables. The algorithm we shall present here however does
not reduce to the one of [4] in the nondegenerate case. The algorithm was
applied in [1] to the specific example of two interacting spin % particles, subject
to a measurement of the total magnetization.

2 SEQUENCES OF VON NEUMANN MEA-
SUREMENTS

According to the Von Neumann measurement postulate (see e.g. [11]), imme-
diately after the measurement of the expectation value Tr(Sp), the state p is
modified (cf. (6)) according to Liiders formula

p— Pp):= Zﬂmﬂja (7)

where II; is the orthogonal projection onto the eigenspace of S corresponding
to the eigenvalue A;, j = 1,...,7. The multiplicity of the eigenvalue \; will be
denoted by n;.

We are concerned with experiments consisting of a sequence of evolutions
X4, ..., Xk, ... alternate to measurements. We study how the measurements can
be used to determine the initial state pp. The state, after the k—th measurement,
is given by

pr = P(Xi(- - P(X3P(X2P(X1p0X7)X3)X3) - ) X5), (8)
while the result of the measurement is
Yr :=Tr(Spk) = (9)

Tr(S(Xi(- - - P(XsP(XoP(X1p0X1)X3)X3) - ) Xy))-

It was observed in [4] that, if the observable S is nondegenerate, then at most
n — 1 independent parameters of pg can be determined with this method. Gen-
eralizing this, we can say that at most n? +n3 + - - -n?2 — 1 independent param-
eters can be obtained for a general observable with eigenvalues of multiplicity



ni,...,n. In order to see this, using elementary properties of the trace, we
rewrite the expression of the measurement in (9) as

yi = Tr(Spy) = (10)

Tr(XipoXiP(X5 - - (Xpy P(Xp S Xg) Xpa)) - - - X))

Assume, without loss of generality, that S is diagonal with equal eigenvalues
arranged adjacent to each other in its diagonal. Every matrix of the type P(-)
has the only elements possibly different from zero on the corresponding diagonal
blocks. Therefore, it follows from (10) that only elements on the corresponding
diagonal blocks of X;po X7 affect the measurement result y,. The number of
these parameters is n? +n3 + - -+ +n2 — 1.

We observe that the best case is when S has only two eigenvalues and one
of them has multiplicity 1 and the other one has multiplicity n — 1. In fact, it
is easily proved that

2 2 2 2
max max n n o4 —1=(n-1)". 11
r>2 nitnz+-+n,.=n 1 + 2 + + r ( ) ( )

In the following section, we give a general algorithm, namely a sequence of
evolutions and measurements, from which it is possible to extract the mazimum
number of parameters.

3 AN ALGORITHM FOR THE DETERMINA -
TION OF THE STATE

We shall assume, without loss of generality that the matrix S has zero trace.
If this is not the case, we can always write S as S = TTT(S)Inxn + S, where
I, «n is the identity and S has zero trace. The effect is a ‘shift’ in the values of
the observations i in (10), which does not affect our considerations. It is also
assumed, for obvious reasons, that S # 0 and, without loss of generality, that
S is diagonal and with equal eigenvalues arranged adjacent to each other and

that the eigenvalue in the position (1,1), A1, is different from zero. Define

The values of the observations yy, in (10) represent the components of p along S,
P(X3SXs), ... P(X5 - (X;_ P(X;SXk)Xp_1)) - - - Xo). Therefore our task is
to find i := n?+n2+---n?2 —2 unitary transformations Xs, ..., X711 such that the
matrices S, P(X55X2), P(X;P(X35X3)X2),..., P(X5 - (XxP (X5 15 Xn+1)X5))
-+ X5) span all of P(isu(n)). Here and in the following we denote by isu(n) the
space of n x n Hermitian matrices with zero trace.



3.1 Reduction of the problem

A task equivalent to the one above described is to find 7 unitary matrices,
Xo, ..., X741, such that

Tr(ST) =0, (13)

Tr(X3SX,T) =0,
Tr(X;P(X55X5)XoT) =0,

Tr(X5 - (XP(Xi41 S Xne1) X)) - XoT) = 0,
for T' € P(su(n)), implies I' = 0. Equations (13) can be rewritten as
Tr(ST) = 0, (14)

Tr(SX,T'X3) =0,
Tr(SXsP(XoTX3)X5) =0,

Tr(SXni1 - (X3P(XoI'X3)X3) - - 'X;L—O—l) =0.
We define
1_\0 = Fv (15)
Ty = P(Xk+1]-—‘k71X;;+1)7 k=1, ey T, (16)

so that the conditions (14) can be rewritten compactly as
Tr(STy) =0, k=0,1,2,..,7. (17)

We need to exhibit an appropriate choice of transformations so that (17) implies
I'y=0.

