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Abstract

We consider the stochastic difference equation R, = Q, + M,R,_1, n € Z, for
Markov-dependent coefficients (Q,,, M,,) € R2. Under natural conditions on the coeffi-
cients, and regardless of the initial value Ry, the series (Ry,)n>0 converges in distribution
to its long-term equilibrium R, which is the unique stationary solution of this equation.

We study the asymptotic behavior of the distribution tails of R and show that
both P(R > t) and P(R < —t) are regularly varying at infinity. This extends previous
work [12, 13] done for independent identically distributed coefficients to a more general
setup, which is more realistic in some real-world applications and is desirable in certain
theoretical models.

In addition, using a Markovian representation of certain chains with complete con-
nections [2, 20|, we apply the results of this paper and of [26] to coefficients induced
by such processes.
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1 Introduction and statement of results

Let (Qn, M, )nez be a stationary and ergodic sequence of pairs of real-valued random variables
such that F (log|M|) < 0 and E (log™ |Qo|) < oo (where z+ means max{xz, 0} for z € R)
and consider the recurrence relation

R,=0Q,+ M,R,_1, neN, R, €R. (1)

This equation describes the evolution of systems in discrete time and has many real world
and theoretical applications. For example, it has provided models for investment portfolios,
environmental pollution dynamics, and was applied to random walks in random environments
and stochastic learning algorithms. See for instance [7, 25, 27] and references therein for more
examples.

For any initial random value Ry, the limit law of R,, is the same as that of

00 n—1
R=Qo+) Q][ M 2)
n=1 1=0

and it is the unique initial distribution under which (R,,),>¢ is stationary [5]. The distribution
tails of R were studied in [10, 11, 12, 13, 15, 19] under the common assumption that the
pairs (Qn, My )nez form an ii.d. sequence, and in [6, 26] (see also Section 2.3 in [22]) in
a Markovian setup. The tails have been shown to be regularly varying in [10, 12, 13, 19].
Recall that a function f: R — R is called regularly varying if f(¢) = t*L(¢) for some o € R
and a slowly varying function L(t), that is L(\t) ~ L(t) as t — oo for all A > 0. Here and
henceforth f(t) ~ g(t) as t — oo means lim; ., f(t)/g(t) = 1. The work of Kesten [19]
(an alternative proof of the main result was provided by Goldie in [10]) assumes M,, to be
dominant in determining the tail behavior of R, while Grey [12] and Grincevicius [13] work
under the assumption that @, is dominant. In [11] it is shown that if P(|M,| < 1) = 1, then
the tails of R decay at least exponentially fast. In addition, [11] investigated the relationship
between the tails of R and the behavior of M,, near 1 (see also a recent work [15]).

The main purpose of this paper is an extension of the results of [12, 13] in the case that
the sequence (Q,,, M, )nez is induced by a stationary countable Markov chain (X,),ez in the
following sense:

Definition 1.1. The coefficients (Qn, M, )nez are said to be induced by a sequence of random
variables (X, )nez, each valued in a countable set D, if there exists a sequence of independent
random variables (Qu.i, My i)nezicp € R? such that for a fized i € D, (Qniy Myi)nez are i.i.d
and

Qn= Quilix,—jy = Qux, and M, =Y M,;Iix,—j = M,x,. (3)

jeD jED

Thus the randomness of the coefficients (Q,,, M,,) is due to two factors: 1) an underlying
auxiliary process (X, )nez, which can be thought as representative of the “state of nature,”
and, given the value of X,,, 2) “intrinsic” random characteristics of the system, an additive
factor @), x, and a multiplicative factor M, x,. Allowing countable state space D in our



setup in particular enables us to apply later on our results for Markov-dependent coefficients
to a more general class of processes, namely the ones induced by chains of infinite order (see
a detailed discussion below in this Introduction). An extension to a non-i.i.d. setup seems
to be desirable in many, especially financial applications of (1). See for instance [24], in
particular the concluding discussion therein.

We notice that an extension of the main result of [10, 19] to a Markovian setup has been
obtained in [6, 26]. The mechanisms leading to heavy (regularly varying) tails of R are quite
different in [10, 19] versus [12, 13]. In the first case, there exists a (uniquely defined) critical
exponent « such that E(|M,|*) =1 and E(|Q,|*) < oo which determines some of important
asymptotic properties of the random walk S, = Z?;(} log |M_;| and, correspondingly, of
H?’:_Ol |M_;| = €5~ In this case, R is a sum of rapidly decaying, in general light-tailed terms,
and is heavy tailed essentially because of one atypical fluctuation of [[\_, |M_;|. In the second
case, the critical exponent is not available, and therefore more explicit assumptions about
distribution tails of @),, are made. Then (),, dominates and creates cumulative effects, namely
R turns out to be heavy tailed as a sum of heavy-tailed terms () _,, H;:Ol M_;.

The following assumption for (Qy,;, M, ;) will be used in Section 2.

Assumption 1.2. Let D be a countable set. There exists a constant o > 0 such that:
(A1) There are a function L(t) slowly varying at infinity and two sequences of nonnegative
numbers (q4(i))iep and (q_(i))iep such that, for alln € Z and i € D, we have

P(Qu; >t PQns <
i P@ni >0 oy g g D@m= =0
Pl t aL(t) t—o00 t O‘L(t)

= q-(i),
and in both cases the convergence is uniform on i € D. Furthermore, we assume that

D a:()>0  and  supmax{g,(5).q-(j)} < 0. (4)
jED J€D
(A2) There exist constant 3 € (0, ) and p > 0 such that for all i € D, E(|My;|?) < p < .
(A3) Forie D, let
my (i) = E(IMoi|“Tar,>0y),  m—(i) = E(|Mou|*Tiagy,<0}),
and m(i) = my (i) + m_(i). Then there ezists a constant X\ € (0,1) such that m(i) < A for
all 1 € D.
(A4) If D is an infinite countable set, then lim. o P(My; < ¢e) = P(My; <0) uniformly on
i € D (the assumption of course trivially holds if D is a finite set).

The assumptions for the tail behavior of (),, in Assumption 1.2 essentially determine the
tail behavior of R. The remaining assumptions are technical and are for the purposes of
facilitating uniformity of asymptotic behavior of terms involved in our asymptotic analysis.

Let By = {(2n)nep : T € R and sup,¢p |2, < +00} be the space of bounded elements
of RP. Assumption 1.2 implies that the following vectors belong to the space B :

q+ = (Q-‘r(i))iepa q- = <Q—(i))iep7 my = (m-i-(i))iepv m_ = (m—<i))iepa
q:=qs+q_, m:i=mg4 + m_. (5)
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Moreover, according to (4), ¢, # 0. Here and henceforth we use notation 0 and 1 for vectors
(sequences) in RP whose components are respectively, all 0 or 1. We write x > y for vectors
x,y € RP if the inequality holds for each component of the vectors (similar rules are applied
forx <y, x<y,and x >y).

