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Abstract� Jacquier� Polson and Rossi ������ J� Business and Economic Statistics� have pro�
posed a hierarchical model and Markov Chain Monte Carlo methodology for parameter estima�
tion and smoothing in a stochastic volatility model� where the logarithm of the conditional vari�
ance follows an autoregressive process	 In sampling experiments� their estimators perform par�
ticularly well relative to a quasi�maximum likelihood approach� in which the nonlinear stochastic
volatility model is linearized via a logarithmic transformation and the resulting linear state�space
model is treated as Gaussian	 In this paper� we explore a simple modi
cation to the treatment
of inlier observations which reduces the excess kurtosis in the distribution of the observation
disturbances and improves the performance of the quasi�maximum likelihood procedure	
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� Introduction

Financial variables such as stock returns and exchange rates are often modeled as mar�
tingale di�erences� If a sequence of random variables observed over time is a martingale
di�erence� then both the unconditional expectation and the conditional expectation �given
the past of the series� of an observation at time t are identically equal to zero� Further�
the series has no serial autocorrelation� We will call a serially uncorrelated sequence with
zero mean and constant unconditional variance white noise� An independent and identi�
cally distributed �iid� sequence is both a martingale di�erence and a white noise� In the
iid case� the past of the series contains no information about the present or the future�
and forecasting becomes a futile exercise�

It has been shown� however� �e�g�� Clark� �	
�� Tauchen and Pitts� �	
�� Nelson�
�	

� Melino and Turnbull� �		�� Harvey� Ruiz� and Shephard� �		�� that series arising
in �nance and econometrics cannot always be assumed to be iid� While the martingale
di�erence property often appears plausible� the variance in a given realization seems to
change over time� In fact� it is often the case that powers of the series itself exhibit serial
autocorrelation� and thus it is possible to detect and model dynamics in higher order
moments of the series�



Two approaches have been proposed to model time�dependent variances� The �rst
approach� proposed by Engle ��	
�� and later generalized by Bollerslev ��	
�� and by
others� uses an autoregressive conditionally heteroscedastic �ARCH� or its generalized
version� GARCH� process to model the serial autocorrelation in the variances� In this
approach� the variance of the series at time t is assumed to be a deterministic function of
lagged values of the squared observations and of past variances� For an excellent review
of this approach� the reader should refer to Bollerslev� Chou� and Kroner ��		���

The second approach� pioneered in its earliest version in the work of Clark ��	
���
uses models known as stochastic volatility �SV� models� In this context� it is assumed
that smooth functions of the time�dependent variances are random variables generated
by an underlying stochastic process� for example an autoregressive process or a random
walk� Stochastic volatility models also result from discretizing continuous�time di�usion
processes such as those proposed for asset pricing �Hull and White� �	

� Harvey and
Shephard� �		��� While intuitively appealing� SV models have not been popular� at least
in terms of usage� The reason for the limited empirical application of these models is
that� unlike the case of ARCH�type processes� the likelihood function for SV models is
hard to evaluate� since it is expressed as a T �dimensional integral� where T is the number
of observations�

Several methods for estimation from SV models have been proposed� A method of
moments �MM� estimator� which avoids the problem of evaluating the likelihood function�
was suggested by Taylor ��	
��� Melino and Turnbull ��		��� and most recently Vetzal
��		��� While easy to implement� the MM estimator was shown to be ine�cient and
to perform poorly over repeated sampling �Jacquier� Polson� and Rossi� �		��� Nelson
��	

�� Harvey and Shephard ��		��� and Harvey et al� ��		��� after expressing the SV
model in a linear state�space form� used the usual Kalman �lter recursions to estimate the
parameters and the state vector in the state�space model� This approach� known as quasi�
maximum likelihood �QML�� produces state estimators that are best �in the mean squared
error sense� among all linear estimators� and is simple to implement� However� as Harvey
et al� ��		�� and Jacquier et al� ��		�� point out �among others�� the performance of
QML decreases in �noisy� series� When the variance of the underlying stochastic process
is small� QML estimators can be severely biased and have high root mean squared errors
�RMSE�� In addition� the transformation from a SV model to the state�space version
cannot be carried out for observations with a value of zero� Indeed� the results from
the transformation become suspect whenever applied to inliers� where by inliers we mean
any observed value that is close to zero� Di�erent �remedies� have been proposed to
accommodate inliers� where the most widely used consists of either shifting the whole
series away from zero by a small value� or just adding a small amount �for example a
fraction of a percent of the series mean� to all zero observations� These inlier treatments
have been criticized by� for example� Nelson ��		���

Recently� Jacquier� Polson� and Rossi ��		��� using a fully Bayesian framework� derived
expressions for the marginal posterior distributions of the parameters and the state vector
in SV models� thereby providing an optimal �under the given assumptions� solution to
the estimation and smoothing problems� Their approach rests upon the formulation of
the nonlinear SV model as a hierarchical model� with the prior distributions for the model
parameters at the top of the hierarchy� The computational problem is resolved by means
of a Markov chain sampler� speci�cally a cyclic independence Metropolis chain�



The method suggested by Jacquier et al� ��		�� addresses several important issues�
Since the nonlinear SV model need not be expressed in linear state�space form� no trans�
formation is necessary and the inlier problem vanishes� In addition� uncertainty about
true values of the model parameters is incorporated in a natural way when computing
smoothed estimates of the state vector� Furthermore� Jacquier et al� have shown� via
extensive sampling experiments� that the method they propose signi�cantly outperforms
QML �and MM� both in terms of bias and RMSE� particularly in those cases where the
variance of the underlying process is small�

Two drawbacks to Jacquier et al��s procedure can� however� be pointed out� In order to
derive the posterior distributions of interest� it is necessary to make important assumptions
regarding the model� Indeed� it would seem that the probabilistic model imposed on the
observations� the parameters and the state vector is crucial� and that mis�speci�cation
of the model would lead to estimators with poor behavior� For example� the model uses
a Gaussian assumption on the disturbance in the observation equation� it is not clear
whether the procedure would produce reasonable results when a heavier tailed �or even
skewed� distribution is� as many speculate �see� e�g�� Harvey and Shephard� �		��� a more
appropriate model� It is therefore questionable whether the method outlined in Jacquier
et al� is robust to departures from the model�s assumptions� The second drawback is
purely one of convenience� Jacquier et al��s procedure is not easy to implement� and in
fact their algorithm would require serious modi�cations whenever the model is tailored
to di�erent applications�

In this paper� we propose a simple modi�cation to the usual QML approach for es�
timation in SV models� In carrying out our work� our objective was to derive a method
which� while ine�cient in some cases� was robust to departures from model assumptions�
and which was simple to implement� The modi�cation we suggest consists in applying a
linearizing transformation to shifted values of the observations� where the shift is deter�
mined by the slope of the function used for transformation at those points� This modi�ed
linearizing transformation addresses the inlier problem� and also improves the third and
fourth moments of the distribution of transformed residuals in the observation equation�
A similar transformation was proposed by Fuller ��		�� in a di�erent context� We show�
through a sampling experiment� that our modi�ed transformation signi�cantly improves
the performance of the usual QML estimator� Comparison of the behavior of our improved
QML estimator to Jacquier et al��s Bayes estimator is encouraging� in the Gaussian case�
and for most parameter values� our estimator performs as well as the Bayes estimator
in terms of bias� The improved QML estimator has� however� a higher RMSE than the
Bayes estimator� as would be expected�

In Section �� we present the SV model and the robust linearizing transformation� The
usual QML estimator is reviewed in Section �� Results from the sampling experiment are
presented in Section �� and conclusions and directions for future work are given in Section
��

� Model and transformations

Consider the simple stochastic volatility model

yt � �t�t � � exp��t����t� �t � ��t�� � 	t ���



where f�tg is iid with mean zero and variance one� f	tg is an iid ��� ���� sequence of random
variables independent of f�tg� � is a positive constant� and j�j 
 �� This model has been
considered� for example� by Harvey et al� ��		��� Kim and Shephard ��		��� and Jacquier
et al� ��		���

Goals are usually two�fold� to estimate the parameters �� �� and ���� and to obtain
smoothed estimates of the volatilities �t� Though model ��� is simple� the likelihood of
��� �� ���� given �y�� � � � � yT � involves a T �dimensional integral and is not easy to evalu�
ate� Jacquier et al� ��		�� have developed a Markov chain simulation methodology for
likelihood�based inference in model ���� Their algorithm allows for numerical evaluation
of all marginal posterior distributions of interest� thus avoiding the problem of directly
evaluating the likelihood of ��� �� �����

