- 6.5 A Nonparametric Altemative: The

Wilcoxon Signed-Rank Test

The Wilcoxon signed-rank test, which makes use of the sign and the magnitude
of the rank of the differences between pairs of measurements, provides an alterna-
tive to the paired ¢ test when the population distribution of the differences is
nonnormal. The Wilcozon signed-rank test requires that the population d1str1bu~
tion of differences be symmetric about the unknown median M. Let D, be'a
specified hypothesized value of M. The test evaluates shifts in the distmbution of
differences to the right or left of Dy; in most cases, D, is 0. The computation oi
the signed-rank test involves the following steps:

1. Calculate the differences in the n pairs of observations.

2. Subtract Dg from all the differences.

3. Delete all zero values. Let n be the number of nonzero values.

4. List the absolute values of the differences in increasing order, and
assign them the ranks 1, ..., n (or the average of the ranks for ties).

We define the following natation before describing the Wilcoxon signed-rank tesﬁ

n = the number of pairs of observations with a nonzero diference
T, = the sum of the positive ranks; if there are no positive ranks, T. =0
T. = the sum of the negative ranks; if there are no negative ranks, 7. =0
T =thesmallerof T, and T_
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wilcoxon Signed-Rank Test H,: The distribution of differences is symmetrical around Dy. (D, is

specified; usually D; 15 0.)

H,: 1. The differences tend to be larger than Dy.
2. The differences tead to be smaller than D.
3. Either 1 or 2 is true (two-sided H,).
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RR.: For aspecified value of o (one-tailed .05, .025, .01, or .005; two-
tailed .10, .05, .02, .01) and fixed number of nonzero differences n,
reject M, if the value of T is less than or equal to the appropriate
eniry in Table 6 in the Appendix.

{r > 30)

T.S.. Compute the test statistic

_ n{n+1)
: \/rz(n +D(n+ 1)
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R.R.: For cases 1 and 2, reject H; if z < —z,; for case 3, reject H, if
< = Zaz-

Check assumptions and draw conclusions.
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EXAMPLE 6.8
—nr e 9.9

A city park department compared a new formulation of a fertilizer, brand A, to
the previously used fertilizer. brand B, on each of 20 different sattball fields. Each
fied was divided in half, with brand A randomly assigned to one half of the field
and brand B to the other. Sixty pounds of fertilizers per acre were then applied
to the flelds. The effect of the fertilizer on the grass grown at each field was
measured by the weight (in pounds) of grass clippings produced by mowing the
grass at the felds over a 1-moath period. Evaluate whether brand A tends to
produce more grass than brand B. The data are given here.
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Field Brand A  Brand B Difference Field Brand A  Brand B Difference :

1 214 186.3 25.1 1 208.9 1856 253 .

2 2044 2035.7 -1 12 208.7 1887 00

3 202.0 1854 176 13 2138 188.6 52

4 2019 203.6 Wi 14 2016 204.2 -26 3 4 —
5 2024 180.4 220 15 201.3 1316 20.1 } - : ;
§ 202.0 2020 0 16 2003 2087 -84 Hy 5

7 202.4 1813 209 i7 201.8 1813 03

3 207.1 186.6 204 18 201.3 208.7 ~72 ¢ | , . ,

9 203.6 205.7 -21 19 2.1 136.3 B3 1 10 N 10 20 0
10 215.0 189.1 26.5 20 203.4 1825 05 4 - Differences

Y

Solution Evaluate whether brand A tends to produce more grass than brand B3
Plots of the differences in grass yields for the 20 fields are given in Figure 6.9 (a!
and (b). The differences appear to not follow a normal distribution aod appear
to form two distinct clusters. Thus, we will apply the Wilcoxon signed-rank test
to evaluate the differences in grass yields from brand A and brand B. The nul]
hypothesis is that the distribution of differences is symmetrical about 0 againsy
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the alternative that the differences tead to be greater than 0. First we must rani
(from smallest to largest) the absolute values of the n = 20 — 1 = 19 gonzerq
differences. These ranks appear in Table 6.11. !
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Rank of Rank of
- Absolute Sign of Absolute Sign of :
Field Difference Ditference Difference Field Difference Difference Difference o 1

! 5.1 3 Posttive 1 353 175 Pasitive : ;
2 =13 1 Negalive 12 0.0 3 Bositive =10 ]
3 17.6 7 Posinve 13 52 ] Posinve

+ -17 2 Negative 4 -ls + Neyative

5 .0 14 Positive 13 201 9 Posinive

a 0 None Positive 16 -3.4 & Negative

7 209 13 Positive 17 203 1C Positive

3 04 84 Pasitiva 13 =72 3 Neganve

9 =1l 3 Negarive 19 233 17.3 Posirtive
1¢ 239 19 Positive 20 0.3 12 Positive

The sum of the positive and negative raoks are
T.=1+2+3+4+5+6=21
and
T.=7+8+9+10+11+12+13+14+15+16+175+175+19
=169

Thus, 7. the smaller of T, and T_, is 21. For a one-sided test with n = 19 and
a = .03, we see from Table 6 1o the Appendix that we will reject Hy if T is less
than or equal to 33. Thus, we reject A, and conclude that brand A tertilizer tends
to produce more grass than brand B.
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