In the prescription of the transformations X, ..., X511, we shall use planar
rotations [7] of the form Uy ;, with k <, defined as n x n matrices equal to the
identity except for the elements at the intersection between the k—th and [—th
row and column which are occupied by

= ( cos(0) —sin(@)e"
(e, o) = <sin(0)ei” cos(0) > ’ (18)



3.2 Step 1 of the algorithm: Determination of the first
n — 2 evolutions

The first n — 2 evolutions of the algorithm are chosen according to the following

prescription.

Step 1: We choose the first n — 2 transformations (if n > 2), Xs,..., X,,—1,
as planar rotations

™ .
Xj = Ukj,lj(Z70)7 J :27"'1’”’_]—7 (19)

such that the following conditions are satisfied.

1. For every j, k; and [; refer to two different eigenvalues of S. Recall that
S is diagonal and equal eigenvalues are arranged adjacent to each other.
For each eigenvalue there is a set of indices corresponding to the diagonal
elements occupied by that eigenvalue.

2. Every index in the set {2,...,n} appears at least once in the pairs (k;,1;),
j=2n—1.

Example 3.1 A possible choice, according to the prescription of Step 1, for
n =5, S = diag(A1, A1, A2, A2, A2), is Xo = U 3(%,0), X3 = U4(%,0), Xy =
U2)5(§,0). Another ChOiCG 1S X2 = Ul,g(%,()), X3 = U1’4(§,0>, X4 = UQ&(%,O).

We have the following proposition.
Proposition 3.2 With the choice of Step 1,
Tr(ST) =0, k=0,..,n—2 (20)
(cf. (17)) implies

1. The diagonal elements of I'y are the same as the ones of I'y, for every
k=0,...n—2.

2. The diagonal elements of T';,_s (and therefore the ones of T'y, k = 0,...,n—
3) are all zero.

3. I'y—92 = 0 implies 'y = 0.

Proof.

Consider any matrix P := {p;;} € P(isu(n)). A transformation P —
Uj(5,0)PU(F,0) only modifies the j—th and I-th rows and columns of P.
In particular, both the (j, j) and the (I,1) entries become equal to p“#ﬂj” The

operation P does not modify the diagonal entries. Now, applying this to any
Tk, k=0,..,n—3, Tr(ST}) = 0 implies

Z AwPh,h =0, (21)
h=1



while Tr(STk41) = 0 implies

j—1 -1

Pj.j TPl

> Aupnn + Aj“T + Z AnPhnt (22)
h=1 h=j+1
Pjj + P - _
)\l 9 + Z )‘hph,h =0.
h=1+1
Subtracting (22) from (21), we obtain

(A = ) (ps5 — i) =0, (23)

which, since A\; # A;, implies p; ; = pi,;. Therefore, the j—the and [ —th diagonal
elements of 'y are equal and this implies that the j—th and [—th diagonal
elements of I'yy1, which are given by pj’jTﬂ"” = pj; = Pi,i, are also equal and
equal to the ones of I'y. Applying this to every k, we see that the diagonal
entries are not changed in going from I'g to I',,_ and this proves claim 1) of
the proposition. Because of the choice of Xs,...X,_1, this also shows that the
last n — 1 diagonal elements of T',,_5 are all equal. Therefore, from (20), calling
pj,k the entries of I';,_2, we obtain

A1p1a +P2,2(Z An) =0. (24)
h=2

Using the fact that S has zero trace, we have

)\1(]91,1 - P2,2) =0, (25)

which implies p1,1 = p22 =+ - ‘Pn,n, since we have assumed A; # 0. Since we
also have ZZ=1 Ph.n, = 0, this also implies

P11 =P22="""=DPnn =0, (26)

which is claim 2) of the proposition.

