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Abstract

We address a rate control problem associated with a single server Markovian queueing system
with customer abandonment in heavy traffic. The controller can choose a buffer size for the
queuing network and also can dynamically control the service rate (equivalently the arrival rate)
depending on the current state of the network. An infinite horizon cost minimization problem
is considered here. The cost function includes a penalty for each rejected customer, a control
cost related to the adjustment of the service rate and a penalty for each abandoned customer.
We obtain an explicit optimal strategy for the limiting diffusion control problem (the Brownian
control problem or BCP) which consists of a threshold-type optimal rejection process and a
feedback-type optimal drift control. This solution is then used to construct an asymptotically
optimal control policy, i.e. an optimal buffer size and an optimal service rate for the queueing
network in heavy traffic. The properties of generalized regulator maps and weak convergence
techniques are employed to prove the asymptotic optimality of this policy. In addition, we
identify the parameter regimes where the infinite buffer size is optimal.

Abbreviated Title: Controlled queues with reneging.

1 Introduction.

In this article, we address a stochastic control problem associated with a single server queueing
system in heavy traffic. The controller can choose and fix a buffer size of the queue (= maximum
number of customers allowed to wait in the queue) and can dynamically control the arrival and/or
the service rates depending on the current state of the network. Our results are applicable in the
two extreme cases where only the service rate is allowed to control or else only the arrival rate is
controlled, as well as in the more general situation where both the arrival and service rates are con-
trolled subjected to the heavy traffic constraints described in (2.2)-(2.5) below. It is assumed that
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the inter-arrival times and the service times are independent and identically distributed. Another
feature of this queueing model is that each admitted customer has a memoryless “patience clock”
which “rings” after a random time. This random time is assumed to be exponentially distributed
and independent of all the other system variables. The customer abandons the system if the service
is not completed before the clock rings. Such models are referred to as queueing networks with
reneging or systems with impatient customers (see [25, 31, 30, 26, 27, 32]). Here we consider a
system optimization problem related to a queueing system with reneging in heavy traffic parameter
regime. In this model, higher queue-length leads to higher abandonment costs regardless of the
actions of the controller. Therefore, the controller would like to achieve a shorter queue-length
by exercising the available controls: choosing a higher service rate (compared to the arrival rate,)
incurring a higher control cost or choosing a smaller buffer-size (i.e reject more customers) lead-
ing to a higher rejection penalty. These considerations lead to three different cost components in
our infinite horizon discounted cost criterion: A penalty for each rejected customer, a control cost
related the adjustment of the arrival and service rates as well as a penalty for each abandoned
customer. Under the heavy traffic assumptions on the system parameters, we show how to ap-
proximate this controlled queueing system by a Brownian network with reneging. This Brownian
system is described by a solution to a controlled stochastic differential equation, whose drift and
diffusion coefficients are obtained as the limiting values of the parameters of the queueing system.
We first obtain an explicit optimal strategy for the Brownian control problem (BCP). It consists
of an optimal drift rate and an optimal rejection policy. This optimal rejection policy turned out
to be of a threshold-type and hence, it corresponds to an optimal buffer size. Second, we use this
optimal strategy for the BCP to construct a policy for choosing the buffer size and arrival and/or
service rates for the queueing network control problem in heavy traffic and prove its asymptotic
optimality. Depending on the system parameters as well as the cost structure, we observe that the
infinite buffer size can also be optimal in certain cases (for example, it is optimal when the rejection
penalty per customer is prohibitively high), and we identify the corresponding parameter regimes
for such situations.

The study of Markovian queueing systems with customer abandonment was initiated by Palm
[25] who modeled impatient customer behavior in a telephone switchboard. In a series of recent
articles [31, 30, 26, 27], Ward and coauthors addressed different aspects of such queueing networks
with impatient customers. We refer to [27] for a detailed list of references on this topic. In [27], it
is generalized to more general non-Markovian models with customer abandonment in heavy traffic
and they identify the limiting Brownian network and characterize the stationary distribution. All
the above articles address the issue of performance evaluation of such queueing systems. There
are numerous articles that address the issue of system optimization of different types of queues in
heavy traffic (see [5, 8, 9, 6, 14, 15, 18, 3, 29] etc.) without customer abandonment. Recently,
[32] addressed a system optimization problem in the context of a GI/GI/1 queue with impatient
customers in heavy traffic. The authors use the solution of the approximating BCP to construct
an asymptotically optimal admission control policy. There, the arrival and service rates of the
queueing network are constants and heavy traffic assumptions imply that they are equal. In fact,
their choice of an admission control policy is equivalent to the choice of a rejection policy in this
article. Their threshold-type optimal admission control policy indeed provides a finite optimal
buffer-size for the queueing network. Performance evaluation of queueing network models in heavy
traffic with variable arrival and service rates have been studied in [22, 23, 34] etc. For a fixed
buffer-size, a similar rate control problem for a BCP which minimizes a long term average cost is
studied in [2]. More recently in [13], the authors considered a BCP with variable rates and a general
customer rejection policy (variable buffer size). An optimal Markovian strategy which consists of



a feed-back type drift parameter and an optimal finite buffer size were derived there. The article
[13] also provides a numerical method to determine optimal buffer size for such systems. The two
articles [32] and [13] provides the main motivation for this work. Here we consider a Markovian
queueing system in heavy traffic with impatient customers, where the controller can choose and
fix the buffer size of the network as well as dynamically control the arrival and service rates to
minimize a certain cost function.

In our controlled queueing network where the arrival and service rates are allowed to depend
on the state of the system, we first need to define a notion of heavy traffic (similar to that in [34])
and obtain the BCP as a formal limit of the queueing system under diffusion scaling. These state-
dependent controlled arrival and service rates are the so called marginally state-dependent rates(see
[21], also referred as “thin controls” in [1], [4]) and they satisfy a heavy traffic condition specified
in Section 2.2 (see (2.5) and Remark 2.3 (a)). In the BCP, the controlled drift of the stochastic
differential equation is analogous to the difference between the arrival and the service rates and the
controlled increasing process is analogous to the rejection process which represents the cumulative
number of rejected customers from the queue. In the BCP, we allow the rejection process to be any
adapted, right continuous non-decreasing process, which includes all the threshold-type rejection
policies that correspond to the finite buffer situation. Our results on the BCP describe an explicit
optimal feedback type drift control process. Furthermore, we identify the necessary and sufficient
condition for the existence of a finite optimal buffer length. In our cost criterion, p > 0 denote
the revenue lost per rejection, v > 0 denote the customer reneging rate, § > 0 represents the cost
for each reneging customer (such as a refund given to these dissatisfied customers (as in [32])) and
d > 0 is a discount factor (can be thought of as the bank interest rate). Let py = (6[17%)' We
show that when 0 < p < pg, there is an optimal rejection policy associated with a finite buffer
size by, whereas for p > po, optimal rejection process is identically zero (i.e. not rejecting any
customer is optimal). It also turned out that the threshold pg is independent of the control cost
C(-) (see (2.4)). Next, we show that our controlled queueing network under heavy traffic can be
approximated by the above described Brownian network. Hence, using the solution to the BCP,
we propose a candidate for an asymptotically optimal strategy which consists of a buffer size as
well as dynamically controlled arrival and/or service rates. Using the properties of generalized
regulator maps (see [32] and references therein) and the weak convergence methods, we will be able
to prove the asymptotic optimality of this strategy when 0 < p < pp and when p > py. We also
conclude that the finite optimal buffer size exists when 0 < p < py and that infinite buffer size is
optimal if p > pg. When 0 < p < po and if there is no drift control (fixed arrival and service rates
which are assumed to be equal to each other) then the optimal finite buffer size (equivalently, an
optimal admission control policy) is obtained in [32]. Their optimal strategy for the BCP and the
asymptotically optimal policy for the queueing network problem are in agreement with the results
we obtained here.

The paper is organized as follows: Section 2 has the problem description including the details
of the queueing network, the cost structure for the control problem as well as the main result of the
article. In Section 3 we discuss the approximating BCP and obtain its explicit solution. The BCP
addressed here is a singular stochastic control problem and it can be read independent of the other
sections. Section 4 begins with a short discussion of generalized regulator maps, which will be used
later in the proofs of the theorems that follow. Rest of this section is devoted to proving the main
theorem. Throughout this article, all the processes are assumed to be in the space D(]0, 00), IR¥)
(= The space of right continuous functions with left limits) for some £ > 1 and we use “ = " to
represent the weak convergence of the processes in the usual Skorokhod topology.



2 Problem Description and the Main Result.

2.1 Model Formulation.

We consider a sequence of queueing networks in heavy traffic indexed by n > 1. Each network is
equipped with adjustable arrival and/or service rates and possibly a finite buffer size. The job of
a “controller” is to choose these state-dependent rates as well as the buffer size so that an infinite
horizon discounted cost structure (see (2.14)) is minimized. In addition, we have customer aban-
donment in this model, which cannot be controlled. Thus, the control structure here is represented
by (A, p,0) = (A ={ ()}, o = {un(-)}, bn), where Ay, i, are functions of the current queue-length

representing the state dependent arrival and service rates and b, = /nb (b = oo is allowed) for
some b > 0, is the buffer size for the n-th network, satisfying some admissibility conditions (see
Definition 2.2).

We assume that all the processes defined for the queueing network are defined on some common
probability space. For n > 1, the dynamics of the nth network under a control (A, p,b) is described

below. We assume that initially the queue is empty. The arrival time for the first customer is
exponentially distributed with rate A, (0) and the server immediately starts serving this customer.
At this instant, the queue-length is 1 and the required service time to complete service to the
first customer and the time until the second customer arrives is assumed to be independent and
exponentially distributed with rates A, (1) and pu, (1) respectively. In addition, this customer can
abandon the queue if the service is not completed within a random amount of time (patience time),
which is assumed to be exponentially distributed with rate v,. We call a time instant an “event-
time” if at that instant, either a new customer arrives or an existing customer leaves because of
service completion or abandonment. At any “event-time”, if the current queue-length is k, where
k > 0, we assume the following memoryless structure: (remaining) inter-arrival time for the next
customer, (remaining) service time for the current customer being served and (remaining) patience
time for each of the existing customers in the queue are independent and distributed as exponential
random variables with rates An(k), 1n(k)I{r>0y and 7, respectively. In addition, if the buffer size
b, = /nb is finite, then every incoming customer is rejected when the current queue-length is
b, = y/nb, and no customer is rejected if b = co is chosen. One can also think of the value b as an
admission control threshold where the customers are allowed to join the queue only if the queue
length is less than b(See [32]). We assume that the server does not idle unless the buffer is empty
(queue-length is zero). The sequence in which available jobs in the queue are served is irrelevant
because of our Markovian structure. Figure 1 describes the dynamics of the n-th queueing network
(n > 1) at any time point ¢ > 0.

A more rigorous description of our model is as follows: Let @Q,(t) denote the queue-length
process at time ¢, t > 0,n > 1. We assume Q,(0) = 0 and {Q,(¢) : ¢ > 0} is a jump-Markov
process with state space Z* (= set of all non-negative integers) and jump intensities are given by

G = (W) e yivys Gin—1 = tn(F) ey + kyn, k€ Z7T,

and ¢}, , = 0 for all other values of k', ¢’ € Z*. It is well-known (see Chapter 6 of [20]) that such a
process can be represented as a linear combination of time-changed independent Poisson processes:

Q)= ([ ut@utents ) =3 [ rat@utonas) = vt ( [n@uioias) 121, 2)



Figure 1: Dynamics of the n-th queueing network

where A, (k) = An(K) e ymbys Fin(k) = pn(k)Ig>0y are the “effective” rates, and YA YS VI are

) mn
independent Poisson processes with intensities 1. We will use (2.1) as the definition of the queue-

length process in our model (see [34] for similar queueing models with state dependent rates).