If (X,,)nez is a stationary irreducible Markov chain, let (H (1,7 ))Z iep be transition kernel
of the backward chain (X_,),cz (that is H(i,j) = P(X, = j|Xn+1 = 1i)), and define
matrices G, G_, and G as

Gi(i,7) =mx(i)H(i,7) and G(i,7) = m(i)H (i, )) Vi, j€D. (6)

Notice that (A%) of Assumption 1.2 implies that the spectral radius of the matrix G (as
the operator acting in By) is strictly less than one. Throughout the paper we donote by
7 = (m(i)) the (unique) stationary distribution of the underlying Markov chain. That is
m(j) = >, m(4)H(i,7) for all states j.

The following theorem extends the main result of [13] and [12] to Markov-dependent
coefficients (@, M,,). The result shows that under Assumption 1.2, assuming in addition
that P(My > 0) = 1, the upper tail of the distribution of R is regularly varying and has the
same asymptotic structure as the upper tail of ()y. The proof of the theorem is included in
Section 2.

Theorem 1.3. Let (X,)nez be a stationary irreducible Markov chain on a countable state
space D. Let Assumptions 1.2 hold and suppose that P(My,; > 0) =1 for alli € D. Then as
t — oo, for all i € D,

P(R>t|Xg=1) ~ K@)t “L(1),
where the vector K = (K(i))iED € By is defined by K = (I — G)q., with G given by (6).

Similarly to the case where the coefficients (Q,, M,,) of the recursion (1) are i.i.d. ran-
dom variables (see [12, 13]), Theorem 1.3 yields a similar result without the restriction
P(My > 0) = 1. The proof of the following theorem is included in Section 3.

Theorem 1.4. Let (X,)nez be a stationary irreducible Markov chain on a countable state
space D, (Qn, My)nez be defined by (3), and let Assumption 1.2 hold. Then as t — oo, for
all i € D,

PR>tXo=1) ~ K (i)t 7°L(t) and P(R< —t|Xo=1) ~ K_(i)t “L(t),
where the vectors Ky = (K, (1))jep and K_ = (K _(i));ep are defined by

Ky = %(I ~G) g+ (I -Gy +G ) gy — q-))
= (I-Gy+G ) gy +G_(I-G)g),

and

K = %(1 —G) g (I =Gy +G ) ey — q—)>
= (I-Gi+G ) e +G_(I-G)g).



For the sake of flexibility, we desire to formulate the tail behavior of R for when the cur-
rent state of the system is dependent on possibly the entire past, with a decreasing weight
on past states. It is well-known (see e.g. [2, 9, 20]) that a broad class of random processes
with “fading memory” can be realized as functions of a countable positive recurrent Markov
chain. In Section 4, by using the Markov representation obtained by Lalley [20], we prove
a counterpart of Theorem 1.4 for the so called chains of infinite order. The result of Lalley
shows that for certain class of chains of infinite order (X,,),cz there exist a stationary irre-
ducible Markov chain (Y;,),ez defined on a countable state space S and a function ¢ : S — D
such that

(Xn)nez 2 (C(Yn)), g (7)

where 2 means equivalence of distributions. More precisely, following [20] we define:

Definition 1.5. [20] A C-chain is a stationary process (X, )nez taking values in a finite set
(alphabet) D such that

(i) For any iy,is,...,1, € D,
P(Xlzil,XQZiQ,...,Xn:in)>O. (8)
(ii) For any iy € D and any sequence (i, )n>1 € DV, the following limit exists:

n—o0

where the right-hand side in (9) is a regular version of the conditional probabilities with
respect to o(X,, : n > 0).
(i1i) Forn >0 let

{‘ P(Xo=io| X _p =g, k>1)
Yp = SUp : -
P(Xo = jo| Xk =Ji, k>1)

—1|: g, € D and i = Ji, kzl,,n}

Then, the numbers ~y, are all finite and limsup,, log~, /n < 0.

C-chains are a sub-class of two related general classes of random processes. On one
hand, C-chains are a particular case of chains of infinite order (also known as chains with
complete connections). For general accounts on chains with complete connections we refer
to [8, 16, 17], see also [9] and references therein for some recent developments. On the other
hand, the stationary distributions of C-chains (a particular case of g-measures introduced by
Keane [18]) are Gibbs states in the sense of Bowen (also known as Dobrushin-Lanford-Ruelle
(DLR) states), see e.g. [4, 21] and the discussion in [20]. We have:

Theorem A (Lalley [20]). Let (Xy)nez be a C-chain on an alphabet D. Let S = J,, D"

and ( : S — D be the projection into the last coordinate, i.e. (((51, .. .,sn)) = S,. Then
there exist a stationary irreducible Markov chain (Y,,)nez defined on the state space S such
that

(i) The Markov representation (7) holds.



(zz) ( i1 = (1,29, . x)|Ye = (Y1, 90, - - ,ys)) = 0 unless eithert =1 ort = s+ 1 and
=y; for all i <r.

(m) P(Yos1 = W)|[Yos1 € D, Yy = (41,92, -, ¥s)) = P(Yo = (y)|Yo € D) for any elements
YsY1,---,Ys €D.

(iv) There exist constants r € N and § > 0 such that P(Y,41 € DY, = (y1, Y2, - - -, Ymr)) =6,
for allm € N and all (y1,y2,- - -, Ymr) € D™

(v) Without loss of generality we can assume that r in (iv) is even (see the beginning of the
proof of Theorem 1 on page 1266 in [20]).

We assume that, if needed, the underlying probability space is enlarged, to include the
(stationary under law P) sequence (Y},),ez and that

X,=C(Y,), nez (10)

In fact, the sequences (X, )nez and (Y,),ez are explicitly coupled in the construction of
[20]. Notice that the process Y,, (Lalley [20] calls it a “list process”) is a sequence of words,
where the next word is usually obtained by the concatenation of the previous one with a
random symbol from the alphabet. However, at certain random times the process “forgets”
its history and cuts the list by setting Y11 = (X,41)-

For C-chains, using the Markovian representation (7), we deduce from Theorem 1.4 the
following result. Let

X = (Xp)n>0- (11)

Under our assumptions the sequence X’ serves as a “random environment” for the underlying
system whose evolution in time is described by (1). In what follows, we will often use the
fact that due to (7), a statement which is valid for P-almost every sequence YV = (Y,)n>0 is
true also for P-almost every sequence X.

We have (here and henceforth we use standard notations Z, = {n € Z : n > 0} and
Ry ={zx eR:2>0}):

Theorem 1.6. Let (X,,)nez be a C-chain, (Q,, M,)nez be defined by (3), and let Assump-
tion 1.2 hold. Then, for some bounded functions K, : D%+ — R, and K_ : D** — R, as
t — 00,

P(R>tX) ~ Ky (X)t7“L(t) and P(R< —t|X) ~ K_(X)t"“L(t), P — a.s.
Moreover, P(K4(X) #0) > 0.

The result is a trivial consequence of Theorem 1.4 combined with the existence of a
Markovian representation (10). Indeed, using the fact that the state space D in the definition
of C-chains is finite, it is not hard to check that the conditions of Theorem 1.4 are satisfied by
the positive recurrent countable Markov chain Y,,, and the coefficients (Qn, n)nEZ induced
by this chain and defined by the following formulas:

@n,z’ = Qn,((i) and Mn,z‘ = (@) (12)



In particular, the expressions for K, and K_ in Theorem 1.6 are similar to those in The-
orem 1.4, with G being defined in terms of the transition kernel of the backward Markov
chain (Y_,,)nez.

