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Abstract

We consider a closed loop supply chain where new products are produced to order and re-
turned products are refurbished for reselling. The solution to a price-setting problem enforces
the “heavy traffic” condition, under which we address the production rate control problem for
two types of cost functions. We solve a drift-control problem for an approximate system driven
by a correlated two-dimensional Brownian motion. The solutions to this system are then used
to obtain asymptotically optimal control policies. We also conduct a numerical study to explore

the effects of different parameters on the optimal production rates and the resulting costs.
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1 Introduction

We consider a queueing network model of a single firm that can control its production rate of new
products but not their price in a competitive market. It produces new products to order. It allows
customers to return some products after sale and refurbishes the returns for resale at a price that
it chooses to balance the demands for new and refurbished products. The refurbished products are
held in inventory. We assume that a customer is willing to wait while a new product is produced
to her specifications, but potential buyers of refurbished products are impatient. While stylized,
the model captures essential elements of a firm like Dell, Inc., which assembles new products to
order, offers a generous return policy, and sells its stock of refurbished products in an online store.
The relevant costs are associated with keeping customers waiting for new products, maintaining
capacity to manufacture at a given rate, and losing potential sales of refurbished products. We
derive an asymptotically optimal policy, which consists of the production rate for new products
and the relative price of refurbished products, for this closed loop supply chain in heavy traffic.
Closed loop supply chains that encompass production, distribution, product returns, repro-
cessing and resale have gained increasing attention recently for both environmental and economic
reasons. Reprocessing typically retains some of the value added by the original manufacturing pro-
cess while preventing potentially harmful disposal and conserving both material and energy. To the
original producer or a third party, reprocessing and reselling products can yield profits by reducing
the cost of providing a functional product and expanding the market. The status of having been
sold and returned may reduce the attractiveness of reprocessed products, yet a discounted price
can create a lower-end market segment of consumers who are not willing to pay the full price for a
new product but will accept a reprocessed one for a reduced price. This price should be low enough
to make reprocessed products attractive compared with new ones and prevent their inventory from
accumulating. On the other hand, too low a price for refurbished products could cannibalize
the demand and profits earned by new products. Optimal pricing strategies for remanufactured
goods have been analyzed in different contexts [8, 10, 11, 26]. Collecting or receiving and then
refurbishing and reselling products introduces uncertainties in addition to those already present in
manufacturing and selling new products. The availability of previously distributed products for

refurbishment is subject to purchasers’ decisions on whether and when to return them. Variabil-



ity of the demand and product flows can create congestion or shortages that reduce the efficiency
and economic viability of the closed loop supply chain. Queueing models have been employed in
a number of studies to analyze the effectiveness of closed loop supply chain management policies
under steady state conditions [14, 22, 30, 32|, which imply non-negligible idle times in the service
facilities. However, many managers recognize that idleness may reduce profit and prefer to utilize
expensive processing resources as fully as possible by setting prices to increase demand. Such high
utilization corresponds to heavy traffic in the queueing model. In recent years, several authors
(e.g., [1, 2, 3, 6, 7, 12, 27, 29]) have employed heavy traffic approximations of various physical
queueing networks and used techniques from stochastic control theory to obtain good queueing
control policies.

We examine the two decision variables, price and production rate, sequentially. First, we
formulate a price-setting problem (also known as the static planning problem) to maximize profit
in the fluid-scaled system. The optimal solution naturally imposes the heavy traffic conditions (see
[29] for a similar analysis). The heavy traffic conditions require that the arrival rates and the service
rates of the queueing system are “balanced” in some sense. We show that a solution to a profit
maximization problem for the fluid scaled queueing system (the so-called static planning problem)
naturally imposes the heavy traffic assumption on our model. Intuitively, this can be interpreted as
follows: if the manufacturer decides to maximize profit based on the average behavior of the system,
the optimal prices will enforce that the arrivals (functions of the price-variable) match the services
and, hence, satisfy the heavy traffic conditions. Second, under the heavy traffic conditions, we
solve the problem of finding an optimal production rate to minimize an appropriate cost function.
Such heavy traffic analyses often follow a sequence of steps outlined by Harrison [17] (see also [5]),
which involves solving a diffusion control problem (called the Brownian Control Problem or the
BCP) that approximates the queueing control problem and then interpreting its solution to obtain
meaningful control policies for the original queueing control problem. In this paper, we consider
two common forms of cost functionals: long-run average (ergodic) cost and the infinite horizon
discounted cost. For each of these cost functions, we carry out the analysis following Harrison’s
scheme: we first formulate and solve the BCP; then we propose a candidate for optimal control
policy for the queueing model by interpreting the solution of the BCP; and finally, we prove the

asymptotic optimality of the proposed policy using weak convergence methods. We also discuss



some comparative statics and carry out a numerical study to explore the effect of system parameters
on the optimal production rates and resulting costs. The main contributions of this paper are the
following: This is the first paper to our knowledge that successfully applies heavy traffic machinery
to optimize performance of a closed loop supply chain. A natural price setting problem is shown to
enforce heavy traffic conditions in such a supply chain. This paper also provides complete heavy
traffic analysis to obtain optimal production rates under the two most common cost functions
in the control literature. Despite the existence of a large literature for heavy traffic analysis of
queueing networks, most articles with such provably optimal solutions focus on one-dimensional
problems. There are very few such complete analyses for two-dimensional models prior to this
one (see [3, 7]). This article provides one such analysis for a two-dimensional model where the
associated diffusion model is driven by a two-dimensional correlated Brownian motions. Having
solved the diffusion control problem, we establish the main asymptotic optimality results using
properties of an appropriate Skorohod map (regulator map) and weak convergence techniques.
The rest of the paper is organized as follows: In Section 2, we describe the model and the control
problems in detail. Next, we discuss the static planning problem and the heavy traffic conditions
for our queueing network. Our main theorems (Theorems 2.7 and 2.8) describing asymptotically
optimal policies are also stated in this section. In Section 3, we address the two BCPs for two
different choices of the cost function. Section 4 contains weak convergence analysis to prove the
main results. Section 5 contains some comparative statics and numerical analysis of the two cost
problems. Finally in Section 6, we summarize the paper, provide a comparison of our results
with the steady-state analysis of similar models under the average cost functional and conclude
with possible extensions to this work. An Appendix contains proofs of some of the more standard

results that are used in our analysis.

2 Problem Description

We study a simple model of a closed loop supply chain in which a producer manufactures new
products to order. Some new products are returned by the customers after evaluation. We assume

that any new product may be returned after sale with probability 5 € (0,1). These returned



products can no longer be sold as new. Instead, they are inspected, refurbished and placed into
inventory to be resold (see Figure 1). As in Vorasayan and Ryan [33], we assume the producer is a
price-taker in the market for new products, whose exogenously-determined price is py, normalized
so that 0 < py < 1. It sets the price for refurbished products, pg, such that pp < py. Consumer
(normalized) valuation of new products, denoted as p, is uniformly distributed on (0,1). A consumer
who is willing to pay a price p for a new product is willing to pay at most dp for a refurbished
product, where 0 < § < 1. Given the prices, the consumer chooses between new and refurbished
products to maximize his/her surplus: max{p —py,dp—pg,0}. If pgr > dpy then ép—pr < p—pN
for any p < 1; therefore, we assume pr < dpy to guarantee some demand for refurbished products.
Likewise, we assume pr > py — (1 — &) because otherwise, p — py < dp — pg for any p < 1 and no

demand would exist for new products. A strategic decision variable for the producer is

PR
p=—, 2.1
on (2.1)
such that p € (1 — 110;1\/6’5)' In terms of this price ratio, the normalized demand rate for new

products represents the proportion of a fixed number of customers per unit time who will buy the

new product, i.e., those for whom p > py and p — py > dp — ppn, and is given by:

1 —
An(p) = 1_M. (2.2)
1—-9
The corresponding demand rate for refurbished products is
PN 14
A =——(1-=% 2.
rlp) = 12 (1-£), (2.3)

which represents the proportion of customers for whom p > pr and p — py < dp — ppN-

In our model, the demands for new and refurbished products follow Poisson processes with the
rates An(p) and Ar(p) for a chosen value of p. These and other parameters are constant over an
implicit study horizon represented by the model, which is reasonable for a product category such
as business laptop, but not intended for specific models within that category. We assume that

the time required to produce a new product is exponentially distributed with rate p > 0 and that



the manufacturing server is not allowed to idle unless the queue of new product orders is empty.
When a demand for a refurbished item arrives, if such a product is available in inventory then the
demand is satisfied; otherwise, the customer is lost. Let X;(t) denote the length of the new product
customer queue and X2 (t) denote the number of refurbished products in inventory at time ¢. Then,

given X;(0) = z;, i = 1,2, we model X7 and X5 as:

Xl(t) = 11+ N ()\N<p)t) — Ny </0 n 1{X1(5)>0}d8> , (2.4)

t t
z9 + @ [N2 (/0 I 1{X1(s)>0}ds>:| — N3 </0 Ar(p) 1{X2(s)>0}ds> : (2.5)

Xo(t)

where N;(+),i = 1,2, 3, are independent unit Poisson processes. For any nonnegative integer m,
®(m) = D" ¢k, where {¢}} is a sequence of i.i.d Bernoulli(§) random variables. Here and for
the rest of the paper, 14, will denote the indicator function of a Borel set A (i.e. 1x(x) = 1 if
x € Aand 1ly(x) =0, if x ¢ A). In the above display, ®(m) represents the (random) number
of products that are returned by customers out of the first m purchased products. See Chapter

6 of [24] to see a more general construction of jump-Markov process, with state space Z, as a
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Figure 1: Closed loop supply chain network

linear combination of time changed versions of unit Poisson process as in (2.4) and (2.5). We

assume that all returned products are refurbished and that return, if it occurs, and refurbishment



are both instantaneous. This assumption approximates the situation where returns are mainly
due to buyer remorse or unmet expectations rather than any real defect, so that refurbishment
amounts to inspection or testing and repackaging. In Section 6 we describe extensions to incorporate
exponentially-distributed delays in return and/or refurbishment as well as disposal of some fraction

of returns. Define processes L1 and Lo as follows:

t t
Ll(t) = /L/O 1{X1(s):0}d37 Lg(t) = )\R(p)/o 1{X2(s):0}d3' (2.6)

The parameter u represents the average number of new products that can be manufactured per
unit time. The process L;(-) is defined as p multiplied by the time that the manufacturing server
has idled so far. In that sense, L;(t) represents the average number of new-product customers
that could have been served in the interval [0, ¢] during the server’s idle time when no new-product
customers are waiting. Using a similar interpretation, Lo(t) captures the average number of lost
sales of refurbished products. We assume that the cost for storing refurbished products is mainly
fixed with respect to quantity, and therefore little affected by policies that influence Xo(t). Ideally,
we prefer policies which produce fewer lost sales of refurbished goods. This preference is reflected
in the definitions of the cost functionals in (2.12)-(2.13) below (see Section 6 for possible extensions
of the model).