In order to prove claim 3), consider again the transformation P — Uji(7,0)PU5 (7, 0)
which only modifies the j—th and [—th rows and columns of P. We can also as-
sume now that the diagonal elements of P as well as the ones of U; (7, 0) PU; (7, 0)
are all zero and that P € P(su(n)). If pj( is the j(I)-th row of P and p;r(l) the
corresponding row after the transformation, it is a straightforward computation
to check that .

; ’

b= J5i-p). pf = %@ﬁpl), (27)

2

and the corresponding columns are obtained from the requirement that the
matrix is skew-Hermitian. After applying P, since j and [ refer to two different
eigenvalues, and denoting by pj'(?s the new rows, we have

1

1
p;H_ = ﬁpjv

Epl-

++ _
b

(28)



Applying this in the transformation from I'y, to T'yy1, we see that I'y 11 = 0 im-
plies 'y, = 0. Applying this several times, we obtain claim 3) of the proposition.
O

The above proposition would already give a set of suitable transformations
in the special case where S is nondegenerate and therefore I'y is diagonal. In the
general case, it reduces the problem of finding i — (n —2) =n? +n2+--n2—n

transformations X,,, ..., X541, so that
Tr(STy) =0, k=n-2,n-1,..,7, (29)

implies I';,_o = 0, when the diagonal elements of I';,_5 are equal to zero.

3.3 Step 2 of the algorithm: Determination of the remain-
ing n? +n2 +---+n? —n evolutions.

Step 2 For every j :=1,...,r, choose nf —n; transformations as follows:

For every f := 2,...,n; choose 2(f — 1) transformations in the order de-
scribed in the following substeps f1 and f2 (we shall denote by Xpew the new
transformation to be added to the list and set nj :==n1 +ng + - - -+ n;_1 with

iy =0.)

Substep f1
T T
Xnew = Uﬁj+1,ﬁj+f(z7 O)U’ﬁj-‘rl,l(Zv 5)? (30)
and then - -
Xnew = Uﬁj+1,ﬁj+f(z»O)Uﬁjﬂ,l(z,0), (31)

where | is an arbitrary index corresponding to an eigenvalue different from A;.
Substep f2
If f>2, foranyh=2,....,f — 1,

s ™ T
KXnew = Uﬁj+1,ﬁj+h(Z)Uﬁj+1,z(Z, 5), (32)

and then - .
Xnew = Uﬁj+1,ﬁj+h(z,O)Uﬁj+1,l(z, 0), (33)
where | is an arbitrary index corresponding to an eigenvalue different from A;.

Example 3.3 A choice of the remaining transformations for the case treated
in Example 3.1, where ny = 2 and ny = 3 is as follows. Define (cf. (36), (37)
below)

Yi(k,t,1) := Usjtr,m;+t(55 0)Unjka( (34)

N

T
Zj(k,t,1) = Usj kgt ( 70)Uﬁj+k,l(zv )- (35)

=



Then, a possible choice, following Step 2, is X5 = Y1(1,2,3), X = Z1(1,2,3),
X = Y5(3,4,1), Xs = Z5(3,4,1), Xo = Ya(3,5,1), X10 = Z5(3,5,1), X1; =
Y2(3,4,1), X12 = Z5(3,4,1). As another possible choice, we can replace Z5(3,4, 1)
with 22(3,4,2) for X12.

The sequence in Step 2 is divided into subsequences, each corresponding
to a block j. If T' is a matrix of the sequence {I';} at the beginning of the
j—th subsequence and I'* the corresponding matrix at the end of the j—th
subsequence, we have the following two properties:

P-1 Formula (29) implies that the j—th blocks of I and T'" are zero.

P-2 If the remaining blocks j + 1,...,r of I'" are zero, then so are the
remaining blocks of T'.

After the subsequence corresponding to the r—th block is completed, an
induction argument, using P-1 and P-2 allows one to conclude I';,_5 = 0, as
desired. We prove properties P-1, P-2 in the next proposition.

Proposition 3.4 The subsequence of Step 2 corresponding to the j—th block
satisfies properties P-1 and P-2.