To complete the picture we also derive an extension of the main result of [19] and [10] to
C-chains. The next theorem is obtained in Section 4 rather directly from its i.i.d. prototype
(cf. [19, Theorem 5], see also [10, Theorem 4.1]) by applying Doeblin’s “cyclic trick” to the
Markov chain Y;, defined in (7) and associating (2) with an equivalent linear recursion model
having i.i.d. coefficients. Similar results for a Markovian setup can be found in [6, 26],
see also Section 2.3 in [22]. In principle, we could derive the theorem for C-chains by a
direct reduction to the main results of [26]. However, we prefer to give in Section 4 a full
alternative proof based on the ideas of [22] and appealing only to some of technical results in
[26] because of the following two reasons: 1) The proof for coefficients induced by countable
Markov chain given here is much simpler than the one needed for a general state space in
[26]; 2) The Markov chain Y,, defined in (7) as well as the definition (3) of the coefficients
(Qn, M,) make the setup discussed in this paper somewhat special and therefore allow to
simplify significantly certain conditions of the theorems in [26]. Therefore, some extra work
would be anyway needed in order to derive Theorem 1.7 below directly from the results in
[26]. For the sake of both transparency and completeness we prefer to provide a relatively
short and almost self-contained proof of the following theorem in this paper.

Recall the random variable X from (11). We have:

Theorem 1.7. Let (X,))nez be a C-chain, (Qn, My)nez be defined by (3), and assume that
(i) P(|Qo| < qo) =1 for some constant gy > 0.
(i1) P(mg* < |My| < mg) =1 for some constant mg > 1.

(#i) limsup,, %logE (H;:Ol |M;|?1) >0 and limsup,_ . %logE (H?;OI |M;|72) <0
for some constants (3, > 0 and (B > 0.

(iv) P(log|My| € 0 -Z|My #0) < 1 for all 6 > 0, where § - Z is the scaled by ¢
integer lattice {0, +6,+26,...}.
Then, with parameter o > 0 defined below in (14), the following properties hold:
(a) The following limits exist with probability one:

lim t*P(R > t|X) = K1(X) and tlim t*P(R < —t|X) = K_1(X)

t—o00

for some bounded functions K_, : D** — R, and K, : D** — R, ast — oo. Moreover,
the convergence is uniform on X.

(b) If P(Mo < 0) > 0 then P(K;(X)=K_1(X)) = 1.
(c) If P(Qo > 0, My > 0) =1 then P(K;(X) > 0) = 1.
(d) Forne {—1,1}, if P(K,(X) > 0) > 0 then P(K,(X)>0) = 1.



(e) P(Ki(X)=K_1(X)=0)=1if and only if there ezists a function ' : D — R such that
P(Qo+T(Xo)My =T'(X;)) = 1. (13)

Moreover, if the random pairs (Qo:, Mo,;) are non-degenerate for every i € D, that is if
P(Qo,i = q,My; = m) < 1 for any pair of constants (¢,m) € R? and any i € D, then
P(Ki(X) = K_1(X) = 0) = 1 if and only if there exists a constant ¢ € R such that
P Q0+CMO:C> = 1.

Note that the inequality with [, in condition (iii) of the theorem implies by Jensen’s
inequality that E(log|My|) < 0. Thus, the series in (2) converges absolutely, P-a.s. Proposi-
tion 4.1 below states that both limsup’s in (iii) are in fact limits, and the parameter a > 0
is (uniquely) determined by

Ala) =0, where A(%) = lim %ng (I 1an)%). (14)
In order to show that P(Kl(X) + K (&) > 0) # 0, we need an extra non-degeneracy
assumption (namely, that (13) is false for any I') which guarantees that the random variable
R is not a deterministic function of the initial state X,. This condition is a natural gener-
alization of the criterion that appears in the case where the random variables (Q,,, M, )nez
are i.i.d. (cf. [19] and [10]).

The rest of the paper is organized as follows. Section 2 contains the proof of Theorem 1.3,
Section 3 includes the proof of Theorem 1.6, while the proof of Theorem 1.7 is included in
Section 4.

2 Proof of Theorem 1.3

This section is devoted to the proof of Theoem 1.3. The proof is by a series of lemmas. The
key to the result is Proposition 2.2 which extends the corresponding statement for i.i.d. co-
efficients (Q,,, M,,) considered in [12] and [13]. Throughout this section, let Assumptions 1.2
hold and suppose in addition that P(M,; > 0) =1 for all i € D.

First, we need the following trivial extension of the weak convergence of R, to R.

Lemma 2.1. For anyi € D and t € R, lim,,_., P(R, < t|X,, =i) = P(R < t| Xy = 1) for
any point of continuity t of P(R < t| X, = 1).

The above result follows using exactly the same arguments as in [5], where the weak
convergence of R, to R is shown. We therefore omit details and refer the reader to [5].
Notice that the explicit expression R = Qg+ Q_1 Mo+ Q _oMyM; + . .. along with (3) imply
that the sequence (R,,, X,)nez is stationary and ergodic in the case Ry = R.

The next proposition, which extends Lemma 2 of [12], is the cornerstone element of our
proof of Theorem 1.3. See the discussion in the paragraph right after Lemma 2.4 below.

Proposition 2.2. Let Y be a random variable such that:

(i) Y € 0(Xy, (Qui, My;) :n <0,i € D).



(ii) There exist a positive number C' > 0 and non-negative constants (¢;)iep, such that

(a) limtaw%ﬁf})zi) = ¢; for every v € D, and, furthermore, the convergence is
uniform on 1.
(b) We have:
P(Y;>t)<C-t7“L(t) foranyie€ D and allt > 0. (15)

(c) Y iepCi >0, that is not all the coefficients c; are zero.

(iii) There exist a positive number C > 0 and non-negative constants (¢;)iep, such that
(a) lim;_ m;;—%’:i) = ¢ for every i € D, and, furthermore, the convergence is
uniform on i.

(b) P(Y < —t|Xg =) < C-tL(t) for alli € D and t > 0.

Then for all i € D,

. P(@Q1+ MY > t|X; =4)
lim

t—o00 t=oL(t) = ¢+ (1) + m (1) Z H(i, j)c;. (16)

jED

Moreover, the convergence is uniform on v € D.