Our goal in this paper is to optimize (1) the price of refurbished products relative to new
products and (2) the production rate of new products. We carry out this optimization in two steps.
First, we solve a static planning problem in terms of the fluid-scaled processes and the long term
average demand rates, which are assumed to satisfy (2.2) and (2.3). The profit is maximized by
setting the price ratio and long term average production rate so the system is in heavy traffic.
Second, we carry out a heavy traffic analysis of the system, and find an asymptotically optimal
service rate under optimal prices.

As it is commonly done for such analysis, we will consider a sequence of networks (indexed by a
parameter n), each having the same structure, but the parameters of the n-th network depend on
the index n, and we will require that as n — oo, the system achieves heavy traffic (see Assumption
2.1 and 2.4 below). A physical network that is close to being in heavy-traffic can be thought of

as one element of this sequence with a large value of n. Hence, from now on, we will consider a



sequence of networks indexed by n and all the processes and parameters depend on n (denoted by
a superscript n, e.g., A% (p), X7'(t), etc.). We assume that p™ does not depend on n (i.e., p" = p),
and its optimal value will be determined by the limit behavior of the system (in the static planning
problem). Note that, since this queueing model is a Jackson network, the queue lengths of each
network in the sequence can be analyzed exactly in steady-state. In Section 5, we illustrate how
the result of such a prelimit analysis coincides with the asymptotic analysis for a special case of the
long-run average cost function. However, the discounted cost depends on the transient behavior
of the queue lengths, and we lack any exact characterization of the arrival process to the second
queue during the transient phase.

A policy consists of the price ratio p € (0,1) as defined in (2.1) and the manufacturing rate
sequence {u"}. We assume the following basic convergence properties for the parameters of this

model:

Assumption 2.1 There exist 0; € IR, i = 1,2,3, {An(p) > 0,p € [0,1]}, {Ar(p) > 0,p € [0,1]},

>0, and 1,9 > 0 such that

() VA () — An(0) — 02, V(D) — Arlp)) — s Tor all pe 0,1],  (27)
(i) Vn(p" — i) — 01, (2.8)
(vit) B0y =65 and I =al'/\/n— x;asn — o00,i=1,2. (2.9)

Remark 2.2 The assumptions in (2.7) state that there are long-run average rates (for arrivals)

to which the parameters of the n-th system converge. They also specify that this convergence takes

place at the rate of \%, where 0;,1 = 2,3, are the convergence rates, which is the natural rate
of convergence for heavy traffic assumption of diffusion scaled systems. It has been shown (for
control problems involving linear holding costs) that for any admissible policy {u™} that produces
finite asymptotic costs (see (2.12) and (2.13) below), (2.8) holds (see [34]). So in our analysis,
we restrict consideration to admissible controls that satisfy (2.8). The first part of (2.9) is a
technical assumption that reduces the problem dimension: because of this, the limiting diffusion
control problem is effectively one-dimensional. To be more specific, the terms u™ and @" in (4.53)-

(4.54) converge to the same constant u (using (4.50)) which is the drift parameter governing both the



processes in the limiting model (3.19). Existence of such asymptotic limits is a standard assumption

in heavy traffic analysis.

We will carry out the asymptotic analysis of the diffusion scaled queueing model. Therefore, we
need to define the diffusion scale before introducing the cost functional. The analysis also involves
the so-called fluid-scaled processes. For any process 1" (-) described here, ¢™(-) and ¢"(-) will

denote the fluid- and diffusion-scaled processes respectively, given by:

gn(r) = L0

iy =

- n , forallt >0,n=1,2,.... (2.10)

In this paper, we analyze two types of cost functionals: the long-run average cost (also known
as the “ergodic cost”) and the infinite horizon discounted cost, each of which involves the following
components: a control cost for the service rate, a backorder cost for new products, and a linear cost
per lost customer of refurbished products. Here we assume that the inventory of the refurbished
products does not incur any variable cost for the manufacturer; hence, the cost functionals include
no holding cost for the refurbished products. These components of costs are given in terms of

functions c¢(+), h(-) and a constant penalty rate k, which satisfy the following assumptions.

Assumption 2.3 The functions c(-) and h(-) are nonnegative, continuous, nondecreasing and con-
vez on [0,00) and k is a positive constant. Also, c(x) =0, for x < 0 and there exist K and N > 0

such that h(-) satisfies 0 < h(z) < K(1+ ) for all z > 0.

Let

u"(p) = vn(u" = Ng(p)/B), p€[0,1]. (2.11)

Under the heavy traffic conditions described in Section 2.1, the quantity (Bu" — N%(p)) can be
thought of as the net inventory growth rate for the refurbished products in the n-th system. This
quantity tends to zero at the rate y/n as n approaches infinity, as shown in (4.50)) in Section 4.
Here, u™ defined in (2.11) captures this rate. As argued in Remark 3.1, the limit of «™ is assumed

to be non-negative. Hence, for simplicity, we only allow non-negative values for u"(p) for all n > 1



and p € [0, 1].

The long-run average cost is given by :

. 1 T R .
Io(z1, 22, p,{p"}) = liminflimsup —F Kc (u"(p)) + h(X{L(s))) ds+k dLgL(s)]

n—=©  T—oo 0

T
= liminflimsup [C (u™(p)) + %E /0 WX (s))ds + k ;EﬁZ(T)] (2.12)

n—=00 T 00

For a fixed discount rate a > 0, the infinite horizon discounted cost is given by:

n—oo

Jo(wr, 29, p (")) = liminfE/OOO oo Kc (W(p)) + (fqb(s))Q) ds + k dﬁg(s)}

_ Jiminf S0P —I—E/ [Xl ))stwdig(s)} (2.13)

n—oo

In this paper we solve the infinite horizon discounted cost problem with backorder cost h(z) = 22.

The term c(u"(p)) in (2.12) and (2.13) represents the cost of choosing production rate p relative to
the arrival rate for refurbished products (suitably scaled), while the term h(X7(s)) is the cost per
backorder (of new items) per unit time. The infinitesimal quantity, k df)g(s), is the penalty for lost
sales of refurbished items. Here z1 and zo are the (asymptotic) initial lengths of the backorders
of new items and inventory of refurbished items as defined in (2.9). Note that the choice of u™
uniquely determines the service rate sequence p". Since c(z) = 0 for all z < 0, for each n > 1 the
control cost can be thought of as ¢(u™) = c(u"(p)) = c(v/n(u" — XN(p)/3)), which is an increasing
function of p", for each fixed A%;(p). Prior to analysis, for both control problems with costs (2.12)
and (2.13), it is not clear which among the three components of the cost is dominant.

Even if the cost functions involve only diffusion-scaled processes, to be able to carry out the
analysis one needs to have the fluid system “stable.” Hence, we define the static planning problem

”

below, and deduce the conditions for “heavy traffic.” The process of solving the static planning

problem also solves the problem of price setting (i.e., choosing p).

2.1 Static Planning Problem

Static planning problems are formulated by constructing a system where the fluid-scaled processes
are replaced by their long-run averages (or fluid limits) and solving a suitable optimization problem

involving those averages (see [19, 25, 28, 29]). In the fluid limit, we formulate a deterministic

10



problem to choose p and i that maximize the profit rate subject to stability conditions on both
queues. The profit consists of revenue from the sale of both new and refurbished returns less the
cost per unit time associated with producing new products at rate fi. Let y(:) be a nondecreasing

function. The profit maximization problem is:

max pn (1= B)An(p) + prBAN(p) — Y(12)

s.t. An(p) < i

BAN(p) < Ar(p)-

The first term in the objective function is revenue per unit time from the sale of new products (less
a refund for returned products), whose sales are limited by demand. The second term is revenue
per unit time from the sale of refurbished products, whose sales are limited by supply. The first
constraint ensures that supplies of new products are sufficient to meet the demand on average.
The second constraint restricts the supply of refurbished products to not exceed their demand;
otherwise, inventories of refurbished products would accumulate without bound.

The objective is separable into its revenue and cost components, where revenue depends only
on p and cost depends only on . Clearly, the optimal limiting production rate equals its lower
bound: fi* = Ax(p*), where p* is the optimal price ratio. The revenue rate is proportional to:

(1 =B+ Bp)An(p) = (1 - B+ Bp)(1 - % + %P)v

which is a convex quadratic function of p that is minimized by

—pn(1—28) — B(1 —4)
26pN

p=

The largest feasible value for p is found uniquely by solving the second constraint as an equality:

,_0lpn(1+5) - B0 —9)]
P pn(1+40) '

It is easy to verify that p' — p > 0 for any py > 0 if 5 < % (in fact, p < 0 in this case). Therefore,

revenue is an increasing function of feasible p, so that p* = p/. The unique solution to the static

11



planning problem is given by (p*, i*) such that Ay (p*) = +Ar(p*) and p* = Ay (p*). This relation
constitutes the heavy traffic condition, and for the rest of the paper, we will assume that all

admissible policies satisfy this condition, in addition to Assumption 2.1. See Figure 2.

Figure 2: Price determination from static planning problem.