2.2 Heavy traffic and admissible controls.

First we state our assumption on the reneging rates. See [32] for a similar assumption (see also
Remark 2.3 (a) below).

Assumption 2.1 There exists v > 0 such that

ny, — v >0asn — o0

We assume that the system operates under heavy-traffic (i.e. the long-run-average arrival and
service rates are equal), under any admissible control policy (A, i, b) that the controller chooses.

Definition 2.2 (Admissible Controls) A control (A, p,0) = ({An()} {pn(-)},0) is called ad-

missible for the queueing network if Ay (+), pn(+) are nonnegative, continuous functions defined on
[0,00) and b € (0,00] such that for some A, and p > 0 we have the following:

(i) For some constant ¢ > 0,

sup sup[An () V pn(x)] < e, inf inf (A, (2) A ()] > 0, (2.2)
n>1 >0 nz1z20
(i)
sup [Ap(x) = Al = 0, sup|pn(z) — pu| — 0 as n — . (2.3)
x>0 x>0

(i) Forn > 1, define

un(z) = vV/n(pn(vVnz) — A\(vVnzx)) >0, for each x > 0, (2.4)



then {u,(-)} is a sequence of nonnegative, uniformly Lipschitz continuous (with a Lipschitz
constant k) and for some nonnegative function u(-),

sup |un(z) — u(z)| — 0 as n — oo. (2.5)
x>0

Remark 2.3 (a) Assumption 2.1 guarantees that customer abandonment rates do not influence
the long-run average departure rate. Parts (ii) and (iii) of the Definition 2.2 imply that the
system is in “heavy traffic”, i.e.

A= L. (2.6)

(b) The lower bound on the rates assumed in (2.2) and their continuity guarantee that the repre-
sentation of queue-length in (2.1) is possible (see [20]).

(c) As itis often the case in heavy-traffic analysis of queueing networks, (because of an underlying
functional central limit theorem) the diffusion scaled queue-length

Qn(-) = Quln) 51 ¢ >0, (2.7)

vn

stabilizes. This is the reason for studying the asymptotic behavior of the system and the
associated cost criterion (see (2.14) below.) under the diffusion scaling.

Since we study the system under diffusion scaling, we consider buffer sizes of the order \/n
for the n-th queueing network. It is possible to consider a more general situation, with the
buffer sizes b, for the n-th queue and it can be shown that any “reasonable” policy will have
to satisfy bp//n — b € (0,00] along some subsequence (see Lemma 9 of [32]). To reduce the
notational overhead, we simply take b, = \/nb,b € (0,00] in this paper.

(d) Note that in our setup, any admissible policy will affect the system behavior (in diffusion scale)
marginally, via uy (). We call this the “marginal drift function” and its limiting version u(-)
as the “asymptotic marginal drift function” for a given (X, u,b).

From the properties of the marginal drift functions in (2.4) -(2.5) in Definition 2.2, we con-
clude that u(-) is also a nonnegative Lipschitz continuous function with the same Lipschitz
constant K.

(e) For a concrete example of rates satisfying all our admissibility conditions in Definition 2.2,
consider the following class of rates:

1 x 1 T 1 T 1 x

%m(%) + ﬁv?(%)’ pin(z) = A + %UQ(%) + ﬁv’f(%), r2>0,n2=>1,

where A > 0, uq(-) < ua(-) are any two Lipschitz continuous functions with Lipschitz constants
k1 >0, and kg > 0 respectively. Furthermore, sup,>qvj'(z) = o(y/n) fori=1,2.

An(x) = A+

2.3 Scaled Processes.

First we define the lower- and upper-“reflection” processes: For n > 1

t t
Ln(t)i,u,n(())/o I{Qn(s)zo}dsa Un(t):/\n(\/ﬁb)/o I{Qn(s):\/ﬁb}dsﬂ t>0. (28)



This combined with (2.1), yields that

Q)= 1 ([ 2ni@utons) = [ 2,@uionas]

-l (| t (@i ) - [ t (@] - v ([ t wuois) - [ t 7 Qul5is]

t
— [ 1 @u(5)) = Xa(Q@u5)) + 7 Qs + L) = Vi1, (2.9)
for all n > 1 and ¢ > 0. Next, we define the following diffusion scaled Poisson processes:
. 1 - 1 - 1
YA®t) = %(Y;‘(nt) —nt), Y2 (t) = ﬁ(y,f (nt) —nt), Y,E(t) = %(YnR(nt) —nt), t>0. (2.10)
and the diffusion-scaled versions of the reflection processes in (2.8) are given by:
. 1 t
Ln(t) = %Ln(nt) = \/ﬁun(())/o Iig, (s)=0yds: >0,
. ) 1 t
U,(t) = %Un(nt) = \/ﬁ)\n(\/ﬁb)/o I{Qn(s):b}ds, t > 0. (2.11)

Using (2.7) and the definitions in u,(-), (2.4), (2.9), (2.10) and (2.11), one can easily verify that
the following identity holds: For each ¢t > 0,

Qn(t) = Wy (t) — /0 [Un (Qn(5)) + nymQn(s)]ds + L (t) — Un(t), (2.12)

where,

o= ( [ t M(vQusas) <15 ( [ t (VaQuas) -7 ([ t Qs ) . (213

2.4 The cost structure and the main result.

Note that in diffusion scaling, when the diffusion-scaled queue-length is Qn(t) at any time t > 0, the
customers abandon the queue at the collective rate of n’ynQn(t). As mentioned in the Remark 2.3,
our objective here is to study the asymptotic performance of the network under diffusion scaling.
We assume that the cost of each abandoning customer is a constant 8 > 0, cost of controlling
marginal rates is given by “a control cost function” C(-), and the income lost due to each rejected
customer is a constant amount p > 0. We impose the following assumption on the control cost
function C(-):

Assumption 2.4 (Control cost) C(-) is a twice continuously differentiable function with C(0) =
C'(0) =0 and C"(z) >0 for all x > 0.

We consider an infinite horizon, discounted cost criterion, i.e. for any admissible policy (), u, b),

we define the associated asymptotic cost by

Jp(A, 1, 0)=lim inf E we—“{[mnmén(w+c<un<@n<t>>>} dt+pdln(t)},  (214)

n—oo 0



where § > 0 is a constant discount factor. The control problem here is to find an asymptotically
optimal policy (A, i, b) which minimizes the cost defined in (2.14) among all the admissible policies.

In other words, the problem is to find J,(A\*, pm b*) such that
JP(%*a /f*7 b*) = inf JP(%? K, b),

where the infimum on the right side is taken over all the admissible policies (), p, b) (as in Definition

2.2).

Definition 2.5 (A candidate for optimality) Letp >0, V, and b, be as in (3.38) and (3.39)
of Section 3. Define ui(-) = (C')"1(Vi(-)). Choose any two functions 05 (-), and 03(-) defined on
[0,00), such that

0 <05(z) — 01(x) = uy(w), for allx >0,

Define

e 1 (1 ) 1 (1
Then, Q‘*v/j*v by) = ({0 n>1, {un (1) Y1, b5) s a candidate for an optimal policy. The admissi-
bility and asymptotic optimality of this policy will be shown in the proof of Theorem 2.6.

Theorem 2.6 (main result) Our proposed policy (\*, u*,by) in Definition 2.5 is asymptotically

optimal, i.e.
Jp(A%, 1%, bp) < Jp(A, s b)

for any admissible policy (), 1, b).

Remark 2.7 (a) We suppress the parameter p > 0 in \* and p* for simplicity of the notation.

(b) Also notice that, in the above proposed optimal policy, our arrival and service rates in (2.15) are
not unique, even if the optimal asymptotic drift function u*(-) is unique. This general setup covers
more realistic special cases. For example, if the X\ > 0 is a given constant and if A\p,(z) = X for all
x and the control problem is to choose an optimal state-dependent service rate pin(-), then 87 =0
and 05 = u*, k() will be an optimal solution. Similarly, if u > 0 is given and py(z) = p, then
choosing 07 = —u*, one can obtain an optimal state-dependent arrival rate X}, for this problem.

3 Brownian control problem.

In this section, we describe a diffusion model that approximates the behavior of the queueing
model under the diffusion scaling. The associated diffusion control problem is usually referred to
as the Brownian control problem (BCP). From the functional central limit theorem for the Poisson
processes (with unit intensity), it follows that

(YnAvf/nSv Yf) = (WA, WS, WR) as n — o0,



where WA, WS W1 are independent standard Brownian motions defined on some filtered probabil-
ity space (see (4.24)). Intuitively, this suggests that from (2.13) and the definition of an admissible
control (A, i, b) (Definition 2.2) that

W, =W
where W is a Brownian motion with zero drift and infinitesimal variance 2. In Lemma (4.5), we
will verify this assertion. Also, from the definition of L,, U, in (2.11), it is clear that these processes

start from the origin, they are nondecreasing and increases only when @), = 0 or b respectively.
Thus, if u(-) is the associated asymptotic marginal drift function of (A, i, b), one expects that the

limit of diffusion scaled queues for each admissible policy (A}, s b) will satisfy:

X(t) = W(t) — /O [w(X(s)) +vX(s)]ds + L(t) — U(t), t >0,

where (X,L,U) is a weak limit of (Qn,Ln,Uy,). As it is the case in many queueing network
control problems, studying the diffusion control problem with a cost structure similar to that in the
queueing control problem often provides insights for the search of an asymptotically optimal control
policy for the queueing control problem. In this section, we introduce the associated Brownian
control problem and establish a result (Theorem 3.7) which explicitly derives an optimal control
strategy.

In this section, the positive constants d, 3, y, p and the function C(-) are as in Section 2.

We consider a state process X;(-) which is a weak solution to the

Xo(t) = o — /0 u(s)ds — 7/0 X, (s)ds + W(t) + L(t) — U(t), ¢>0. (3.1)

Where x > 0, {WW(t) : t > 0} is a one-dimensional Brownian motion, with no drift and variance 2,
adapted to a right-continuous Brownian filtration {F; : ¢ > 0} on some probability space (2, F, P).
The o-algebra Fy is assumed to contain all the null sets in F. The processes u(-) and U(-) are the
control processes and they satisfy the following:

The drift control process {u(t) : ¢ > 0} is progressively measurable with respect to {F;},
nonnegative and takes values in a control set A C [0,00) which will satisfy the Assumption 3.2
below. To make sure that the equation (3.1) makes sense, we will also assume

T
E/ u(s)ds < +oo, for all T' > 0. (3.2)
0

The singular control process U(-) is adapted to {F;}, nondecreasing, right-continuous with left
limits and U(0) = 0. These processes also satisfy the property that the associated state process
Xz(+) in (3.1) always remain nonnegative.

The other non-decreasing process L(-) represents the local-time process of X,(-) at the origin.
Therefore

T
/ I{X$(5)>0}dL(S) =0, for all T'> 0. (3.3)
0



Definition 3.1 (Brownian control problem (BCP)) For any given x > 0, any nonnegative
solution X, (-) to (3.1) together with the associated controls u(-) and U(-), which satisfy the above
assumptions yield an admissible control system. More precisely, (2, F, P), Fi}, Xo(-),u(-),U(+)) is
called an admissible control system. With a slight abuse of notation, we simply write (X, u,U) for
an admissible control policy. For such an admissible control policy (X, u,U), we define the cost
criterion

Tp(,u,U) = E/ e M (BYX4 () + Clu(t))dt +p dU (1)]. (3.4)
0
The value function of the control problem is defined by
Vp(z) = inf :]Vp(:z, u,U), (3.5)

where the infimum above is taken over all admissible control policies (Xz(-),u(-),U(-)).

Note that the value function also depends on the other parameters of the system such as 9, 3, ~
etc, but we suppress this dependence in our notation for the clarity of the presentation. In the next
assumption, we define a critical value for the cost parameter p as well as specify some properties
of the control set A.

