Chapter 7: Outline
One-Electron Atoms

Reduced Mass (again)

The 3-dimensional Schrddinger equation
— in spherical coordinates, (q, f)
— separation of variables (again)
— quantum numbers, |, m
— degeneracy
Eigenfunctions
— comparison of Bohr and Schrddinger treatments
— verification of typical eigenfunctions
Probability Densities
— shells
— comparison with Bohr atom
— angular dependence
Orbital Angular Momentum
— expectation values of z component
— geometrical description
Eigenvalue Equations
— expectation value of a fluctuating quantity
— Hamiltonian operator
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Expansion of methods from previous chapter to threglimensions

Focusing on the eigenfunctions we’ll be able to stgate:

probability density functions — giving us a pictuwfeatomic structure that does not violate the
uncertainty principle as do the precise orbitshef Bohr model

the orbital angular momenta — which were incorreptldicted by the Bohr model

the electron spin and other effects of relativitgarrectly predicted by the Bohr model

the rates at which the atom makes transitions ftemaxcited states to its ground state —
measurable quantities not at all predictable byBibler model

As we will see, Schrodinger’s theory of the oneten atom will form the foundation of our treatnh
of all multi-electron atoms as well as that of nooles, nuclei, and bound states of elementarygbest

Although the single electron atom is the simplaesirid system found in nature, the fact that it cstas
of two particles and that it exists in 3 dimensiangoduce some mathematical complications
compared to the systems we’ve looked at so far

i “‘“\\ | In Chap. 4 we dealt with the “two body”problem by
F/’ \ using thereduced mass
||'I M l{) m/} M
\\ // m+ M
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Actual system What's the physical picture for this model ?
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What does the potential energy)(dependon? r
Whatisrequalto? r=r,-r,| (=rp-r,)
How is the Lagrangian defined? L=T-V
" L 1 1
What is it equal to in this case ?L :Emll rf +§rnz ILf-UC)
In general, how do we find the center of mass ? Mt = MR

If we now move the origin of our coordinate systenthe CM, what's the value dR  ?R=0

Therefore ... 7~ Mr=mg+m =0 Combining this with I =r, - T,

m, F=._ M Substituting these into our
2

m + mz m +m, Lagrangian we find ...

We find =
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Development of the Schrodinger Equation

For an electron of (reduced) mawand charge moving under the influence of the Coulomb potential
zZe

4pey\ x>+ y* + z2°

V(xy,2)=-

The energy can be written as the surkefV

%n(pf +p2+p2)+V(xy,2) =E =) - 2; 1?:2 + 1?;2 + 1?; +V(X Y,2) =i %
2 o
So, - ZnN Y +V(X,VY,2)Y =i EY
- . . 2o TP T
whereN? (“del squared”) ak#he Laplacian operatois N“© 0 + 2 + P

Note the source of this term, which is due to therator identity

N-N = [(T1%)i + (V)] + (WT2K]- [(Tx)i + (/qy)j] + (1 92K]

SinceV(x,y,2 does not depend explicitly ajwhat technique can we use to solve Schrodinger’s

equation ?
separation of variables: Y (X,Y,z,t) =y (X,Y, z)e 1B/ )

wherey satisfies the time-independent Schrodinger equation

2
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Separation of the time-independent equation

However, there’s a problem with this — anyone sgett?
V(x,y,2) is not itself separable, so we cannot write sohs of the formy ,(X)y,(y)y5(2)

2
How do we solve this ? In polar coordinatesy (r) = - Ze
Ape,r
2 K12
and - K% +V(r)y =E but what isN< in
2m y vy =By polar coordinates ?
2
szil I‘21+ 1 isinqﬂ + 1 ﬂ see
r’qfr  fr r?sing Yq g r*sinfg /> [ArPM

and our solution takes the forny(r, g, /) = R(r)Q(qQF (/)

So, the time independent Schrdodinger equation besom

2
2 TRQF 1 T g JROF 1 TROF

1
1 1 r’sing Yq g r’sing 9/ °

+V(r)RQF = ERQF

o1
2m r?

