Chapter 5

Asymptotic Properties of Item
Parameter Estimates Using MMLE

A large area of research in the field of Item Response Theory concerns the estimation of item
parameters and examinee abilities from a data set for different unidimensional parametric
IRF models. Many of the methods used to estimate these item and examinee parameters
rely on the maximization of a specific likelihood function. The asymptotic theory of maxi-
mum likelihood estimates is well developed in the statistical literature when the number of
parameters to be estimated is fixed as the sample size tends to infinity. However, to deter-
mine the asymptotic properties of both item parameter and examinee ability estimates, both
the number of items and the number of examinees must tend to infinity. Thus, standard
theorems on the consistency and asymptotic normality of maximum likelihood estimates do
not apply (Neyman & Scott, 1948) to the estimation of both item parameters and examinee
abilities for unidimensional parametric IRF models.

The purpose of this chapter is to prove the consistency and asymptotic normality of
the item parameter estimates obtained from the Marginal Maximum Likelihood Estimation
(MMLE) procedure (Bock & Lieberman, 1970) for the 1PL, 2PL. and 3PL models as both
the number of items and the number of examinees tends to infinity. The theorems for
consistency and asymptotic normality of the item parameter estimates depend upon some

general conditions on the model and on the rate of growth of the number of items relative
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to the number of examinees. One should be aware the results in this chapter do not extend
to the item parameter estimates obtained from applying the EM algorithm to the MMLE
procedure as was described in Bock & Aitkin, (1981), and implemented in the program
BILOG (Mislevy & Bock, 1990).

5.1 Review of the MMLE Procedure

The Marginal Maximum Likelihood Estimation (MMLE) procedure was developed by Bock
& Lieberman (1970) to estimate item parameters and examinee abilities from an examinee
response data set. Let P;(0) denote the IRF for item ¢ from a particular parametric IRF
model and let n denote the number of test items. Then, the probability a randomly selected

examinee with ability # obtains a particular response pattern u is defined as

n

P(ulf) = TJ(P:(0))“(1 — Pi())' ™. (5.1)

i=1

If one assumes the examinees are a random sample from a population with ability density
g(0), the unconditional or marginal probability of a particular response pattern u is given
by

P(u) = /P(u|9)g((9)d9 (5.2)

Since the examinee ability # has been integrated out in equation (5.2), P(u) is a function of
only the item parameters of the test’s IRFs.

If .J examinees are randomly sampled from a population with ability density ¢(8), the
likelihood of the marginal probabilities P(u) over all .J observed response patterns is defined
as

P(u;). (5.3)

J
=1

J

91



Taking the log of the likelihood function gives

LU = Zlog P(u]') (54)

i=1

The MMLE procedure obtains item parameter estimates by maximizing the marginal log
likelihood function from equation (5.4) with respect to the item parameters. Bock & Lieber-
man (1970) used the Newton-Raphson method to find a maximum likelihood estimate of the
item parameters.

Using the item parameter estimates in place of the true parameter values, ability estimates
for each examinee are then obtained using one of several different methods. The traditional

method of estimating examinee abilities is to maximize the log likelihood function,
Le =1n P(ulf) (5.5)

with respect to # for each observed response pattern u. Another method finds an estimate

of 8 based on the posterior distribution of # given the response pattern u, defined as

P(0]u) = (5.6)

Generally, the ability estimate for an examinee with response pattern u is determined by
either finding the mean or mode of the posterior distribution of # given the response pattern

u.

5.2 Asymptotic Results for Item Parameter Estimates

The asymptotic properties of the item parameter estimates obtained from the MMLE pro-
cedure are presented below. The conditions (C0) through (C5) on the model and Theorems

5.1, 5.2, and 5.3 on the consistency and asymptotic normality of the item parameters esti-
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mates for the 1PL, 2PL, and 3PL models are directly adapted from the theorems in He &
Shao (2000).

Using the notation in He & Shao (2000), let 7 denote a particular item parameter from
the model and let 7 denote the vector of item parameters from the model. Thus, 7 =
(b1,ba,...,b,) for the 1 PL model, 7 = (a1,b1,a2,ba,...,a,,b,) for the 2P, model, and
T = (a1, by, c1,a9,by, oy .. ap, by, c,) for the 3PL model. Let m denote the length of the
vector 7. Thus, m is the total number of item parameters in the model and equals n, 2n, or
3n depending on the model used for the IRFs. Finally, denote the number of examinees as
J.