Assumption 3.2 (Control set) Let,

By
(6+7)

We assume that the control set A is a priori known to the controller and it contains the interval
[0,60) where Oy is the unique positive real number which satisfies

C'(6o) = po. (3.7)

po = (3.6)

Remark 3.3 (a) Notice that from Assumption 2.4, C'(-) is a strictly increasing function and hence
from (8.7), for each 0 < p < pg there exists a unique 0, such that C'(6,) = p.

(b) In Section 4, we also use the notation W, to denote x + W, where W is as in (3.1) and = > 0.
In that case, W, will denote a Brownian motion similar to W in all respect, except that it starts
from x > 0.

Now we state the formal connections of the processes in the Definition 3.1 above to the processes
introduced in the Section 2: The process X, (t) represents the diffusion limit of the queue-length
process at time ¢, such that at time ¢ = 0, the (diffusion-scaled) queue-length is equal to > 0. The
controller can choose the state-dependent drift rate function wu(-) from the control set .A. The drift
rate is analogous to the scaled difference between the service and the arrival rates in the queueing
network (see (2.4) and (2.5) in Definition 2.2). We do not restrict to feedback-type drift-control
in the BCP, and u(-) is any progressively measurable process which satisfies (3.2). However, the
optimal drift turns out to be of the feed-back type. The other control U(t) is analogous to the
cumulative number of customers rejected from the queueing system during the time-interval [0, ¢,
for all ¢ > 0. A trivial choice of such U is the identically zero function which is associated with
the infinite buffer length situation. In such a situation, the controller makes no effort to reduce the
queue-length process by rejecting customers and this can be a good control policy if the penalty

10



for rejecting the customers is prohibitively high. Later in this section, we will show the optimality
of the no rejection policy under such circumstances. A more interesting choice for U corresponds
to a finite buffer situation, which rejects customers if the queue-length exceeds a pre-determined
threshold b > 0 (the buffer-length). This case corresponds to U(-) being the local-time process of
X(+) at the buffer-length b > 0. In general, this “rejection process” U can be chosen from any
criteria (with jumps allowed) to reduce the queue-length (and need not be a local-time process), as
far as it satisfies the constraints in the Definition 3.1 above.

Before we discuss the solution of the BCP in next two subsections, we introduce the following
two functions ® and ¥ which are essential in finding an optimal control policy. Introduce the
function ® on [0, 00) by

2(y) = suplay — C(a)] for y >0, (3.8)

where A is the control set. Clearly ®(y) is finite for each y > 0. For each y € [0, py], the supremum
in (3.8) achieved at a unique point ¥(y) € A, where

U(y) = (C")"(y), for 0 <y < po. (3.9)

Note that, with the assumption in (2.4), the function ¥(-) is continuously differentiable. For a
detailed discussion on the properties of ® and ¥ and their use in a discrete-time optimal control
problem, we refer to [12]. In [2] and in [13], these functions were used in the construction of the
optimal drift control processes and we follow the same approach here. In all these articles, these
functions are denoted by ¢ and 1 (instead of ® and ¥ respectively), but to distinguish these from
the conventional Skorohod maps (which will be described in the Subsection 4.1), we intend use this
different notation in this article. By Assumption 2.4, ¥ is strictly increasing on [0, po]. Furthermore,
for each 0 < p < py,

0 < ¥(y) <6,, when 0 <y < p, where C'(6,) = p. (3.10)
By (3.8) and (3.9), we obtain,
O(y) =y¥(y) — C(¥(y)), for each 0 <y < po, (3.11)

and
' (y) = ¥(y) for each 0 < y < po. (3.12)

3.1 A Verification Lemma

With the help of ® in (3.8), the formal Hamilton-Jacobi-Bellman (HJB) equation (see [11]) for the
BCP can be written as

min {;V”(x) — oV (2)) —yzV'(z) — V() + Byz, V'(x), p— V’(x)} =0, (3.13)

for almost every z € [0,00). The following verification lemma enables us to sort out an optimal
strategy.

Lemma 3.4 (Verification Lemma) Let p > 0 and V be a C?-function which satisfies the HJB
equation in (3.13) together with the boundary condition

V'(0) = 0. (3.14)
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Then
Vp(z) > V(x), forall x>0,

where Vy(+) is the value function defined in (3.5).

Remark 3.5 Since V satisfies (3.13), V may depend on p, but we do not make that explicit in our
notation, for the clarity of the presentation.

Proof. Fix T > 0. We apply the generalized Itd’s Lemma (see p.285 of [24], [13]) to V(X (T))e™7
where X, satisfies (3.1) and 7' > 0. We also need a localization procedure, hence we introduce the
sequence of stopping times {7y : N > 1} by

v = inf{t >0:X,(¢t) >N}
= 400, if the above set is empty. (3.15)

Since, U(-) is nondecreasing, by (3.1), it follows that 0 < X,(t) < X, (t—) for all ¢ > 0. Hence,
0< X,(t) <N forall 0 <t<r7y.

V(X (T A7y ))e8TAN)

V() + /OT eV (X, (5-))dW ()
TATN e Thtn b5
[T ane) - [ VK s)au ()

TATN
b [T e (GYO) = V(X)) — 2KV (X)) - V(X5 ) ds

0
+ Y e [AV(XL(s)) + V' (Xa(s—))AU(s)] (3.16)
0<s<TATN

where AhV(Xx(s)) = V(X.(s)) — V(Xz(s—)) and AU(s) = U(s) — U(s—). Since, 0 < V'(z) < p,
notice that
[AV(Xe(s))| < p | Xe(s) = Xa(s—)| = p [U(s) = U(s—)].

Therefore, > o crpry e 9| AV(X,(s))| < pU(T A 7y) < +oo. Similarly,

0< > e PV (Xu(s—))|AU(s) < pU(T A 7y) < o0.

0<s<TATN
Hence, we can write,

TNATN
- /0 V(X (5-)dU(Gs) + 3 e [AV(X,(5)) + V(Xa(5-)AU(5)]

0<s<TATN

TATN
_ /0 V(X (s—)dU(s) + Y e PAV(X,(s))

OSSST/\TN

TNATN TNATN
—p/ e 2%dU(s) — p Z e AU(s) = —p/ e %%dU(s), (3.17)
0 0

0<s<TATNn

AV
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where U¢(-) is the continuous part of the process U(-). Combining (3.16) with (3.17) and then
using (3.3), (3.8) and (3.13) and taking expected value, we obtain

E (e TNV, (T A 7y)) )
TATN TNATN
> V(z) ~ E /0 =% [ByXa(s—) + C(u(s))] ds — pE /0 =55 dU(s). (3.18)
By (3.13), we also obtain
E [ 0TV, (T A 7w))l] < B [(IVO)] + pXa(T Ay)) e 0T (3.19)

We intend to estimate E [ X, (T A TN)e*‘s(TATN)]. Notice that

0<E [XI(T A TN)e—(S(TATN)] < [E(Xo(T Ary)?))? [E(e_%(TATN))]% . (3.20)

To estimate E(X,(T A7y)?), we can apply the generalized Itd’s lemma to X, (T A 7y)? and follow
a similar computation as in the derivation of (3.17) and eliminate the negative terms to obtain

E(X.(TATN)?) < 2?2 +T. (3.21)

The derivation of (3.21) is also very similar to the calculations in Lemma 2.1 of [13] (see the estimate
(2.9) in [13]) and we omit the details.

Now, (3.20) combined with (3.21) yields

=

1
0<E [Xx(T A TN)e—5<TATN>] <[22 472 [E(e—%(TATN))]
Combining this with (3.18) and (3.19), we obtain
1
B [[V(0)e~ T 4+ py/a? + T [ B(e )]
TATN
HE [ e (09X, + Clulo)ds +p dU(s)] = Vi)
0
Next, first letting N go to infinity, and then taking limit as T" — oo, we obtain
T 0) = B [ e (97Xa(s-) + Cla(s)))ds +p dU(s)) = Via),
0
where jp is as defined in (3.4). Taking the infimum over all admissible policies (X, u,U), we get

Vp(z) > V(x), for all z > 0.

This completes the proof. |
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3.2 An optimal control policy

First we describe our candidate for an optimal control policy for the BCP in detail and then prove
its optimality in the next theorem (Theorem 3.7). The constant py defined in (3.6) turned out to
be a threshold point for the suggested optimal strategy in the following sense: When 0 < p < py,
the state space of the optimal state process is a finite interval (after a possible initial jump). When
p > po, optimal strategy does not allow any rejections (i.e U* = 0). Thus the state process is
independent of p and the state space is the infinite interval [0, c0). Furthermore, when p > po, the
value function V,,(-) satisfies V,,(x) = V), (z) for all z. Now we describe our candidate policy which
is shown to be optimal in Theorem 3.7.

Definition 3.6 (Optimal policy) For 0 <p < po, the optimal state process X, ,.(+) is a reflecting
diffusion process on [0,by] for some by >0 (as in Lemma 3.10) and it satisfies

t t
X, () =z — /0 uy (X, ,(8))ds — 7/0 X, o(8)ds + W (t) + L,(t) — Uy (1) (3.22)

Here Ly(+) is the local-time process of X ,(-) at the origin. The feedback-type optimal drift control
is given by uy (X, . (+)) where uy(-) is a Lipschitz continuous function described in (3.31). Without
any ambiguity, we refer to this feedback-type drift control by u;;() The optimal rejection policy
Uy (-) satisfies Uj(t) = (z — by)" + Ug}) (t) for all t > 0, where Ug‘;(-) is the local time process of
X, .(+) at by > 0. Note that X, ,.(-) makes an initial jump to by if x > b,. We simply identify this

policy by (X, ., uy, Uy) for 0 < p < po.

For p > pg, the same admissible control is optimal for all the values of p and hence Vp(x) =
Vpo(x), for all x > 0. Thus, we denote the optimal state process by X (-) and it is a reflecting
diffusion on [0,00) which satisfies

XA (t) = — /0 (X5 (s))ds — 7/0 X2 (s)ds + W (t) + Li(t), (3.23)

with the same notation for the processes as in (3.22). The feedback-type optimal drift is given
by uy (X5 (+)) where uy () is a Lipschitz continuous function described in (3.37). Hence for all
p > po, we take uy = u, ~ for the optimal drift function. In this case, the optimal rejection process
is identically zero and hence X} corresponds to a queue-length process with infinite buffer capacity.
Accordingly, we denote this policy by (X, u},0).

€T p7
Now we state the main theorem of this section.

Theorem 3.7 (a) For eachp > 0, the value function V,(+) is a convex C*-function which satisfies
the HJB equation in (3.13) together with (3.14). When p > po, Vp(x) = Vo (x) for all z > 0.
Furthermore the feedback-type optimal drift uy(-) in (3.22) and (5.23) satisfies the condition

uy(x) = (Vi (x)), for all z >0 and for each p >0, (3.24)

where U is as given in (3.9).
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(b) When 0 < p < po, the policy (X, ., uy .,
the optimal buffer size. It also satisfies

Up..) described in (3.22) is optimal and by, represents

= inf{z > 0: V,(z) = p}. (3.25)

If p > po, the policy (X}, ub,0) described in (3.23) is optimal. Here the state process X}

x? p7
corresponds to a infinite buffer capacity.

Remark 3.8 When 0 < p < po, by, is finite and the value function V,(-) also satisfies V}(b5) = 0.
In this case, from our optimal policy it follows that Vy(z) = Vp(by) +p (z — by;) when x > by.