2 2
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"2m 2 9 fr r%singfg g r*sing Y ?

or +V(r)RQF = ERQF

dividing by RQF (h/2p)%2m), multiplying byr2sinfg and rearranging we get

2 H2 H
11°F _ sin"g d r2dR_slnqd sinqd—Q

2m , .,
-—r°sin“g|lE-V(r
F9/° R dr dr Q dg dg 2 a (")



Since the left-hand side is a functionjobnly and the right-hand-side is a functiorr @ind g only,
we must have that

2
TF o miF
/A
1d ,dR 1 d . dQ 2m,
== - ==~ =Y E-V =_
and R dr r dr Qsing dg squq r[ (r)] sin q
2
or 1d 20RO 2MelE v = L9 6ing9Q —ig+y
Rdr dr sin’ q Qsing dg dg
—_— - L4 GngdQ L M ooi(4aQ
sing dg dg sin“g
1d LdR I(|+1)
r E-V()|R=
and r dl’ dl’ 2[ ()]

We will now see that we get acceptable solutions
to the/ equation only for certain values wf

to theqg equation only for certain values lgf + 1),

E — hence the energy of the electron in that atonomis quantized.

and with these values of andI(l + 1), solutions to the equation exist only for certain values

of




Solutions of the equations

2
. . o § L
The solution to th¢ equation is obvious: 111/ - =-nyF F(G)=€e™
What constraint do we have &n? F (0) =F (2p) so we must have thatg™°® = ™ (%)

thatis 1 =cos(@m) +isin(Z2om) So, what can we say abaout? Im|=0,1,2,3, ...

This defines the quantum numbgrand we can define the functioRsby this number:
Fo()=e™
TheQ equation is solved in Appendix N. The solutionsaceeptable (finite) only if

l=m|, Mm|l+1, M| +2 N +3, ...
The solutions can be written in the form
Qi (9) = (IN™' g)F, , (cosq)
whereF, . are polynomials (in cag) which depend ohand in|. TheF, , are usually referred
to as theassociated Legendre functions

Ther equation is also solved in Appendix N. As predi¢cted found that the bound state solutions
are finite only if i nz’e* __136
n (4p%)2(2 g)ng e wheren=1+ 1,1+ 2,1+ 3, ... and

2

| 4pe
R, (r) =g ?/n) % G, (Zr/a,) a, = % =0.529

andG, (Zr/ay) are polynomials iZr/a,. These functions are closely related to the astatizaguerre
polynomials



2.4
E = nZ<e _ 136

: = eV
Eigenvalues, quantum numbers, and degeneracy " (4pe,)(2 2 0

How does this expression fif compare to that derived from the Bohr model ®lentical

Note that the Coulomb potential also yields a
minimumE = E; and zero-point motion

Comparing with the finite square well and the SHO,
we see all have a zero-point energy

The appearance of 3 quantum numlrgrisandm is a consequence of the 3-dimensional nature of
this Schrodinger equation

We can rewrite the relations between these quantumbers as follows:

The principal quantum number =1, 2, 3, ...
The azimuthal quantum number=D, 1, 2, ...n-1

The magnetic quantum number | sl -1+ 1,-1+2, ..., -1,1



Eigenfunctions with the sanrebut differentl or m are different,
... but theirenergy eigenvalues Bre the same

Different eigenfunctions with the same energy eigdune are said to be degenerate, and the number
of distinct eigenfunctions with the same energyailéecl the degree of degeneracy

Degeneracy always results from a symmetry of teesythe nature of the particle(s) and/pr
the potential energy function).

In the present case the simple Coulomb potex{iglis spherically symmetric

for each value of there aren— 1 values of;
for each value ofthere are P+ 1 values o,

Thus, the level of degeneracy of thieenergy levelis 1 +3+5+ ... 02 1=(/2)[1 + (h—-1)]=n?

