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1 Introduction

Determining genotype probabilities is important in genetic counseling, link-
age analysis and in genetic evaluation programs. In genetic counseling, for
example, in the case of recessive disease traits it is important to know
which individuals in a population are probable carriers of a bad allele.
The first methods for determining genotype probabilities were developed
in human genetics by Elston and Stewart (1971) and were reviewed by El-
ston and Rao (1978) and by Elston (1987). Also, several human genetics
computer packages are available to compute genotype probabilities. In live-
stock, pedigrees are usually much larger because animals, specially males,
have multiple mates. Thus, the application of computer intensive methods
developed for humans will often be difficult or inappropriate in livestock
data.

In this paper, we consider the problem of estimating genotype proba-
bilities in a dog pedigree. The pedigree consists of 3,052 dogs (Labrador
Retrievers) from “The Seeing Eye, Inc”. The trait of interest is a disease
called progressive retinal atrophy (PRA). PRA is a genetic disorder of the
eye and it is inherited as a simple autosomal recessive. Thus, the dog is af-
fected when it has the homozygous recessive genotype for the disease locus.
If the dog has the heterozygous genotype (Aa or aA) then it is a carrier.
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This disease can only be diagnosed by either an opthalmic exam after the
dog is b years old or by a very expensive electro-retinal-gram (ERG) after
the dog is 18 months of age. Therefore, it is important to know which dogs
are at highest risk of transmitting the PRA gene to their offspring and
which dogs are at lower risk both of transmitting the gene and of being
PRA affected. There are 33 affected dogs in this pedigree. That is, we only
know the genotype and phenotype for 33 dogs. The rest of the dogs could
be aa but yet not detected, could be Aa or could be AA.

To obtain estimates of the genotype probabilities, the likelihood of the
pedigree is needed. The likelihood L(g;y) is obtained as

L(g;y) < > f(y|g)P(g), (1.1)

where y is the vector of phenotypes and g is the vector of genotypes, f(y|g)
are the conditional probabilities of y given g, P(g) are the genotype proba-
bilities. The summation is over all possible genotypes for all the individuals
in the pedigree. The computations involved in the likelihood are not fea-
sible except in trivial examples. For example, assume that there are two
possible alleles for a locus, resulting in 3 possible genotypes for every in-
dividual in the pedigree (AA, Aa or aA and aa). If the pedigree consists
of 100 individuals then 3'%° summations need to be performed in order to
compute the likelihood as in (1.1).

For pedigrees without loops, genotype probabilities can be calculated by
Elston-Stewart algorithm (Elston and Stewart, 1971), which is also called
“peeling”. Fernando et al. (1994) presented an efficient algorithm to calcu-
late genotype probabilities of all members in an animal pedigree without
loops. This algorithm is feasible for pedigrees with few and simple loops but
would become impractical as the loops increase in number and complex-
ity. For small pedigrees (about 100 members) with loops, extensions of the
Elston-Stewart algorithm have been developed for evaluating the likelihood
(Lange and Elston, 1975; Cannings et al., 1978; Lange and Boehnke, 1983;
Thomas, 1986a,b). For large pedigrees with complex loops exact calcula-
tions are not possible and approximations are used (Van Arendonk et al.,
1989; Janss et al., 1992; Stricker et al., 1995; Wang et al., 1996).

Van Arendonk et al. (1989) presented an iterative algorithm to calculate
genotype probabilities of all members in an animal pedigree. Some limita-
tions in their algorithm were removed by Janss et al. (1992). Their method
can be used to approximate the likelihood for large and complex pedigrees
with loops. Stricker et al. (1995) also proposed a method to approximate
the likelihood in pedigrees with loops. Their method is based on an algo-
rithm that cuts the loops. This methods gives the exact likelihood when
the pedigree does not have loops. In 1996, Wang et al. proposed a new ap-
proximation to the likelihood of a pedigree with loops by cutting all loops
and extending the pedigree at the cuts. This method makes use of iterative
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peeling. They showed that the likelihood computed by iterative peeling is
equivalent to the likelihood computed from a cut and extended pedigree.