Proof. First we consider 0 < p < pg. We assume that there exists a point b}, > 0 and an increasing
function ), such that

394e) = By (a)) — adyle) + B = 5500+ [ Vyla)du, (3.26)

together with the boundary conditions
Vp(0) =0, Vy(by) =p, V(by) =0, and 0 < Yp(x) < p when 0 < z < by, (3.27)
We will verify the existence of such a b; > 0 and the function ), in Theorem 3.10. Next introduce

253” + J5 Yp(u)du for all 0 <z < b,
Vp(z) = (3.28)
Vp(by) + p(z — by) for all > by,

Since Yp(-) is an increasing C*-function on [0, b%], V,(-) is a convex C2-function on [0, c0). Further-
more, V,(-) satisfies

1 *
§Vg(:v) — V() —yxVy(x) — 6Vy(x) + Byz =0 for 0 <z < bj,. (3.29)
Evaluating (3.29) at = by and using (3.27) we obtain

6 Vy(by) = Bb, — pyb, — ®(p).

A direct computation using this identity and the fact that p < pg yields
1 *
5%’(1’) — OV, (x)) — yzV,(x) — 6Vy(x) + Bryz > 0 for 2 > by, (3.30)

Hence, (3.27), (3.29) and (3.30) implies that V), satisfies all the assumptions of the verification
lemma (Lemma 3.4). Therefore, we conclude that V,(z) > V,(z) for all x > 0. To show that V,(z)
is indeed equal to V,(x) for all > 0, we verify that the proposed policy (Xp 2> up, Uy) in (3.22)
(with appropriately defined u(-)) is an admissible policy and the cost J p(z,uy, Uy) from this policy
(as defined in (3.4)) is equal to V,(x) for each > 0. Thus, it will follow that V,(x) < V,(z) and

consequently, V,(z) = V,(x) for all z > 0.
For each 0 < p < pg, introduce

uy(x) = ¥(V,(z)), forall z >0, (3.31)
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where W(-) is given in (3.9). By (3.28) and (3.31), u;(-) is a Lipschitz continuous function. Thus,
uy(+) takes values in [0, 6,] where C'(6),) = p. This interval [0, 6,] is contained in the control set A
by the assumption (3.7). Let b; > 0 be as in (3.26) and (3.27). We consider the policy (X ., u,, Uy)

pzr Up>
with u;(-) defined in (3.31). Since, uy(-) is a Lipschitz continuous function and X , is a reflecting
diffusion on [0, b;], it is evident that (X;}x, uy, Uy ) is an admissible policy. Note that if > by, the

state process makes an initial jump to by, as explained in the discussion below (3.22). For simplicity,
we consider X, (0) = z is in [0,b;], and apply It6’s Lemma to Vp(ngx(T))e*‘ST. We use (3.10)
and (3.29), V,(0) = 0 and V,(b;) = p to obtain

T T
EVp(X;(T))e "] = Vy(2) + E /O e O [ByX; . (s) + Clun(X; . (s)))lds + pE /0 e *5dU; (s).

Here U (-) is the local-time process of X .(-) at by, > 0. Since V), is bounded on [0, b5], by letting
T — 0o, we obtain

Vo(@) = Jp(z, up, Uy), (3.32)

) p7

where jp() is as given in (3.4). When x > by, there is an initial jump to b} using the rejection
process U,. Hence,

Ty, ul, US) = pla — b5) + Jp(0,ul, UZ) = p(a — b3) + Vp(b) = V(a), (3.33)

by (3.28). Hence we have V,(z) < V,(z) (which implies that V,(z) = V,(z)) and therefore,
(X, 2> Up, Uy) is an optimal policy for 0 < p < po. The conclusions (3.24) and (3.25) both follow
directly from (3.27) and (3.31). This completes the proof of both parts of the Theorem (3.7), when

0 <p<po.

To prove the theorem for p > pg, we assume the existence of an increasing function )y which
satisfies

%yg(x) — d((@)) — 72N () + By = %yg(()) 4 s / Vo(u)du, forall x>0,  (3.34)
0

together with the boundary conditions

Yo(0) =0, 0 < Yp(z) <po forall z >0 and lim Yy(z) = po. (3.35)

r—00

We will also verify the existence of such a function )y in Theorem 3.10. Introduce
1 x
Volw) = 5:4(0) + / Yo(u)du for all z > 0. (3.36)
0

Since Yy(-) is an increasing C!-function, V,(+) is a convex C2-function. We take any p > po. Then
a direct computation using (3.34) and (3.35) verifies that Vj satisfies all the assumptions of the
verification lemma (Lemma 3.4). Hence, we obtain V,(z) > Vy(z) for all x > 0. Now we prove
Vp(x) = Vo(z) for all z > 0. For each p > pg, we introduce

uy(x) = ¥(Vy(z)), forall z >0, (3.37)

where W(-) is given in (3.9). Notice that for p > po, uy(z) = uy, (v) for all z > 0, since Vy defined
in (3.36) depends only on py. We intend to show that (X7, u;,0) is an admissible policy for all

p > po, and jp(aj,u;,()) = Vo(w) for all z > 0. Note that uy(-) is a Lipschitz continuous function
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and X7, is a reflecting diffusion on [0, +-00] with a reflecting barrier at the origin. By (3.9) and
(3.37), uy(-) take values in [0, 6] where C”(6p) = po. Notice that [0, 6] is contained in the control
set A by (3.7). Therefore, (X}, u},0) is an admissible policy.

xr Ypy

Now X7 satisfies (3.23) with optimal drift u(-) defined in (3.37). Hence we apply Itd’s Lemma
to Vo(X2(T))e™®T to obtain

EV(X3(T)e] = Volz) — B / (87X () + Oy (X3 (s))ds.

To verify limr_,o E[Vo(X:(T))e %" = 0, by (3.35), it suffices to show that
lim E[X:(T)e ] =o0.
T—o0
For this, we again apply It6’s Lemma to [X}(7)]?, using (3.23) and eliminate the negative terms

to get the estimate E[X}(T)]? < 22 + T. This yields limy_.o, E[X(T)e™°T] = 0. Hence, using a
similar approach as used in deriving (3.32), we obtain

Vo(z) = jp(X;,u;,O), for all z >0, p > po,

and (X7, uy,0) is an optimal policy for each p > pg. Furthermore, the feedback-type drift control

u) is given by wh(z) = uh (z) = U(Vj(x)) = U(V}, (), for all z > 0. Since, Vy(+) is a C*-function,
the proof of Theorem 3.7 for the case p > pg is also complete. [ |

Remark 3.9 The above proof shows that there exists a real number by, (b, is considered as +oo in
the case of p > pg) and a C*-function V, which satisfies

1 *
51}1’,’(:6) — oV, () — yzV,(x) — Vy(x) + Byz =0 for 0 <z < by, (3.38)
V,(0) =0 and V) (z) =p, for x> by (3.39)
Since, Vp(x) = Vp(x) for all x > 0, where V,(-) is the value function defined in (3.5), the pair
(b, Vp(©)) is unique.

It remains to verify the existence of a function Y,(-) which satisfies (3.26) and (3.27) and a
function Yy (-) which satisfies (3.34) and (3.35). We address this issue in the next subsection.

3.3 A parametrization method

Our aim here is to establish the existence of a solution Y, (-) which satisfies (3.26)-(3.27) and another
solution Yy (-) which satisfies (3.34) and (3.35). This will be achieved in the following theorem and
it will complete the proof of the Theorem 3.7.

Theorem 3.10 (i) For each p in (0,po), there exists a point by, > 0 and an increasing function
V() which satisfies (3.26) and (3.27).
(it) There also exists an increasing function Yo(-) defined on [0,00), which satisfies (3.34) and
(3.95).
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The proof of this theorem will be given at the end of this section, since it needs several results
about the behavior of a parametric family of solutions to the differential equation in (3.41) below.

First we extend the function ® defined in (3.8)-(3.10) to negative real axis by setting
®(y) =0, for all y <0. (3.40)

Then, by the assumptions on the cost function C' (Assumption 2.4), (3.11) and (3.12), it is clear
that ®' is a Lipschitz continuous function on IR. For our purposes, only the behavior of ® on the
interval [0, po| is crucial.

Next we consider the following parametric family of differential equations:

{ Vi(z) =20V (7)) — 2vxYp(x) + 2By =1 + 2§ fox Vr(u)du
Yr(0) =0, Y.(0)=r.

We differentiate the above equation and use (3.12) to obtain
V() — 20 (D) V() — 22 () — 2y + 6)Vr(x) + 267 = 0. (3.42)

Since ¥ is a C'-function, this second order non-linear differential equation with the initial data
Yr(0) = 0 and Y/.(0) = r has a unique solution which is valid on the interval [0, w,) where w, is the
explosion point for ), (See [16]), and 0 < w, < 4o00. Consequently, (3.41) has a unique solution
Y, which is valid on [0,w,). Furthermore, this solution ), (z) is jointly continuous in (r,z). (See
chapter 5 of [16]) and we will use this fact in our analysis of (3.41).

(3.41)

Our next proposition describes the properties of the solution ).

Proposition 3.11 For the family of solutions (Y, ())r>0, the following properties hold:
(i) if 1 > ra > 0 then YV, (x) > Yy, (x) for all0 < z < wp Awy,.
Furthermore, Yy, () > (11 — r2)x + Y, (z) on this interval (0, wy, A wr,).

(it) If YI.(&) = 0 for some § > 0, then Y, (§) # po where py > 0 is given in (3.6). Furthermore,
if © = & > 0 is the local mazimum for Y, then Y.(§) < po. Also, Y, cannot have any local
minima.

(11i) There exist ro > 0 such that for each r > ro, Y, does not have any local mazima and Y, (x)
18 increasing to oo as T increases to wy.

(iv) For each r >0, Y, has a positive local mazimum on (0,00) if and only if Yr(z) = 0 for some
z>0.

Proof. Let 11 > ry > 0. since Y, (0) = V,(0) = 0 and Y, (0) = r1 > ro = Y/, (0), it follows that
Yy () > Yry(x) for all z in an interval (0,d) for some § > 0. Now suppose V,,(z) > Y, (2) for
some z > 0, then there is a point ¢ > § > 0 such that YV, (c) = Y, (¢) and Yy, () < Yy, () when
0 < z < ¢. Then using (3.41),

Y, () = Y, (@)
= (1 = 7r2) + 272(Vr (2) = Vo (%)) + 2(2(Vr, (7)) — B(Vr, (7)) + 25/0 Yri () = Y, (u)]du.
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Since ® is an increasing function, this implies that ). (z) — Y}, (x) > (r1 —r2) for each z in (0, c).
Hence, Yr, (¢) = Vr,(c) is impossible and the same argument implies that ). () =Y, (z) > (r1—72)
for all z in (0, wy, Awy,). Consequently Yy, (z) > (11 —r2)x + Vr, (z) on this interval (0, wy, A wr,).
This completes the proof of part (i).

For part (ii), let £ > 0 be a point which satisfies V/.(£) = 0. Suppose that V,.(§) = pg where pg
is given in (3.37). Now let

zo = inf{& > 0: V,.(£) = po and Y.(§) = 0}.

Then zo > 0, Vr(xz0) = po and Y.(z9) = 0. The function ), also satisfies (3.42) with the same
initial data J(xg) = po and Y’(z¢) = 0. Since V¥ is a C!-function, this initial value problem has a
unique solution in an interval (xg — d, xo + d) for some é > 0 where xg > §. Hence, Y,.(z) = pg on
(xo—9, o+0) and this contradicts with the definition of zg. Consequently Y, (§) # po if V/.(§) = 0.