Assumption 2.4 (Heavy Traffic) Any admissible policy satisfies
—% A\ * 1< *
i =An(p*) = B)\R(P )-

There are different equivalent methods of arriving at the above described heavy traffic assump-
tion needed for analyzing diffusion-scaled systems (see [5, 17]), and it can be verified that those
methods also yield the same heavy traffic condition as we have here. For example, one conventional
way for defining heavy traffic (see [18]) is to require that the following holds: There exists a unique

optimal solution (7, z*) satisfying 7 = 1 and AzZ* = 1 to the following linear program,
minimize r subjectto R =a, AT <rl and Z > 0.

Here the decision variables Z represent average rates at which activities are undertaken and the
objective is a vector of upper bounds on the utilization rates for processing resources; the constants
R, A and « are related to the parameters of the network: The average rates of arrival to the two

servers from outside the system are given by « (note that in our formulation of the inventory process

12



dynamics, Ar serves as the service rate and not an external arrival rate), while the input-output

matrix R and capacity-consumption matrix A are defined as

A [ 0 10
o ~(p) R— T A

0 —Bii Ar(p) 0 1

See [18] for more details on this formulation of heavy traffic. It is easy to verify that the (p*, 5*)
satisfying the conditions in Assumption 2.4 also satisfies the heavy traffic condition as defined in

18],

Remark 2.5 The heavy traffic conditions along with (2.2) and (2.3) applied to the fluid limit imply

that
T 1455 g RP)

i =An(p")

The assumption 1 — ;;N‘s < p* = p/ < § holds true for any py < 1.

Definition 2.6 (Two queueing control problems) Under Assumptions 2.1 and 2.4, the price
variable is set as p*, which determines the demand rates of new and refurbished products, as well
as the long-run average service rate i*. A sequence of service rates {u"} is said to be admissible if
it satisfies Assumptions 2.1 and 2.4 with p* and o*.

The first queueing control problem is to find an asymptotically optimal service rate sequence

{pr} that minimizes

[A(xth’{'u”}) = fo(xlax%p*’{ﬂn}) (2'14)

over all admissible controls {u™}.
The second queueing control problem is to find an asymptotically optimal service rate sequence

{pr} that minimizes

j(xla L2, {Mn}) = jo(:L‘l, €2, ,0*7 {Mn}) (2'15)

over all admissible controls {u™}.

13



The following are the two main theorems of this article, which show the existence of optimal

controls for two queueing control problems described in Definition 2.6.

Theorem 2.7 There exists a u, > 0 such that

1
Hat = N+ T n =12, (2.16)

is an asymptotically optimal sequence of service rates for the first queueing control problem defined

in Definition 2.6. Furthermore, this v satisfies the following:

%) 0-12
up = argminu>0/ eV [C(u) +h (y) :|dy7
= Jo 2u

where 02 = \y + [i.

Theorem 2.8 There exists a u; > 0 such that

pyt = NE(p*) + =L, n=1,2,... (2.17)

is an asymptotically optimal sequence of service rates for the second queueing control problem defined

in Definition 2.6.

The existence of uy is proved in Theorem 3.4, and that of u} is established in Theorem 3.14.
Note that, in each of the control problems, the choices in (2.16) and (2.17) are not unique. For

example, for the first problem,

il = AN () + e, n=1,2,... (2.18)

NG

is another such choice. Note that these two choices are asymptotically equivalent, in the sense that
the behavior of the diffusion-scaled system under these two choices are the same (as a consequence

of the fact that «™ and @™ defined in (4.50) are asymptotically equivalent).

14



3 Brownian Control Problems

The Brownian control problem (BCP) for a queueing network is formulated by replacing the linear
combination of centered processes in the scaled queue equations (see the martingale terms W{L for
i = 1,2 defined in Section 4) by suitable Brownian motions, and constructing a diffusion control
problem ([5, 16] etc.). The solutions to such control problems often contain useful insights about
the queueing control problems, and are commonly used in such analysis.

In the next section, we will establish that the sequence (X{‘,X;) converges weakly to a two-
dimensional process (X1, X2), which is a reflecting diffusion with state space in the first quadrant

of R2. Furthermore, (X1, X3) satisfies the following stochastic differential equations:

X1(t) = x1—ut+ 01W1(t) + Ll(t)

Xg(t) = a9+ Put + O'QWQ(t) — ﬁLl(t) + Lg(t), (3.19)

where Wi (-) and Wa(+) are two standard Brownian motion processes and they are correlated. Their

dependence is described by E[W;(t)Ws(t)] = —rt, where r = 25~ and the constants o; and o

0102

are given by o1 = VN + i and o9 = \/S\R + aB(1 — 3). The local-time processes L and Lgy are

non-decreasing and satisfy L;(0) = L2(0) = 0. Furthermore,

t t
/ 1[X1(5)>0]dL1(5) =0 and / 1[X2(S)>O}dL2(s) =0, for all t > 0.
0 0

The local time processes L; and Lo keep the state processes, respectively X; and X, non-negative.
X1 (t) represents the limiting queue length for the new product at time ¢ and Xo(t) represents the

limiting inventory of the refurbished products at time ¢ > 0.

Remark 3.1 The constant w > 0 in (3.19) is the control parameter which captures the rate at
which the manufacturing rate (of new products) deviates under diffusion scaling from the ones
specified by heavy traffic. The non-negativity of u guarantees the finiteness of the cost functional in
(3.20), since otherwise X in (3.19) will be transient leading to infinite holding costs. Hence, we

focus only on controls uw > 0 throughout the article.

15



The stochastic system described in (3.19) is known as a “Brownian control system.” In the
following two subsections, we will consider this system under the two types of cost structures, and

solve the corresponding control problems in each case.

3.1 BCP with long-run average cost

First we describe the long-term average cost structure associated with the first control problem. For
such a Brownian control system described by (3.19), we consider the long term expected average

cost function given by

1 T
I(x1,x9,u) = limsup —F [/0 (c(u) + h(X1(s)))ds + k Lo(T)| - (3.20)

T—o00

Recall that c¢(u) represents the control cost, h(X;(t)) represents the holding cost for queue length
X1(t) and the constant k > 0 represents the penalty per lost customer for refurbished products.

Since c(u) is time independent, the cost function in (3.20) can be written as

T—o0

1 T
I(x1,x9,u) = c(u) + limsup TE [/0 h(X1(s))ds + k dLa(t)] . (3.21)

In the following discussion, we intend to obtain an optimal control «* > 0 that minimizes
I(x1,z2,u) over all constant controls u > 0. We can represent the value function of this stochastic
control problem by

V(zy,xg) = 11;21% I(xy,x9,u).
Next, using the equation for X (-), we intend to compute Tlglgo %E [ fOT h(X1 (s))ds} explicitly. First
we introduce the constant (u) for each control u > 0 by

2 > —2ur
y(u) = =5 / h(z)e °1 da. (3.22)
0

01

Since h(-) has polynomially-bounded growth (see Assumption 2.3), this constant y(u) is finite for
each u > 0. The following proposition connects a part of the cost in (3.21) with v(u). The proof
of this result involves application of the It6’s formula, and is somewhat standard. Hence, we state

this as a proposition here without proof, and describe a proof in the Appendix.
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Proposition 3.2 Let (X1, X2) satisfy (3.19). Then Tlim +E fOT h(X1(s))ds exists and equals y(u).
— 00

In the next lemma, we examine how E[L2(T")] grows as a function of T". Since v > 0 in (3.19),
X1(+) is a reflecting diffusion process with constant negative drift —u. It has a stationary distri-
bution with exponentially decaying tail and limy_ (L1 (T) — uT) = 0 a.s. (see [15], page 29).
Therefore, the magnitude of the term (ut — L1(t)) must be at most of the order supy<g<; |[W1(s)|-
Hence using the equation for Xo(+) in (3.19), we expect that the process Xa(+) does not reach the ori-
gin that often. Consequently, Lo (t) increases at a much slower rate than L;(¢), as ¢ tends to infinity.
Intuitively, in the absence of a variable inventory cost for refurbished products, the cost function

emphasizes customer service with the result that lost sales of refurbished products are negligible in

the limit. In the following lemma, we verify this intuition by proving that limp_, . L%}T) =0 a.s.
as well as in L.
Lemma 3.3 Let Ly be the local time process of Xo in (3.19). Then
Lo(T E|Ly(T

lim 2(T) =0 a.s. and lim M =0.

T—oo T T—o0
Proof. L; has the representation (see [15])

L;(t) = max {0, — Og;i;t(:cl + o Wi(s) — us)} . (3.23)

Consider the Brownian motion Wi (-) and the maximum process M; defined by M;(t) = sup |Wi(s)|.
0<s<t

Then (3.23) implies that Lq(t) — ut < o1 M;(t), for all ¢ > 0. Similarly Lo has the representation
Lo(t) = max {O, - Oi<nf<t(x2 + ooWa(s) + Pus — ﬂLl(s))} . (3.24)
<s<
Again we introduce Ms(t) = sup |Wa(s)|. Notice that
0<s<t

- Oi<nf%t [x2 + 0aWa(s) + Bus — BL1(s)] = sup [B(L1(s) — us) — oaWa(s) — x2].
AN 0<s<t
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Using the estimate L;(t) — ut < o1 M;(t) for all ¢ > 0, we obtain
B(L1(s) —us) —oaWa(s) —xo < BoiMi(s)+oaMa(s) < BorMi(t)+ oaMs(t), for all 0 <s <t.
Also, BoyMi(t) + oo Ms(t) > 0 for all t > 0. Therefore, it follows that

max {0, sup [B(L1(s) — us) — oaWa(s) — xg]} < Bo1 M (t) + oo Ma(t), for all ¢ > 0.