Also, Markov chain Monte Carlo (MCMC) methods have been proposed
to estimate genotype probabilities. These MCMC methods give exact es-
timates to any desired level of accuracy. As Jensen and Sheehan (1998)
observed, the genotypes in a pedigree can be sampled according to a Marko-
vian process because a neighborhood system can be defined on a pedigree
such that the genotype of an individual, conditional on the neighbors or
close relatives, is independent of the remaining pedigree members. This lo-
cal dependency makes MCMC methods, such as the Gibbs sampler, very
easy to implement and provides a strategy to estimate posterior genotype
probabilities that are difficult to calculate otherwise.

When using the Gibbs sampler, however, mixing can be very slow due
to the dependence between genotypes of parents and progeny (Janss et al.,
1995). The larger the progeny groups, the stronger the dependence and
thus the Gibbs chains do not move. When this happens it is said that the
chains are reducible “in practice”. Mixing can be improved by applying
Gibbs sampling to blocks (Jensen et al., 1995; Janss et al., 1995). This
procedure is called “Blocking Gibbs Sampling” and consists of sampling a
block of genotypes jointly. In this approach, the blocks are typically formed
by sub-families in the pedigree. Blocking Gibbs can be applied to very large
pedigrees provided there are no complex loops. The efficiency of blocking
depends on the pedigree structure and the way that those blocks are built.

In this paper we propose a method to sample genotypes from large
and complex pedigrees, and apply the proposed algorithm to estimate the
genotype probabilities in the Labrador Retriever pedigree under study. We
use the Metropolis-Hastings algorithm and sample genotypes (candidates)
jointly from a proposal distribution that is close to the true posterior dis-
tribution of interest. When there are no loops, our proposal is the “true”
posterior distribution and the Metropolis-Hastings algorithm reduces to
direct sampling. When there are loops in the pedigree, we construct our
proposal distribution by first sampling genotypes using iterative peeling. A
variation of this approach consists in peeling the pedigree exactly up to the
point where the complexity of loops makes it difficult to continue, and then
using Metropolis-Hastings to sample from a “partially” peeled pedigree.

The paper is organized as follows. In section 2, we review the method
of peeling and show how 1t is used to sample genotypes. The approach we
propose for sampling genotypes is discussed in section 3.

In section 4, we return to the case study, and apply our methods to the
Labrador Retriever pedigree provided by “The Seeing Eye, Inc”. We present
the results of the analysis and briefly discuss the problem of assessing the
performance of our method.

Finally, a brief conclusion and summary remarks are given in section 5.
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2 The peeling approach for sampling genotypes

Before describing iterative peeling we discuss the Elston-Stewart algorithm
known as peeling.

Consider the simple pedigree shown in Figure 2.1. To introduce the prin-
ciples involved in peeling we show how to sample genotypes from f(gly)
for a monogenic trait in pedigrees without loops.

To obtain a random sample from f(g|y), we can use a rejection sampler
based on f(gly), but this may be very inefficient. Instead, we sample indi-

FIGURE 2.1. Simple two-generational pedigree.

viduals sequentially by conditioning on the individuals that were already

sampled. Thus, to obtain a sample from f(g1, g2, g3, 94, 95, g6, g7|y) in Fig-

ure 2.1, we first sample the genotype for individual 1 from f(g1]y). Next we

sample g from f(g2191,¥), g3 from f(gslg1,92,¥), and so on. To compute

f(g1ly) we use peeling (Elston and Stewart, 1971; Cannings et al., 1978).
The likelihood for the pedigree in Figure 2.1 can be written as

L(g;y) ZZ o 'Zh(gl)h(gz)h(gl,gz,gs)h(gl,gz,g4)h(95) X

g1 92 g7
h(g4ag5ag6)h(g4ag5ag7)a (22)

where

h(g;) = P(g;)f(y;jlas) (2.3)

if j is a founder, that 1s if the parents of j are not in the pedigree. The
penetrance function, f(y;|g;), represents the probability that an individ-
ual with genotype g; has phenotype y;. The founder probability denoted
P(g;), represents the prior probability that an individual has genotype g;.
If individual j is not a founder then

h(gm, 97, 95) = P(gilgm, 97) F(yilg;), (2.4)

where g,,, and g; are the genotypes for the mother and father of individual
J. The transmission probability P(g;|¢m,gy), is the probability that an
individual has genotype g; given parental genotypes g,, and g;.