Nevertheless� as mentioned earlier� there remains some interest in simpler� albeit less
e�cient� estimation methods� at the least� simple estimation methods could be used as
exploratory tools in developing a model speci�cation� which might then suggest a more
sophisticated estimation procedure�

��� Linearizing transformation

In theory� the series is simple to analyze after transformation� as suggested by Nelson
��	

� and Harvey and Shephard ��		�� among others� Consider the stationary process

xt � log y�t
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where f
tg is iid with mean zero and variance ��� � For example� if �t is standard normal�
then log ��t is distributed as the log of a ��
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from which we can obtain the �rst two moments� E �log ��t � � �� � log � � ����
 �� is
Euler�s constant� and ��� � ����� respectively� Also� the skewness is

E ��log ��t � � � log ����

���
� ����������� � �������

and the excess kurtosis is given by

E ��log ��t � � � log ����

���
� � � 	��������� � ��

where ���� is Riemann�s zeta function �Abramowitz and Stegun �	��� x�����
The process fxtg is thus a correlated signal plus an iid non�Gaussian noise� with

E �xt� � � and
�x�h� � Cov �xt� xt�h� � ��h� � ��� Ifh��g�

where ���� denotes the autocovariance function of f�tg and Ifh��g is one if h � � and zero
otherwise� In spite of the non�Gaussianity of f
tg� a reasonable estimation procedure is to
maximize the Gaussian likelihood of the linear state�space model ���� a procedure known
as quasi�maximum likelihood estimation �QML��
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Figure �� Schematic diagram of the robusti�ed transformation�

��� Robust transformation

In practice� the series fytgmay contain zeroes �and other inliers�� so the log transformation
breaks down� since log��� � ��� Often� practitioners mean correct or work with excess
returns to avoid the problem of zero observations� These procedures� which are kinds of
inlier adjustments� have been criticized by Nelson ��		��� An alternative inlier adjustment
was presented by Fuller ��		�� Example 	������ who suggested evaluating log��� not at the
�possibly zero� measurement z� but at z � dz� where dz is a small increment� and then
extrapolating linearly from the point �z � dz� log�z � dz�� using the slope of the tangent
line� �z � dz���� Evaluating the extrapolation line at z� we obtain the transformation

log�z � dz� � dz�z � dz����

�See Figure ��� In the stochastic volatility context� we obtain the robusti�ed transforma�
tion

x�t � log�y�t � ������ �y�t � �����������

� log ��t � log���t � �������
t �� ���t � �������

t ����������
t

� �� � �t � 
�t � ���

where � is some small constant and ��� is the sample mean of the y�t � Note that x�t is
bounded below by log ���� � � and that the e�ect of the transformation is negligible for
large y�t � That is� the transformation is �exible in that its e�ect depends on the degree of
inlying of each observation� Notice too that the transformation e�ect is data driven� and
there is no need to decide arbitrarily which observations are to be classi�ed as inliers�

We chose � � ����� as the smallest value for which excess kurtosis of the f
�tg was near
zero across the nine sets of parameter values in Table �� See Figure ��c�� This choice of
� reduces the skewness of f
�tg substantially� as shown in Figure ��b�� Note also that the
variance of f
�tg is no longer ���� in the Gaussian case� We treat the variance of f
�tg as



Figure �� Choice of �� �a� variance of f
�tg versus �� �b� skewness of f
�tg versus �� and �c�
excess kurtosis of f
�tg versus � for each of nine parameter settings in Table �� At each
parameter setting	 statistics for each � �� � are averages over �


 simulated realizations
of f
�tg of length T � ���� Values at � � � are theoretical�

a free parameter and estimate it from the data� We have also experimented extensively
with � � ����� with similar results�

The new errors f
�tg are no longer iid� only approximately so� Nevertheless� serial
correlation in the f
�tg is hard to detect� Figure � shows the sample autocorrelation func�
tion �ACF� for a typical realization of length T � ���� along with the Bartlett bounds
���	��

p
T � For longer realizations� the dependence disappears as the sample mean of the

fy�t g converges to its unconditional expectation�
Figure ��a� compares the order statistics for �� realizations of length T � ��� of

f
�tg �with � � ��	� and �� � ����� with the order statistics of f
tg� while Figure ��b�
compares a smoothed probability density estimate for those �� realizations with the actual
probability density function �pdf� of a log��

� random variable� Note that most of the
impact of the transformation is in the lower tail of the distribution� that is� on the inlying
observations in the distribution of yt�

The transformation in ��� relies on an estimator of the unconditional variance of the
process� An alternative transformation would involve using estimators of the conditional



Figure �� Sample autocorrelation function of f
�tg for a typical realization with T � ���	
� � ��	� and �� � �����
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Figure �� Comparison of the distributions of f
tg and f
�tg for �
 realizations with T � ���	
� � �����	 � � ��	� and �� � ����� �a� Order statistics of f
�tg versus order statistics of
f
tg	 with ��� reference line� �b� Smoothed probability density estimate for f
�tg ��� and
theoretical probability density function for f
tg �� � ���



variances� f��t g� This suggests a two�step estimation procedure� �rst� estimate parameters
of model ��� and use these to �nd suitable smoothed estimates of the f��t g� say f���t g�
second� transform the original observations via

xyt � log�y�t � ����t �� �y�t � ����t �
������t � ���

Comparing the one�step robusti�ed transformation given in ��� to the two�step estimation
procedure presented in ���� it appears that the two�step estimation method would produce
noticeably di�erent parameter estimates whenever variances f��t g exhibit relatively large
changes over time� If the variances f��t g are almost constant� then f��t g � �� and the
procedure in ��� is roughly equivalent to that given in ����

� Estimation and Smoothing

��� Kalman recursions and the quasi�likelihood method

Model ��� is in linear state�space form and ��� is approximately in linear state�space form�
Predicted� �ltered and smoothed values of the unobserved states �t can thus be computed
recursively via the Kalman recursions�

atjt�� � �at��� Ptjt�� � ��Pt�� � ��� ���

for one�step�ahead prediction and

at � atjt�� � Ptjt��f
��
t �xt � atjt���� Pt � Ptjt�� � P �

tjt��f
��
t ���

for �ltering� where
ft � Ptjt�� � ��� �

a� � � and P� � ������ � ��� �e�g�� Harvey �	
	� pp� ��� ��� From these recursions� one
can compute the innovations

�t � xt � atjt��

and construct the Gaussian �quasi� log�likelihood�

logL��� � �T

�
log �� � �

�

TX
t��

log ft � �

�

TX
t��

��t �ft� �
�

The smoothed estimates and their variances are given by

atjT � at � P �
t �at��jT � �at�� PtjT � Pt � P �

t �Pt��jT � Pt��jt�P
�
t � �
�

where
P �
t � �PtP

��
t��jt

�Harvey �	
	� p� �����
The state space model in equation ��� has an ARMA����� reduced form�

��� �B��xt � �� � 	t � 
t � �
t�� � zt � �zt��� �	�



where fztg is a white noise �WN� sequence with mean zero and variance ��Z� This implies
the following locally one�to�one mappings�

��� � ����Z���� ��� � �� � �����Z � �� � ������Z�
��� ����

Thus� as an alternative to maximizing �
�� we can obtain QML estimates by maximizing
an ARMA����� likelihood� Advantages of this approach include readily available software
and insight into the nature of the likelihood surface�

The �tting procedure we used is then as follows�

	 Transform fytg to fxtg or fx�tg and mean�correct the transformed series�

	 Maximize the concentrated ARMA����� likelihood of ��� �� given the mean�corrected
transformed series� fXtg� This likelihood �dropping irrelevant constants� is given
by

���� �� � �T

�
log

���
�	

TX
t��

�
Xt � �Xt

��
rt��


��
���

�

�

TX
t��

log rt���

where

�Xt �



�� t � �
�
�
Xt�� � �Xt��

�
�rt��� t � �� � � � � T

and

rt�� �



�� � ��� � ������� ���� t � �
� � �� � ���rt��� t � �� � � � � T

�Brockwell and Davis� �		�� x�����
The MLE of ��Z is then obtained as

���Z �
TX
t��

�
Xt � �Xt

��
rt��

�

	 Map ���� ��� ���Z� to ���� ���� � ��
�
���

	 Using ���� ���� � ��
�
�� in ���� ��� and �
�� compute fatjTg�

	 Estimate � via

�� �



T��

TX
t��

y�t exp��atjT �
����

�

��� Two�step estimation procedure

Let ���t � ��� exp�atjT� for t � �� � � � � T � If the ���t are quite variable over the sample� a
second round of calculations as in ��� can be carried out in which the transformation ���
is modi�ed to

xyt � log�y�t � ����t �� �y�t � ����t �
������t �

where � is a pre�speci�ed constant� such as ������ Parameters can then be estimated as
above� by mean�correcting the transformed series and �tting an ARMA������
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Var���t ��E
����t � ��	� ��	� ��	
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�� ������ ���	�� ������

Table �� Simulation experiment parameter values�

� Simulation study

��� Design

To assess the performance of the robust transformation in ���� and of the two�step proce�
dure in ���� we conducted a simulation study similar to the one designed by Jacquier et
al� ��		��� To facilitate comparison with the results of Jacquier et al� ��		��� we used for
our sampling experiments the models given in Table � of their manuscript� The models
are parameterized in terms of the ratio Var���t � �E��

�
t ��

��
which� from Jacquier et al��s

empirical work� is expected to be around ���� Also� as found empirically by a number of
authors �e�g�� Harvey and Shephard� �		�� Kim and Shephard� �		�� Jacquier et al�� �		��
values of � between ��	 and ��	� are of interest� As explained by Jacquier et al� ��		��� all
experiments are calibrated so that E���t � � �����	� implying an approximate ��! annual
standard deviation if the simulated series are thought of as weekly returns� We consider
samples of size T � ��� and compute means and root mean squared errors over N � ���
simulated realizations for each of the six parameter settings given in Table �� The same
simulated realizations are used for testing each of the estimation procedures�

We used a di�erent parametrization than Jacquier et al� ��		��� In our formula�
tion� the scale parameter � can be mapped to Jacquier et al��s autoregressive intercept
parameter � via

log���� �
�

�� �
�

The cases in which the ratio of volatility variance to squared mean is ��� are� perhaps�
unrealistically di�cult without large samples or prior information� For example� a real�
ization fytg of length T � ��� from the model with � � ��	 and ratio equal to ��� is likely
to be indiscernible from a white noise series with constant conditional variance� In this
case� the lag�one theoretical autocorrelations for fy�t g and flog y�t g are ����
	 and ����
��
respectively� while the asymptotic standard error from Bartlett�s formula under a white
noise null hypothesis is ��������� � �����
�� Indeed� in our ��� simulated realizations�
the average lag�one sample autocorrelations for fy�t g and flog y�t g are ����� ������� and
����� �������� respectively� where the simulation standard deviation appears in parenthe�
ses� Thus� practitioners carrying out exploratory analyses would be unlikely to choose a
stochastic volatility model to �t to these data� Nevertheless� for the sake of completeness�



Figure �� Comparison of the probability density functions of contaminated normal
����N��� ���	� � ���N��� ������� ��� and standard normal �� � ���

we included these cases in our simulation study�
To assess the robustness of the QML approach to distributional assumptions� we re�

peated our simulations with some non�Gaussian disturbance terms� f�tg iid with mean
zero and variance one� In particular� we considered the contaminated normal distribu�
tion obtained by sampling from a N��� ���	� distribution with probability ��� and from a
N��� ������ distribution with probability ���� The pdf of this distribution is compared to
the pdf of a standard normal in Figure �� This is designed to be a very di�cult case for
QML since values near zero are selected with high probability�

��� Results

Results from the sampling experiments are presented in Tables �� �� and organized to be
immediately comparable to those presented by Jacquier et al� ��		��� and model param�
eters �� �� and �� correspond to Jacquier et al��s autoregressive intercept� autoregressive
slope� and standard deviation of the underlying process� respectively� Simulation results
are given for six di�erent true values of the model parameters� Within each cell in the
table� true parameter values are displayed in the �rst row� Jacquier et al��s ��		�� simu�
lation results for the Bayesian �JPR Bayes� and the usual QML �JPR QML� estimators
are reproduced on the second and third rows� respectively� and in the last three rows�
we show our results for the usual QML �QML�� estimator� the improved� one�step QML
�QML�� estimator� and the two�step QML �QML�� estimator� Entries in the table rep�
resent average parameter values over ��� replications of the experiment� and RMSE�s are
given below� in parenthesis�

As is usually the case� comparing results obtained from a fully Bayesian analysis to
those obtained from a classical procedure is tricky� In the case of stochastic volatility�
the likelihood function is often very ��at� over the parameter region� and thus� �nding
extreme values on the likelihood surface may heavily depend on numerical procedures



and convergence criteria� In addition� it is not clear how prior information should be
factored into the comparison� since whenever data contain little information about the
values of parameters� whatever information is incorporated through the prior becomes
crucial� Jacquier et al� ��		�� point out that the prior distributions used in their sampling
experiments were as di�use as possible� However� as is clear from their discussion in
Section ���� prior distributions were proper and informative� as would be required to
guarantee integrability of the stationary distributions for their Markov chains� As it
turns out� the prior information dominated the information provided by the data for
those parameter settings in the bottom two rows of Table �� resulting in signi�cantly less
biased estimates for all parameters�

A surprising result arises from the comparison of the performance of Jacquier et al��s
��		�� QML to the usual QML� estimator we computed� Since JPR QML and QML� are
the same estimator computed from comparable samples� the di�erence in the performance
of these two estimators was unexpected� In particular� Jacquier et al� ��		�� report dismal
behavior of QML for parameter values such as those in the bottom four cells of the table�
whereas we found a signi�cantly better behavior of the usual QML for those parameter
settings� It would seem that the di�erence may be due to numerical accuracy� and that
evaluation of the reduced ARMA likelihood improves the performance of the usual QML
estimator�

Results obtained for the autoregressive parameter � were generally good for all meth�
ods� except for those parameter values that generate sequences that are indistinguishable
from white noise with constant conditional variance� At least in terms of bias� all methods
appear to produce comparable results� Root mean squared errors� however� were signif�
icantly lower for those parameters computed by Jacquier et al� ��		�� via the Bayesian
method� as would be expected when prior information is used in the estimation procedure�

The performance of the estimates for both � and �� varies greatly from one cell of
the table to the other� and from one method to another� The variance of the underlying
process ��� is not easy to estimate using likelihood information alone� particularly when
the true value of the parameter is very low� The biases in the estimates obtained from the
series that were not distinguishable from white noise were very large� for all versions of
the QML approach� The Bayesian method proposed by Jacquier et al� ��		�� produced
less biased estimates� a result that is likely due to the additional information incorporated
through the prior distribution for ��� Consider� however� the two middle cells in Table ��
that represent parameter values similar to those that have been estimated from empirical
studies �e�g�� Melino and Turnbull� �		�� Vetzal� �		�� Jacquier et al� �		��� For these
parameter values� both QML� and QML� behave well� exhibiting very small biases in the
estimates of � and of ��� Again� RMSE�s were higher than those for the Bayes estimator�

Bias in the estimation of the intercept parameter � was high for all parameter settings
and all versions of QML �see Table ��� This is in agreement with results reported by
Jacquier et al� ��		��� who also obtained biased intercept parameter estimates� As was
mentioned in the preceding section� an alternative parametrization would include the scale
parameter �� as given in expression ���� instead of �� Results presented in Table � clearly
indicate that parameterizing the model in terms of � rather than � produces estimates for
� that exhibit very low biases and RMSE�s across all parameter settings and all versions
of QML� It is worth noticing from Table � that the bias for � approaches zero� even when
data are indistinguishable from white noise with constant conditional variance�



Comparison of the one�step improved QML �QML�� from expression ��� to the two�
step �QML�� procedure outlined in ��� produced the expected results� as indicated in
Table �� When the true variance of the underlying autoregressive process is relatively high�
time�dependent variances in the observations change noticeably over the sample period�
and using the two�step approach improves the performance of the usual QML estimator�
Consider� for example� those parameter settings in the four top cells in Table �� For these
cases� there seems to be an advantage when data are adjusted according to expression ����

We present initial results for the non Gaussian case in Table �� Data for the experi�
ment were generated from a contaminated Gaussian distribution as was described in the
preceding section� where only two of the parameter settings from the Gaussian experiment
were considered� and correspond to the two middle cells in Table �� We ran our exper�
iment on those two sets of parameter values because they represent the more �realistic�
scenarios� From Table � it seems apparent that QML� performs signi�cantly better than
QML� �the usual QML estimator�� and that QML�� while better behaved than QML��
does not perform as well as the one�step QML�� Notice that QML� is robust to departures
from normality� as was hypothesized� and that even in the case we simulated� that was
expected to trip the usual QML estimator� QML� does well� Indeed� the usual QML did
not perform well in the presence of inliers� as expected� However� the inlier treatment we
propose was able to estimate the parameters with little bias�

� Discussion

The usual quasi�maximum likelihood estimator has been shown to perform poorly in
stochastic volatility models� particularly when variances exhibit relatively minor changes
over time �Jaquier et al�� �		�� Harvey et al�� �		��� Jacquier et al� ��		�� proposed
a method for estimation for stochastic volatility models that has been shown to behave
very well� at least when the data satisfy the assumptions of the model� Their procedure�
however� is very intensive from the numerical point of view� and may not be robust to
departures from those assumptions�

We have proposed a simple modi�cation to the usual QML estimator which appears
to improve its performance over repeated sampling� The modi�cation really a�ects the
treatment of inliers rather than the estimation procedure itself� which bene�ts mostly
from the reduction in the skewness and the excess kurtosis of the distribution of the
transformed disturbances in the observation equation�

We have followed Jacquier et al� ��		�� regarding the design of our sampling ex�
periment� since we were interested in comparing the performance of our improved QML
estimator to their Bayes estimator� We found ourselves� however� in the usual quandary�
what is a fair comparison when one method uses information exogenous to the sample and
the other does not" In this particular problem� the use of prior information turns out to
be crucial� since for some of the parameter values considered in the experiment� the like�
lihood function is very �non�informative� even relative to a di�use prior� As we argue in
Section ���� those parameter settings for which the prior information was dominant gave
rise to samples that were not distinguishable from white noise with constant conditional
variance� It would seem reasonable to speculate that no practitioner who �looks� at his
or her data prior to model �tting would even attempt to estimate stochastic volatility
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Table �� Mean and root mean squared error �in parentheses� for �ve estimation techniques�
Bayesian �JPR Bayes� and quasi
maximum likelihood �JPR QML� results from Tables �
and �	 respectively	 of JPR ������� QML with conventional log
squares transformation
�QML
�	 with robust transformation �QML��	 and with two
step transformation �QML���
Statistics in this table are based on �

 simulated samples	 each of length T � ����
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Table �� Mean and root mean squared error �in parentheses� for estimation of the scale
parameter	 �	 via �� for QML with conventional log
squares transformation �QML
�	 with
robust transformation �QML��	 and with two
step transformation �QML��� Statistics in
this table are based on �
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parameters from data such as those� If this were a reasonable assumption� then the prior
vs� no prior information argument would be less con�ictive� since for all other parameter
settings the likelihood function is su�ciently informative to keep from being swamped by
the prior� In these cases� therefore� Jacquier et al��s ��		�� attempt to use di�use priors
for the comparison is� in fact� successful�

We hypothesize that even though QML is ine�cient when observations are Gaussian�
it may be robust when other models are called for� Our initial simulations using a con�
taminated Gaussian distribution seem to suggest that in fact this is the case� We have
conducted similar simulations� not presented in this paper� using a Gumbel distribution
to generate the samples� Results from those experiments are also encouraging� and will
be pursued�

From an operational point of view� the usual QML estimator presents obvious advan�
tages over the estimator that was proposed by Jacquier et al� ��		��� While we wrote our
own software for the simulations� any commercial software �e�g�� S�Plus� STAMP� SAS�
could be used to carry out the procedure we propose� Furthermore� the method is the
same� regardless of the true distribution of the disturbances in the observation equation�
Indeed� QML �knows� right from the start� that the distributional assumptions implicit
in the use of the Kalman recursions are not correct� except in the unlikely case where
the f�tg in model ��� are distributed as log�normal random variables� It is not clear
how one would modify Jacquier et al��s ��		�� method to accommodate� for example� a
non�standard distribution for the disturbances in the observation equation�

The improved QML procedures we propose �both the one�step and the two�step meth�
ods� exhibit higher root mean squared errors than the method presented by Jacquier et
al� ��		��� This is a serious drawback� and it would not seem possible to correct without
modi�cation of the estimation procedure itself or perhaps the model� We have obtained
initial results that suggest that the performance of the improved QML estimator in terms
of root mean squared error can be improved further� by considering a slightly modi�ed
version of model ���� We are currently working on this problem in collaboration with
Wayne A� Fuller� and will report on it later�
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