0<s<t

Hence by (3.24), we obtain that 0 < Lo(t) < 09Ms(t)+ Bo1 M, (t), for all t > 0. By the properties of

the maximum process of Brownian motion (see pages 95 and 112 of [21]), we know that Tlim MIT(T) =
— 00

Tlim MZT(T) =0 a.s., and E[M;(t)] < CV/T for i = 1,2, where C is a constant. Therefore, it follows
—00

that

E[Ls(T
=0a.s. and lim M =0.
T—o0 T T—o00

Using Proposition 3.2 and Lemma 3.3, we can provide the following explicit representation of

the cost function I(-) in (3.21):

I(z1,22,u) = c(u) + y(u) = c(u) + 2—3 /OO h(x)e_"%zda:. (3.25)
o1 Jo

This expression can be simplified to obtain

[e%S) 0.2
I(xy,x9,u) = / eV [c(u) +h (1y> }dy. (3.26)
0 2u
The above computations establish the following theorem.

Theorem 3.4 The value function V(x1,z2) of the long-run average cost problem described in

(3.20)-(3.21) is independent of (x1,x2) and it has the following representation

oo

2
= — 1 -y ﬁ
V =V(zry,x2) igf(’) ; e [c(u) +h (2uy> }dy.
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Furthermore, for

Flu) = /0 ey e(u) + (U%y> Jy. (3.27)

an optimal control u} > 0 is given by F(u}) = min,>o F(u).

To compute v we differentiate the above function of u to obtain

F'(u) = (u) — J—% /OO e Yyh' U—%y dy.
2U2 0 2u

To find a candidate for u}, we let F'(u) = 0, which yields the following necessary condition:

e’ 2
2a2)2 (il = o / eIy ("ly) dy.
0

*
2u}

In the case where both ¢(-) and h(-) are convex twice differentiable increasing functions, the above

condition is also sufficient, because

Jad o Lil > ~Y 2 ﬁ d ﬁ > Yo 1 Oi d 0
(w) = c(u) + 5 5 My pu? ) WH s |l (5, ) dy>0.

For example, when c(x) = 2™ and h(z) = 2%, where m > 1 and ¢ > 1, we obtain

1
2\ 9\ mtq
* q 01
= —=q'| = . 3.28
= (e (%)) (328)

3.2 BCP with infinite horizon discounted cost

In the previous section, we have noticed that the expected cost k E[L9(T')] which represents the
penalty incurred from lost customers for refurbished products during the time interval [0, 7] grows

w is equal to zero. For

at a rate much slower than T as T tends to infinity. In fact, Tlgl;o
this reason, the optimal control policy developed in the previous section is not influenced by this
cost component. To capture the effect of the penalty incurred from lost customers for refurbished
products, we also consider an infinite horizon discounted cost structure for the same model in (3.19).

In this case, the cost functional as well as the optimal policy are affected by the cost component

corresponding to the lost customers for refurbished products as well as by the initial data xz; and
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xg of (3.19).

In our analysis of this cost structure, we use h(z) = x? to perform explicit computations. A
main difficulty in our analysis is to obtain an explicit formula for E[L9(T)] in this two-dimensional
model described in (3.19). For this reason, we are able to establish a nontrivial optimal control
u’ > 0 for the discounted cost only when the initial data (21, z2) belong to a certain region in R2.

Here we analyze the infinite horizon discounted cost structure given by
oo
J(x1,09,u) = E / e~ (e(u) + X1 (8)2)dt + k dLa(2)], (3.20)
0

where a@ > 0 and k > 0 are positive constants. We can rewrite this cost functional in the form

J(x1,x9,u) = c(au) + O(z1,u) + V(x1, 22, 1), (3.30)
where
(1, u) :E/ e~ X (t)%dt, (3.31)
0
and
U(zy,x2,u) =k E/ e~ dLy(t). (3.32)
0

The value function for this control problem is given by
Q(x1,x2) = inf J(x1,x9,u). (3.33)
u>0

In the following lemma, for a given control u > 0, we compute ®(z1,u) described in (3.31). The

proof of the lemma is given in the Appendix.

Lemma 3.5 Let ®(z1,u) be defined by (3.31). Then

1 u\2  [o?  u? 20 5\ (w)m

where A\ (u) = % (\/ (u? + 2a0?) — u)
1

For our two-dimensional model described in (3.19), next consider the functional ¥ given in
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(3.32). Here we are unable to compute V(zj,z9,u) explicitly. Therefore, we obtain an upper
bound for the quantity ¥(z1, 2, u) — U(x1,z2,0) in the next lemma. Here, ¥(x1,x2,0) represents
the cost defined by (3.32) in the case of zero control. To identify the dependence of the processes

on the control u > 0, we rewrite our model equation (3.19) in the following form:

XUt) = a1 —ut+ o Wilt) + LY(2) (3.35)

X3 (t) = w2+ Put +oaWa(t) — BLY(t) + Ly(t),

where L} and L§ are local time processes of X} and X§ respectively. Next we introduce the process

XU by

XU(t) = x9 4 But + ouWa(t) + LU(t), (3.36)

where L*(t) is the local time process of X* at the origin and hence L"(t) > 0 for all t > 0. Notice

that (3.36) can be rewritten as
XU(t) = 29 + But + 02 Wa(t) — BLY() + (ﬁyf(t) n E“(t)) . (3.37)

We compare (3.37) with the second equation in (3.35). Recall that the local time process LY is the
minimal continuous non-decreasing process which keeps the sum (zo+Sut+oc2Wa(t)—BLY (t)+ LY (1))

non-negative. But in (3.37), X“(t) > 0 for all ¢ and therefore we obtain the inequality
LY(t) < BLY(t) + L*(t), for all t > 0. (3.38)
This estimate of Lk(t) will be useful in the next proposition.

Proposition 3.6 Let the initial value (x1,z2) be fized. Then the cost functional J(x1, x2,u) defined

in (3.29) is continuous in the control variable u > 0.

Proof. For J(z1,x2,u), we consider the representation (3.30). The function ¢(u) is continuous in u
and by lemma 3.5, ®(z,u) is also continuous in u. Therefore, it remains to show that VU (zq, z2,u)

is continuous in the variable w.
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For any u > 0, by (3.32) and Fubini’s theorem, we obtain

U(zy,29,u) = kE [/t: </: ae—a5d5> dLg(t)]

= kE [ / h aeaSLg(s)ds] .

=0

Therefore
0.0] [o.¢]
Wlay,mau) =ak B [ e Li(t)dt = o k / e~ BIL(1)]dt. (3.39)
t=0 t=0
Next we fix u > 0 and let {u,} converge to u. We assume that 0 < u,, < K for some fixed
constant K > 0. It suffices to show that lim W(zy,xz9,u,) = ¥Y(z1,z2,u). For each u > 0, the
Up —U

local time process LY (t) has the representation

L} (t) = max {0, sup (us — oy Wi(s) — 331)} , (3.40)

0<s<t

and therefore, for each T' > 0 it is evident that L]™(t) converges to L (t) uniformly on [0, 7.

Next, L(t) has the representation

L5(t) = max {O, Oiligt(ﬁ[/f(s) — Bus — oaWa(s) — xg)} . (3.41)

Since u,, — w and Ly"(t) and Ly"(t) converge uniformly to LY} (t) and L4(t), respectively, for all

0 <t < T, from the above representation (3.40)-(3.41). For each u,, 0 < L{"(t) < z1 + Kt +

o1 sup |[Wi(s)| and 0 < Li"(t) < x9 + |B| Kt + |B|L{"(t) + o2 sup |Wa(s)|. Now let M(t) be the
0<s<t

0<s<t
process defined by

M(t) = |B|z1 + x2 + 2|8| Kt + |Blor sup |Wi(s)| + o2 sup [Wa(s)].
0<s<t 0<s<t

Using Doob’s inequality we obtain E[M (t)?] < C,(1 + t?), where C, > 0 is a generic constant.
Hence E[M(t)] < V/Co(1+1t) and E [ e *"M(t)dt < co. Since 0 < Ly"(t) < M(t) and Ly (t)
converges to LY(t) a.s. as u, tends to u, we can apply the Dominated Convergence Theorem to
conclude that

[e.9]

lim E [ e L' (t)dt=FE / e LY(t)dt.
0

n—oo 0
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Hence, lim ¥(x1,x9,u,) = ¥(x1,x2,u) and this completes the proof. |

n—oo

Remark 3.7 Since lim c¢(u) = +oo and J(x1,z2,u) > %“), the above proposition guarantees the
uU—=00

existence of a non-negative optimal control u}.

Next, we obtain some sufficient conditions that guarantee a strictly positive optimal control u*,
which leads to a non-trivial asymptotically optimal sequence of controls for the original sequence

of controlled queueing systems.

Lemma 3.8 Let ¥(x1,x2,u) and ¥(z1,x2,0) be as described in (3.32). Then

U1, 59, 1) — W1, 29,0) < o B K /OOO e~ BILY(1)] = B[LO()]))dt+k o /OOO e~ BL*(1)]dt+ ks,

(3.42)
where LY, LY and L* are the local time processes described in (3.35).
Proof. Using (3.39), we obtain
U(zy,x2,u) — ¥(x1,22,0) = ka/ e Y E[LY(t)] — E[LY(t)])dt. (3.43)
t=0

Next we estimate (E[LY(t)] — E[LY(t)]) for each t > 0. By (3.38), we have E[L%(t)] < BE[L}(t)] +
E[L"(t)]. On the other hand, using the second equation of (3.35), we have E[L3(t)] — BE[L{(t)] +
r9 = E[XJ(t)] >0, for all t > 0. Therefore, E[LY(t)] > BE[L{(t)] — x2 for all t > 0. Consequently,

E[L3(t)] - BL3(1)] < B [BILY ()] - BILY(®))] + E[L"(t)] + z2 for all t > 0.
Thus, from this estimate in (3.43) we have (3.42). |

In the next lemma, we compute the integrals in (3.42).
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Lemma 3.9

(i) For each u > 0,

o 1
a/o e”™B[LY(t)]dt = % (\/UQ +2a0? + u) e MWz (3.44)

where A\ (u) = % (\/u2 + 2a0f — u)
1

(ii) For each u > 0,

o [Tt - o (/5 + 203 - gu) 00 515
0
where Xo(u) = L (/B2 + 2003 + Bu)
2

Proof. First notice that a [;° e ™ E[L{(t)]dt = E [;° e *'dL}(t). Let Q(z) = e (W2 where

A(u) = ?lf (\/u2 + 200} — u) Then @ satisfies

2
%1

5 Q"(z) —uQ'(z) —aQ(x) =0, for z >0 and Q'(0) = —\q(u).

Next, we consider the first equation of (3.35) and apply It6’s lemma to Q(X¥(t))e™* to obtain
T
EIQUX (D))" = Qar) - M(WE [ e Ly )
0
We let T' tend to 400 and obtain
Q1) = MWE [~ e aLi o).
0

Hence (3.44) follows. The proof of (3.45) follows essentially along the same steps by using Q(x) =
e~ 22T where Ao(u) is given in (3.45) and the process X in (3.36).

