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Abstract

In this note we derive the exact query complexity of hidden sub-
group detection for the symmetric group. Optimal query sets, while
asymptotically similar to brute force search, are shown to yield signif-
icant savings for tractable problem sizes.

1 Introduction
This research was motivated by the following question.

“What is the optimal algorithm for generic symmetry detec-
tion?”

We formalize this problem by limiting the scope to detecting subgroups
of the symmetric group, and make it “generic” by only allowing for an oracle
that accepts or rejects a given permutation based on some criteria as long as
the set of accepted permutations forms a group. Thus, we are now interested
in the query complexity of hidden (non-trivial) subgroup detection for the
symmetric group.

Far more efficient algorithms exist when we have a priori knowledge that
the hidden subgroup corresponds to the automorphisms of a specific com-
binatorial object. However, even simple objects like graphs have no known
polynomial time algorithms, nor has graph automorphism been shown to
be NP-complete. According to [3] graph isomorphism and automorphism
are in O(exp(v/cnlogn)). Furthermore, in [7] it was shown that hypergraph
isomorphism and automorphism are in O(c").

It should be noted that the query complexity of hidden subgroup detec-
tion for the symmetric group was touched upon in a graph automorphism



setting [1, 8] where permutations composed of disjoint concatenated two-
cycles were used to generate asymptotic bounds.

The harder problem of constructing a generating set for a hidden sub-
group was discussed from a computational learning theory perspective in
[11].

This work should not be confused with research on “black box group
algorithms” [2, 4, 12], where one is presented with a generating set of some
group, while in our case no such information is given.

2 Preliminaries

In this paper permutations will be denoted as 7. Permutation composition is
defined where given a sequence of permutations my X 71 X ... X 7 the permu-
tation created by a applying the permutations in the list from right to left,
mo(m1(...(mx(z)))), is their composition. For example if 79 = (0,4)(1,2,3)
and 1 = (0)(1,2,4)(3) then my x 71 = (0,4,2)(1,3)

The permutation 7% will be the composition of k copies of 7. The set of
permutations on n elements will be denoted S,,. A group of permutations,
from here on referred to as a group, is a set of permutations H C S,, that
are closed under permutation composition.

The framework for our proof will be based on a graph optimization
problem.

Definition 1 (MIN-DOMINATING-SET). Given a graph with vertex set
V, a MIN-DOMINATING-SET is the smallest set D C V such that for
each vertex v € V, either v € D or there is a (directed) edge from a vertex
i D towv.

Also, we will use a special relation between two permutations where
having one permutation in a group implies the presence of the other.

Definition 2 (Detection). We say that a permutation m; detects permuta-
tion m; if m; € (Wj)k for some natural number k, i.e. m; is in the cyclic
group generated by 7;. Thus, if m; is present in a group then m; will also be
present.

Using the detection relation we can form a graph to describe our sub-
group detection problem.

Definition 3 (Detection Graph of S,,). Let Gy, be a directed graph (without
loops) whose vertices are labeled with a bijective mapping of the n! permuta-
tions in S,,.



Let 7; be the permutation label of vertex i, and m; be the permutation
label of vertex j.

Place an edge from m; to 7 if m; detects ;.

Remove all edges adjacent to the identity permutation.

Figure 1 is a diagram of the detection graph for the set of permutations
on 3 elements.

Figure 1: The detection graph of Ss.

2.1 Structure of the Minimum Detection Sets

The following lemma ties the detection graph to our subgroup detection
problem.

Lemma 1. Any MIN-DOMINATING-SET for the detection graph of Sy,
provides a minimum set of queries for hidden subgroup detection.

Proof. Follows from the definition of MIN-DOMINATING-SET. O

In the general case computing MIN-DOMINATING-SET is NP-hard [6],
however our proof below is constructive. During the preliminary analysis
[10] was useful as it contains polynomial time pre-processing algorithms to
simplify the search. It also might be of note that this graph written in
lexicographic order of the underlying permutation labels seemed to exhibit
exponential runtime behavior with NAUTY [9] version 2.2.

We would now like to show which sets of permutations form a MIN-
DOMINATING-SET in the detection graph. Let H be the subgroup of S,
that we want to detect.

A particular class of permutations will be of interest.