Suppose each g; can take one of three values (AA, Aa and aa). Then
L(g;y) as given by (2.2) is the sum of 37 terms. Thus, the total number
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of computations is 2,187 even in this simple pedigree computations are
overwhelming. Therefore, the number of computations is exponential in
the number of genotypes in the expression.

Computing the likelihood as given by (2.2) is feasible only for small pedi-
grees. The Elston-Stewart algorithm (Elston and Stewart, 1971), however,
provides an efficient method to compute (2.2) for simple pedigrees, and
generalizations of this algorithm (Cannings et al., 1978; Fernando et al.,
1993; Lange and Elston, 1975; Lange and Boehnke, 1983) provide strate-
gies to compute the likelihood efficiently for general pedigrees with simple
loops.

The Elston-Stewart algorithm can be thought of as providing an efficient
reordering of the additions and multiplications in computing the likelihood.
Thus, L(g;y) in (2.2) is rearranged as

ZZ{ (91)h(g2) Zhglagz’% Z{h (91,92, 94)
> [h(gf’)Zh(%gs,%)Zh(g4,gs,g7)”]. (2.5)

gs

Note that (2.5) is identical in value to (2.2) but is computationally more
efficient. For example, consider the summation over g7z. In (2.2) this sum-
mation is done over all combinations of values of g1, g2, 93, 94, g5 and gs.
However, the only function involving g7, is h(g4, g5, 97), which depends only
on two other individual genotypes (g4 and gs). In (2.5), the summation over
g7 1s done only for all combinations of values of g4 and g5. An expression
involving g5 and g4 is obtained after summing out g7. After summing out
g7, we sum out gg and so on.

Computing L(g;y) sequentially as described above is referred to as peel-
ing. In the first step, g7 was peeled and a simpler expression was obtained
which did not involve g7. Similarly, after peeling gs, L(g;y) became free of
g6. The result, from peeling an individual is called a cutset. For example,
after peeling g7 we obtain a cutset of size 2,

7(94, 95) Zh 94,95, 97).

To compute L(g;y) efficiently, the order of peeling is critical. For example,
consider peeling g; as the first step, so the likelihood can be written as

x Yy N Zh 92)h(g5)h(g4, 95, 96) (94, 95, 97)c1(92, 93, 94),

g2 gs

where

1(92, 93, 94) Zh (91)h(91, 92, 93)h(91, 92, 94).
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The result, ¢1(g2, g3, g4), from peeling g1 is a cutset of size 3, and its compu-
tation involves summing over g1 for all genotype combinations of g2, g3 and
g4. Computing c7(ga, gs5) has lower storage and computational requirements
than computing ¢ (g2, g3, 94). The storage and computational requirements
would be similar for peeling g3 and gs in the first step. Peeling g4 in the
first step would be even more costly than peeling g1, g2 or gs.

Thus, to evaluate the likelihood for this pedigree we first need to de-
fine the peeling order. The peeling order is determined by the following
algorithm.

1. List all the individuals in the pedigree that need to be peeled.

2. For each individual determine the size of the resulting cutset after
peeling the individual.

3. Peel the individual with the smallest cutset.
4. Repeat steps 2 and 3 until all the individuals are peeled.

In this case, the peeling order can be: 3, 1, 2, 7, 6, 4 and 5. Once all in-
dividuals have been peeled we sample individual’s genotypes in the reverse
order to which they were peeled (reverse peeling, Heath (1998)). Then,
after peeling individual 5 we compute the marginal probability for 5 as

P(gs)f(ys|gs)es(gs)
L(g;y) '

Once f(gs|y) has been obtained, we sample g5 using the inverse cumulative
function. Next, we compute

flgsly) =

_ f(y4|g4)62(g4)67(g4,95)66(94,95)
294 f(y4|g4)62 (94)67(94, 95)66(94, 95) ’

f(g4 |95, Y)

and then we sample g4 from f(g4]gs,y). Repeatedly applying this proce-
dure, we eventually generate a sample from the joint distribution of all
genotypes for the entire pedigree. The sampling sequence in this case is
sample g5 from f(gs|y),

sample g4 from f(galy, gs),

sample gs from f(gsly, g5, 94),

sample g7 from f(g7|y, g5, 94, g6),

sample g2 from f(g21y, g5, 94, 96, 97),

sample g1 from f(g1ly, g5, 94, 96, 97, 92),

sample g3 from f(gsly, g5, 94, 96, 97, 92, 93).-

In pedigrees with complex loops, peeling methods as described above are
not feasible. The reason is that the cutsets generated after peeling some
individuals are larger when there are loops in the pedigree.
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3 Iterative Peeling and Metropolis-Hastings
algorithm to sample genotypes