The following proposition follows from Lemmas 3.8 and 3.9.
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Proposition 3.10

_Y2a
U(zy,x2,u) — VU(r1,22,0) < l;—ﬁ [(y/u2+2aa%+u> MW fone2e o x]
a
k
+ o K\/ﬂ2u2+2aa% > + kxa. (3.46)

The proof of this proposition is straightforward and therefore omitted.

Remark 3.11 The estimates we have obtained in the proof of the above proposition also yield the

following upper bound of the cost functional J(x1,x2,u) defined in (3.50):

c(u) B L
J A k 1@ar = =AWz | 4 po 3.47
(w1, 22,u) < o+ (w1,u) + Al(u)e +)\2(u)€ + kxo (3.47)

In the next proposition, we obtain a sufficient condition which guarantees J(z1, z2,u) < J(z1,x2,0)

where the cost functional J is defined in (3.30).

Proposition 3.12 Let (x1,x2) be the initial data in (3.19). If there is a control w > 0 that satisfies

1 1 akpBoq _@x 2u U
kB — — eMWe gk _— ¢ A2(“)z2+akx}<[ a4 (1 — — cu},
(- %) 5w 22 (w) <[ Vaa ¢ o (717 g) —ew)
where Xo(u) and A\ (u) are described in (3.45) and (3.34), respectively, then J(x1,x2,u) < J(x1,x2,0).
Proof. Using (3.30) we observe that J(x,z2,u) < J(x1,22,0) if and only if

U(zy,x2,u) — V(x1,22,0) < [®(21,0) — P(27,00)] — —. (3.48)

Next we can use the estimate (3.46) in Proposition 3.10. Therefore, the inequality

(u) () a

1 V2a0? _2a, k
k3 <>\1@>‘1(“)11 - %e 71 1) + Te”\ﬂ“)“ +krz| < [®(21,0) — @(21,u)] — u)

implies the inequality in (3.48). Using (3.34) and following a straightforward computation, we
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obtain

2u 1 ko _ 2u u kBoy —¥2a,  c(u)
kB — 22 A1 (u)zy A2 (u)z2 k < o 1 27
< s 042) )q(u)e + )\g(u)e thr2 < o? ( ) + w/2056 ' «

This inequality is same as (3.47) and hence the result follows. |

Remark 3.13

1. If o and u remain fired and x1 tends to infinity then the right hand side of the inequality in

(3.47) tends to infinity while the left hand side of (3.47) tends to )\S‘(IZ) e W22 4 okao . Therefore,
for fized xo and u, large values of x1 satisfy (3.47).

2. If 2ug > ok and if there is a point (T1,x2) that satisfies

2u0 <7 uo
(6

1
T1 — E) —c(ug) — akzy > % ( B2ut + 2003 — ﬂu()) ,
then the above inequality holds for all x1 > 1. It is a straightforward matter to check that the

assumption of Proposition 3.12 is true. Hence J(x1,x2,u) < J(x1,22,0) for all x1 > Z7.
Next, we introduce the region
A = {(z1,z2) : There exists u > 0 where (x1, z2,u) satisfies (3.47) }. (3.49)
This set A is non-empty as explained in the above remark.

Theorem 3.14 Let the initial data (x1,x2) of (3.19) belong to the set A in (3.49). Then there is
an optimal control uj > 0 such that Q(x1,x2) = J(x1, T2, u*), where Q is the value function defined

Proof. We obtain J(z1,z2,u) < J(x1,22,0) for some u > 0 by using Proposition 3.12. On

the other hand by (3.30), J(z1,z2,u) > W for all w > 0. Since c(+) is strictly increasing and

«

11111 c(u) = +o0, there exists ug > 0 such that c(olf) > J(z1,22,0) for all u > uy. Conse-
U— 100

quently, inf,>¢ J(x1, 22, u) = infocy<u, J(x1,x2,u). By Proposition 3.6, J(z1,x2,-) is continuous

in w variable. Therefore, there exists a ) such that 0 < w); < ug which satisfies J(z1,z2,u}) =
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infy,>0 J (21, 2, u). N

4 Asymptotic Optimality

Our objective in this section is to use the optimal controls derived for the BCPs in the previous
section for the construction of asymptotically optimal controls for the queueing control problem (as
described in Definition 2.6). This construction is used to prove the main theorems of the article,
Theorems 2.7 and 2.8. Throughout this section, p* and i* (see Assumption 2.4) are fixed and
for simplicity of notation, we will denote g* by p and omit p* from all notations, i.e. denote
N (0%), AN (p%), A% (p*), AR(p®) by A%, An, A%, AR Tespectively.

In this section, we will use the standard notation D([0, ), IR) for the set of all right continuous
functions from [0, 00) to IR with left limits. All the processes are defined on D([0, 00), IR) unless
specified otherwise. e € D([0,00), IR) will denote the identity function, i.e. e(t) =t for all ¢ > 0.
The convergence in distribution of a sequence of processes ®,(-) to ®(-) will be denoted as ¢,, = ¢
or by ®,(-) = ®(-). When sup |®,(s) — ®(s)| — 0 as n — oo, for all ¢ > 0, we will write that

0<s<t
®,, — @ “uniformly on compact sets”, or “uniformly on compacts”.

4.1 Scaled processes and a Skorohod map

We have defined two types of scalings for the various processes in (2.10) above. Here we obtain
convenient representations for the rescaled processes that are relevant for our analysis. Recall the
definition of v" in (2.11). We define another similar quantity @" below. Note that by Assumption

2.1, these two quantities are asymptotically equivalent: There exists u > 0 such that

u"zﬁ(u”—%>—>u, " =/n(u" =A%) — u, as n — . (4.50)
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Next, we introduce the martingales which are related to the Poisson processes in the heavy-traffic

analysis of the queueing control problem.

rn 1 n

My (t) = n [NT'(nANt) — nANt],

R 1 t t

M3 (t) = NG _Nz <n/0 w 1{X{L(s)>0}d3) —n/o w 1{X{L(s)>0}d5]’

rn I n n ! n ! n

My(t) = 7 2 (Nz <n/0 Iz I{X;(s)>o}ds>) —nﬁ/o p 1{X{L(s)>0}d5:|7

orn L n ! n ! n

Mp(t) = NG _N3 <n/0 AR 1{Xg(s)>o}d5> - n/o AR 1{Xg(s)>o}d8] , (4.51)
Wi(t) = Mp(t) - M3(t),

Wi(t) = Mg(t)— M(t), (4.52)

forallt > 0,n =1,2,.... From the definition of the processes in (2.4)-(2.6) and the diffusion scaled
processes in (2.10) (with a simple change of variable formula font (s)ds = n fo ns)ds) we can

write the scaled state processes as

20 A 1 n n 1 n ¢ n
X7(t) = a7+ TNl (nARt) — %NQ <n/ ! 1{X{l(s)>0}d‘9)

= & — @™+ W) 4+ L), (4.53)
0 an 1 n ! n
50 = 1 (e rt) 5 )
— ap+ ﬂunt W) — ALY + L”( ) (454)
where L) = ”f/ (X7 ()= 0305, Ly(t) = )\R\f/ (X2 (s)= 0145, (4.55)

foralln=1,2,...,t > 0.

The proof of asymptotic optimality uses the following maps and their properties.

Lemma 4.1 (A two-dimensional Skorohod map) Let uj,uz,3 > 0 and let uw = (u1,uz). For
each x1,x2 > 0 and and w = (wy,ws2) € D(]0, 00), R) x D([0, 00), IR) with w;(0) > 0,7 = 1,2, there

exist unique g;,¢; € D([0,00), R),i = 1,2, satisfying the following properties:

(i) qi(t) =21 — urt +wi(t) + 61(t) >0, ¥t >0,
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(i1) qa2(t) = x2 + Buat + wa(t) — Bl1(t) + 2(t) > 0, ¥Vt >0,
(iii) €;(-) is nondecreasing, £;(0) =0 and [;° q;(t)dl;(t) =0 fori=1,2.

U

Define the following maps I'; ,f?,z’ = 1,2 as follows: for a given w as above, let '} (w) = g;, f?(w) =

i, i=1,2. We will denote the map (T%(-),T%(-) : i = 1,2) as the Skorohod map relevant for this

problem.

Proof of the existence of the above map is straightforward. For x € D([0, c0), IR) with z(0) > 0,

define the following maps:
o(z)(t) = z(t) + ¢(x)(t), where ¢Y(z)(t) = — Oi<nf<t min{z(s),0}, for¢>0. (4.56)

The above maps are called one-dimensional Skorohod maps in [0, c0) (see [23, 31]). Using the above
maps it is easy to verify that if w; € D([0,00), R),i = 1,2, the following representations hold for

the Skorohod maps defined in Lemma 4.1.

T (w) = ¢(x1 — ue +wy), T¥(w) = (1 — ue + wr),

T%(w) = ¢ (xz + Bue + wy — ﬂfg(w)) , Tu(w) = o (xg + Bue + wy — Bf}‘(w)) . (457)

It is well known that the maps ¢ and ¢ are both Lipschitz continuous maps in the uniform topology

(see [23] for example). More precisely, for z,2’ € D([0,0), IR) and ||z||p = sup |z(s)|, we have
0<s<T
16(2) = d(2")llr < Collz = [, [[¢(x) — d(@)l|r < Collw - 2|z, (4.58)

for some Cp > 0. Using the representations in (4.57) above, one can verify that the Skorohod maps

defined in Lemma 4.1 are continuous functions in the metric of uniform convergence on compact
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sets in the following sense: For all T > 0

lim |uf — ;| =0, lim [|w] —w;|[r =0, i=1,2
n— 00 n—oo
implies
lim |[I ;‘n(w{b,wg) — ' (wy, w2)||r =0, lim Hf;‘n(w’f,wg) — IAZ»“(wl,wQ)HT =0, fori=1,2.
n—oo

n—oo

(4.59)

This continuity property will be crucial for establishing some of the convergence results in the

proofs below.