However, if, e.g., an external magnetic fields also appliedthe spherical symmetry of the system is
broken and the degeneracy is lifted




|
R, (r) = e % G, (2r/a,)



Ql,mI ((7) - (SinlmI | Q)Fl,m| (COSQ)



Eigenfunctions e just found our wavefunctions for > -
’ F o androbe Y @) =ROQGFL)

F()=em™
Q@)= (Sinlmlq)Fl,m (cosg)

R, (r) =g #/n%) % G, (Zr/a,)

Example 7-2 Verify thaty, , ,
and the associated eigenvalkie
satisfy Schrodinger’s equation.




Probability densities Who remembers the Bohr radius ?

To begin extracting info on our one-electron (= n“a,
atom eigenfunctions, we will study the form Bohr 7
of the probability density functions

—

<r.> is clearly a refinemen
How is the probability density function of the Bohr result
defined ? By Born’s postulateP=Y"Y

For the one-electron case, we have

) 10
P(I’, q’/) = J/n,l,ml* J/n,l,ml 4§

= Rn,I*Rn,I Ql,ml* Ql,ml le* le

First let's consider the-dependence,

that is,the radial probability density ) x10
defined such the®(r)dr is the probability of

finding thee at any location betweamanddr

To integrate the Probability density Y
(probability/unit volume) over the volume enclosed
between the spheres of radandr+dr start with

P, (ndz=R*_(NR () 4orédr

Most probable location of the will be on shell
of radius < >

2
+
nza0 1+1 1_I(I 1

¥
<r,>= rP,(r)dr= > 5
! ! n

0

dash =g, triangles =<r_ >




Physically, what are we seeing in these plots ? Shells

Example 7-3 (a) Calculate for whichP_(r) is maximal for the ground state of the H atom

Ignoring normalization, we get P, (1) = R*, (R, (r)" 4or® = exp[-2/ay]r?

How to find maximum ? To find its maximum, find for which the derivative is zero:
dR,(r) _ 2

dr a,

(b) Now find <>, the expectation value of

2 2
cry>=TE g 1 104D _Ta 1, 00+ _3
‘ Z 2 n 1 2 1 2

g 22 4 ore 2% = . =a,

(c) Why is <, > larger tham .?  The reason is th&, (r) is asymmetric about its maximum,
with more area under its curve in ther ___region

Example 7-4 Show that the size of the ground state H atom ean b
obtained from the uncertainty principle.

The closer the gets to the*, the more negativeé = - e%/(4pgR)
becomes and the more the kinetic endfggcreases: Sincep = /R

2 2 2 2 2
K:p :(Dp): 5 E=K+V = 5 - €
2m 2m  2mMR 2mMR° 4pe,R

The atom will adjust its size to minimize its toEal we therefore
minimizeE to find R = <r>:

2 2 2
de _ 2 - e =0 R:4,06'02 _
dR 2nR°> 4peR e




Important points: The structure of the radial ptabty density does depend én
For a givem, the function has a single strong maximum whtakes its largest valye
additional weaker maxima develop whdakes smaller values
P, is significant near = 0 only forl = 0

This latter point is due to the fact that, for skmal(r) p r', soP(r) = y'y p r?
and forr ® 0, ro>>r2>>r4>> .

so, near =0, y" y is relatively large only fof = 0, and decreases very rapidly with increasing

We now turn to the angular dependencg of . * V.|
Note that FF, =e"™e™ =1

so the probability density is independeny oHence figures of
P (r) should be rotated about thaxis

Therefore,@ .,* @, alone plays the role of a directionally dependent
modulation factor

The form of@ ,* ¢, IS most
conveniently represented in terms
of polar diagrams — rotate around
thez axis to get full picture



More realistically, we have the polar
diagrams fot = 3

dependence om||

Note that the regions of high probability
density shift from the axis to the
X,yplane asm| increases

and the polar diagrams fbr 0, 1, 2, 3,4
andm =+ |

dependence an




Artist’s conception: |=m =0 forn=1, 2, 3






Since the potential is spherically symmetric, h@m the eigenfunctions have lower symmetries?

