
• Reduced Mass (again)
• The 3-dimensional Schrödinger equation

– in spherical coordinates (r, q, f )
– separation of variables (again)
– quantum numbers: n, l, ml

– degeneracy

• Eigenfunctions
– comparison of Bohr and Schrödinger treatments
– verification of typical eigenfunctions

• Probability Densities
– shells
– comparison with Bohr atom
– angular dependence

• Orbital Angular Momentum 
– expectation values of z component
– geometrical description

• Eigenvalue Equations
– expectation value of a fluctuating quantity
– Hamiltonian operator

Chapter 7: Outline
One-Electron Atoms
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Expansion of methods from previous chapter to three dimensions

Focusing on the eigenfunctions we’ll be able to investigate:

- probability density functions – giving us a picture of atomic structure that does not violate the 
uncertainty principle as do the precise orbits of the Bohr model

- the orbital angular momenta – which were incorrectly predicted by the Bohr model

- the electron spin and other effects of relativity incorrectly predicted by the Bohr model

- the rates at which the atom makes transitions from its excited states to its ground state –
measurable quantities not at all predictable by the Bohr model

As we will see, Schrödinger’s theory of the one electron atom will form the foundation of our treatment
of all multi-electron atoms as well as that of molecules, nuclei, and bound states of elementary particles

Although the single electron atom is the simplest bound system found in nature, the fact that it consists 
of two particles and that it exists in 3 dimensions, introduce some mathematical complications 
compared to the systems we’ve looked at so far

In Chap. 4 we dealt with the “two body”problem by 
using the reduced mass

What’s the physical picture for this model ?
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What does the potential energy (U) depend on ? r

What is r equal to ? 1 2 1 2| |     ( )r r r r r r= - = -
� � � � �

How is the Lagrangian defined ? L = T - V

What is it equal to in this case ?
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In general, how do we find the center of mass ? i i
i

m r MR=�
��

If we now move the origin of our coordinate system to the CM, what’s the value of       ?R
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Development of the Schrödinger Equation
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For an electron of (reduced) mass mand charge e moving under the influence of the Coulomb potential

The energy can be written as the sum of K + V
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where Ñ2 (“del squared”) aka the Laplacian operatoris

Note the source of this term, which is due to the operator identity

ÑÑÑÑ·ÑÑÑÑ = [(¶/¶x)i + (¶/¶y)j + (¶/¶z)k]· [(¶/¶x)i + (¶/¶y)j + (¶/¶z)k]

Since V(x,y,z) does not depend explicitly on t, what technique can we use to solve Schrödinger’s 
equation ? 

separation of variables: tEiezyxtzyx )/(),,(),,,( �-=Y y

where y satisfies the time-independent Schrödinger equation 
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Separation of the time-independent equation

However, there’s a problem with this – anyone see it yet ?

V(x,y,z) is not itself separable, so we cannot write solutions of the form y 1(x)y 2(y)y 3(z)

How do we solve this ? In polar coordinates
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and our solution takes the formy (r, q, j ) = R(r)Q(q)F (j )

QF=QF+�
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So, the time independent Schrödinger equation becomes

QF=QF+�
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dividing by RQF(h/2p)2/2m), multiplying by r2sin2q and rearranging we get



Since the left-hand side is a function of j only and the right-hand-side is a function of r and q only, 
we must have that
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We will now see that we get acceptable solutions  

to the j equation only for certain values of ml

to the q equation only for certain values of l(l + 1),

and with these values of ml and l(l + 1), solutions to the r equation exist only for certain values of 
E – hence the energy of the electron in that atom or ion is quantized.



Solutions of the equations
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The solution to the j equation is obvious:

What constraint do we have on F ? F (0) = F (2p) so we must have that )2(0 pll imim ee =

that is   1 = cos(2pml) + isin(2pml) |ml| = 0, 1, 2, 3, …So, what can we say about ml ?

This defines the quantum number ml and we can define the functions F by this number: 
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The Q equation is solved in Appendix N. The solutions are acceptable (finite) only if

l = |ml|,  |ml| + 1, |ml| + 2, |ml| +3, …

Ql ,ml
(q) = sin|ml |q( )Fl ,ml

(cosq)
The solutions can be written in the form

whereFl,ml are polynomials (in cosq ) which depend on l and |ml|. The Fl,ml are usually referred 
to as the associated Legendre functions
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The r equation is also solved in Appendix N. As predicted, it is found that the bound state solutions 
are finite only if 

where n = l + 1, l + 2, l + 3, … and 

Rn,l (r) = e- Zr /(na0 ) Zr
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and Gnl(Zr/a0) are polynomials in Zr/a0.These functions are closely related to the associated Laguerre
polynomials 



Eigenvalues, quantum numbers, and degeneracy

How does this expression for En compare to that derived from the Bohr model  ?