4.2 Weak convergence analysis and proof of Theorems 2.7 and 2.8

Note that for any admissible policy {u"}, there exists u > 0, such that 4" and u" both converge
to u as n tends to infinity. To simplify notation, we will use the following abbreviation for this
section: For @" = (4", u") and @ = (u,u), [P =T%" 7 =T%" T, =% T; =T fori =1,2. We

start with the following lemma, which describes equivalent representations of the cost functionals

in the queueing network control problems as well as the Brownian control problems in Section 3.

Lemma 4.2 The long-run average cost functionals for the queueing network and the BCP in (2.12)

and (3.20), respectively, have the following representation:

N

Hovaa (")) = timint o)+ 5(0) + b timswp 1.5 (£3(D))].

T—o0
where 4({u"}) = ( - 253) ih (ﬁ) <25:f> (4.60)
I(xy,29,u) = c(u)+y(u), where ~(u)= i?/ooo h($)e_?7md:n. (4.61)

The infinite horizon discounted cost functionals for the queueing network and the BCP in (2.13)

and (3.29), respectively, have the following representation:

J@nzep ")) = Timint <) +E/0°O ae~ot [/Ot (X?(s))Qdeﬁg(t)] dt, (4.62)

n—oo o

J(z1, 0,u) = CS‘) +E /0 " oot [ /0 t (X1(s))*ds + k Lg(t)} dt. (4.63)
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Proof. To verify (4.60), first note that for each fixed n > 1, Xf is a jump-Markov process with

state-space L™ = {ﬁ :7=0,1,2,.. .}, and jump rates given by

nA, ifj:i+ﬁ,i€£"

Q"(i,J) = nu", ifj=i— - ieLr\{0}

n’

0, otherwise.

Straightforward calculations (solving the balance equations) yields that the invariant distribution

for X{L is that of a random variable X7 where /nXZ follows a Geometric distribution with

parameter a, = 1 — (A}, /p"). Therefore, it follows that

lim [;E/OT h(X?(s))ds] = E[n(X1)].

T—oo

Note that by the assumptions on h(-), and distribution of X, the expectation on the right side
is finite. This proves that the representation in (4.60) is accurate. The representation in (4.61)
follows from Proposition 3.2 and Lemma 3.3. The proof of the representations of the discounted

cost functionals in (4.62)-(4.63) are standard and similar to that of Lemma 4.4 of [12]. |
Proposition 4.3 The processes X{l and X? in (4.53)-(4.54) satisfy
(X7, X5, 1, 1) = (TTF7), D300, P 077), BR0F™) ) (164)
For the processes WI" and Wf defined in (4.52), the following convergence holds:
Wn = (Wr,Wh) = (W1, Wy) =W, (4.65)
where W is a two-dimensional Brownian motion as described in (3.19). Also, the following holds.

(X7, XD LR LB) = (X1,X2, L1, L) and n — oo,

where (X1, X, L1, Lo) = (Fl(W),Fg(W),fl(W),fQ(W)> , (4.66)
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and (W1, Wa, X1, Xo, L1, L) satisfies all the conditions on the processes involved in defining the
BCPs in (3.19).

The proof of the above proposition is somewhat standard in the heavy traffic literature. We
skip the proof here, and present one in the Appendix. The following basic lemma will be used in

our proof of the main result. A proof of this lemma can be found in the Appendix as well.

Lemma 4.4 Let {a,} be a sequence such that a,, — a as n — oo and h(-) be the cost function used

i our analysis. Then the following holds
> k an \" 1 o

any h{—=)(1-—F%) = — a/ h(z)e **dx, as n — oo. (4.67)
kZ:O (ﬁ) ( \/ﬁ> Vn 0

We will use the following moment estimates in our analysis to establish the convergence of the cost

functionals.

Proposition 4.5 The following estimates hold: There exist constants Cq,Cy > 0 such that for all

n>1andt>0

E [ sup | X7(s) ]4} < Ci(1+¢*+¢") and (4.68)
0<s<t
. 2
E [(Lg(t)) } < Oy (L4t | — a2, (4.69)

where u and u™ are as described in (4.50).

Proof. From the representation of X in (4.66) and (4.57)-(4.58), we have

B sw K1) < 6 B| s ot - s 1|
0<s<t 0<s<t

< CE [(aﬁf)‘* + @4+ F ( sup | Wi (s) y4>] , (4.70)

0<s<t

for some constant C' > 0, independent of n and t. Since {z}} and {a"} are both convergent
sequences, by Doob’s inequality for the martingale Wln(), and using the fact that E(Vi/{1 ()* < C't?

(for some C’ > 0) we have the proof of the first estimate (4.68) of the proposition.
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For the second estimate, note that from (4.53), we have

E | sup |u"s— L7(s) 12} < C []u” —a"*t? + E < sup | @"s — L7(s) 12)]
0<s<t 0<s<t
< C [[u” — "+ (2} + B < sup | Wi(s) 12> +E < sup | X7(s) 12>]
0<s<t 0<s<t
< C(lu"—a"Pe+1+t+1%), (4.71)

where the last estimate follows using (4.68) and arguments similar to those used in obtaining (4.70).
Here, C' > 0 represents a generic constant independent of n and ¢ and the value of this constant
varies from line to line of (4.71). Now, from the representation of L7 in (4.53), we have

B (130)] < g (s 175 ) +58 (sup 1uns - L0 7 |

0<s<t 0<s<t

The second estimate now follows from (4.71), the Doob’s inequality for the martingale Wf(), and

the fact that E(Wg(t))? < C't, for some C’ > 0. |

Now, using the results above, we prove the main theorems of the paper, viz. Theorems 2.7 and

2.8, regarding optimal controls for the queueing network control problem.

Proof of Theorem 2.7: First, we prove the asymptotic analysis of our proposed policy for the
ergodic cost problem. Since for any admissible policy {u"}, the corresponding {u™} converges to

some u > 0, we have from the continuity of ¢(-) that

c(u™) — c(u), as n — oo. (4.72)

Also, note that for such policies, a,, = /n(1 — i‘%fi’) = (@"/p") converges to a = 3 = 3—%, since
1
0? = Ay + ji = 2ji by Assumption 2.4. Therefore, by Lemma 4.4, we have
Y {u"}) = y(u), as n — oo, (4.73)
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where 4™ and ~ are as described in (4.60) and (4.61). By Proposition 4.5, we have that

1 _ - 1
liminf |lim sup TELS(T)] < liminf [lim sup T\/Cg(l + T+ Ju™ —an?T?)| = 0. (4.74)

n—oo T—00 n—oo T—00

Hence by Lemma 4.2, we have that for any admissible control policy {u"}, with u™ converging to

some u > 0,

I(xy,z0,{p"}) = I(z1,22,u). (4.75)

Note that from the construction of our proposed policy {iuq*}, we have that the corresponding
{u™*} converges to u; > 0, where w is as in Theorem 3.4. Hence we have that from Theorem 3.4

and (4.75) that for any admissible policy {u"}
I(z1, 20, {u"}) = I(x1,x0,u) > I(z1,22,u)) = I(x1, 9, {u*}). (4.76)

This proves the asymptotic optimality of our proposed policy for the queueing network problem

with long-run average cost. |

Proof of Theorem 2.8: Now we prove the optimality result for the infinite horizon discounted cost
problem. Note that for any admissible control policy {x"} with the corresponding {u"} converging

to some u > 0, we have from Proposition 4.3 that

/ (X7(s))2ds = / (X)(5))2ds, as n — oo (4.77)
0 0

This follows from the fact that X{L = X and the function [, x(s)%ds is a continuous map on
D([0,00), IR) with respect to the uniform metric on compacts, and hence continuous mapping

theorem applies. Combining the last part of Proposition 4.3 and (4.77), we have for all fixed ¢ > 0

[/ot (X?(S))g ds + k ES(t)} = [/Ot (X1(s))*ds +k La(t)| , as n — oc. (4.78)
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Observe that from Proposition 4.5, we have for each fixed ¢t > 0,
t . 2 . 2
E [/ <X{l(s)> ds + k Lg(t)] < O3l + 2414, forall n > 1, (4.79)
0

where C3 > 0 is a constant independent of n. From (4.78) and (4.79) we get that for each fixed

t>0,

E Uot (X?(s))Q ds + k ﬁg(t)} ~ E Uot (Xi(s))2ds+ k La(t)|, asn— 0o, (4.80)

Now from (4.79), it is easy to verify that

oo t 2 ~ 2
/ ae”™E {/ (XF(S)) ds +k Lg(t)} dt < Cyforalln>1, (4.81)
0 0

where C4 > 0 is a constant independent of n and ¢. This bound together with the convergence in

(4.80) implies that as n — oo,

/0“’0 aetp Vot (X{‘(s))st +k ﬁg(t)} dt — /0

Hence by Lemma 4.2, we have that for any admissible control policy {u"}, with u™ converging to

o0

ae™™E [ / t (X1(s))*ds + k Ly(t)| dt.(4.82)
0

some u > 0,

A

J(x1, 29, {u"}) = J(x1,22,). (4.83)

Using the same arguments as in obtaining (4.75), we get

J(x1, 9, {p"}) = J(x1,29,u) > J(x1, T2, u)) :j(ﬂﬁbl‘%{ﬂg’*})a (4.84)

where u}; > 0 is the optimal drift for the BCP as given in Theorem 3.14. |
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5 Comparative Statics and Numerical Analysis

In this section, we examine the sensitivity of the asymptotically optimal policy to changes in the
problem parameters. In our stylized model, the consumer willingness-to-pay for refurbished items,
0, and the return fraction, (3, are treated as exogenous parameters, but in reality they may be
influenced by the producer. For instance, marketing efforts or warranties could increase § while
generous return policies would increase §. On the other hand, costs of backorders for new products
and lost sales of refurbished products are difficult to estimate. We investigate the impact of 5 and
0 on the optimal production rate. We focus on the case where the backorder and service costs are
polynomials and vary the constant cost, k, per lost sale of refurbished product.