If the spherical symmetry of the potential is nadken, as by, e.g., a magnetic field, then the
energies of the states with different valuesaridm are the same.

In addition, the average or sum of these statsghsrically symmetric

Example 7-5 Show the spherical symmetry of the average of tilies withE = E,

1 * * * *
2 D/2,0,01/2,0,0+y2,1,-]J/2,1,-1 TV ord 210tV 21 214 =

3 2 2
i E e‘z”ao 2- E + E 15in2q+lsin2q+ COqu
128p a, a, 2 2

It can be shown in general that the s8m, | .* ¥, m over thel™ subshell
l.e., from m= -l to m = +l, is spherically symmetric

If we break the spherical symmetry of the poteriigle.g., applying a uniform magnetic field, the
energy eigenvalues and eigenfunctions will change thay will no longer add up to a spherically

symmetric sum

By convention, we define the preferred directiorhaes axis

We will now show that andm, are related to the orbital angular momentuand itszcomponent
L_through the relations
2 1OHY L=\i(+D) L, =m



Comparing the Bohr and Schrodinger models, we thatein both cases the ground state
corresponds ta = 1, and they both give the same total energy

But in the Bohr model the ground state orbital dagmomentumis L =n =

whereas in QM it is L=Jil+1) =0 sincel =0 whenn=1

vast experimental evidence shows zero angular mtumrefor the ground state

Motion of the electron may be visualized as puralyial (could achieve L =0 in Bohr model by letti

the electron travel back and forth along a diamgkeough the nucleus)

Orbital angular momentum

Want to show that = [I(I + 1)]¥2 ,L,=m,.
In doing so, we shall encounter tegular momentum relationghich are extremely important in
atomic, molecular, nuclear, and condensed mattgsigh

The reason is th& andL are the only constants of atoms, nucleij ...

Recall that L=r"p

.e., L,=Yyp,—2zR, L,=zR—Xxp, L,=xp,—yp,

This means thaLX,OID = -ih(y§I/1z— z1/1ly), Lyop= -ih(ZT/Ix — x9/912), L, op= -ih(x/1ly — yI/9x).
Or In polar coordinates (see Appendix M)

ng



I | 9 N 1 R | |
Liop =1 SINV ."—+CO'[C/COS/ 7 Lo =1 - COY ﬂ—+cotqsm/ — Lo =" e

2
1 sin I t 1

+

sing g q'ﬂq sin’q Y/ °

We also need (Appendix M) L2, =L +L% +L2, =- 2

What does this look like (i.e. what is it proport#d to) ?  —r2 [angular part ofNZ]

. . ¥p2p «
Firstlet's considerk>: <L, >= Y~*L, Ydt=  Y*L, Yr’singdrdgdj = y. LoV nimdl

\Y 000 \%

whered? is a volume element in 3-d space

Similarly: ~ <L>= Y*LiYdr= y L% .0

\% \%

Example 7-6 Evaluate (a) k> and (b) 12>

(a) Since yn,l,m| = Rn,I (r)QI,m, (Q)F m (/ )
| S || . .
Lz,opy nl,m =- TU/T[; == Rn,I (r)QI,m (q) - | ﬂ 1?}(/ ) = Rn,I (r)QI,m (q)[' I ImIF m (/ )]

- Lz,opyn,l,m, = m yn,l,m



Sinc:eLop2 is the same operator as the angular operator teNA we immediately get that

L(z)pyn,l,m| :l(l +1) 2J/n,l,m < L2 >:I(I +1) ?

SinceL, is well-defined L, andL, are not defined at all.
In other wordsy, | ., is not an eigenfunction df, or L,

As a matter of fact, ls>=<>=0

The vector [(I + 1)]¥h lies anywhere on the cone,
at an angle of co§m/[I(I + 1)]*/% with respect to
thezdirection, so £,>=<>=0.

Even form =1 the uncertainty in the direction

of L is cosi{ m/[I(l + 1)]*/3}.

This uncertainty becomes vanishingly small in the
classical limit where the quantum numbes enormous