Next, if Y/.(§) = 0, by (3.42) we obtain,

SO = 5+ 1)) ~ ). (3.43)

Hence if z = £ is a local maximum, then )/ (£) < 0 and by (3.43) we obtain Y,.(£) < po. Since
V(&) =0, we know that ), (§) # po and consequently, V() < pg. If z = ¢ > 0 is a local minimum
then Y/.(§) = 0 and Y/(¢) > 0. Then by (3.43), V-(£) > po. Since Y,.(0) =0 and Y.(0) =7 > 0, it
follows that ), is strictly increasing in an interval (0,¢) for some § > 0. These two facts imply the
existence of a local maximum at x = z where 0 < z < £ and Y,(z) > pp. This is a contradiction.
Hence ), cannot have any local minima. This completes the proof of part (ii).

To prove part (iii), we pick 71 > 0, then by the initial conditions in (3.41), Y, (z) > 0 for all =
in (0, 26,,) for some §,, > 0. For r > r1, using (3.41) and part (i) of this proposition, we obtain

Vi(x) >r—20yz for 0<z<26,.

Next, we pick rg > ry such that (rg — 26v6,,)d,, > po. Hence Y, () > ro — 2067d,, when
0 < z < 6, and consequently for r > rg, Vr(6r,) > Vr, (6r,) > (ro — 2870y, )0r, > po > 0. By part
(ii), Y, cannot have any local maxima when Y,.(x) > pg and therefore, we conclude that Y,.() is an
increasing function when x > §,,.

Now if limg_.,, Vr(z) = Ao exists and if Ag is finite, by integrating (3.41), it is easy to observe
that w, is infinite. Then again using (3.41), we obtain
/
. x
lim L() = 2(5 + ’}/)()\0 — po). (3.44)

T—00 €T

Clearly Ao > po, thus the above limit is positive and lim,; .o V() = +oo. This is a contradiction
and hence \g = 4+00. Thus ), is increasing to +o0o as x increases to w,. This completes part (iii).

Now let z = £ > 0 be the first local maximum of ), on (0, +00). Then py > V,(§) > 0, V(&) =0
and 0 < Vp(z) < V(&) when 0 < & < & By (3.43), Y/(¢) < 0 and by part (ii), ), does not
have any local minima. Therefore ), is decreasing when = > £. If lim,_,,, V,(z) is finite, then

we can use (3.44) and the argument above to conclude w, = +oo and lim, @ < 0. Thus
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lim, 00 Vr () = —oc0 and this is a contradiction. Hence lim,_,,,. Y, (x) = —oo and as a consequence,
Vr(z) =0 for some z > €.

Conversely, if V,(z) =0 for z > 0, since V,-(0) = 0 and Y/.(0) = r > 0 it is clear that there is a
local maximum at a point £ > 0 where 0 < £ < z and Y,-(§) > 0. This completes the proof of the
proposition. |

Remark 3.12 One reason that the value pg = LY s a critical value in the analysis of the

(64+7)
parametric family of solutions to (3.41) is that the constant function Y(x) = po is the only constant

solution to (3.42). But note that, it does not satisfy (3.41).

Proposition 3.13 There exists 7 > 0 which satisfies the following conditions:

(i) If 0 < r < 7 then there exists z > 0 such that Y,(z;) = 0 and the set {x > 0: V.(z) > 0} is
equal to the open interval (0, z,). Furthermore, let

H(r) = max Y, (z). (3.45)

>0
Then H(r) is finite, H(r) = maxo<z<z, Yr(x) and 0 < H(r) < po.
(ii) When r =7, Vi is strictly increasing, wy = 400 and limg_, 400 Vi(z) = po.

(1i1) If r > 7, )y increases to +00 when x increases to wy.

Proof. First we consider the solution ) to (3.41) which corresponds to » = 0. Using (3.42), the
fact that ¥(0) = 0, and the initial conditions Yy(0) = V;(0) = 0, we obtain )j(0) = —203v < 0.
Hence, there exists an ey > 0 such that )) is strictly concave on (—2eq,2¢p) and ) has a local
maximum at x = 0. Consequently, Vo(eg) < 0. Since Y, (z) is jointly continuous in (r, ) and using
part (i) of Proposition 3.11, we can find 79 > 0 such that YV,(ep) < 0 for all 0 < r < ny. Thus,
for each such r in (0,79), ), has a positive local maximum &, in (0, €y) and a zero at z, in (0, €g)
where 0 < &, < 2z, < €.

Introduce
7 = sup{r > 0: Y, (x) = 0 for some = > 0}. (3.46)

The interval (0,7p) is in the above set and thus 7 is well defined. Let 79 be as in part (iii) of the
Proposition 3.11. Then clearly 7# < ry. Consequently 0 < 19 < 7 < rg < +oo. Next, by parts (i)
and (iv) of Proposition 3.11, it clearly follows that for each 0 < r < 7, Y, (x) = 0 for some x > 0.
We let

zp = inf{x > 0: Y, (x) = 0}.

By part (ii) of Proposition 3.11, each ), can have at most one local maximum and then we can
deduce that H(r) is finite, H(r) = maxo<z<z, Vr(z) and 0 < H(r) < pp. This completes part (i).

Since 0 < H(r) < pg for each r < 7 and Y,(z) is jointly continuous in (r,z), it follows that
0 < Vi(z) < po, for all € (0,w;). Suppose that there is a £ > 0 with Y.(§) = 0, then V:(§) < po
by part (i) of Proposition 3.11. Now using (3.43), we have V() < 0 and x = ¢ is a strict
local maximum for ). Therefore we can employ the joint continuity of Y, (z) in (r,z) and the
monotonicity of Y, in r as in part (i) of the Proposition 3.11 to conclude that for some r > 7, ),
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also has a local maximum in a neighborhood of £ when |r — 7| is sufficiently small. This contradicts
with the definition of 7 in (3.46). Hence YVi(x) # 0 for all z > 0 and Y; is a C*-function. But,
Y.(0) = 7> 0 and consequently V.(xz) > 0 for all 0 < z < ws. Thus ); is an increasing function
which satisfies 0 < YVi(x) < pg and (3.41). If Yi(x1) = po for some 1, then it is a local maximum
and Y.(z1) = 0. Then by the uniqueness of the solutions to the differential equation (3.42),
it follows that YV;(z) = po for all  which is a contradiction. Hence 0 < Yi(x) < po for all
x. By integrating (3.41) it is evident that YV;(x) is finite for each z and thus w;(z) is finite for
each x and thus w; = 400. Now let \g = limy o0 Vi(z). Then 0 < Ny < pg. By (3.44),
lim, 00 y;agx) =2(0+7)(Ao —po). Since Y.(x) > 0 for all z, it follows that A\g > po. Hence A\g = po
and thus part (ii) follows.

When r > #, the definition of # and part (iv) of the Proposition 3.11 implies that ), cannot
have any local maxima. Also, if V/.(§) = 0 for some £ > 0, since ), does not have any positive
local maxima, equation (3.43) and part (ii) of the Proposition 3.11 implies that }(£) > 0 and
hence z = £ is a strict local minimum. But ).(0) = 0 and y,i (0) = r > 0, therefore ), must have a
positive local maximum at some point in (0, &) and this is a contradiction. Consequently, V/.(z) > 0
for all 0 < z < w,. Suppose lim,_,,, V,(z) is finite, say Ag, then 0 < V,.(z) < A\ for all 0 < z < w,.
Thus by integrating (3.41), we obtain w, = +o00 and (3.44) holds. But YV.(z) > (r — 7)z + V;(x)
each z, by part (i) of the Proposition 3.11. Consequently lim, . V() = +00 and hence \g = +00
and this is a contradiction.

Therefore, we conclude that lim,_,,, V() = +o0c. This completes the proof. |

Proposition 3.14 Let the point ¥ and the function H be as in Proposition 3.13. Then

(i) H is a continuous strictly increasing function defined on (0,7) and it takes all the values in
the interval (0, po).

(ii) lim, o4 H(r) =0 and lim, ., H(r) = po.

Proof. Part (i) of the Proposition 3.13 implies that H(r) is finite and 0 < H(r) < po for each r
n (0,7). Also there is a point & such that 0 < & < z, and H(r) = Y,(§ ). By part (ii) of the
Proposition 3.13, we have V(&) < Vi(&) < po. Therefore, by (3.43), /(&) < 0 and = = &, is
a strict local maximum. By part (ii) of Proposition 3.11, ). cannot have any local minima and
therefore this local maximum point x = &, is unique. Since ),(z) is jointly continuous in (r, x) and
using part (i) of Proposition 3.11, it evidently follows that H(-) is a continuous strictly increasing
function on (0,7). This proves part (i).

When r = 0, the function ) has a strict local maximum xz = 0 and is concave in a neighborhood
of x = 0 as we have noticed in the proof of part (i) of Proposition 3.13. Thus, we can pick a dp > 0
such that Yo(x) < 0 on (0,20p). In particular, Vy(dp) < 0. For a given € > 0, using part (i)
of Proposition 3.11 and joint continuity of ), (x) in both r and x, we can find ny > 0 such that
Yr(d9) < 0 and |Yo(x) — Vr(z)| < € for all z in [0,0¢] and for all 7 in [0,79). Thus 0 < H(r) < €
for each 0 < r < 19. Consequently lim,_,q+ H(r) = 0. The fact that lim,_.; H(r) = pp can also be
proved by combining the joint continuity of ),(z), the monotonicity property of ), as in part (i)
of the Proposition 3.11 and the fact that lim, . V:(x) = pg. This completes the proof. |
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Figure 2: Nature of the family of solutions ).

Proof of Theorem 3.10. Let 0 < p < pg. By the previous proposition, there exists a unique r,
in (0,7) and a unique point &, such that

P = H(Tp) = yrp(gr’p)'

Furthermore y,’,p (r) > 0 when 0 < z < §,,. We relabel the point ., by b, and the function },, by
Yp on the interval [0, by]. Then the point by > 0 and the function Y,(-) satisfies (3.26) and (3.27).

For part (ii), consider # > 0 given in (3.46) and the associated function );(-) as described in
the Proposition 3.13. We simply relabel this function as Jp(-). Then clearly ) satisfies (3.34) and
(3.35). This completes the proof. [ |

4 Asymptotic optimality

In this section we provide the proof of our main result, Theorem 2.6. This proof involves showing
the policy proposed in Definition 2.5 is asymptotically optimal, using Theorem 3.7 from Section
3. The proof of Theorem 2.6 and other weak convergence results leading to this proof are given
in Subsection 4.2. These proofs also use properties of the “regulator-maps” discussed first in
Subsection 4.1.

4.1 Regulator maps

Definition 4.1 (generalized regulator maps) Let u: IR — IR be a Lipschitz continuous, non-
negative function and v > 0 be a constant.
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One-sided generalized regulator mapping is a mapping
("7, 4"7) : D([0, 00), IR) — D([0, 00), [0, 00) x [0,00))

such that for any given w € D([0, 00), IR) with w(0) >0, (4,£) = (¢, y")(w) satisfies

(i) q(t — [o[u(@(s)) + vd(s))ds + £(t) > 0, Vt >0,

(i) EN() is nondecreasing, 17(0) =0 and [° G(t)de(t) = 0.

Two-sided generalized regulator mapping is defined for any real b € (0,00) as a mapping
(957,913 ¥a3) : D([0,00), IR) — D([0, 00), [0, ] x [0, 00) x (0,00))

such that for any given w € D(]0,00), R) with 0 < w(0) < b and (§,¢,7) = (o7, 1/1 ,w D) (w)
satisfies

(i) q(t — Je[u@(s)) +~va(s)lds + £(t) — a(t) € [0,b], Vt > 0,

(i1) Z(),ﬂ() are both nondecreasing, £(0) = @(0) = 0, JoSaydet)y = f3= (b ))tdu = 0.