From the expressions given in Remark 2.5, it is easy to verify that under the heavy traffic

conditions,
OAR(p")

I (p*) <0 Ir(p*) <0 I (p*)
) 85

95 95 , 78[3 < 0, and

> 0.

When minimizing average cost, Theorem 3.4 implies that only the costs associated with the
“forward” portion of the closed loop supply chain (i.e., those that deal with new products) influence
the optimal policy. The usual tradeoff between backorder and production costs exists, and the
decrease with both § and 3 in the rate of orders for new products suggests that the optimal control

m

u} should decrease with respect to both parameters. Indeed, for the case where ¢(z) = 2™ and

h(x) = 29, by substituting o1 = 1/2An(p*) in (3.28), we find

dug qé [qq' (1—pN>q}m+q —0
08 (m+q)(1+30) | m \1+35

and
Ouy B Oy
95 5 98

< 0.

In the infinite horizon discounted cost case, the situation is more complicated because the lost
sales cost persists in the diffusion limit and the optimal control also depends on the initial length of
the queue for new products, z1. (Here we assume xo = 0 because if time zero represents the start
of production, there would be no initial inventory of refurbished products.) The effect of § on the

optimal control is predictable because the demands for new and refurbished products both decrease

36



with 6 under the heavy traffic conditions; therefore, we expect (and have verified numerically) that
for given x1 and k, v); = arg min,, J(x1,0,uy) decreases with 0. However, because the relationship
of u} with 3 is not so clear either mathematically or intuitively, we resort to numerical analysis.
Analytical results from the Brownian control problem guarantee continuity of the cost function
with respect to u and existence of optimal v}, and also provide an exact closed form expression
for one component of the cost. Simulation is required to approximate u; for any particular set of
parameters.

Let c(u) = u?, h(x) = 22 and consider py = 0.9, a = 0.1, and 6 = 0.65 (Hauser and Lund [20]
report that remanufactured products are typically sold at 45% to 65% of the price of comparable
new products). To numerically optimize the infinite horizon expected discounted cost, we generate
two independent standard Brownian motion processes Bi(t) and Ba(t) for t = 0,0.1,0.2, ..., 10°. Let
Wi(t) = By(t) and Wa(t) = —rBy(t) + V1 — r2Bs(t), where r = ps . Computing

VON+E) Ar+AB(1-3))
X1,L1, Ly from (W, Ws) using (4.66) of Proposition 4.3, we approximate J(z1,0,uq) from the

sample mean of 1000 realizations, and obtain the approximate optimal u = u}. The sample size is
sufficiently large to make the standard error of the estimate of the cost less than or equal to 1%
of its value. Figure 3 shows a plot of the (estimated) J(5,0,uq) for § = 0.1,0 = 0.65,k = 5 as
a function of uy. While we have been able to prove only that u); > 0 exists, the discounted cost
function appears to be convex. Figure 4 plots the estimated u; against (3 for various k given z1 = 0
and x; = 5; the optimal u} for the ergodic cost F'(u,) is also shown for reference. Observe that
the optimal control increases with k, as expected, because increasing lost sales costs prompt faster
production for a fixed return fraction to increase the supply of returned products to refurbish. The
optimal control u}; does not show monotonicity with respect to 3 for either x1 = 0 or 21 = 5, which
highlights the complexity of managing the closed loop supply chain under uncertainty.

We also compared results from the average and discounted cost cases numerically as o — 0 for
the same parameter values along with 1 =5, xo =0, 8 = 0.1 and k = 1. Table 1 suggests that as
the discount parameter o decreases to zero, the optimal value functions are asymptotically related
by aJ (5,0, u}(«)) — F(u};) and also u)(«r) — u}; holds. These results suggest that an Abelian limit
relationship for the value functions of the infinite horizon discounted cost problem and long-run
average cost problem could be extended to this setting. For one-dimensional diffusion models, such

Abelian limit theorems were established in [35].
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Figure 3: Discounted cost function J(z1 = 5,29 = 0,uy) for 8 =0.1,5 = 0.65,k = 5.

Table 1: Convergence of aJ (5,0, u}(«)) and u}(cr) to F(u}) = 0.2656 and u;, = 0.3644.

o' aJ(5,0,uy(a)  wi(o)
0.1 4.8537 1.2272
0.01 1.1483 0.6306
0.001 0.3612 0.3975
0.0001 0.2441 0.3558

6 Discussion

In this paper, we have examined a simple model of a closed loop supply chain and performed what
to our knowledge is the first heavy traffic analysis of such a system. By solving a static planning
problem to maximize profit, we derived the price ratio between new and remanufactured products
that would achieve heavy traffic. Then we established the existence of asymptotically optimal con-
trols for both average and discounted costs in the diffusion limit, considering costs of backorders
for new products, lost sales of refurbished products, and manufacturing new products. From these
controls, for each cost functional we derived an asymptotically optimal sequence of service rates
for the queuing control problem as the system approaches heavy traffic. An important insight
resulting from the mathematical analysis is that the control that minimizes long-run average cost
per unit time is not influenced by the cost component from refurbished product lost sales. We

showed analytically that the limiting average cost optimal production rate decreases with both the
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Figure 4: Control that minimizes infinite horizon discounted cost for 1 = 0 and x1 = 5 respectively.

product return rate and the relative amount consumers are willing to pay for refurbished products.
By numerical analysis we found that the willingness-to-pay parameter has a similar effect on the
limiting discounted cost optimal production rate but the effect of the return rate varies with initial

conditions and the magnitude of the refurbished product lost sales cost.

Pre-Limit Analysis: In the average-cost case, the classical steady-state analysis of identical
systems can be obtained in special cases. Here we compare that approach with our analysis for a
sequence of systems in steady-state and approaching the heavy traffic limit.

The model satisfies the assumptions of a Jackson open queueing network. Therefore, in the
sequence of networks approaching heavy traffic, if for each n we have A%, (p*) < " and A} (p*) <
Ni(p*), then a steady state exists and arrivals of refurbished products to the second queue follow
a Poisson process with rate BA% (p*). For example, suppose A%(p) = Ag(p) + 02//n and A}, =
AN (p) + BO2/v/n — 1/ f(n), where 5 > 0 and 0 < f(n) w(/(n)), i-e., limy— v/n/f(n) — 0. Then
Assumption 2.1 is satisfied and A} (p*) < ANi(p*)/08, so that a steady state exists for each n at the
optimal price provided that ™ > A%, (p*). For the remainder of this section, we assume p = p* and
suppress it in the notation.

Arrivals of refurbished products to the second queue follow a Poisson process with rate BA%;.
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The long run average cost in the n‘" system that corresponds to equation (2.12) is

1T orxn
I(zy,x0,u") = c(u")+lijIPj01;pET ; h( \}g))dt+h¥1_>solipk>\ \fE 1{Xn(s —oyds

= c(u")+ Eh <X£L/(;o)> + kliql}ljolip E(%:(T))

Note that, under Assumptions 2.1 and 2.4, the third term vanishes as n — 0o, as shown in (4.74).

The second term can be evaluated as:

S (5 (-3

In particular, if h(z) = x2, this backorder cost equals:

no(ur 4 Mgy oyn 5
e+ R (EHFANR) o2

n(p™ — A%)? (un Rf _\n f) u?

This expression agrees with the result of Theorem 3.4. Note that for general functions h(-), it is
not feasible to evaluate the expected backorder cost in closed form. The scaling of the queue length
by +/n is a reminder that as the sequence of networks approaches heavy traffic, the average length
of the queue of waiting customers will increase. However, if the steady-state backorder cost can be
approximated, this expression suggests that in practice, the system could be designed by choosing
n to achieve a tolerable magnitude for E[h(X] (c0))] and then using the result of Theorem 2.7 to
set find a near-optimal value for u”, that achieves an appropriate tradeoff between service cost and
backorder cost.

For the infinite-horizon discounted cost, in principle the backorder cost portion could be evalu-
ated for the n'" system in steady state using known results on the transient behavior of the M/M/1
queue (see [13], p.98). However, the lack of an exact representation for the arrival process to the
second queue in the transient phase precludes evaluation of the lost sales portion of the discounted
cost function. The product form of the steady-state distribution of queue lengths is based on the

departure process from the first queue being a Poisson process, but this holds only in steady-state.
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Extensions and Future Directions: We assume that all returned products are selected for
refurbishment. This restriction can be removed in a straightforward manner, if we assume that
for every purchased product, there is a probability $; € (0, 1) of being returned by the customer,
and out of those returned, each has a probability B2 € (0,1) of being selected for refurbishment.
This case is actually covered by our model with 8 = 3182. We also assumed refurbishment is
instantaneous and product returns, if they occur, do so immediately after purchase. To extend our

model to incorporate refurbishment lead times, one can replace the Ny term in (2.5) by

t U
Ny (/ o <N2 (/ 1 1{X1(s)>0}d5>) dU> )
0 0

where Ny(-) is another unit Poisson process, independent of all the other variables and processes,
and vy > 0. In this representation, v is the “delay rate” for refurbishment under the assumption
that refurbishment takes a random amount of time following an exponential distribution with rate
~. This is appropriate if most returned products require very little effort to refurbish but a few
have serious defects requiring lengthy repairs. Similarly, an exponentially-distributed delay between
purchase and return of a new product can be included by nesting another unit Poisson process with
its corresponding delay rate. The analysis of such a model is similar to the one considered here,
but for simplicity we did not consider such generalizations in this paper.