Proof. Let (Y;);ep be a sequence of random variables independent of the sequences (X,,)nez
and (@1, M ;)iep, and such that P(Y; > t) = P(Y > t|X, = i) for all £ > 0. We shall use
the fact that the random variables Y and (Qq, M;) are independent given X; and Xy, and

moreover P((Q1,M,Y) € | X1 = i,Xo = j) = P((Qu4,M;,Y;) € -) for all i,j € D. In
particular, for any i € D,

P(Qy+ MY >t, X, =1) :ZP(Q1+M1Y>757X1 =1, Xo=7)
Jj€D
=Y P(Qi+ MY > t[X) =i, Xo = j)mH(i, j)

jeD

=" P(Qu + MY, > tymH(i, ). (17)

jED
By Lemma 2 of [12], which is the i.i.d. prototype of our proposition, we have for each j € D,
P(Qui+ My ;Y; > t) ~ 7 L(t) (g4 (1) + ¢;my (i) as t — oo. (18)

To complete the proof of the proposition it is enough to show that the above convergence is
uniform both on ¢ and j. Indeed, the uniform convergence in (18) along with (17) imply that

P(Q + MY > t|X| =1) ~t “L(t) Z(q+(i) + ¢;m (7)) H (i, j) uniformly on i € D,

jJED

as desired.



To prove that the convergence in (18) is uniform on i, j € D, we will use a decomposition
of P(Q1; + M;;Y; > t) into four individually tractable terms, similar to the one exploited
in Lemma 2 of [12]. Namely, we fix £ > 0 and write

Aij(t) = P(Qui + MY, > t) = AN (1) — A (t) + AP (1) + AL (1),

5J

where

AV = P(Q11>t1+5))
AP = P(Qui> (1 +e)t, Qui+ MY, <t)

) = P(0- 5t<le—(1‘|’5)t Q1+ My;Y; > t)
A = P(Qu; < (1—e)t, Qi+ Mi;Y; > t)

It follows from (A1) of Assumption 1.2 (more precisely from the asymptotic behavior of
e

the upper tail of (o and the upper bound on ¢, (i) included in (4)) that = E(t)

converges
uniformly to ¢, (7)(1 4 €)=,

For AE? we use the bound

0 < AZ(t) = P(Qus> (1 +e)t, Qi+ MY, <t Y, < —et' )
P(Qu;> (1+e)t Qui+ MY, <t Y; > —et'5 )

P(My,Y; < —ct,Y; > —et 5 ) + P(Qui > (1 +6)t, Y < —et %)
P(My; >t ) + P(Qu; > (1 + e)t) P(Y; < —et 5 ),

IN +

VAN

where in the last step we used the independence of 1 ; and Y.
By Chebyshev’s inequality P(M1 > t%) <F (M p ) t_M which yields a uniform on

¢+ bound on P(M1 e & ) due to (A1) of Assumption 1.2. Furthermore, by the condition
(iii)-b of the proposition, for all ¢ € D and t large enough we have

P(Y; < —ct'7 ) < C(et'® ) “L(ct' ),

B—a
which shows that P(Y’ < —etw) tends to zero uniformly on j when t — oo.

To bound A we write

AP < P(L—et < Qi <(1+e)t) < P(Qui> (1 —e)t) — P(Qri > (1+e)t)
~ ¢ ()[1 =) = (1 +e)™],

which in view of (4) yields a uniform bound for AS}) (t) which tends to zero when ¢ — 0.

It remains to show the asymptotic for Ag?. Fix constants m > 0 and n > 0, and let

10



(4) _ 44D (4,2) (4,3)
A(t) = A (t) + A7 () + Ajj (t) where

Z7j

P(Y; > My (t— Q1))

AGD () — E( j = M Do ciond m)

i,J () t_aL(t) {Qri<(1—e)t} H{ My i>m}
P(Y; > My (t — Q1))

A2 E( it ? o cioning <l n)

(1) o L (1) (Qui<-on X ;<myl{Qr i >n}
PV, > Mt - Qi)

@3) i 1, Li

Ap(t) = ( o L) I{Ql,isa—a)t}l{Ml,igm}Iﬂczl,ASn})-

We will now show that the first two terms tend to zero uniformly as n and m go to infinity.
First note that

P(Y; > M et)
4,1 1,
Ag,j )(t) S E( i_aL(t) I{M12>m}>

< P(Y; > M jet) (Mlj}gt)—aL(Mljggt)I ) 19)
(Miilgt)_aL<Miilgt) tiO‘L(Zf) {M1>m} |-
Therefore (15) along with (19) imply that
CMy, L(M;jet)
AGD () < E< Li Lty N )
1, ()— s L(t) {M;>m}

By Lemma 1 of [12], for a given 6 > 0 there exists K = K(J) > 0 such that

L(\t

% < max{\®, KA}, VA>0,t>0,

and therefore, applying with result to A = M e, we obtain

CMe.
A0 () < E( max{(M;-le>a,K(M;Jsré}lwl,pm})

i - K

C My,
< B (M + KM ) g, o).

60{
Setting § = ﬁ;—o‘ > (0 and applying Holder inequality with p = az—fﬁ and ¢ = ;Tﬂa to the
right-most expression above gives (we assume, actually without loss of generality that ¢ < 1)
41 C Bta
AV < —ga_;,,E((HKMLf VTt om) )
0t Bia 26 \ 5EP Boa
< Ca*TE((HKMLf )a+ﬁ) P(My; > m)'7

a+p
_atB 23

< Ce ' B((1+ Ko My) 2558 ) T P(My > m)

where in the last step we used inequality (x + y)? < 2P~1(2P + yP) which is valid for any

x,y > 0 and p > 1. The latter is in fact Jensen’s inequality [E(X)}p < E(Xp) applied to a
random variable X taking values x and y with equal probabilities.

11



Since P(M;,; > m) < mfﬁE(Mlﬁﬂ-), it follows from (A2) of Assumption 1.2 that Agifl)(t)
is uniformly bounded for all ¢ > 0 by a function of m and ¢ € D which tends to zero uniformly
on i € D when m goes to infinity.

The term A%’z)(t) is treated similarly, and we therefore omit the details.

To show the asymptotic of A%’S) (t) we let ft(j)(a, b) := P(Y; > a"'(t—b)) for any j € D,
a € R,b>0,and ¢t > 0, and write, similarly to (19),

P(Y > M_i1<t — Ql,i))
E ( : t—ii(t) I{ng(l—a)t}I{Ml,igm}I{\Ql,i|Sn})
1 (@i M) y
(M (t = Qua)) "L(M}(t = Q1))

(Ml_,il(t - Ql,i))iaL(Ml_’il(t — Ql,z’))
t—aL(t) I{Ql,iS(l—E)t}I{Ml,,‘Sm}I{|Ql’i|§n}> .