Let p(u;,7) = log P(u;) and denote the derivative of p with respect to the vector 7 as

the vector t(u;, 7). Thus, the ith component of the vector ¢ (u;, 7) is

dlog P(u;)
77/;2»(11]47 T) = TJ
for e = 1,...,m. Let 7¥; be a maximizer of the log-likelihood function, Z}Izl log P(u;) =

Z;le p(u;,7) and let T, be the vector of true item parameters. Define

771(7-/77-) = 1/)(11]',7'/) - ¢(uj7T) - ij(uj?"-/) - ¢(uj7T)] (5'7)

Finally, define the set S,, = {a : ||a|]| = 1}, where ||a]| is the L; norm of the vector a. The

following conditions on the model are required for Theorems 5.1, 5.2 and 5.3.

(CO) || )=y ¥(u;, 75)|| = op(J'/?)

(C1) There exists a constant C' such that for all 0 < d <1

max B sup (7', 7)||> < JOd?
T
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(C2) For any € S, and any constant B > 0,

J
2
sp 3 EBr (el m)’ = 0(?)
T T'=T||<B(m/J)/? j=1

2
(C3) supaes,, SUPT |7/~ T||<B(m/J)!/2 E}-jzl (aTUj(T/,T)) = Op(n?®)
(C4) |2 d(uj, 7o) = Op(nd)

(C5) Define the minimum eigenvalue of a matrix F' as Amin(F'). There exists a sequence of
m by m matrices D; with sup; Amin(Ds) < 0 such that for any constant B > 0 and

uniformly in a € 5,,,,

2

J

sup (aT > Br{v(u,m) = (u;, 7o)} — Ja" Dy(r — To)) = o(J)
1T =T ol|<B(m/J)'/? j=1

The consistency result for the maximum likelihood estimate 7; of the log likelihood

function in Theorem 5.1 below applies to the item parameter estimates for the 1PL model

obtained from the MMLE procedure.

Theorem 5.1 (He & Shao, 2000) If 7; is a maximizer on}-jzl p(u;, T) and p is concave

in T, then under Assumptions (C0) through (C5) when n® = o(.J/log J),

75— 7ol = Op(n/J)

For the 2PL and 3PL models, since the p function is not concave in 7, the maximum
likelihood estimate 7 ; of the log-likelihood function for the 2P1, and 3PL models will not be
unique for each .J. As a result, the sequence of observed estimators 7; may not be consistent.
However, there does exist some subsequence of estimators 75 that is consistent. This result

is stated in Theorem 5.2.
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Theorem 5.2 If T; is a mazimizer on}IZI p(u;, ), then under Assumptions (C0) through
(C5) when n® = o(.J/log J), there exists a subsequence of estimators ¥ of the log likelihood

function such that

Ty = 7ol = Op(n/J)

For any consistent estimator 7, Theorem 5.3 below gives the asymptotic normality for

the distribution of a”(#; — 7,) for any a € S,,,.

Theorem 5.3 (He & Shao, 2000) Denote the covariance matriz of the vector (u;, T,)
as A. Under Assumptions (C0) through (C5) with n* = o(J/log.J), for any consistent

estimator T,

vmal(t;—1,)
— N(0,1
aTD7'ADT T (0.1)

5.3 Proof of Theorems 5.1 - 5.3

In order to prove the results presented in Section 5.2 hold for the item parameter estimates
obtained from the MMLE procedure, the following regularity conditions are needed for the
2PL model.

Regularity Condition 1 There exisls a positive constant My such that a; < My for all 1.
Regularity Condition 2 There exists a positive constant My such that |b;| < My for all .

Regularity Condition 3 The first absolute moment of the posterior distribution of 6 is

bounded for all observed response patterns u;.

Regularity Condition 4 The second moment of the posterior distribution of 6 is bounded

Jor all observed response patterns u;.