The argument for the existence and uniqueness of the two types of generalized regulator map-
pings can be found in Proposition 4 of [32] and Lemma 1 of [26]. Let (¢,1) be the conventional
one-sided regulator map (or the Skorohod map) on [0, 00) and (¢, 11,5, %2) be the two-sided regu-
lator map (or the Skorohod map) on [0, b] (see [28], [17]). The properties of the two sided regulator
map described below are generalizations of the work of [32]. Observe that these conventional one-
sided and two-sided regulator maps can be obtained from Definition 4.1 by setting v = 0 and v = 0.
As shown in [32], the explicit forms of the generalized regulator mappings can be given in terms of
the conventional regulator maps as:

("7, ") (w) = (o, 9) (M7 (w)),
(07,901 s ey ) (w) = (B P1.py P2,0) (M (w)), (4.1)

where for a given w as in Definition 4.1, M™7(w), M;"”(w) are defined as follows: If v(-) =
MUY (w(-)), (-) = My (w(-)), then they describe the unique solutions to the following integral
equations:

v(t) = W(t)—/o [u(o(v)(s)) +vo(v)(s)lds, t =0,

w(t) = w(t)—/0 [u (@6 (v) () + yon (1) ()] ds, t > 0. (4.2)

In the following Lemma, we state some standard properties of the conventional regulator maps
(Skorohod maps) and outline their proofs. Throughout this section, we will denote supg<s<7 |2(s)]
by ||z||7, for any z € D([0, ), IR) and T > 0.
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Lemma 4.2 Let {wy},w be as in Definition 4.1 and let T' > 0 be fized. Then for some universal
constants ¢1 > 0 and co > 0, the following properties hold for the conventional requlator maps:

@ Nz v @)l < erllullr, Nlésw)lir v @i v )iz < cllolr
®) 1 lim |l — wllr =0, then L [[6(wn) — ()l V [} (wn) = ¥(w) Iz =0,

Lim ||y (wn) = o (w)llr V [[drp(wn) = drp(w)llr V [[iho,p(wn) = bap(w)]lr = 0.

Therefore, these maps are continuous under the metric of uniform convergence on compact sets.

Proof. The proof of the first part of the lemma above is similar to that of the part (iii) of Proposition
4 of [32]. The Lipschitz continuity of the one-sided regulator maps (easy to verify from the definition,
see also Section 13.5 of [33]) implies the first inequality in part (a) and the first convergence in
part (b). The two sided regulator map ¢, is also Lipschitz in this uniform topology (Theorem
14.8.1 of [33]), which proves the claimed properties of ¢ in parts (a) and (b) above. Following
the arguments in the proof of part (ii) of Proposition 4 of [32], and the fact that Osc(w,[0,T]) =
SUPg<,<s<7 [W(r) — w(s)| < 2||w||7, we can obtain

1)l V| [2p(w)l|r < llwl|r,

for some constant ¢, > 0, which completes the proof of part (a) above. Theorem 14.8.1 of [33]
completes the proof of the second part (b). |

Now using Lemma 4.2, we prove the following specific properties of the generalized regulator
maps that will be used in our proofs.

Proposition 4.3 Let w and wy,n > 1 be as defined in Definition 4.1, and let v, > 0, v > 0 be
such that y, — v as n — oo. Also assume the function u and the sequence of functions {u,} are
non-negative uniformly Lipschitz continuous (with the same Lipschitz constant k) and satisfies
llun, — ul|loo = sUpLer |un(z) — u(x)] — 0, as n — oco. Then for some universal constant ¢ > 0
(which is also independent of u,{uy}), the following holds for all T > 0:

(@) g2 @)l v W55 ™ @)llr < llullr, ¥n > 1.
(b) If lim [l = wllr = 0, then lim [|§"7" (w,) — 6" (w)[ | V[ 2" (wn) = 6" (w)] |7 = 0,

Tim [|gy™ ™" (wn) = " (W)l V|75 (wa) — 7y (w)llr V ([ (wa) = g3y (w)]l7 = 0.

7

In other words, part (b) states that for n — oo, if w, — w wuniformly on compacts (u.o.c.),

then (¢, ) (wy) — ("7, ") (w) and (¢u"’7",1/f“"’7",¢u"”")( n) = (67 U1y ey ) (w)

u.o.c.

Proof. First note that from the definition of M"»? and M;™"" in (4.2) and the fact that wu, > 0,
it follows that
MU (w)(t) < w(t), and M™ "™ (w)(t) < w(t), Vi >0.

Hence, by the monotonicity property of the conventional regulator maps in (4.1) ( see [17]), we
obtain that

0 < ¢ (w) = gM™ T (w)) < d(w),
0 < ¢y ™ (w) =y p(My™ 7" (w)) < G(w).
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The proof of part (a) is now complete using Lemma 4.2 (a).

For part (b), let v = M"Y (w), vy, = M"»7"(wy,) satisfy the first equation of (4.2). Straightfor-
ward calculations yield that for all ¢ € [0, T]

vn(t) — v ()]
< Jwn(t) — w(t)] +/0 |un(6(n)(s)) — u(d(v)(s))lds +/0 [Ynd(vn)(s) —vp(v)(s)|ds

< Jwn(t) = w(t)] +/0 |un(6(1n)(s)) — u(d(vn)(s))lds +/0 [u(@(n)(s)) — u(d(v)(s))lds
+/0 Tulo(vn)(s) — () (s)|ds + [n —'VI/0 |6()(s)|ds.

Hence, using the Lipschitz continuity of the conventional regulator map ¢ (with respect to the
uniform norm on compacts, with Lipschitz constant 2) and the Lipschitz continuity of u with
Lipschitz constant k., we obtain

t
ln — vl < IIwnw|!T+T||unU\loo+/0 Rul@(vn)(s) — d(v)(s)|ds

+ei /Ot |6(vn)(s) = () (s)lds + T[(W)]l7 [vn — 7l
< [lwn = wllr + Tllun = ullso + Tli$@) 7 [y = ]
2k + 1) /Ot 0 — v]]ads,
where ¢; = supp>1{¥n}. Thus, by Gronwall’s inequality, we have for all T'> 0
lon = vl < [lwn — wllz + T llin — ulloo + T |60l [ — 7] e

Hence if ||w, — w||7 — 0 as n — oo, then || MU (wy,) — MY (w)||7 =|| vn — v ||7— 0 as n — 0.
This, together with (4.1) and the first part of Lemma 4.2 (b), completes the proof of the first part
of (b). Using an identical argument with the Lipschitz continuity of the two-sided conventional
regulator map ¢y, one obtain the rest of (b). |

4.2 Weak convergence analysis.

In this section, we prove the main theorem and other necessary results involving the processes
introduced in Sections 2 and 3. We begin this section by giving alternative representations of such
processes using the generalized regulator maps and define few other associated processes.

Using the results in Section 3 and the definition of the regulator processes in Definition 4.1, the
solution of the BCP can be expressed as follows:

(X5, L7, U) = (Xp 0, Ly, Up) = (6375 07 7 1y ) (W), (4.3)

where W, is a Brownian motion starting from z as in (3.1) (see Remark 3.3 (b)). When the reference
to value of the parameter p is not important, we simply identify (X3, L*,U*) as (X, ., Ly, Uy). We
first state a general result about alternative representations of our discounted cost functions (see
Lemma 3 of [32] for a similar result).
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Lemma 4.4 Let jp(x,u, U) and Jy(A, p,b) be as defined in (3.4) and (2.14) respectively.

(a) For any admissible policy (u,U) for the BCP defined in Definition 3.1, we have

fp(x,u,U):E(/o 56—&{57/)( ds+/C ds+pU()}dt>.

(b) For any admissible control (A, p1,b) for the queueing network (see Definition 2.2), we have

Jp(A, 11, b) _hmlnfE(/ se 0 {ﬂ(n’yn)/(Jth(s)ds+/OtC'(un(Qn(s)))ds—i-p Un(t)}dt>.

n—oo

Proof. Note that for all t > 0,

:/ 56_68d8:/ I[t,oo)(s)ée_‘ssds
t R

(4.4)

From (4.4) and the non-negativity of all the integrands below, we can interchange the order of

integration using Fubini-Tonelli’s theorem, and consequently we obtain
/OOO e {BY X () + C(u(t)) }dt +p dU (t)]
/OOO /OOO I 00y (8) (0™ ) {8y X () + C(ult)) }dt + p dU (1))ds
/ooo 5| /;WVXx(t) + C(u(t)}dt + p U(s)]ds.

This proves part (a). Similar calculation yields part (b) as well.

Next we define the following time-change processes: For each n > 1 and t > 0, we let

¢ ¢ ¢
w0 = [ AnQuds, w0 = [ an(viQuehas, 70 = [ rvaus)ds
where \,(z) = A (@) fze mbys Pn () = pin(2)I {250y are as in Section 2. Also define

M) = VA1), M (t) =Y,

(7 (1)), and MH(t) = YV, (7, (1))

Then from (2.13), we have the following alternative representation of W,,:

~

Wi (t) = M2At) — M3 (t) — ME(t), n>1,t > 0.

(4.5)

(4.6)

(4.7)

Using the existence, uniqueness and other properties of the generalized regulator maps in Definition
4.1, we obtain that for any admissible control (), u,b), the associated processes in the queueing

network have the following representation. For n > 1,

(Qna ﬁn, Un) — (QZ)Un,n'}/n’ irlz),n')’nvq?[}Un,TL'Yn) (Wn), lf b < 00,
(QTH IA’TL) = ((Z)umn’ynkumn,yn)(wn)a lf b =0
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We also define the following fluid scaled version of the processes: For n > 1, ¢t > 0, let

Wha(t). (4.9)

For each n > 1 and z > 0, we let 4, (z) = un(y/n) By Definition 2.2, we deduce that

||tnlloo = sup|@n(z)| — 0, asn — 0. (4.10)
x>0

Hence, from (4.9) and (2.12), we have

Qn(t) = LQn(t) = Wn(t) - /0 [ﬂn(Qn(S)) + (n'}/n)Qn(S)]dS + I:n(t) - Un(t), t > 0. (4-11)

From the properties of the regulator maps in Definition 4.1 and (4.9), it follows that
(Qus Ly Un) = (@™ ™ ™™ ) (W), i b < o0,
(Qn, Ln) = (@™ optnm ) (W), if b = co. (4.12)

The following representation also follows from (4.5) and (4.12) :

Qn(t) = Wo(t) 4+ [72(t) — 75 (t) — 7E(t)] + Ln(t) — Un(t), forallt >0, n> 1. (4.13)

Proposition 4.5 Let (), 1, b) be an admissible control policy (as in Definition 2.2) for the queueing

network. Let 7, = (2,75, 78),n > 1 and 7 = (Xe, Xe,0), where 72,75, 7% are as in (4.5),

e(t) =t,t > 0 is the identity function and 0 denotes the function that is identically zero. Then,

(a) limy, 0o supsepo ) |Tn(t) = 7(¢)| =0 a.s. asn — oo, for all T > 0.

(b) W,, = Wy as n — oo, where Wy is a Brownian motion starting from zero and has infinitesimal
mean and variance 0 and 2\ respectively.

(¢) If b < oo, we let (Xo,L,U) = (¢, 4%y} )(Wo). In the case of b = oo, we define
(Xo, L, U) = ("7 (Wp), "7 (Wy),0). Then in both cases,

(an IA/n» Un) = (XO) L7 U) as n — 09, (414)
and (Xo,u,U) is admissible for the BCP with the initial value x = 0 (see Definition 3.1).

(d) There exists a constant ¢ > 0, such that for alln > 1 and T > 0

E

sup |Wn<t>|2] < dT”+ 1),
0<t<T

Proof. We begin by proving part (a). As we show below, the proofs of parts (b), (¢) and (d)
follow from part (a). The main steps for the proof of part (a) are : we first bound the time-change
processes T, using the functional strong law of large numbers (see (4.17) and (4.18) below). Then,
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this bound together with the Martingale structure of W,, implies that W,, — 0 almost surely, u.o.c.
(see (4.19)). With the help of the properties of the generalized regulator maps, we complete the
proof of part (a) (see (4.21), (4.22) and (4.23) below).