Under the conditions Q1; < (1 —¢)t and M;; < m, we have Miil(t — Q1) > mlet.
Therefore, in virtue of (A1) of Assumption 1.2 and condition (ii) of the proposition, the
following holds true with probability one, uniformly on i, j € D,

ft(j) (Ql,u Ml,i)
(M (t = Qua)) “L(My;(t = Qu.))
Further, with probability one, uniformly on i € D,

(Mf,il (t— Ql,i))ia
t—a

Lo, .<a-onTin <my —t—oo il .<my- (20)

Lon <myX{Qii1<ny —t—oo M1 Tian ;<myXiiQri<ny- (21)

Next, by Theorem 1.2.1 in [3], L(At)/L(t) —;_ 1 uniformly on compact A-subsets of (0, o),
and hence

L(M}(t — Qu4))
() L1 <an i <mp{1Quil<n) —t=00 Lim=1<an ,<mpl{iQuil<n) (22)

uniformly on ¢ € D, with probability one.
Finally, assuming without loss of generality that m > 1, we obtain using Potter’s bounds
on L(At)/L(t) (see Theorem 1.5.6 in [3]) that for any 6 > 0 there exists ¢, = to(d) such that

L(Ml_'l(t — 1 z)) mt
2 L Tens em=11Li10, 1<mt < —— < Lian  <m-11, 23
70 o a<m- g@uiny < 7 Hanicmy (23)

for all £ > t.
Estimates (20)-(23) combined together with (A4) of Assumption 1.2 and the bounded

convergence theorem show that lim; Agé)(t) = ol (Mf‘z) uniformly on 4,7 € D. This
completes proof of the proposition. O
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Remark 2.3. We note that condition (11)-b of the proposition would essentially follow from
(ii)-a and the assumption that sup,cp c; < B for some B > 0. Similarly, (iii)-b is essentially
contained in (ii)-a combined together with an extra assumption that sup;cp ¢; < B for some
B > 0. Indeed, if Pl¥i>1) —too Cj < B uniformly on j € D, then there is a constant to > 0

t—aL(t)
such that for all t >t

P, > 1)
——— - < B+1.
oL@ 0T

Also fort € (0,1,

PY;>t) _ to _ g
oLt =L@ S L)

Without loss of generality we could assume that L(t) < B for all t € (0,to]. Indeed, since we
are only interested in asymptotic properties of L(t) throughout, we can modify L(t) on the
interval (0,to] in such a way that it would be bounded on this interval and still satisfy the
conditions of Theorem 1.3. Letting C' = max{1 + B, Bt{} we obtain (15).

Proposition 2.2, namely asymptotic relation (16), allows us to find the asymptotic be-
havior of the upper tail of the distribution R; whenever R, satisfies the conditions of
the proposition. To enable us to iterate the process and find the asymptotic behavior of
P(R,, > t|X,, = i) we need the following lemma.

Lemma 2.4. Let Y be a random variable that satisfies the conditions of Proposition 2.2,
and let Y = Qy + MyY. Then Y € o(X,, (Qni, Mni) :n < 1,0 € D) and Y also satisfies
conditions (ii)-(11) of the proposition.

Proof.
(i) Follows directly from the definition of Y and condition (i) of Proposition 2.2.

(ii)-a The claim is included in conclusion (16) of Proposition 2.2.

(ii)-b Let ¢ € B, be a vector defined by €(i) = ¢4.(i) + m (i) > ep H (i, j)c;. That is, €(4)
represents the value on the right-hand side of (16). Then, in vector form,

EZQ++GCa

where matrix G is introduced in (6) whereas vector ¢ is defined by ¢ = (¢;);ep. Note that
€ € By in view of assumptions (ii)-a and (ii)-b of Proposition 2.2 (see also Remark 2.3 above).
Therefore, the claim follows from the definition of G, the uniform bound on ¢, (¢) included
in (4), and the uniform bound on m () included in (A3) of Assumption 1.2.

(ii)-c Follows for instance from the inequality ¢ = ¢, + Gc > ¢, and the analogous claim
about ¢, contained in (4).

(iii) The claim follows from the proof of (ii), applied to the triple (=Y, —Q4, M) instead of
(Y,Q1, My). O

13



Proposition 2.2 together with Lemma 2.4 provide some intuition why Theorem 1.3 holds
true in the Markov-dependent setup of this paper. Indeed, if Y is the random variable as in
the conditions of the proposition, and we set Ry =Y, then the iteration of (16) shows that
P(R, > t|X,, = 1) ~ ¢, L(t)t™*, where ¢y = ¢ = (¢;)iep and ¢, = ¢+ + G, for all n > 1.
That is, the upper tails of R,, are regularly varying. Moreover, it is not hard to check that
the vectors ¢, converge in By, as n goes to infinity, to vector K = (I — G)™!q,.

The above discussion can be summarized in the identity

lim lim PRy > )X =)
n—00 t—00 t_O‘L(t)

= K(i). (24)

One is prompted to show that interchanging the limits above does not change the result,
namely

= K(i). (25)

Assume for simplicity that P(R > t| X, = ¢) is a continuous function of ¢ for each i € D.
Then by Lemma 2.1, lim, .., P(R, > t|X,, = i) = P(R > t| Xy, = i). Therefore, (25) is
equivalent to

P t| Xy =1
lim (R> ‘ 0 =1)

t—o0 t_aL(t) - K(Z>7

which is the content of Theorem 1.3.

Following the proof structure of [12], the actual proof will progress in the following way.
We will bound the tails of R from above and below by the tails of sequences R,, whose tail
behavior is consistent with (24). In one case we will construct a sequence R,, such that
P(R, > t| X, =1) > P(R > t|Xy = i) for any n € N, ¢ € D, and ¢ > 0. In the second
case we will have P(R, > t|X,, = i) < P(R > t|Xy, = i). In virtue of Proposition 2.2,
the first construction implies limsup, ., P(R > t| X, = i) < K(i) while the second yields
liminf; . P(R > t| X, =1) > K(i).

We start to build the first construction with the following lemma. The random variable
Z defined in the statement of the lemma will play the role of Ry in this case.

Lemma 2.5. There exists a random variable Z such that

(i) Z is independent of o(X,, :n € Z)V 0 ((Qns, M) : 1 € Z,i € D)

(i) There is a positive constant ¢* > 0 such that P(Z >t) ~ ¢*L(t)t™ ast — oo
(iii) P(Z >0) = 1.

(iv) P(Q1+ M Z >t X, =1) < P(Z >t|Xg=1) forallt >0 and i € D.

Proof. One can use Z defined in the proof of Lemma 3 of [12] provided that ¢* used in that

construction satisfies condition ¢* > max;ep (1 —-FK (]\/[&)) ~!. The latter maximum exists due
to the uniform on i € D bound put on E(Mg;) by (A3) of Assumption 1.2. O

Remark 2.6. It is not hard to check that Z, as defined in the conditions of the lemma,
satisfies all the conditions of Proposition 2.2.
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In the following result we observe that under our assumptions P(R > 0) is necessarily
strictly positive.

Lemma 2.7. P(R > 0) > 0.

Proof. First, note that R is not degenerate at zero, that is P(R = 0) # 1. Indeed, otherwise
the identity P(Q1 + MR > t) = P(R > t) would imply that P(Q; = 0) = 1 which
contradicts the first part of (4).

Next, observe that P(R < 0) = 1 would imply P(R < 0|Xy = i) = 1 and hence
P(Q1;+ M;;R < 0) =1 for all ¢ € D. Therefore, from independence of R from @), and
M, ; we would get that P(Qq;+ Mty < 0) =1 for some ¢, < 0 (in fact, for any ¢y < 0 such
that P(t < R) > 0).