In addition to conditions 1 through 4, two additional regularity conditions are needed for

the 3PL model.
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Regularity Condition 5 There exists a positive constant M3 such that ¢; <1 — Mj for all

i

Regularity Condition 6 There exists a posilive constant € such that P;(6) > € for all 0.
This regularity condition requires that either ¢; is bounded away from 0 for all 1, or that the

range of © is finite.

Using the regularity conditions, Results 5.1 through 5.4 below hold for the 1PL, 2PL,
and 3PL models.

Result 5.1 The partial derivatives of log P(u;) with respect to each item parameter T are

bounded for all observed response patlerns u;.

Result 5.2 The partial derivatives of log P(u;) with respect to each pair of item parameters

7 and 7' are bounded for all observed response patterns u;.

Result 5.3 The expected value of the partial derivatives of log P(u,) with respect to each
combination of ilem parmeters 7, 7" and " are bounded for all observed response palterns

u;.
Result 5.4 Let the matriz Dy be defined by

1 dlog P(u;)
DJ(Z,Z) = j;ETOW (58)

Then, sup; Amin(Dy) < 0.

Proofs of Results 5.1 through 5.4 are given in Section 5.4. Using Results 5.1 through 5.4,
the proofs of conditions (C0) through (C5) are given below. Throughout the proofs, let A
denote some positive constant. The actual value of the constant A might change from line

to line in the proofs.
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Proof of (C0) Since p is differentiable with respect to 7 for all 7, the vector of first partial

derivatives of the log-likelihood function evaluated at a maximizer 7; is 0. Hence,

i ¢(uy, 75) = 0 and || 7 d(uy, 7)| = 0.

Proof of (C1)

(g, ') = (g, T)II* = Y _($i(uy, ) — $i(uy, 7)* (5.9)
i=1
Let the vector 77/)(1)(11]‘,7') be the gradient of ©;(u;,7) with respect to the vector 7.

k3

Thus, the /th component of the vector 1/)2(1)(uj, T) is

2
(1) ' _ 0 log P(u]‘)

77Z)z,l (ll], T) anan

Using the Mean Value Theorem, ¢;(u;, 7') — ¢;(u;, 7) = (77[)2(1)(11]‘, )T (7' — ) where
T* is a point in the interior of the line segment between 7' and 7. Substituting this

into equation 5.9 gives

ﬁ;wl(“f”’) Giluy,T)” = f}[wzlkuj,m)ﬂr'_ﬂf
- (Xl -n)

IA
NE
N
NE
o
el
B
N
5
SN—
TR
NE
e}
|
2
5
SN—

By Result 5.2, we have
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Thus,

max B sup In: (7, 7)|> < An’d®
T

Therefore, (C1) holds if n? < J for some constant C. Clearly, in practice, condition

(C1) will hold for C' > 2.

Proof of (C2)

(@[5, ™) = ¥y, 7)) = (iai[w(uj,r')—w(uj,rn)

=1

< (o) (Lmtur) - )
- uauéwi(um—zm(uj,r))?

m

= Y ilu;, ™) — viu;, 7))’

=1

By the same steps used in proving (C1),

;(%(ujﬁ') —¥i(u;,7))* < An?||7’ — 7|?
Thus,
J
sup Z Er(a™n (', 7)) < An*J(m/J)

THT' =T|<B(m/])!/? j=1

Therefore, (C2) holds.

Proof of (C3) Follows directly from the proof of (C2).
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Proof of (C4)

B
Il
—

NE
—
e
<
&
R
~

J
I3 wlu )l =

-
Il
—

U(uj, T,)? +22 Z L/Ju]uTo)%/J(uj,To))

J=15'=541

-
Il
—

I
NE
M~

.
Il
—

Since responses from different examinees are independent, ¥ (w;, 7,) and ¢ (u;/, T,) are

independent for all j # j'. Since F[¢(u;,T,)] = 0 for all j, the term

2> > luy, T )Py, T,) = Op(1)

=1 j'=j+1

By Result 5.1, since 1(u;, 7,)?* is bounded for all j, the term 23-7:1 Y(uj,1,)% is Op(J).
Thus,

i (E %b(“ja"'o)) = iOP(J) = Op(mJ) = Op(nJ) (5.10)

=1 \j=1

Thus, condition (C4) holds.