Fix T'> 0. Note that from (2.1), we have

t
Qu(t) <YA </O )\n(Qn(s))dS> , for all n > 1, >0,

where Y, is as defined in (2.1). Hence, by (4.9) and (4.5), we obtain

0< Qult) < Y (il (1)

, foralln>1,t>0. (4.15)
Note that by the functional law of large numbers for Poisson process (with intensity 1), it follows

that for large n,

A
1< Yu(nt)

<t—+1, foralltel0,cT], (4.16)

n
where ¢ is as in (2.2). Observe that 77'(t) < ¢t < ¢T for all t € [0, T]. Hence, by (4.15) and (4.16)
we derive the following bound for large n,

0 < Qn(t) <c(t+1), forallte[0,T].

Since sup,,>1{ny,} < co (by Assumption 2.1), we get

Bt) = (ny) /t Qn(s)ds < cit(t+1)% for all t € [0,T], (4.17)
0

where ¢; > 0 is a generic constant which is independent of n and 7. Using (2.2) and (4.5), we also
obtain
TA(t) < et, and 77(t) < et, for all t € [0, T]. (4.18)

By the functional strong law of large numbers for any sequence of unit-intensity independent Poisson

processes {Y,}, we have

Y, (nt)
n

sup
0<t<T

The bounds in (4.17)-(4.18) together with (4.6) yields that for all 7' > 0, the following almost sure
convergence results hold.

—t‘—»Oa.s., as n — o0.

su MA¢ YA(nt
0< Po<rer [My (1)) < sup "(n)—t‘—>0a.s., as n — 0o,
Vn 0<t<erT | M
su M5(t Y5 (nt
0< Poier [Mi (1) < sup "n)—t‘—>0a.s., as n — 0o,
Vn 0<t<cT| M
su ME(® Y E(nt
0< Po<ier [My'(*)] < sup "(n)—t’—>0a.s., as n — 0o.
vn 0<t<e T(T+1)| 7
Consequently, by (4.7) and (4.9) we have
_ 1 . . .
Wy, = E[Mf — M5 — ME] - 0as., as n — oo, (4.19)
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and this convergence is uniform on compact sets. We can use (4.19), (4.10) and (4.12) together
with the continuity properties of the generalized regulator maps established in Proposition 4.3 to
conclude that

Qn—0, L, — 0, and U, — 0 a.s., as n — 00, (4.20)

and this convergence is uniform on compact sets. Note that b = co will correspond to representa-
tions of the above processes using one-sided generalized maps in (4.12) and U,, = 0. Hence

sup |7 (t) = At] < sup [/ \7\n(\/ﬁQn(8))—An(\/ﬁQn(S))!dSJr/ A (VQu(5)) = Alds
0 0

0<t<T 0<t<T

t
< (Vi) /0 Lo pyds + T {Sup)\n(:c)—)\]]

x>0

S Un(T) + T |:Sup‘)‘n(x) - )\‘:| — 0 a.s., as n — o0,
x>0

by (2.11), (4.20), and (2.3). This proves

TA

<t — Ae a.s., as n — 00, (4.21)

uniformly on compact sets. A similar argument can be used to prove that

7_S

> — \e a.s., as n — 00, (4.22)

uniformly on compact sets. Also observe that from (4.13), one has
T (t) = Wa(t) = Qu(t) + [7:(8) — 77 (8)] + L (t) — Un(t)-
Hence, (4.19), (4.20), (4.21) and (4.22) together yield
B 50 as., as n — oo, (4.23)
and this convergence is uniform on compact sets. This completes the proof of part (a).
For part (b), observe that from the functional central limit theorem for Poisson processes:
YA Y VR = (wA WS WY as n — oo, (4.24)

where WA, WS W1 are three independent standard Brownian motions with mean 0 and variance
t. We can use (4.6), part (a) above and the random time change theorem (see Sec. 14 of [7]) to
obtain

~

(M (), M (), MiH()) = (VA0 Y (07 (), Yot (rf () = (WA), WE(X),0), (4.25)

as n — oo. Here, we also use the continuity of the weak limit of (V;A, Y%, V;5) and the sum (and
the difference) is a continuous map on the space of continuous functions. Hence, from (4.25) and
the continuous mapping theorem, we obtain

Wi () = MA() = MS() — NME() = WAN) — W5 (\) as n — oc.

Notice that, if we define Wy(:) = WA(X-) — WS (\-), then by the independence of W4 and W*,
Wy is a Brownian motion starting from 0 and has mean 0, variance 2At. The proof of (b) is now
complete.
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To prove part (c), note that from part (b) we have
Wn = Wy as n — oo.

The weak limit above is continuous and the space of all continuous functions is separable. Hence,
by Skorohod representation theorem (Theorem 6.7 in [7]), one can assume that the above conver-
gence takes place almost surely between {W) }, W/ defined on some common probability space and

({W]}, W) has the same law as ({W,}, Wy). Denoting these new elements by ({W,}, Wy) again
(to simplify notation), we have the following convergence uniformly on compact sets.

W, — Wy a.s., as n — oo.

In the case of b = 0o, by (4.8) and Proposition 4.3 we obtain,
(@ny L, Un) = (@™, by 3™ by ™) (W) — (7,10, vy ) (Wo) = (X, L, U) aus.,
as n — 0o. When b < oo, with the same reasoning, we have
(Qn, L) = (¢"™ 0 pin™ ) (W) — (¢%7, %) (W) = (Xo, L) a.s., as n — oo. (4.26)

Both of these convergence results hold uniformly on compact sets. Therefore, we can conclude that
for each b € (0, x]

(Qn,ﬁn, Un) = (Xo,L,U) asn — oo,

with the convention that U, = U = 0 if b = oo. By the properties of the regulator maps in
Definition 4.1 and the properties of Wy in part (b), it is clear that the weak limit (Xo,L,U)
satisfies the properties of the corresponding processes of the BCP (see (3.1)). Hence we conclude
that the limit (Xo,u,U) is admissible for the BCP as required in Definition 3.1, and the proof of
part (c) is complete.

Now we prove part (d). First observe that Y4, V5, ¥,/ defined in (2.10) are scaled compensated
Poisson processes, and hence these processes are martingales. So, by Doob’s maximal inequality
(Corollary 2.17 of Chapter 2 of [10]), we get for T" > 0,

2
E| sup [VA@)|| <4E ||[VAT)?| = 4T
0<t<T —
Hence by (4.6) and (4.18), for all 7' > 0 the following estimate holds.
12
E | sup |Mt)]| < A4cT. (4.27)
0<t<T |

Similar calculations involving Y,%, Y;2, with (4.6), (4.18) and (4.17) yield
2

E | sup |M2(t)|| <4¢T, and E

0<t<T

2
sup |M;§(t)|] < 2¢1(T +1)% (4.28)
0<t<T

Hence, from the definition of W, in (4.7) together with (4.27) and (4.28), we obtain that

2
E | sup |Wn(t)|] < 4T 44T + 261 (T +1)2 < C(T +1)?, for all T > 0,

0<t<T

where C' > 0 is a generic constant independent of n and T'. This completes the proof of part (c),
and that of the proposition. [ |
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Theorem 4.6 Let (\*, u*,b*) be a proposed policy given in Definition 2.5. Then,

(a) (Wi, Q% L, U = (Wo, X, L*, U*) asn — oo where the Wy is a standard Brownian motion
starting from zero and (X§, L*,U*) are the processes associated with the solution of the BCP
with Wy and the initial point x = 0, as in (3.22). Here if b* = oo, then U;{ =U* =0 and the
processes X§ and L* are as described in (3.23).

(b) Jp(A*, p*,0*) = V,(0) where Vy,(x) represents the value function defined in (3.5).

Remark 4.7 In part (a) of the above theorem, for (W, QX, L%, Ux), we use an additional su-
perscript x to our motation of the queueing network processes to emphasize that these processes
are obtained by using the proposed policy in Definition 2.5. Also, in part (b), for (N*,u*,b*),

Jp(A*, %, 0) turned out to be the limit of the right side of (2.14) (instead of the liminf in (2.14)).

Proof. Part (a) follows directly from part(c) of Proposition 4.5. We now prove part (b) using
part (a). The proof is different for the different values of the cost parameter p, and is described
separately in two cases.

Case I: 0 < p < pg. This case leads to an optimal finite buffer size b* < oo asin Theorem 3.7. Note
that by Assumption 2.1 and continuous mapping theorem (for the map n(x fo s)ds, t >0,
x € D(]0,00),[0,00)) and under uniform convergence on compacts), we obtam

B(nvyy) /0' QZ(S)ds = ﬁfy/O.XS‘(s)ds a.s., as n — 00, (4.29)

uniformly on compact sets. Also note that since b* < oo, 0 < fg Q;(s)ds < b*t for all t > 0 and
(4.29) implies that for each ¢t > 0,

t t
ri(t) = B(ny,)E {/ Q;(s)ds] — pyE [/ Xg(s)ds] as n — 0o. (4.30)
0 0
Also, using Cauchy-Schwartz inequality, we derive for ¢; = max,>1{ny,} < oo, that
0< / Se [P ())2dt < [P b*Q]/ SeOU2dt < oo,
0

and this bound on the right side does not involve n. Hence, we have established a sufficient condition
(see (3.18) of Section 3 of [7]) for the uniform integrability to conclude (from (4.30)) that

e’} t R
lim B [ et {5(mn) / Q;;(s)ds}dt
n—oo 0

= lim 5e Stpn(t)dt = / de 'E [m / Xi(s ds}d

n—oo

= E/ 55“{@/ Xi(s ds} dt. (4.31)

Also combining the admissibility of the proposed control, the fact that v, = u* and the properties of
the cost function C'(+) in Assumption 2.4 and part (a) above together with the continuous mapping
theorem (as in (4.29)) we obtain

/ C(u ))ds = / C(u*(Xj(s)))ds as n — oc. (4.32)
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Fort >0, let r3(t) = E [fg C(u*(Xa‘(s)))ds] Then from the fact that 0 < Xj(s) < b* < oo for all
s > 0, it similarly follows that

0 </ e 0 2 dt < [eg] / deOU2dt < oo, (4.33)

and this upper bound is also independent of n. Here c2 = sup,¢(o.5) C(y), where & = sup,¢jo p+ u* (x).
Following the same argument as in (4.31), we obtain

Tim B /0 ~ gest { /0 tcm;@;;(s)))ds}dt _E /0 ~ gett { /0 tC(u*(X{{(s)))ds}dt. (4.34)

Note that w) = u* > 0. Hence, using Assumption 2.1, (4.8), nondecreasing nature of ﬁ; and the
second bound in part (a) of Lemma 4.3, we have

u* ,nyn (W;)

for some ¢ > 0. Hence, using part (d) of Proposition 4.5, we have for each n > 1,¢ > 0,

<& sup [W/(s)| for allt >0,n > 1,

0 <03(0) = 11031 = |3 s,

2
E[U () < #E [oiulit \W;(s)@ < [t +t). (4.35)

With this upper bound and following the same approach as we used in establishing the convergence
n (4.31) and (4.34), we obtain

i (t) = pE[U(t)] — pE[U*(t)], forallt>0and 0 < p < po. (4.36)
Also, by (4.35) we have

/ Se=0 [ (02 dt < p2[%7] / 50 (£2 1 £)dt < oo
0 0

and this upper bound is free of n. Thus, using a similar calculation as in (4.31) and (4.34) above,
we obtain

im B [ Se U p UX(t) dt = E / h Se % p U*(¢)}dt. (4.37)

Using (4.31), (4.34), (4.37), definition of the cost function in (2.14), (3.4), and (3.5), the Lemma

4.4 and the fact that Wy, the weak-limit of {X } is a standard Brownian motion starting at = 0,
we derive

Tp(A*, ", b%) = Jp(0,u", U*) = V,(0).
This completes the proof for the case 0 < p < pyg.