The last assertion contradicts our basic assumption that the upper tail of M;; is of
smaller order that of Q1. Indeed, 1 = P(Q1; + My to < 0) = P(Qyto]™" < My ;) would
imply that P(M;; > t) > P(Qq4lto|™" > t) ~ (t|to]) ™ L(t|to|), which is impossible in virtue
of (A2) of Assumption 1.2. The proof of the lemma is completed. O

We are now in position to complete the proof of Theorem 1.3.
P(R > t| Xy =1)
t°L(t)
Proof. Let Ry = Z, where Z is defined in the statement of Lemma 2.5. For the sequence
R, defined by the recurrence equation (1) let R, ; be a random variable independent of the
sigma-algebra generated by X,,, Qy.i, M,; with n € Z and ¢ € D, and distributed the same

as R, under the conditional law P(- |X,, = 7).
By Lemma 2.5, P(R; > t|X; = i) < P(Ry > t|Xo = i) for all t > 0 and ¢ € D. This
yields:

< (I =G) g4 (9).

Lemma 2.8. For all v € D, we have limsup,_,

P<R2 > t7X2 :Z) = P(Q2+M2R1 > t,XQ :Z)
=" P(Qo+ MyRy > t Xy = i, X, = j)mH (i, j)

j€D
= Z P(Qai + Mo Ry j > t)mH (i, j) < Z P(Qui+ My iRy > t)mH (i, 5)
je€D jeD

=P(Q1+ M Ry>t, X, =i)=P(Ry >t,X; =1i).

Therefore P(Ry > t| Xy = i) < P(R; > t|X; = i) for all i € D and ¢ > 0. Iterating the
argument, we obtain that for alln € N, ¢ € D, and t > 0,

P(R, > t| X, =1) < P(R,—1 > t|X,,-1 = 1). (26)
Moreover, Proposition 2.2 and Lemma 2.4 imply that
P(R, > t| X, =1) ~t°L(t) (¢4 + Gy + ...+ G" gy + G"1) (i), (27)

where constant ¢* is introduced in the statement of Lemma 2.5. It follows from Lemma 2.1
and (26) that P(R,, > t|X, =1i) > P(R > t| Xy =) for n > 0. Hence by (27), for all i € D,
lim s P(R > t| Xy =1)

P T AL

as required. Il

< (I-G) lq:(d), (28)
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t~*L(t)
Proof. Let R=0Q_1+M_1Q_os+ M_1M_50Q_35+ ... be the “shifted by one unit to the left”
random variable R. By Lemma 2.7, for any ¢ € D and t > 0,

Lemma 2.9. For all i € D, we have liminf, > (I —G) g (4).

P(R>1t)=P(Qo+ MR >1t)>> P(Qo>t,R>0|Xo=i)m

1€D

= P(Qo; > t)P(R > 0|Xo = i)m; # 0.

i€D
Let Ry be a random variable independent of (X,,, Qi , M; ;)n>1,iep such that

P(R>0,Qy>t) ift>0,
P(R0>t):{1( @t if £ < 0.

Notice, that since

Ry satisfies the conditions of Proposition 2.2 (see in particular Remark 2.3).
It follows from the definition of Ry that, for any ¢ € D and t > 0,

We will now use induction on n to show that
P(R, > t| X, =1i) < P(Ry > t| Xy = 1) VneN,
and hence
P(R, > t| X, =1) < P(R > t| X, =1) VneN. (30)

Specifically, given that P(R,—1 > t|X,,—1 = 1) < P(R > t|X, = i) for some n > 1 and i € D,
we obtain

1
P(R, > t|X, =i) =Y P(Ry>t,X, =i, X, 1 =j)—
JED ‘
=Y " P(Ry > t|X, =i, Xo1 = j)H(i, j)
j€D
= P(Qu+ MR,y > t|X,, =i, X,y = j)H(i, )
jeD
= ZP<Qn,Z + Mn,iRnfl > thO = ])H(Zaj>
j€D
<D P(Qui+ MR > t]Xo = j)H(i, )
j€D
=Y P(Qi+ MR > t[X, =i, Xo = j)H(i, )
j€D

= P(Q1+ MiR > t|X; =1i) = P(R > t| X, = i),
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where we used (i) the fact that (Qn, M, ;) and (Q1,, My ;) are i.i.d. for i € D and (ii) the
stationary property of (X,,).
Moreover, (29) implies that as t goes to infinity, uniformly on i € D,

P(R0>t|X0:l)_P(R>0,Q0>t’X0:Z>
t=L(t) B t=L(t)

— LD ~ ¢4 () P(R > 0|X, = i).

Let e; = q+(¢)P(R > 0/Xy = i) and define vector e € B, by setting e = (e;);ep. Then
Proposition 2.2 and Lemma 2.4 imply that

P(R, > t|X, =1) ~ 7 "L(t)(q+ + Ggs + ... + G" g4 + G"e) (i).
This completes the proof of Lemma 2.9 in view of (30). O

Lemmas 2.8 and 2.9 combined together yield Theorem 1.3.

3 Proof of Theorem 1.4

We will deduce Theorem 1.4 from Theorem 1.3 by using the following result, which extends
Lemma 4 of [12]. Recall the definition of G4 and G_ from (6).

Lemma 3.1. Let Y be a random wvariable such that:

(i) Y € 0(Xn, (Qni, My;) :n <0,i € D).

(i) ¢; := limsup %‘L)@:i)

t—oo

< 00 and d; == li%n inf %W

—00

> —o0 for every i € D.

(#i) ¢; := limsup W;;—%):i)

t—o0

Then for all i € D,

P(Y <—t|Xo=i)

mengy > 0 for every v € D.

< o0 and CL ;= lim inf

t—o00

P(Qi + MY > X, =)

lim sup =370 < q(i)+ D Ga(ig)e + Y G_(i,))5,
fmoo j€D j€D
. P(Q+ MY < —t| X, =1 . D~ o
lim sup 2! tl_aL(t) k) D GG+ G (i h)e,
fmoe jeD jeD
.. P(Qi+ MY >t Xy =1 , . N
= A I KUED SN SR )
JED JED
Y + MY < —t| X7 =1 , NS o
lim inf (& l_a X =) > q_(i) + Z G.(i,7)d; + Z G_(i,7)d;.
t—o0 t L(t) jeD jeD
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Proof. As in the proof of Proposition 2.2, let Y;, ¢« € D, be random variables independent
of the sequences (X,,)nez and (Q14, M1;)iep, such that P(Y; > t) = P(Y > t|X, = i) and
P(Y; < —t) = P(Y < —t| X, = 1) for all t > 0. It follows from (17) that
P(Qi+ MY >t[X; =i)=> P(Qu;+ M,Y; > t)H(i,j).
jED
Similarly,
P(Qi+ MY < —t|Xy =i) =Y P(Qui+ MY; < —t)H(i, j).
jED
This yields the result of the lemma by applying Lemma 4 of [12] separately to each of the
terms P(Q1; + My;Y; > t) and P(Qq; + My ,;Y; < —t). O

We are now in a position to complete the proof of Theorem 1.4. The argument is essen-
tially the same as the one employed in [12] for the i.i.d. coeflicients (Q,, M,,). Define