Peeling methods cannot be applied when pedigrees are large and have com-
plex loops. Tterative peeling (Van Arendonk et al., 1989; Janss et al., 1992;
Wang et al., 1996), however can be used to get approximate results. To de-
scribe iterative peeling, it is convenient to present the pedigree as a directed

graph (Figure 3.2 (a)).

S"«I SJI
4
s, S,
\ 2
SSZ SﬁZ
Graph with 12 edges Graph with 8 edges

FIGURE 3.2. Graph representation of a two—generational pedigree with loops.

Before peeling, the graph contains individual nodes and mating nodes.
Each individual node is indicated by the individual identification number;
they correspond to the penetrance functions, and in the case of founders,
also include the founder probability function. Each mating node is indicated
by an oval, which corresponds to the transmission probability function. The
edges in the graph connect the mating nodes with the parents and with
the offspring.

Before proceeding with iterative peeling we modify the graph by merg-
ing mating nodes into nuclear family nodes. The resulting graph with the
merged mating nodes is shown in Figure 3.2 (b). Here, the nuclear-family
nodes are represented by rectangles. There are 8 edges: S11, S21, S31, S32,
Sa1, Saz, Ssa, Se2 1n this graph. The first subindex of S indicates the
individual number, and the second subindex indicates the nuclear-family
node number; for example 537 18 the edge that connects individual 3 with
nuclear-family node 1. The edges S;; can be interpreted as either condi-
tional or joint probabilities, depending on their location in the graph. We
use this small example to explain iterative peeling and present the general
expressions for the algorithm later.

Suppose we want to sample the genotype for individual 1 from f(g1]y).
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We first obtain an estimate for the edge probability 511, connecting indi-
vidual 1 to the rest of the pedigree through nuclear family 1. Once Si; is
computed, the genotype probabilities can be obtained from the normalized
values of f(y1]g91)P(g1)S11. Below we describe how to iteratively compute
S11.

We first initialize all the edge probabilities. In general, all edge probabil-
ities are initialized to 1. For this example, however it is convenient to set
Sa1 to be equal to the founder genotype probabilities. Once the edges are
initialized we iteratively update edge probabilities using the phenotypes
and the current values of the appropriate edges (explained below) of all the
individuals in the corresponding nuclear family. Thus, we update S1; as

S = ZZZf(yz|92)P(92)f(y3|93)P(93|91,92) X

g2 gz ga
J(yalga)P(galg1, 92)S32542.

At this stage, S1; is the conditional probability f(y2,ys,ya|g1). Note that
the edges that contributed to updating Si; are those that connect the
members of nuclear family 1 to other nuclear families.

Similarly Ss;1 is updated as

So1 = ZZZf(yl|91)P(91)f(y3|93)P(93|91,92) X

g1 gs ga
J(yalga)P(galg1, 92)S32542,

and is the conditional probability f(y1,ys, ya|gz2). Next, we update S3; as

Ssz1 = ZZZf(yl|91)P(91)f(y2|92)P(92)P(93|91,92) X

g1 g2 4ga
J(yalga)P(galg1, 92)Saz,

which is the joint probability f(y1, vz, ¥4, g3). Next, we update Sz as,

Ssp = ZZZf(y5|gs)P(95|93,g4)f(y6|g6)P(g6|gs,g4) X

g4 gs ge

fyalgs) Sa1,
~~

P(g4)

which is the conditional probability f(y4, ys, ys|gs). Note that in these three
cases, when we multiplied by an edge probability we used the initial values.
Next, we update Si; as