Proof of (C5)

J
! (Z ETO{¢(ujaT) _77Z) ujvTO ) ZaZ (Z bEr, {¢ u]7 ) (u],‘ro)})
7=1
(5.11)
Let the matrix 1/)2(2)(uj, 7) denote the second derivatives of ¢;(u;, 7*) with respect to

the vector 7. Using Taylor’s Theorem, we have

L) TPy, ) (r ) (5.12)

iy, ) =i, 7o) = (4w, 7) (7 —7) 4 5

Substituting into equation (5.11) gives

99



> [ (g Br 16w, n)}) (r )
1

ot (ZE 0,7 >}) =)

Define the matrix Dy by equation (5.8). By Result 5.4, sup; Ain(Dy) < 0. The

quantity Ja Dj(r — 7,) is equivalent to

Ja'Dy(r —1,) Zaz (ZE A (g, )} (- To))

Taking the difference between a” -7_, Er {(u;,7) —¢(u;, 7,)} and Ja ' Ds(7—7,)

leaves the term

(i ot —7,)" (g Br {9 (u;, r*)}) (7~ m)

=1

< (i a?) (f} [(T — ) (Z Er {0 (u;, 7 )}) (r —To)] 2)

zl\a!\Zil(T—n (EE 0,7 >}) <r—ro>]
=§;[<r—n (ZE A7 >})<r—n>]

By Result 5.3, we have

Ms

(r—7,) (2_: u]7 T*)}) (1 — To)]
AJ? f} [(T —7,) (T — 7'0)}2

= Alm|r — 1. ||* = ASn|| T — 7, |*

.
Il

IN
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Thus,

sup (aTZ:ETo{%/J(UmT) —(u;, 7o)} — JaTDJ(T—To))

1T =Tol|<B(m/J)!/?
< AJ*n(m/J)* = An®

To prove Theorems 5.1 and 5.2, n® = o(nJ) or n* = o(.J), and to prove Theorem 5.3,
n® = o(J). For Theorems 5.1 and 5.2, n® = o(.J/log .J) implies n* = o(.J), and for
Theorem 5.3, n* = o(.J/log J) implies n®> = o(.J). Thus, (C5) holds.

The final assumption of Theorem 5.1 is that the function p(u;, 7) is concave in 7. The
p function is concave in T for the 1PL. model, but not for the 2PL. or 3PL. models. Proof of

Result 5.5 below is given in Section 5.4.

Result 5.5 For the 1PL model, the function p(u;, ) is concave in 7.

5.4 Proof of Results 5.1 - 5.5

Let P;(#) denote the value of the 1PL function from equation (1.8). The derivatives of the

function log P(ul|f) with respect to the item parameters for the 1PL model are

dlog P(ulf)

b, = —(u; — Fi(0))
0*log P(ul)
o —F(0)(1 — P(9))

All other second derivatives are 0.
Let P;(0) denote the value of the 2PL function from equation (1.9). The derivatives of

the function log P(u|f) with respect to the item parameters for the 2PL. model are

dlog P(uld)

e, = (0 —bi)(u; — Fi(0))
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dlog P(uld)
0b;

0% log P(ulf)
da?
0*log P(u|f)
ob?
0*log P(ulf)
8@862

= —ai(u; — Fi(0))

(0 —0:)*Pi(0)(1 — Pi(6))

—ai P:(0)(1 — P:(0))

—ai(0 — b:i) F(0)(1 — Pi(0)) — (wi — Fi(0))
All other second derivatives are zero.

Let P*(0) denote the value of the 2PL function from equation (1.9) and let P;(f) denote

the value of the 3PL function from equation (1.10). Define the variable W;(0) as

Pro)( — Pr(9))

WO =T 0 rw)

and the variable 7Z;(0) as
24(0) = (1= 2P7(0)) — (1 — cWi(6)(1 — 2P,(6))

The derivatives of the function log P(u|f#) with respect to the item parameters for the 3PL

model are

dlog P(uld)
da;

dlog P(uld)
0b;

dlog P(ulf)
dc;

0*log P(ul)
da?