, , P(R > t| X, = i) . P(R < —t| Xy = 9)
C = 1 C_(1):=1
+(Z) Htriilolp t_aL(t) ) (Z) Htllsogp t_aL(t) ’
N . P(R>t|X,=1) N PR < —t[Xo =1)
D, (1) := htlgg)lf o L(0) : D_(1):= llgclxr)lf L)
Let R* be a stationary solution of the equation R, 1 = |Q,| + |M,|R,. Note that —R* is a
stationary solution of the equation R, 1 = —|Qn| + | M| Ry

Since, for t > 0,
P(-R*>t) < P(R>t) < P(R*>t)and P(R* < —t) < P(R< —t) < P(—R" < —t),
Theorem 1.3 implies

P(R* < —t|Xg=1
—0o0 < lim (B < —t|Xo = 1)

t—00 t=L(t)
—00 < lim PR < 11Xy = 1) <D_<(C_<lim PR > 11X, = i) < +o0.
1500 t=L(t) t—oo  tTOL()
Therefore, one can apply Lemma 3.1 to vectors Cy and D, defined as Cy := (Ci (i))iep and
D, = (Di(i>)iep’ to obtain
C++O_ §q+G(C++C_) and D++D_ 2(]+G(D++D_),

which implies

P(R* > t|Xyg=1
§D+§C'+§tlim (B" > t]Xo = i)

<
e tL(t) +oo,

(I-G)'q<D,+D_<C,+C_<(I-G)"q
This is only possible if
P t| Xg=1 P —t| Xg =1
Co =D, =t DE>UX0 =0 ¢ _p =g PE< X =0)
P t=L(t) t—00 t=L(t)
and the inequalities in the conclusions of Lemma 3.1 are actually equalities. The latter
implication yields

C+ = 4+ + G+C+ + G_C_
C— = (q- -+ G+C_ + G_C+ ’

implying the result of Theorem 1.4.
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4 Proof of Theorem 1.7

First, we define a sequence of regeneration times for the backward chain 7, =Y_,, n € Z,
where the Markov chain (Y},)nez is introduced in (7) and in Theorem A. Let K(z,y), z,y € S
be the transition kernel of Y,, and denote m(x) = P(Y,, = z), x € S. Then transition kernel
H of Z, is given by

H(z,y) = P(Yy = ylYos = 2) = %K@,x» (31)

In particular, Z, is an irreducible and has the same stationary distribution 7 = (7(z))
as Y,.
Fix a state y* € S and a constant r € (0,1). Let (7,)nez be a sequence of i.i.d. ran-

zeS

dom variables independent of both (Z,)nez and the induced process (@n7y,ﬂn7y)nez,ye s
defined in (12), such that P(ny = 1) = r and P(npy = 0) = 1 — r. Define Ny = 0,
N; = inf{n > N;_1 : Z, = y*,m, = 1}, i € N. Then the blocks (Z,,...,Z, ) are
independent for ¢ > 0 and identically distributed for ¢ > 1. Intuitively, each time when the
chain 7, arrives to a distinguished state y*, an independent coin with chances for “Head”
(=“success”) and “Tail” (=“failure”) equal to respectively r and 1 — r is flipped. If the coin
shows “success”, the regeneration event is declared.

Note that between two successive regeneration times, the chain (Z,),>¢ evolves according

to a sub-stochastic Markov kernel © defined by
H(xz,y) = O(z,y) + rlgy—y H(x,y), z,y €S. (32)
That is
O(x,y) = P(Z, =y, N, > 1|Zy = x). (33)

We remark that the properties of the Markov chain (Y},),ez listed in the statement of Lalley’s
Theorem A imply that E(eﬁN 1 }ZO) is uniformly bounded for some 3 > 0 (see the paragraph
right after the statement of Theorem 1 in [20]).

By using the regeneration times (/N;);>o we can associate (1) with an equivalent linear
recursion model having i.i.d. coefficients. More precisely, for i > 0, let

A = QNi + QN¢+1MNi +.t QNH171MN1-MN14+1 s MNHFQ (34)
B, = MNiMNi+1 "'MN¢+1—1 (35)

The pairs (A;, B;) are independent for ¢ > 0, identically distributed for i > 1, and

o0 n—1
R=Ac+> A ]] B (36)
n=1 =0

The idea of the proof of Theorem 1.7 is to show that the conditions of the following theorem
are satisfied for the random variables (A;, B;), i > 1.

Theorem B (Kesten [19], Goldie [10]). Let (A;, B;)i>1 be an i.i.d. sequence and
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(i) For some o >0, E (|[A1]*) =1, E (|B1|*log™ |Bi]) < o0, and E(|A;|*) < c.
(ii) P(log|By| € §-Z|By #0) <1 for all § > 0.
Let

o0 n—1
R=A+> A, [] B (37)
n=2 i=1

Then
(a) limy_ tO‘P(é > t) = K, andlim;_ t"‘P(E < —t) = K_ for some K. >0 and K_ > 0.
(b) If P(B; <0) >0 then K, = K_.
(¢) Ky + K_ >0 if and only if P(A; = (1 — By)c) <1 for all c € R.
The conditions of Theorem B for the random pair (A, B;) are verified in the following
series of lemmas. First, we observe that Lalley’s Theorem A and (31) imply that the Markov

chain (Z,,Q_n, M_,),ez satisfies Assumption 1.2 in [26]. Therefore, Lemma 2.3 along with
Proposition 2.4 in [26] yield the following Perron-Frobenius type result. For 5 > 0, let

Ha(z,y) = H(z,y)E(IMo|’| Zo = y),  Op(x,y) = O(z,y)E(|Mo|’|Zo = ).
Notice that

E(Hi:0|M—i|Bl{Zn:y}

E (1{n<Nl}Hi:O|M—z‘|51{Zn=y}

Let M, = {f = (f(z))zes : f(z) e Rfor all z € S and sup,¢g|f.| < +oo0} be the space of
bounded elements of R®. In the next proposition we consider matrices of the form A(z,y),
x,y € S, as operators acting in M.

Z() = J]) = E(|MO|/B|ZO = I)Hg(xay)

Zo=1) = E(M'|2 = 2)O(r0). vy

Proposition 4.1 (See Lemma 2.3 and Proposition 2.4 in [26]).
(a) For any (>0 and every x € S, the following limit exists and does not depend on x :
1 n—
A(B) := lim —logE<Hi:01 |Mi|ﬂ‘Zg = x)
n—oo M

Moreover, for some constants cz > 1 that depend on (3 only,
n—1
cgle”A(B) < E<H¢:o |Mi|’8’Zo = :L’) <cge™™® Y neN, P—as.

(b) There exists a unique o > 0 such that A(a) =0, A(B)(6 — ) > 0 for all 5> 0, f # .

(¢c) For any 3 > 0, there exists a vector f(¥) = (f(ﬂ)(z))zes € M, such that inf.es fP(2) > 0
and Hyf?) = rﬁf(ﬁ), where 1, is the spectral radius of the matriz Hg.

(d) For any 3 > 0, there exists a vector g'») = (g(ﬂ)(z))zes € M, such that inf,cs g (2) > 0
and © 59 = pﬁg(ﬁ), where p, is the spectral radius of the matriz ©g.
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(e) For any B3 > 0, we have p, € (0,7,).