Sy = ZZZf(yl|91)P(gl)f(312|92)P(92)f(313|93) X

g1 g2 9gs
P(gslg1,92) P(94l91,92) S3z2
-~

f(ya,y5,y6lgs)
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In this case, the edge probability Ss; was already updated once. Thus,
the value of S41 = f(v1, Y2, Ys, Y4, Us, Us, g4) is the joint probability of the
genotype of individual 4 and of all the phenotypic values connected to 4
through nuclear family 1 in the cut-extended pedigree shown in Figure 3.3
(a). Next, we update Syz as

1 2
S
11 )1
1 2 1
S,
S, s/ 31 S
1* 2%
1 .
3
S, Sy 4 4
3 - 3% 4
%2
s, S, 2
2 S Sé2

(@) T

FIGURE 3.3. Cut and extended graphs

Saz = ZZZZf(y5|95)P(95|93,g4)f(3/6|g6)P(g6|gs,g4)f(y3|gs) X

g1 g2 gs gs
P(gslg1,92) Sz1
~

F(y1,y2,94,93)

Again, in this case we use an edge probability that was already updated, and
thus Sa2 = f(y1, y2, ¥3, ¥, s, Ys|gs), which is the conditional probability of
all the phenotypic values connected to 4 through nuclear family 2 in the cut-
extended pedigree shown in Figure 3.3 (b), given the genotype of individual
4.

Each subsequent iteration results in further extensions to a cut pedigree.
After a sufficient number of iterations we sample genotypes as follows from
the iteratively peeled pedigree. First we sample the genotype of individual
1 from f(g1]y), which is computed using S1; as described above. Next, to
sample the genotype of 2 we update Ss; to reflect the sampled value for
the genotype of 1 as

So1 = ZZf(yl|91)P(91)f(y3|93)P(93|91,gz) X

gs ga
J(yalga)P(galg1, 92)S32Sa2,
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where g1 1s the sampled value for the genotype of 1. Using this updated
value for Sa1, f(g2]y,91) is computed as

_ fly2192)P(g2) S
flooly, ) = > g, F(2192) P(g2)Sa1

This process 1s continued until all individuals are sampled. We propose to
use these sampled genotypes as the proposal distribution in Metropolis-
Hastings algorithm to accept or reject the candidate draws.

We now provide the general expressions for updating edge probabilities
in iterative peeling. Let S;; be an edge between individual j and nuclear-
family node s. If j is a parent in the nuclear family, S;; is computed itera-
tively as,

Sjs = ZRsp H [Z Pr(gk|gjagp)R5k]a (36)

keCs gk

where p is the other parent in the nuclear family, C; is the set of children
in nuclear family s,

Ra= [] Sefulg)P(a) (3.7)

ce B
e#s

for I = k,p, E is the set of edges for individual {, f(yi|g:) is the penetrance
function and P(g;) is the founder probability, if individual [ is not a founder
then P(g;) = 1. If j is a child in the nuclear family, S;, is computed
iteratively as

Sjs - Z Rstsf H [Zpr(gkmmagf)Rsk]a (38)

Im, 9gr keCs gk

where m and f are the parents in the nuclear-family node.
If j is an individual in the cutset node s, S5, is computed iteratively as

Sjs = ch(gsu T agsn) H Rsl; (39)
l€cy

where the summation is over the genotypes of the individuals included in
cutset s, except for the genotype of individual j and s1,---,s, are the
individuals in cutset s.

3.1  Metropolis-Hastings algorithm
The Metropolis-Hastings acceptance probability is

— min ﬂ-(gc)Q(gprev |gc)
= (1’ ﬂ-(gprev)Q(gCMprev)) ’ (310)
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where 7 is the target distribution and ¢ is the proposal distribution, gprey is
the accepted draw from the previous round and g. is the sampled candidate
from the present round. The chain moves from g,y to g. with probability
n, and it stays at g,re, With probability 1 — n, in this case the draw is
rejected. The key step is to chose a good proposal distribution so that the
rejection rate is minimized. We consider the special case of independence
sampling: instead of ¢(ge|gprev) and ¢(gprev|ge), we use ¢(gprev) and ¢(g.),
i.e. we assume that ¢(gc|gprev) = ¢(gc) and ¢(gprevlge) = ¢(gpreo). Thus

1 = min (1,w). (3.11)

T(gprev)q(ge)

We sample genotypes from the iteratively peeled pedigree and use them
in the Metropolis-Hastings step to be rejected or accepted. We use the
following expression to obtain 7(.) on the true pedigree,

mg) =[P TI Ploiles, gm) (3.12)

=1 j=ni+1

where g5, gm, are the genotypes of the parents of individual j and n; is
the number of founders. In this example, 7(g) is

m(g) = P(g1)P(92)P(g3l91, 92) P(9al91, 92) P (95193, 9a) P (96|93, 94)-

To compute ¢(.) we multiply the probabilities that were used in the
sampling process described above. For example, for this pedigree ¢(g) is

q(8) = f(oly) f(g2ly, 01) - - [(g6l91, 92, 93, 94, 95, ).