Case II: p > po. This case leads to the optimality of the infinite buffer size b* = oo (see Theorem
3.7). Hence, the proof of this case is somewhat straightforward, since

Ur=U*=0. (4.38)

Hence the convergence of the last component of the cost function (the one dealt with in (4.37))
follows trivially. Since, u;, = u* > 0, using Assumption 2.1, (4.8) and the first bound in part (a) of
Lemma 4.3, we obtain

g (5]

0< sup |Qn(s)] = 13l = |

0<s<

<ésup |[Wi(s)|, forallm >1,6>0,  (4.39)
0<s<t
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for some ¢ > 0. Hence, using part (d) of Proposition 4.5 and Assumption 2.2, we have for each
n>1,

/ Se OE

2 0o
{ (nym) / Q;;(s)ds} ]dt < (BB / 56_5tt2E[Sup W;(s)ﬂ dt
0<s<t
< [#p%ce / Se U2 (12 + t)dt < co.  (4.40)

Notice that the upper bound above does not involve n. Since (4.29) holds in this case as well, the
uniform square integrability in (4.40) provides the required uniform integrability with respect to
the product measure P x u, where du/dt = de~ %, to conclude

Tim B Ooo 56—5f{ﬁ(n%) /0 t Q;;(s)ds}dt:E /0 - 56—&{5(7) /0 tXa‘(s)ds}dt. (4.41)

Also note that the convergence results in (4.32) holds in this case as well. Recall that, by our

definition of optimal drift u* = u; in (3.24) of Theorem 3.7, we have
u*(x) = ¥(V,(z)) and 0 < Vi, (x) < po,

and ¥ is a nondecreasing function with ¥(pg) = 6,, < oo (see (3.11) and the discussion above
that). Hence,

0 <up(x)=u"(x) <0, forall z>0.

Let ¢z = supyep,,] C(y). Using the above bound, we can obtain the same bound as in (4.33).
Hence using (4.34), we conclude that (arguing as in (4.34)) that

lim B 56—5t{ / C(ur (QF (s }dt E / e ° { /OtC(u*(Xa‘(s)))ds}dt. (4.42)

Using (4.38), (4.41), (4.42), the definition of the cost functional in (2.14), (3.4), and (3.5), the
Lemma 4.4 and the fact that Wy, the weak-limit of {X,’;}, is a Brownian motion starting at z = 0,
we derive that B

Ty 5) = T (0,0, U%) = V,(0).

This completes the proof for p > py. [ |

Proof of Theorem 2.6:

Theorem 4.6 proves that
Jp(A%, 17, b) = Vp(0).

Hence, it is enough to prove that if (A, i, b) is any admissible policy satisfying Definition 2.2, then
Jp(0s1,5) = V(0). (4.43)
Note that (4.43) holds trivially if Jp(), 1, b) = co. Hence, we will assume

Jp(X, 11,b) < 00 (4.44)
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and intend to verify (4.43). Using Assumption 2.4, (2.5), part (c) of Proposition 4.5 and the
Skorohod representation theorem, it follows that

(/Qn ds/CunQn ) (/Xo ds/C (Xo(s )a.s.,asn—>oo, (4.45)

uniformly on compact sets (see (4.29) and (4.32) for a similar argument). Using part (b) of Lemma
4.4, (4.14) and applying Fatou’s lemma twice , we derive

n—oo

> 8 "ot {0 [ Quosis+ [ Ctun@uio)as +p U0} a

. /0 56&{57 /0 " Xo(s)ds + /O  Clu(Xo(s)))ds + p U(t)}dt (4.46)

Jp(A,pu,b) = liminf B 0056_& {ﬁ(n’yn)/o Qn(s)ds +/0 Cu(Qn(s)))ds +p Un(t)} ds

where X and U are as defined in part (c) of Proposition 4.5. As shown in Proposition 4.5 (c),
(Xo,u,U) is an admissible control of the BCP (with Wy). Hence, using part (a) of Lemma 4.4
(3.5), we have

E /0 b 56—&{57 /0 Xo(s)ds + /0 Clu(Xo(s)))ds + pU(t)}dt > J(0,u,0) = V,y(0).  (4.47)

Thus we get from (4.46) - (4.47) that

Ip(A, s b) = Vp(0).

and the proof of the theorem is complete. [ |

Remark 4.8 (Computing b* numerically) For the given cost structure in (2.14), when 0 <
p < po, we can compute the finite buffer size b* numerically by an algorithm very similar to the one
described in Section 5 of [13] (see also [19] for a different approach).

Acknowledgments: We are thankful to Professor Sunil Kumar of Stanford University for a
discussion related to his work in [32], which helped us formulate the problem addressed in this
article. Arka P. Ghosh is supported by the NSF grant DMS-0608669 and Ananda P. Weerasinghe
is supported by the ARO grant W911NF0510032. We are grateful for their support.

References

[1] B. Ata. Dynamic control of a multiclass queue with thin arrival streams. Oper. Res., 54(5):876—
892, 2006.

[2] B. Ata, J. M. Harrison, and L. A. Shepp. Drift rate control of a Brownian processing system.
Ann. Appl. Probab., 15(2):1145-1160, 2005.

34



[3]

[10]

[11]

[14]

[15]

[16]
[17]

B. Ata and S. Kumar. Heavy traffic analysis of open processing networks with complete
resource pooling: asymptotic optimality of discrete review policies. Ann. Appl. Probab.,
15(1A):331-391, 2005.

B. Ata and S. Shneorson. Dynamic control of an M/M/1 service system with adjustable arrival
and service rates. Management Science, 52(11):1778-1791., 2006.

S. L. Bell and R. J. Williams. Dynamic scheduling of a system with two parallel servers in
heavy traffic with resource pooling: asymptotic optimality of a threshold policy. Ann. Appl.
Probab., 11(3):608-649, 2001.

S. L. Bell and R. J. Williams. Dynamic scheduling of a parallel server system in heavy traffic
with complete resource pooling: asymptotic optimality of a threshold policy. FElectron. J.
Probab., 10:no. 33, 1044-1115 (electronic), 2005.

P. Billingsley. Convergence of probability measures. Wiley Series in Probability and Statistics:
Probability and Statistics. John Wiley & Sons Inc., New York, second edition, 1999. A Wiley-
Interscience Publication.

A. Budhiraja and A. P. Ghosh. A large deviations approach to asymptotically optimal control
of crisscross network in heavy traffic. Ann. Appl. Probab., 15(3):1887-1935, 2005.

A. Budhiraja and A. P. Ghosh. Diffusion approximations for controlled stochastic networks:
an asymptotic bound for the value function. Ann. Appl. Probab., 16(4):1962-2006, 2006.

S. N. Ethier and T. G. Kurtz. Markov processes. Wiley Series in Probability and Mathematical
Statistics. John Wiley & Sons Inc., New York, 1986. Characterization and convergence.

W. H. Fleming and H. M. Soner. Controlled Markov processes and wviscosity solutions, vol-
ume 25 of Stochastic Modelling and Applied Probability. Springer, New York, second edition,
2006.

J. M. George and J. M. Harrison. Dynamic control of a queue with adjustable service rate.
Oper. Res., 49(5):720-731, 2001.

A. P. Ghosh and A. Weerasinghe. Optimal buffer size for a stochastic processing network in
heavy traffic. Queueing Syst., 55(3):1572-9443, 2007.

J. M. Harrison and L. M. Wein. Scheduling networks of queues: heavy traffic analysis of a
simple open network. Queueing Systems Theory Appl., 5(4):265-279, 1989.

J. M. Harrison and L. M. Wein. Scheduling networks of queues: heavy traffic analysis of a
two-station closed network. Oper. Res., 38(6):1052-1064, 1990.

P. Hartman. Ordinary Differential Equations. John Wiley and Sons Inc. 1964.

L. Kruk, J. Lehoczky, K. Ramanan, and S. Shreve. An explicit formula for double reflected
processes in [0, a],. Preprint, 2007. http://www.math.cmu.edu/users/shreve/DoubleReflection.
pdf.

S. Kumar. Two-server closed networks in heavy traffic: diffusion limits and asymptotic opti-
mality. Ann. Appl. Probab., 10(3):930-961, 2000.

35



[19]

[20]

[30]

[31]

[32]

[33]

[34]

S. Kumar, M. Muthuraman. A Numerical Method for Solving Singular Stochastic Control
Problems. Operations Research, 52(4): 563-582, 2004.

T. G. Kurtz. Approzimation of population processes, volume 36 of CBMS-NSF Regional
Conference Series in Applied Mathematics. Society for Industrial and Applied Mathemat-
ics (STAM), Philadelphia, Pa., 1981.

H. J. Kushner. Heavy traffic analysis of controlled queueing and communication networks,
volume 47 of Applications of Mathematics (New York). Springer-Verlag, New York, 2001. ,
Stochastic Modelling and Applied Probability.

A. Mandelbaum and G. Pats. State-dependent queues: approximations and applications. In
Stochastic networks, vol. 71 of IMA Vol. Math. Appl., pages 239-282. Springer, New York,
1995.

A. Mandelbaum and G. Pats. State-dependent stochastic networks. I. Approximations and
applications with continuous diffusion limits. Ann. Appl. Probab., 8(2):569-646, 1998.

P. A. Meyer. Un cours sur les intégrales stochastiques. In Séminaire de Probabilités, X (Seconde
partie: Théorie des intégrales stochastiques, Univ. Strasbourg, Strasbourg, année universitaire
1974/1975), pages 245-400. Lecture Notes in Math., Vol. 511. Springer, Berlin, 1976.

C. Palm. Etude des delais d’attente. Ericsson Technics, pages 36-56, 1937.

J. Reed and A. R. Ward. A diffusion approximation for a generalized jackson network with
reneging. In Proceedings of the 42nd annual Allerton conference on communication, control,
and computing, 2004.

J. Reed and A. R. Ward. Approximating the GI/GI/14+GI queue with a nonlinear drift
diffusion: Hazard rate scaling in heavy traffic. Working paper, 2007.
http://www2.isye.gatech.edu/~je-reed/Papers/RW_resubmitted 5_17_2007.pdf

A. V. Skorokhod. Stochastic equations for diffusions in a bounded region. Theor. of Prob. and
Its Appl., 6:264-274, 1961.

A. L. Stolyar. Maxweight scheduling in a generalized switch: state space collapse and workload
minimization in heavy traffic. Ann. Appl. Probab., 14(1):1-53, 2004.

A. R. Ward and P. W. Glynn. A diffusion approximation for a Markovian queue with reneging.
Queueing Syst., 43(1-2):103-128, 2003.

A. R. Ward and P. W. Glynn. A diffusion approximation for a GI/GI/1 queue with balking
or reneging. Queueing Syst., 50(4):371-400, 2005.

A. Ward and S. Kumar. Asymptotically optimal admission control of a queue with impatient
customer. forthcoming in Mathematics of Operations Research, 2006.
http://www.stanford.edu/~skumar/RenegeControl.pdf.

W. Whitt. Stochastic-process limits. Springer Series in Operations Research. Springer-Verlag,
New York, 2002. An introduction to stochastic-process limits and their application to queues.

K. Yamada. Diffusion approximation for open state-dependent queueing networks in the heavy
traffic situation. Ann. Appl. Probab., 5(4):958-982, 1995.

36



Arka P. Ghosh

303 Snedecor Hall
Department of Statistics
Iowa State University
Ames, TA 50011-1210, USA,
apghosh@iastate.edu

37

Ananda P. Weerasinghe

396 Carver Hall
Department of Mathematics
Towa State University
Ames, TA 50011, USA

ananda@iastate.edu