Proof. We have organized the sequence of transformations for the j—th block in
subsequences each corresponding to a value of f, f = 2,...,n;. The subsequence
corresponding to f contains 2(f — 1) elements. Define

v mw T
Y(1,t) := Uﬁj+1,ﬁj+t(z7O)Uﬁjﬂ,l(za 5)7 (36)
and - -
Z(1,t) := Uﬁj+1,ﬁj+t(z7O)Uﬁj+1,l(zao)7 (37)

where [ is an arbitrary index corresponding to an eigenvalue different from A;.
Then the subspace corresponding to f is given by

Y(1,1),2(1,£),Y(1,2), 2(1,2), (38)

Y(1,3),2(1,3), ... Y(1, f — 1), Z(1, f — 1).
O

Let us study how a transformation Y (1,¢) modifies a matrix I' € P(su(n)),

with zero diagonal. If [ corresponds to a block I's in the expression I' :=

diag(T'y, . s T4, ..., T,), then Y(1,%) only affects the j—th and s—th block
rows and columns of I'. In particular, the j—th diagonal block is the same as

['; except for the following changes (the indices now refer to the submatrix T';,
and we denote by ., the corresponding zw entry):

1. The diagonal entries in the (1,1) and (¢, t) position (that were zero before

the transformation) are now equal to 1m(271,,) and —Im(vy1¢), respectively.




2. The elements in the position (1,¢) and (¢, 1) are now both equal to %.

3. The remaining elements of the first row can be obtained from the formula

+ . Y1z + Z./Ytz

Yy : 5 , z2=2,.,t=1t+1,..,n;, (39)

while the remaining elements of the t—th row are obtained as

+ - i71z +7tz

Vez ¢ \/§ )

The elements of the first and ¢—th columns are also changed and they can
be obtained from the fact that the block I'; is skew-Hermitian.

z2=2,.,t=1t+1,..,n;. (40)

The s—th diagonal block T’y is also unchanged except for the following:

1. All the entries of the column and row corresponding to the index [, except
the diagonal one, are to be multiplied by %

2. The diagonal entry in the position corresponding to the index [ is given
by Im(y1¢)

S
If we apply these considerations to the transformation I'y, — Tg41, Tr(STk41)

0 gives
(As = Aj)Im(y1e) =0, (41)

and since A\ # Aj, we have
Im(y1¢) =0. (42)

From the above calculations, it also follows that, in the passage from I'y to
ki1, 1) Tpyq has still zero diagonal if Ty does, 2) the j—th block of T'yy; is
zero if and only if the same is true for the j—th block of Iy and 3) the blocks
j+1,...,r of x4 are zero if and only if so are the corresponding blocks of T'.

By studying the transformation Z(1,t) one finds the same properties 1)-3)
as above and conclude that the (1,¢) and (¢,1) elements of the j — th block are
equal to zero.

After the combined application of Y'(1,t¢) and Z(1,t), the j—th block of the
current I" matrix has the (1,1), (1,¢), (¢,1), (¢,¢) entries equal to zero, and the
elements 7, of the first row are given by

1 ) ) 1
+
=\ - = s+ (7 ——= zy
z2=2,.,t—=1t+1,..,nj

(43)

and the elements of the t—th row are

i = (s + e+ (5 + 350 (14)



z2=2,.,t—=1t+1,..,n;.

Now consider the f—th subsequence of the subsequence for the j—th block.
We shall prove that, after the f-th subsequence, the principal minor of order f
of the j—th block is equal to zero. We proceed by induction on f. Before the
f—th subsequence, by inductive assumption, the principal minor of order f has

the form
P (Y ), (45)

for some f — 1-dimensional vector v. This is true for f = 2 since the matrix
we start with has zero diagonal. After Z(1, f)Y (1, f), applying (43) (44), it has
the form

0 w 0
Fy =1 —w* Offgxffg kw |, (46)
0 —k*w 0

where w is a 1 x (f — 2) row, k is a scalar different from zero. By induction
on g, applying (43) and (44), after Y (1, f), Z(1, f), Y(1,2), Z(1,2), Y (1,3),
Z(1,3),...,Y(1,9), Z(1,g), in that order, one obtains a matrix of the form