3.2 Improving efficiency of sampler

The efficiency of the sampler can be improved by combining exact peel-
ing with iterative peeling. Exact peeling (Section 2) is used until the size
of cutsets gets large enough to make computations infeasible. Then, itera-
tive peeling is used, which as discussed above is equivalent to cutting and
extending the remaining loops.

After iteratively updating all the edge probabilities, we sample genotypes
for all individuals in the pedigree. First we sample genotypes for the indi-
viduals that were not peeled out. We start from an arbitrary “un-peeled”
individual, and we sample its genotype using the marginal probability func-
tion f(g;|y). Then we sample all its unsampled neighbors using conditional
probabilities (as we did in the small example for individual 2). Before ob-
taining a new sample, edges are updated to reflect the already sampled
genotypes. A neighbor is defined as any individual who is also a member of
those nuclear-family or cutset nodes, to which the sampled individual be-
longs to. Once all remaining individuals are sampled, we sample genotypes
of the “peeled” individuals in the inverse order of peeling (see Section 2).
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4 Estimation of genotype probabilities in the
Labrador Retriever pedigree

One possible approach to estimate genotype probabilities in large pedigrees
with complex loops is to approximate the calculations by using iterative
peeling without the Metropolis-Hastings step.

This approach will be compared to the proposed method. The proposed
sampling method can be used to estimate the genotype probabilities by
sampling from a proposal distribution generated by iterative peeling for
the entire pedigree or by peeling exactly up to a certain point and then
perform iterative peeling.

We compare the results obtained from the three different approaches.

4.1 Application of the methods in a real pedigree

A real pedigree was used to test the performance of the sampling algorithm
that we just described. The trait of interest for this pedigree is a disease
called progressive retinal atrophy (PRA). This disease is transmitted by a
recessive allele and the dog is affected when it has the recessive homozygous
genotype (aa). The pedigree consists of 3,052 dogs (Labrador Retrievers)
from “The Seeing Eye, Inc”, and 33 of them are known to have the disease.
That is for these 33 dogs we know the genotype and phenotype. For the
rest of the dogs we are interested in obtaining estimates of the genotype
probabilities to determine which dogs are at highest risk of transmitting
the PRA gene to their offspring and which dogs are at lower risk of both
of transmitting the gene and of being PRA affected.

Exact peeling methods cannot be used in this pedigree because there are
679 loops that need to be cut. Thus, we used two different variations of the
proposed method to compute genotype probabilities. In the first variation
we peeled exactly the pedigree up to cutsets of size 5 (Cs). We then itera-
tively peeled the remainder core pedigree and sampled genotypes according
to Metropolis-Hastings algorithm as described above. The second variation
was similar to the first with the only difference that we exactly peeled the
pedigree up to cutsets of size 7 (C7). The chain length in both cases (Cj
and C7) was 10,000. To compare the results we computed the absolute dif-
ference between the genotype probabilities for each animal under the two
variations of the proposed method. Those results are shown in the left-hand
side of Figure 4.4. Also, we computed the absolute difference between the
genotype probabilities between one variation of the proposed method (C7)
and the approximate method (iterative peeling without sampling). These
results are shown in Figure 4.4, right-hand side. In Figure 4.4 the plots in
the right hand side show that the differences between the two variations of
the proposed method (C7 and C5) are not large. For most of the animals,
the differences between the genotype probabilities estimated using the Cf
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FIGURE 4.4. Histograms for the absolute differences for the three possible geno-
types for the dog pedigree
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or (7 cutset sizes were smaller than 0.010. When one of the variations of
the proposed method (C7) is compared to the approximate method, we ob-
serve that there is a considerably larger number of individuals (more than
800 for the genotypes AA and Aa) with absolute differences larger than
0.010. The chain consisted of only 10,000 samples, we expect that these
estimates differ more from the approximation when we run the program
for longer time.