Definition 4 (Disjoint Concatenated Prime Cycle Permutation (DCPCP)).
A DCPCP is a permutation composed of 1 or more disjoint prime length
cycles of the same size.



The following lemmas show that DCPCPs are necessary and sufficient
detection sets.

Lemma 2. Only DCPCPs detect DCPCPs.

Proof. The cyclic group of a DCPCP contains only DCPCPs, so by the
definition of the detection relation, nothing else can detect them. O

Lemma 3. FEvery permutation is detected by a DCPCP.

Proof. If the permutation is a DCPCP, then by the previous lemma we
are done. If not, we can extract a DCPCP that detects w. Calculate the
least common multiple of its cycle lengths, i.e. the size of the cyclic group
generated by 7w and denote this as k. Then take one of k’s prime factors
which we will denote as i. The permutation 7+ will send all cycles with
length not divisible by 7 to the identity, and will turn the other cycles into
concatenated ¢ cycles. Thus, we have extracted a DCPCP to detect w. [

From the previous two lemmas we can derive the following following
theorem.

Theorem 1. A minimal detection set for S, consists of one element from
each DCPCP’s cyclic group.

Recall that an Abelian (commutative) permutation group is one where
a composition of permutations can be made in any order without changing
the result.

Corollary 1 (Abelian impotency). Prior knowledge that our hidden sub-
group H is Abelian is not enough to reduce the size of the minimal detection
set.

Proof. As DCPCPs generate Abelian groups, they must be detected anyway.
O

2.2 Enumeration of the Minimal Detection Sets

We will now count the number of elements in a minimum detection set for
Sh.

This lemma will let us count the whole set of repeated prime size parti-
tions that have size < n.



Lemma 4. Let p index prime numbers < n. The number of distinct con-
catenated prime size partitions on n elements is

n Lp)

>

p i=1

Proof. The outer sum iterates over all primes < n, and the inner sum iterates
over the number of partitions of this size that will fit into n.
O

Now to fill in the partitions with permutations we can over-count and
take all permutations on n elements composed of ¢ disjoint p cycles.

Lemma 5. The set of all permutations over n elements composed of i dis-
joint cycles of size p is
n!
(n —ip)lilpt
Proof. We will use a more general characterization from [5] attributed to
Cayley.

“Let (ai,ag,...,a,) be an n-tuple of nonnegative integers so
that " ; a;-¢ = n. Then the number of n-permutations of type
(al, as, ... ,an) is

n! ”

ailay! ... apl1a12a2  pan’

We can shorten this equation since our permutations are com-
posed of p cycles and singleton cycles to

n!
arlapl1apts’

Set a, to 7 to denote our i concatenated p-cycles, and set ay
to (n —ip) to denote the leftover elements that form singleton
cycles,

n!
(n —ip)lil1n—ippi’




then extract the redundant 1"~ term to receive

n!
(n —ip)lilpt”
O

Finally, we only want one element for each cyclic group generated by a
DCPCP.

Lemma 6. Given the p — 1 DCPCPs in the same cyclic group, we can
normalize this quantity to select a single member of this equivalence class by
multiplying by

1
p—1
By applying the three previous lemmas we derive the following theorem.

Theorem 2 (Query Complexity). Let p be prime numbers < n. The size
of a minimal query set for nontrivial subgroup detection in Sy, is

n Lp)

2.2 7

p =1

T3

n!
(n—ip)lilp'(p— 1)

The minimal detection sets for n = 1,...,10 have sizes {0, 1, 4, 13, 41,
151, 652, 2675, 10579, 59071}.

Note that queries made from a minimal detection set are non-adaptive,
i.e. the order in which they are made does not matter, so any program using
them is inherently parallel.

When n is a prime number we can note that this quantity has a lower
bound of Q((n — 2)!) by setting n = p and ¢ = 1. We of course always have
the upper bound of O(n!). Tight bounds would rely on better knowledge of
the distribution of primes.

Using a minimum query set can yield significant savings over checking all
nontrivial permutations, even for tractable problem sizes. This is illustrated
in Table 1.
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Table 1: Savings for small n over exhaustive testing.

n | Savings | Queries Eliminated

3 20.0% 1

4 | 43.5% 10

5 | 65.5% 78

6 | 79.0% 568

7| 87.1% 4387

8 | 93.4% 37644

9 | 97.1% 352300

10 | 98.4% 3569728
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