= (1 —c))Wi(0)(0 — b;)(u; — Fi(0))

= —(1 — CZ)CLJ/VZ(H)(UZ - PZ(G))

_y (ui — Fi(9))
= (1 — Ci) W

= (1 —ci)(0 = bi)Wi(0) Zi(0)(us — Fi(0))
(10— B WO P(0)(1 — P(O)
PLE P _ (1~ ad(us — PO)WAO)Z() — (1 — ) a2 Wi() PF(O)(1 — P (0)
Plog Pll) L PO) i = P(0))
dc? = (1-a) po) S (F5(0))?
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Plog PulO) (w0 (s — P0)) — as(1 — €)(0 — b)Wi(8) Zi(0)(us — PA(0)

da;0b;
+ai(1 = ¢;)*(0 = b)Wi(0) PF(0)(1 — P/ (0))
0%log P(ulf) _ (0 — b)u; PF(0)(1 — P*(0))
da;0c; (P;(6))?
0?log P(ulf) _ a'uiP;(g)(l — Px(9))
0b;dc; ’ (P;(0))?

All other second derivatives are 0.
Denote the posterior distribution of § given a response pattern u as P(#|u). The first

derivative of the function log P(u) with respect to an item parameter 7 is

P(6]u)do (5.13)

dlog P(u) / dlog P(uld)
or B or

and the second derivative of the function log P(u) with respect to item parameters 7 and 7'’

is

Plog P(u) _ /[8210gP(u|9) .\ (alogp(uw)) (8logP(u|0))] P(6lu)ds

dror! oror! or or'!
dlog P(u)\ [ dlog P(u)
(o (s

Proof of Result 5.1. For all response patterns u and all item parameters 7, we have

‘alogP

o /‘M‘P(mum (5.15)

To prove Result 5.1 holds, we need to show the right side of equation (5.15) is bounded

for all item parameters 7 and all response patterns u. For the 1PL model,

[ |PER poyis = [ s = rioiP@ < [ Pl =1
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Thus, Result 5.1 holds for the 1PL model. For the 2PL. model,

log P(ulf)
/‘aog (ul ‘P0|u — /| 0))| P(6]u)db < a;

/‘mogP 11|9 ‘P = /|(9 — bl)(uz _ Pz’((g))|P(9|U)d9

< [16-b)1P(ow)ae

< /|9|P(9|u)d0—|— |bi|/P(6|u)d9

= [ 101P(Oa)d0 + b

By the regularity conditions, a; and b; is bounded for all ¢+ and the first moment of
the posterior distribution of 8 is bounded for all response patterns u. Thus, Result
5.1 holds for the 2PL model. For the 3PL. model, when ¢; = 0, W;(8) = 1 for all §. If

¢; > 0, W;(0) is an increasing function in 6 with

1
(1 — Ci)

lim W;(0) =0 and 6lim W;(0) =
—00

f——co

Thus, W;(0) is bounded by 1/(1 — ¢;) for all 8. For the 3PL. model,

/ m%;@m = ai(l =) [ WilO)l(u: = P(8)| P(0]u)db < a;
/%@@W = (1=) [ WiO)l(0 = bo)l|(u: — P(6)| P(0]u)do
< /|9|P(9|u)d9—|—|bi|
[P0 = [l RO pgpayan
< (1- ci)‘I/(Pi(G))‘lP(Mu)dH
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By the regularity conditions, a; and b; are bounded for all 7, ¢; is bounded away from 1
for all 7, the first moment of the posterior distribution of # is bounded for all response

patterns u, and e~! is bounded. Thus, Result 5.1 holds for the 3PL model.

Proof of Result 5.2. Since Result 5.1 holds, the third term in equation (5.14) is bounded
for all item parameters 7 and 7' and all response patterns u. Thus, to prove Result

5.2 holds, we must show the terms

/

are bounded for all item parameters 7 and 7’ and all response patterns u. When the

2
9los PUIO)| pipruyds and /alogp(“'e) Olos PWIO)| g vdn (5.16)
oror! or'

item parameters 7 and 7" are from different items, the partial derivative of log P(ulf)
with respect to 7 and 7/ is 0. Thus, to show the first term above is bounded, we need
to show the partial derivative of log P(ulf) with respect to 7 and 7’ is bounded when

7 and 7’ are from the same item. For the 1PL model,

/

Thus, the first term is bounded for all item parameters 7 and 7’ and for all response

0?log P(ulb)
—m 9" log P(ulf) ‘ /|P (8)|P(Blu)dd < 1

patterns u for the 1PL model. For the 2PL model,

/ aﬂoga; (ulf) ‘ _ /|P (0))|P(0lu)df < a?

