Stat 322 - Solutions to Homework 7

1 Apple-Tree Farm

Able and Baker are both apple-tree farmers (they grow apple trees). Assume, that apple trees grow according
to a normal distribution.

On the Able Farm, trees grow with a mean of 1m per year and a standard deviation of 25 cm. Baker manages
to get an average growth of 1.1m per year with a standard deviation of 35cm.

For the following questions again state each time which random variable you use and what distribution
assumption you make.

(a) What is the probability for a tree on the Able Farm to grow more than 1.2m in a year? what if the
tree was on the Baker Farm?

Let X be the growth of a tree on the Able farm in one year; then X ~ N,—1 520252

standardization

P(X >1.2) 1-P(X <1.2)=1— N,_y s2—0.252(1.2)

121 able
g5 ) = 1= Noa(0.8) "2y _ 07881 = 0.2119.
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Analogously, for Y := growth of a tree on the Baker farm in one year; then Y ~ N,—1 1 52=0 352

standardization

P(Y >1.2)

1-PY <12)=1—-N,—11,52-0352(1.2)

1.2-1.1 table

1= Noa (= gz ) & 1= Noa(020) "2 1 - 0.6141 = 0.3859.

(b) What is the probability for a tree on the Able Farm to grow less than .8m in a year? what if the tree
was on the Baker Farm?

Using the same random variables X and Y as above:

0.8—-1.0
P(X < 08) = N170.252 (08) = NOJ(W) = N071(70.8) =1- N071(0.8) = 0.2119.
0.8—-1.1
P(Y < 08) = N1_170_352 (08) = NOJ(W) == Noyl(—0.86) =1- N01(086) = 01949

(c) What is the probability for a tree on the Able Farm to grow between 0.7m and 0.9m in a year? what
if the tree was on the Baker Farm?

Using the same random variables X and Y as above:

P(O7 < X < 09) = N170_252 (09) - N170.252 (07) - N071(70.4) - NOl(*12) ==
= 1—Nyp1(0.4) — 1+ No1(1.2) = Ny 1(1.2) — No1(0.4) = 0.8849 — 0.6554 = 0.2295.
P(O? < Y < 09) = Nl.l,().352 (09) - Nl.l,[),352 (07) = NOJ(—OE)?) - NO,l(_114) =

= Nyi(1.14) — No1(0.57) = 0.8729 — 0.7157 = 0.1572.



(d) Assume, you've got two trees. One from Able and one from Baker. What can you say about the
difference D in their growth of heights after one year? What is the distribution of D?

The difference between the growth of heights of two trees after one year D can be written as:
D=X-Y

From the reproductive property of normal distributions we know, that D, again, has a normal distri-

bution; D ~ Nup,a%' We find the values for the parameters by looking at the parameters of X and
Y:

17 E[D|=E[X -Y]=E[X]-E[Y]=1-11=-0.1
0% = Var[D] =Var[X + (-1)-Y] = Var[X] + (=1)*Var[Y] = 0.25% + 0.35% = 0.185.

Therefore, D ~ N(—0.1,0.432).
(e) On average, trees from the Baker farm will grow more than Able’s trees. But what is the exact
probability that a Baker tree has grown more than an Able tree in one year?

Using the difference in heights from the previous problem, the probability that a tree from the Baker
farm is higher than a tree from the Able farm is equal to the probability that D is less than 0:

0.1
P(D <0)=N_p1,043(0) = No,1(@) = Np1(0.23) = 0.5910.

2 Two Dimensional Density

Suppose that X and Y have a joint probability density function

sl = {5 L P

(a) Find k such that f(z,y) actually IS a density function.

We have two conditions for density functions: (1) fxy(x,y) >0 for all (z,y) and (2) [ [ fxy(z,y)dzdy =
1.

For k > 0 the first condition is true, we need to make sure that the second also holds:

1 1
1 = //k(:v+2y)dydx=k/ xy+y2|(1)dm:k/ r+1lde =k (052° +2) |p=Fk-1.5
xzJy 0 0
2
=k=-.
3

(b) Find the marginal density of Y.

1
2 2 1
fel) = [ e 2)de = 50505+ 2m) fi= 51+ 1)
0
(c) Find E[Y].
ElY] = /1 }(1+4)d—7(72+é3)1—1+é—1—1~061
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(d) Find the density of Z = Y2

Instead of looking for the density function directly. we have a look at Z’s distribution function Fy first.
From the distribution function we can get the density function by differentiating.

Fz(Z)

P(Z<z)=P(Y?<2)=P(—/z<Y <z2) = Fy(V2) - Fy(—=V2) =
Fy(y/2) - 0.

Since we don’t know Fy, we can differentiate the above expression using the chain rule (then we don’t
need to know Fy ):

F22) = Fy() = Fr(V3) - gz = 3L+ V)7 = = 5=+ 4
(e) Find the conditional density fxy(z |¥).
_ fxyv(ey)  3@+2y) B
fxy(xly) = M) %(1+4y) forz,y €10,1] =
22 + 4y

1
g, frmy el

(f) Find P(X > 0.5|Y = 0.5).

1 1 1
20 +4-0.5 1
P(X>05]Y =05 = 0.5)dx = ———dx = — 2 2dx =
(X205 ) /0'5fxw(z\ )dz /0.51+4,0.5 . 3/ %+ 2dz
1, L1 7
S 42) = —(B— = 1) = .
3(33 +2x) |5 3( 1 ) 12

3 Grand Central Station

Two friends A and B meet every morning at the Grand Central Station around 7 am. Suppose the actual
times they arrive are independent and uniformly distributed between 6:55 am and 7:05am. Let Z denote
the time between arrivals, i.e. Z = time B arrives - time A arrives (can be negativel!).

(a) What is the range of Z7
Z := B — A is a continuous random variable with values in [—10,10].
(b) Find the density of Z.

A and B are uniform random variables on the 10 min interval [6 : 55,7 : 05]. To make the math
simpler, we assume, we are dealing with the interval [0, 10].

Then the density functions fa and fp are

fala) = fp(b) = 1—10 for a,b € [0,10]



In order to find the density of Z, we need to use the convolution theorem.

10

fz(z) = ; fe(w) fa(w + 2)dw

We know: for 0 <w <10 fgp(w) =0.1, for 0 < z+w < 10 fa(z 4+ w) = 0.1. The second condition is
equivalent to —z < w < 10 — z.

Combining these conditions gives:
fe(w)fa(z 4+ w) =0.01 for max (0, —z) < w < min (10,10 — z)
Therefore

min (10,10—z)
fz(z) = / 0.01dw = 0.01(min (10, 10 — z) — max (0, —z)) =

max (0,—z)

0.01 - 10+2z for —10<2<0
’ 10—2 for0<z<10

Z has a symmetric tent shaped density function fz with peak in 0.

Find the probability that A waits for at least 5 minutes before B arrives.

The event that A waits for 5 minutes before B arrives corresponds to Z > 5. Geometrically, we can
find the probability P(Z > 5) as the area under the density function. From above, we know that this
area is triangular, with height 0.05 and width 5; therefore P(Z > 5) = 0.125.

Using the density function in analytically, we compute

10

10
P(Z >5)= fz(2)dz = 0.01 - / 10 — zdz = 0.01(10z — 0.52%) |1°= 0.125.
5 5