The rejection rate for the Cs5 and C; approaches were 86% and 83%,
respectively. The computational time was reduced by more than 3 hours in
the C7 approach. Thus, it seems that the C7 approach is more efficient.

We also tried to run the program for cutset size=0, that is using the
proposal generated by performing iterative peeling for the entire pedigree
(with no exact peeling). After three days the program was at iteration 568
and we decided to stop the program.

In general, it seems that it is more efficient to peel exactly the pedigree
as much as possible and then perform iterative peeling in the remainder
core pedigree to obtain the proposal distribution to be used in Metropolis-
Hastings algorithm. But, we cannot peel too much because then the cutsets
become larger and that is very expensive in computation time and memory.

Note that the rejection rates are large, more than 80%. The reason is
that in this pedigree only 33 out of the 3,052 dogs have known genotype,
thus there are many possible configurations.

4.2 Results: proportion of dogs carrying the PRA gene

The estimated number of affected and carrier animals are presented in
Table 4.1, we observe that the estimated number of affected dogs is 40
(including the 33 dogs known to have the disease).

TABLE 4.1. Estimated number of affected and carrier animals.

Genotype probability | No. of animals

0.5 < P(aa) < 0.6 546
0.6 < P(aa) < 0.7 455
0.7 < P(aa) < 0.8 257
0.8 < P(aa) < 0.9 107
0.9< P(aa) < 1 157
Paa) =1 40

0.5 < P(Aa) < 0.6 440
0.6 < P(Aa) < 0.7 236
0.7 < P(Aa) < 0.8 58
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4.3  Assessing the performance of the algorithm

To asses the performance of the algorithm we used a small pedigree with
loops. We considered the inheritance at a single biallelic disease locus. This
small pedigree consists of 77 individuals, 2 of them are affected. We sampled
genotypes for all the individuals and computed the genotype probabilities.
The length of the chain was 50,000.

In this small pedigree we can perform exact calculations by exact peeling.
We compare the results of exact peeling (truth) with our approach (pro-
posed method), and also with the approximate iterative peeling method
without sampling (approximate method). We computed the absolute dif-
ference between the true probabilities and the approximate method for the
three possible genotypes for the 77 individuals. The results are shown in
the histograms in Figure 4.5 left-hand side. We observe that the differences
were not larger than 0.030 in all cases. Also, we computed the absolute
differences between the true probabilities and the proposed method. Those
results are shown in Figure 4.5 right-hand side. There, we observe that
there are less number of individuals in the categories of larger differences.
For example, for genotype AA, more than 70 individuals have an absolute
difference between 0 and 0.01, and there are only a few individuals in the
class 0.010 to 0.015. Thus, the proposed method yields more accurate es-
timates (closer to the truth). If we increase the number of samples, the
estimates improve even more. Even though this is a small pedigree and not
a thorough evaluation our method gives good results.

5 Summary and Conclusions

Estimating the frequency of genotypes at biallelic loci is non-trivial when
pedigrees are large and contain loops. In this case, scalar Gibbs sampling
approach cannot be used, as the chains are reducible in practice. We pro-
pose a more general Metropolis-Hastings approach to sampling genotypes
jointly from complex pedigrees, in which candidate draws are obtained from
modified pedigrees. These modified pedigrees are obtained by applying ex-
tensions of traditional peeling methods, and are used as candidate draws
in the Metropolis-Hastings step. The resulting Markov chains satisfy the
assumptions that are required for good performance of MCMC methods.

The method for sampling genotypes was developed to address the prob-
lem of estimating genotype probabilities of the alleles responsible for caus-
ing progressive retinal atrophy (PRA) in Labrador Retrievers. The pedi-
gree data of interest, collected by veterinarians at “The Seeing Eye, Inc.”
included over 3,000 animals, and had over 600 closed loops created by in-
breeding and multiple matings. A summary of the results of this pedigree
analysis is given in Table (4.1).
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FIGURE 4.5. Histograms for the absolute differences for the three possible geno-
types in a small pedigree.
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