Notice that the above proposition is the only statement in this section that is borrowed
as is from [26], and thus is the only claim that makes the proof of Theorem 1.7 given here

not entirely self-contained.
We will next show that E(|B;|*) = 1.

Lemma 4.2. E(|B|*) = 1.

Proof. By virtue of Proposition 4.1 the spectral radius r_, of H, is one, while the spectral
radius p, of O, is strictly less than one. It follows from (32) that the vector f(*) normalized
by the condition f(®(y*) = 1 is the unique positive vector in M, solving the equation
(I —©,)f =s, where

s(z) = rH(z,y*) - E(|Mo|*|Z0 = v*).

Hence (this is a very particular case of the results of [1] and [23, Theorem 5.1] )

@) =Y ense) = B([] " M
n=0

Zo = x) , (38)

and

N [e% * Ni—1 «
E<Hz’=1‘Mﬂ" Zo=1Y ) - E(Hizo ‘Mﬂ’

The second equality in (38) follows since the chain (Z;) evolves according to the kernel ©
until N, (see (33)), while (39) follows from the normalization condition f(®(y*) = 1. O

Zy=y") = E(Bi|") = 1. (39)

We will next show that condition (iv) of Theorem 1.7 implies (actually it is equivalent to
the fact) that log|By| is non-lattice.

Ni—1

Lemma 4.3. Assume that y* € D' and let V = Y log|M_,| = log|Bo|. Then for any
n=0

0 >0 we hcweP(VE(S-Z|ZO:y*) <1

Proof. For y € D and k € N, let y() denote (yi,...,yx) € D* with o = --- = yp = y and
y1 = y*. By Lalley’s Theorem A, for any y € D, we have
P(Zo = yays Z1 = Ym) - -+ » Zm—1 = Zn,—1 = Y(2)) > 0 (40)

for some m > 1. Therefore, P(V €07

Zy = (y*)) < 1 along with (40) would imply: (i)
using first y = y*, that P(m -log [Mocn| € 6 - Z|Zy = (y*)) = 1; (ii) and then, using a
general y € D, that P((m —1)-log | Mo (| +1og | Moc| € 6-Z|Zy = (y*)) = 1. Therefore,
we would have P (m-log | My | € &Z‘ZO = (y*)) = 1 for any y € D contradicting condition
(iv) of Theorem 1.7. The proof of the lemma is completed. O

To show that the conditions of Theorem B are satisfied for the sequence of random pairs
(A,, Bp)nez, it remains to show that

E(]4o]*) < oo and E(|By|*log* |By|) < oc. (41)

Thus, in virtue of condition (i) of Theorem 1.7, it suffices to prove the following lemma.
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Lemma 4.4. There exists 3 > « such that

Ni—1n—-1

el(3 )’

n=0 =0

Zy = x] is a bounded function of z € S. (42)

Proof. Since for any n € N and positive numbers {a;}, we have
(a1 +az +...an)’ <nPd +d +...d7),

we obtain for any 3 >0 and x € S :

oo n—11—1

b = oSS T
- Sl T ) ]

=0 j=0

00 1

< > nf E( | M1y >n)
n=1 =0 7=0

n—

Zo = x) (43)

But E(H;;t |M_;1P1 Ny} | Zo = a:)z E(|Mo|?|Zy = x)-©""@} '1(z). Since the spectral
radius of both the matrices ©, and © = O, are strictly less than one by Proposition 4.1, it
follows from (43) that (42) holds for some 3 > «. This yields (41). O

Completion of the proof of Theorem 1.7

(a)—(d)

It follows from Lemmas 4.2—4.4 that the conclusions of Theorem B can be applied to the
random pair (Aj, By) defined in (34) and (35). Claims (a) through (d) of Theorem 1.7
follow then from Proposition 2.2 applied to R = Ag + ByR and the conditional measures
P(-|Zy = x). In particular,

lim P(R>tZy=xz) = E((Bol(py>0y)*|%0 =) K,
+ E((Bolqo<oy)®|Zo =) - K-, (44)
and
lim P(R< —t|Zy=x) = E((Bolipy<o})*|Z =z) - K,
+ E((Bolipy>0})*| %0 = ) - K_, (45)

where the constants K, and K_ are defined in the statement of Theorem B. Notice that
conclusion (v) of Lalley’s Theorem A imply that P(N; is odd) > 0 and P(N; is even) > 0.
Therefore, in virtue of (35), P(My < 0) > 0 implies P(By < 0|Zy = x) > 0 for all x € S.

(e)
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First, notice that (13) implies that if Ry = I'(Xo) then P(R, = I'(X,)) = 1. Hence if
Ry = I'(Xy), then, for any n € N, R, can take only a finite number of values belonging to
the set {I'(7) : ¢ € D}, in which case the sequence R,, cannot converge in distribution to a
heavy-tailed random variable. Therefore, since the limiting random variable R is independent
of the choice of Ry, (13) implies P(K;(X)+ K_1(X) =0) = 1.

On the other hand, (44), (45), and condition (ii) of Theorem 1.7 combined together imply
that P(K1(X)+ K_1(X) = 0)=1if and only if K, = K_ = 0. Furthermore, according to
Theorem B, K. = K_ = 0 if and only if P(A; + ¢(y*)B; = c(y*)) for some ¢(y*) € R, in

which case P(R = c(y*)) = 1.
Let R = R]Q—?O. Then, P(R = c(y*)) = P(R = c(y*)

Zy = y*) = 1 implies that
P(R = C(y*)}Zo =y") =P(Qo+ MoR = C(y*)‘Zo =y") =1
Since R is conditionally independent of (Qg, My) given Zy, it follows that for some ¢;(y*) € R,
P(ﬁ:cl(y*)‘Zozy*) =P(R=c(y)|Z1=y") =1 (46)
and
P(Qoct) + Mocunea(y”) = e(y’)) = 1. (47)
It follows from (46) and the Markov property that
P(R = cl(y*)‘Zo = y) =1 for any y € S such that P(Zy =y|Z_1 =y*) > 0,
and hence
P(R=c(y*)|Z-1 = x) =1 for any x € S such that P(Zy = y*|Z_1 = z) > 0. (48)
It follows from (46) and (48) that
P(R=ci(z) =c(y")|Z-1 =2) =1V 2 € S such that P(Zy = y*|Z_1 = z) > 0.
Since y* € S is an arbitrary state, we obtain from (47) that
P(Qog(zo) + Mo¢(zyer(Zo) = e1(Z-1)) = 1,

which is (13) once one set I'(Y,,) = ¢1(Z_,,).
Assume now that (Qo;, Mo,) is non-degenerate for any i € D. Since the following system
of equation for two unknown variables ¢, m,

qg+mc =c
q+mc;=¢’

has a unique solution unless ¢; = ¢y, it follows from (47) that ¢; depends on ((y*) only.
Define function I' : D — R by setting I'(i) = ¢;(y*) for ¢ = ((y*). Then, (47) along with
(48) imply P(Qo + MoI'(Xo) = I'(X1)) = 1. But then (8) implies that I'(X,,) is a constant
function of X,,, that is P(QO + Myc = c) = 1 for some ¢ € R, as required.

The proof of Theorem 1.7 is completed.
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