/ d? logP 9*log P(ul) ‘ /|(9 — b)[2P.(0)(1 — Pi(0))P(6]u)do
< /QZP(9|u)d0—|—2|bi|/|9|P(9|u)d9+bf

/ “;—gg‘*"’”‘ = i [ 100~ BYPOYL — P(0)) — (s — P:(0))| P(0]u)do
< /|6—b |P6|ud0—|—/| 0))|P(0]u)dd
< ai/|l9|P (6]u)db + a;lb| + 1

105



By the regularity conditions, the first term is bounded for all item parameters 7 and
7/ and for all response patterns u for the 2P, model. For the 3PL. model, if ¢; = 0,
the function Z;(0) = 0 for all 8. If ¢; > 0, then Z;(0) is a decreasing function in 8 with

lim Z;(#)=1 and lim Z;(6) =0

0——o0 f— o0

Thus, Z;(6) <1 for all 8. For the 3PL model,

/

a0 = ( —cfi)Qa?/Wz’(@)Pf(@)(l — P7(0))P(0]u)dd

0*log P(u|9)‘

+(1 = cz')a?/m(&)zi(@)l(uz' — Fi(0))| P (8]u)db

< a?—l—ai
[IPEEER — - [0 - saPwore0 - P PR
(1) [ 100~ B)WAO Z(0)u; — P(0)| P(0])ds
< /HQP(9|uT)d9—|—2|bZ»|/|9|P(9|u)d0—|—bf—|—/|9|P(9|ur)d0—|— b
+(1 - ci)—Q/—“i(lpj(g:(a))za(e|u)da
< (=) e+ (1 —e) e ?
[\ — ) [ Wil - Py o)
Fasl1 =) [ 10— B W) Z:(0)] (s — P(0))|P(0])ds
Fasl1 = e)? [ 10— B)IWO)P(0)(1 — P (0)) P(0]u)ds
< 142 (ai/|9|P(9|u)d9—|— |b2»|)
#log P(u]0) wPA(0)(1 — PE(0)
/ e ‘ = o Ry POl
< aie_Q
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P(0]u,)do

/

9*log P(ulf) ‘ _ / (6 — bi)[wi P (6)(1 — P7(0))
8&2'862' (PZ(H))Q

6_1/|0|P(0|u)d0 4|

IA

By the regularity conditions, the first term is bounded for all item parameters 7 and
7/ and for all response patterns u for the 3PL model. In a similar manner, the second
term in (5.16) can be shown to be bounded for all item parameters 7 and 7" and all
response patterns u for the 1PL model, and for the 2PL. and 3PL model under the

regularity conditions. Thus, Result 5.2 holds.

u or the 1PL, 2PL, and 3PL models, the e pected alue of the partial
deri ati e of log P(u) with respect to the item parameters 7, 7/, and 7" is e ui alent

to
d log P(u) d0*log P(u  9*log P(u (5.1)
orar'or’ dror’ aror” '

By Result 5.2, the deri ati es of log P(u) with respect to 7 and 7’ are bounded for all
item parameters 7 and 7’ and response patterns . ence, the product of the second

deri ati es on the right side of e uation (5.1 ) is bounded ma ing the e pectation

bounded as well. Thus, Result 5.3 holds for the 1PL, 2P, and 3PL models.

u The sum of the eigen alues for any matri is the sum of the diag
onal terms of the matri , also called the trace of matri . The trace of the matri
is
1 d*log P(u)
i1 a7}

ince each term in the double sum is negati e for all response patterns u and all item

parameters 7;, the trace of the matri is negati e for all . Then, for each | there
must e ist at least one negati e eigen alue of the matri . ence, the minimum
eigen alue of the matri is negati e for all . Thus, Result 5. holds.

u To show the function is conca e in the item parameters , we

1
