Our model does not include a variable storage cost for refurbished products. Including such a
cost would require additional restrictions to control the length of the second queue. This would
lead to a truly two-dimensional control problem and require a much more difficult analysis. We
proved existence of an asymptotically optimal control for infinite horizon discounted cost only for
the specific backorder cost function h(x) = x? but arbitrary convex functions should be considered.
Finally, analytical explorations of the comparative statics for the discounted cost case as well as

Abelian limits, available only numerically so far, could be attempted.
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7 Appendix

Proof of Proposition 3.2: Consider the function @ defined on [0, c0) by

_ 2u

2 x 27u7, T 2u
Q) =2 [ ["atw) — e ayar. (7.85)
o1 Jo 0
Then (@) satisfies
0'% " ’ ’
?Q —u@ + h(x) =7(u) for x > 0 and Q'(0) = 0. (7.86)
Using (3.22) and (7.85), we also obtain
' 2 Zao (7 —25y
Q@) = et [ )~ e Ty
0'1 0
= et [ = sw)e Hay, (7.87)
1 x

Therefore, Q'(z) > 0 for all z and Q(0) = 0, and consequently Q(z) > 0 for all z > 0.
Next we consider the process X1(t) in (3.19), and introduce the stopping time 7 for each N > 1

as follows:

inf{t > 0: X;(t) > N}, if the above set is non-empty,
TN =
00, otherwise.

Let a A b= min{a,b}. We apply Itd’s lemma to Q(X;(t A 7)) and use (7.86) to obtain
tATN
PREAE AT + B [ h(X1())ds = Q(e) + () Elt Al (7.88)

Next we intend to estimate E[Q1(t A 7n)]. Using (7.87), we have

2\ ZHa [ -2y
0<Q'(z) < <2> el / h(y)e 1 dy. (7.89)

01

But A(-) has polynomially-bounded growth and, therefore, for any 0 < e < ~7, we have 0 < h(y) <
1

Kce for all y > 0. Here, K. > 0 is a positive constant which may depend on ¢ > 0. Combining
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this with (7.89), we obtain 0 < @’'(z) < (2/01) (Keeem/(Q% - e)), for all z > 0. Upon integration,
91

we have 0 < Q(z) < (2/0}) (ng“/e(i—é‘ — e)) for all # > 0. Therefore,
1
E[Q(X1(t Aw))] < K E[eX A, (7.90)

where K, is a positive constant. We choose § = 2¢ and apply It6’s lemma to obtain,

tATN 0.2
E[XTAN] = T 4 G / (215 - u> X16)ds + SE[L1(t A i)
0

< o1 + 5E[L1(t AN 7‘]\[)].

By (3.19), E[L1(t ATn)] = uE[t ATn] + E[X1(t ATn)] — 1. Hence, E[edX1(TA™N)] < 021 4§ T+
§ E[X1(t A7y)]. Notice that E[|X1(T Aty)|] < 1+ E[X1(T A7n)?] and again with the use of Ito’s

lemma, we obtain

tIATN
EX(T A = a2+ 02t Arn] — 2uE/O X1 (s)ds
< 2?40l
Consequently,
E[e®X 1 TAN)] < 971 4 622 4 (ud 4 020)T + 6. (7.91)

Since § = 2¢, we have

E[eeXl(T/\TN)] S E[65X1(TATN)] S \/6511 + 51‘% + 5(u + O'%)T + 5

Using (7.90), (7.91) and the above estimate, we obtain

ElQ(X1(tATN))] < ke\/e%‘l + 2ex? + 2e(u + 03)T + 2¢
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We use this estimate together with (7.88) to obtain

TATN
'E [ neaenas - BT A < QG+ BIQEG(EA )

< Qx)+ f(e\/ezef“ + 2ex? + 2e(u + 03)T + 2e.

Next we let 7y increase to +o0o and divide it by T to obtain Tlim +E fOT h(X1(s))ds = ~y(u). |
—00

Proof of Lemma 3.5: Fix v > 0, Notice that ®(-,u) given in (3.34) satisfies the differential
equation

2
%Y” —uY' —aY 4 2% =0 for z >0 and Y’'(0) = 0. (7.92)

Since u > 0 is fixed, we relabel ®(z,u) by ®(x). We apply 1td’s lemma to ®(X;(t))e™*! and using

(7.92) we obtain

E[®(X (T A1y))e TN = d(21) — E /0 e X (t)2dt, (7.93)

where (7x) is a sequence of stopping times defined by

inf{t > 0: X;(t) > N}, if the above set is non-empty,
TN =
400, otherwise.
Using (3.34), we observe that |®(x)| < H(1+ 2?), for all z > 0, where C > 0 is a generic constant.

Therefore,

E||®(X(T A TN))|e—a<TMN>] < H(1 4 X (T A7y)?)eTAN), (7.94)

To prove the assertion of the lemma, we intend to show that lim lim E [|®(X1(T A 7n)) e~ (TATN )] =

T—o0 N—o00
0 and use it together with (7.93). For this, first we apply Itd’s lemma to X;(t)%2e~< for any fixed
€ > 0 and obtain the upper bound FE [Xl (T A TN)Qe_e(TATN)] <zi+ %% for any ¢ > 0. By letting

2
N tend to infinity and using Fatou’s lemma, we have E [X;(t)%?e~“] < 2%+ % for any ¢ > 0. Using
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—et

this estimate together with It6’s lemma for X1 (¢)e~, we obtain

TATN
E [Xf(T/\TN)e_E(T/\TN)] < 2+ 607 E/ X%(s)e ds

IA

xl—l—ﬁal/ E[X{(s)e”lds

2
< af+60% (a:% + 61> t.
Next, we use Holder’s inequality and obtain

1/2

IA

8 [x40 n mgem o] | [ (emotron)]
{x‘f + 607 <x% + Uj) T] v [E <e*a(T/\TN))} V2 .

By letting N tend to infinity, 7,y — oo and thus

E[X2(T A TN)e—MT“N)}

IN

2 1/2
]\}i—1>nooE [XIQ(T A TN)e_e(TATN)} < [:17‘11 + 602 (x% + U;) T} e 2T,
Combining this with (7.93) and (7.94) we obtain
T o2 2
’@(ml) - E/ e‘atX%(t)dt‘ <cle T 4 [:n‘{ + 60 <x% + 1) T} e 27
0 «

By letting T tend to infinity, right hand side tends to zero and the assertion of the lemma follows.

Proof of Proposition 4.3: From the representations of X7, X% in (4.53)-(4.54) we get (4.64),
using the properties of the Skorohod map defined in Lemma 4.1.
To verify (4.65), first note that from the functional central limit theorem for Poisson processes

and Assumption 2.1, we have
(M7, M3, M) = (My, My, My) as n — o, (7.95)

where My, Mo, My are three independent Brownian motion starting from 0, with drift 0 and diffusion
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parameters Ay, i, \g respectively. Also note that, if we define

Cn(t) - o ([nt]) — nﬁ[nt], for t > 0,n>1,

NZD

then it follows that
") = Z(-)7 as n — oo, (7.96)

where Z is a driftless Brownian motion, starting from zero with diffusion parameter 5(1— /). From

(7.95) it follows that

<;EM;, %M;‘(-)) ~ (0,0), as n — co. (7.97)

Also note that from the (4.64) and properties of Skorohod maps in (4.57), (4.56), Assumption 2.4,
(4.52) and (7.97) that

Hence, using Assumption 2.1, we have

n L n ! n L n L &y =
0"(t) = EN2 (/0 H 1{X{l(s)>0}ds> = %M2 (t) +p"t — ﬁLﬂt) = fie(+), as n — 00(7.99)

using (7.97) and (7.98). Therefore, by a random time change theorem (see Sec. 14 of [4]) we obtain
M () = ¢"(0"() = Z(i) = Ms(), asn — oo, (7.100)

where M3 is a driftless Brownian motion starting from 0 with diffusion parameter p3(1 — 3). It is
easy to verify that Mj is independent of M; and M and since (M3, M) = — (M3, My), we have
from (7.95) that (My, M3)(t) = —But. Hence, defining Wy = My — My, Wy = M3 — My, we see that

W = (W1, W,) satisfies the description in (3.19). Also, by the convergence results in (7.95) and
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(7.100) as well as the fact that the limits are continuous, we obtain
(Wi, W3') = (Wi, Wa), as n — oc.

This completes the proof of (4.65). |

From (4.65) and using Skorohod embedding theorem, we have that W™ — W almost surely
uniformly on compacts, and hence by (4.64) and (4.59), the claim in (4.66) follows. The last
statement of the proposition follows trivially from the properties of the Skorohod map defined in

Lemma 4.1. .

Proof of Lemma 4.4 Consider a sequence of random variables {Y;,}, where for each n > 1, X,,
follows a Geometric distribution with parameter £ f’ and let X be an Exponential random variable

with parameter a. Since a, — a as n — o0, it is easy to verify that

NG
l—a—n — e * asn — oo
vn ’ '

Straightforward calculations using the above yields % = X. Therefore for all M > 0, using the

continuity of ¢(-), we have

E[h(fj%) 1{XHSM}] — E[MX) lix<my] asn— oo.

Hence, for all M > 0,

awm Y h (%) <1 - j%)k \/lﬁ = a/OM h(z)e®dz, as n — oco. (7.101)

0<k</nM

Note that there exists My > 0 such that h(x)e™** decreases as a function of z for all x > M.

Fix any € > 0. There exists M > My such that

/ h(z)e % da < - (7.102)

50



Since M > My, we have that the integrand below is decreasing and so from (7.102)

Y oo (%) <1 - \‘;%)k \/1% < /Moo h(z)e " dz = by. (7.103)

k>/nM+1

Fix no(M) > 1 such that |a, — a|] < €/(3bxr), for all n > ng(M). From (7.102) and(7.103) we have
for all n > ng(M),

B s e 5 6
+ak2\/zﬁl:\4+1 < > . >\}ﬁ
< |an—a|bM+a/ooh(x)e_axda: < %.(7.104)

M

Hence, from (7.102) and (7.104) we have that for all € > 0, there exists large M > 0, such that

@Y h(\%) <1— “2) N / “mdx < €, (7.105)

kE>/nM+1

for n > ng(M). From (7.101) and (7.105), the proof of the lemma is complete. |
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