Og><g M Og><1
Fy= | =M" O-1-g)x(f-1-9) ™ |, (47)
O1xg “m* 0

where the g x (f — 1 — g) matrix M has the form

w
kg’w
k3w
M = . , (48)
kqw
and the vector m is given by
m = kjw* (49)

for some (f — 1 — g)-dimensional row w and nonzero scalars ki,...,k,. When
g = f — 1, one obtains that the whole f x f principal block is equal to zero.
Applying this to f = n; and using the general properties of the transformations
Y, Z 1)-3), one concludes that P-1 and P-2 are verified. O

4 INDIRECT MEASUREMENT

The limit on the number of parameters proved in Section 2 suggests that it
may be possible to obtain all the parameters of the initial density matrix by



coupling the system with an auxiliary system, whose initial condition is known.
Let us denote by ps and pp the initial conditions of the system and the auxiliary
system (the ‘probe’), respectively, at the beginning of the measurement process.
If np denotes the dimension of the probe, pp contains n% — 1 parameters, which
are assumed known. If ng denotes the dimension of the system, pg contains
n% — 1 unknown parameters. The state of the total system, at the beginning of
the measurement process, is given by

pror = ps ® pp. (50)

If we assume perfect coupling between the probe and the system, namely that
the total system is controllable, we can obtain, as a result of the measurement
procedure n? +n3 + - - -n2 — 1 parameters, where n;, j = 1,...,7, are the multi-
plicities of the eigenvalues of an observable Spor on the total system. We note
here that if

n?4+ni+---+n?>n, (51)
it may be possible to adapt the algorithm in Section 3 so that exactly the
unknown parameters, namely all the parameters of pg, are determined from the
measurements. We illustrate this here in the case where Sto7 is a measurement
on the probe only, namely it is of the form

Stor = Ins ®S. (52)

This is the case usually referred to as indirect measurement in the literature
[2]. If S is diagonal, Stor is diagonal and, in appropriate coordinates, we can
write it in block diagonal form, where every block is of the form A, ., with A
an eigenvalue of S. We can use X; in (12) to modify the initial state pror
so that the unknown parameters of pg appear in the blocks corresponding to
the blocks of Sror. To simplify this task, we can first diagonalize pp in (50)
which is known and then use a transformation which permutes ps and pp.
The resulting matrix has blocks on the diagonal which are proportional to pg.
Then another transformation is applied to make these blocks coincide with the
ones of Stor. All the applied transformations do not depend on the value of
ps which is assumed unknown. At this point, we can apply the algorithm in
this paper to determine all the values of the unknown parameters in pg. We
notice that, for indirect measurement of the form (52), any probe of dimension
np > 2, independently of the initial condition, would allow to measure all of
the unknown parameters of pg. In fact, in this case, if 77; are the multiplicities
of the eigenvalues of S in (52), the number of unknown parameters determined
through indirect measurement is n% (> y n?) —1>ng—1.

5 CONCLUSIONS

Nonselective measurements of the expectation values of a given observable can
be used, alternating with controlled evolutions, to determine the state of an



ensemble. In general only a limited number of independent parameters of the
initial density matrix can be obtained. This number depends on the degree of
degeneracy of the measured observable but it is never equal to the totality of
the parameters of the density matrix.

In this paper, we have given a general algorithm, namely a sequence of
controlled evolutions, which allows one to extract the maximum number of pa-
rameters of the density matrix for a given observable. We notice here that the
minimum number of transformations needed was used in this algorithm. We
also remark that, since a sequence of evolutions exists, it follows from our proof
and an analyticity argument that almost every sequence of evolutions will give
outputs that are linearly independent functions of the unknown parameters.
Therefore almost any sequence would give an alternative algorithm. Our analy-
sis only assumes controllability of the given system which implies observability.
We have discussed how an indirect measurement where the total system (sys-
tem+probe) is controllable, can be used, along with the algorithm presented
here, to obtain complete information on the state.

The results of this paper can be reformulated in the language of Positive
Operator Valued Measures (POVM). The algorithm in Section 3 can be seen
as defining a POVM namely a set of positive operators with sum equal to the
identity (see e.g [8]). In our case every operator corresponds to a sequence
of possible outcomes of the selective measurements of the observable S. We
have shown how, from the expectation values of these measurement results, it is
possible to obtain data on the initial states. The same can be said for the indirect
scheme of Section 4. In this case, the prescribed POVM is informationally
complete in that the expectation values of the measurement results give complete
knowledge of the initial state of the system.
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