( ) ( ) eV  
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Identical

Note that the Coulomb potential also yields a 
minimum E = E1 and zero-point motion 

Comparing with the finite square well and the SHO,
we see all have a zero-point energy

The appearance of 3 quantum numbers n, l, and ml is a consequence of the 3-dimensional nature of 
this Schrödinger equation

We can rewrite the relations between these quantum numbers as follows:

The principal quantum number n= 1, 2, 3, …

The azimuthal quantum number l= 0, 1, 2, …, n – 1

The magnetic quantum number ml = - l, - l + 1, - l + 2, …, l – 1, l



Eigenfunctions with the same n but different l or ml are different, 
… but their energy eigenvalues En are the same

Different eigenfunctions with the same energy eigenvalue are said to be degenerate, and the number
of distinct eigenfunctions with the same energy is called the degree of degeneracy

Degeneracy always results from a symmetry of the system(the nature of the particle(s) and/or 
the potential energy function). 

In the present case the simple Coulomb potential V(r) is spherically symmetric.

for each value of n there are n – 1 values of l;
for each value of l there are 2l + 1 values of ml.
Thus, the level of degeneracy of the nth energy level is  1 + 3 + 5 + … + 2n – 1 = (n/2)[1 + (2n – 1)] = n2

However, if, e.g., an external magnetic field H is also applied, the spherical symmetry of the system is 
broken and the degeneracy is lifted



Rn,l (r) = e- Zr /(na0 ) Zr
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Ql ,ml
(q) = sin|ml |q( )Fl ,ml

(cosq)



Eigenfunctions
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We just found our wavefunctions for 
F , Q, and r to be:

Example 7-2: Verify that y 2,1,1
and the associated eigenvalueE2
satisfy Schrödinger’s equation. 
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To integrate the Probability density Y * Y
(probability/unit volume) over the volume enclosed
between the spheres of radiir andr+dr start with

Pnl(r)dt = R*nl(r)Rnl(r)´ 4pr2dr

x10

x10

Probability densities

For the one-electron case, we have

P(r, q, j ) = y n,l,ml* y n,l,ml
= Rn,l*Rn,l Ql,ml* Ql,ml F ml* F ml

To begin extracting info on our one-electron
atom eigenfunctions, we will study the form
of the probability density functions

How is the probability density function
defined ? By Born’s postulate,  P = Y * Y

First let’s consider the r-dependence, 
that is, the radial probability density P(r) 
defined such that P(r)dr is the probability of 
finding the e- at any location between r and dr
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Most probable location of the e- will be on shell 
of radius <rn,l >: 

Who remembers the Bohr radius ?

Z
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Bohr =

<rn,l> is clearly a refinement
of the Bohr result

dash = rBohr triangles = <rn,l>



Physically, what are we seeing in these plots ? Shells

(c) Why is <r1,0> larger than rmax? The reason is that P1,0(r) is asymmetric about its maximum, 
with more area under its curve in the r > rmax region

Example 7-3: (a) Calculate r for which Pnl(r) is maximal for the ground state of the H atom

(b) Now find <r>, the expectation value of r:

To find its maximum, find r for which the derivative is zero:
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Example 7-4: Show that the size of the ground state H atom can be 
obtained from the uncertainty principle.

The closer the e- gets to the p+, the more negative V = - e2/(4pe0R) 
becomes and the more the kinetic energy K increases: Since Dp = � /R
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The atom will adjust its size to minimize its total E – we therefore 
minimize E to find R= <r>: 
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Ignoring normalization, we get         P1,0(r) = R*1,0(r)R1,0(r)´ 4pr2 = exp[-2r/a0]r
2

How to find maximum ?



This latter point is due to the fact that, for small r  y nl(r) µ r l , so Pnl(r) =  y *y µ r2l

and forr ® 0,   r0 >> r2 >> r4 >> …

so,  near r = 0, y *y is relatively large only for l = 0, and decreases very rapidly with increasing l

Important points: The structure of the radial probability density does depend on l
For a givenn, the function has a single strong maximum whenl takes its largest value
additional weaker maxima develop when l takes smaller values
Pnl is significant near r = 0 only for l = 0

so the probability density is independent of j . Hence figures of 
Pnl(r) should be rotated about the z axis

We now turn to the angular dependence of y n,l,ml* y n,l,ml.  
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Therefore, Ql,ml* Ql,ml alone plays the role of a directionally dependent
modulation factor

The form of Ql,ml* Ql,ml is most 
conveniently represented in terms 
of polar diagrams – rotate around 
the z axis to get full picture 



Note that the regions of high probability 
density shift from the zaxis to the 
x,yplane as |ml| increases

More realistically, we have the polar 
diagrams for l = 3

dependence on |ml| 

and the polar diagrams for l = 0, 1, 2, 3, 4
and ml = ± l

dependence on l



Artist’s conception:   l = ml = 0   for n = 1, 2, 3



n = 2   l = 1

n = 3   l = 1
n = 3   l = 2



If the spherical symmetry of the potential is not broken, as by, e.g., a magnetic field, then the 
energies of the states with different values of l and ml are the same. 

In addition, the average or sum of these states is spherically symmetric

Since the potential is spherically symmetric, how can the eigenfunctions have lower  symmetries?

Example 7-5: Show the spherical symmetry of the average of the states with E = E2
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It can be shown in general that the sum Sy n,l,ml* y n,l,ml over the lth subshell, 
i.e., from ml = -l to ml = +l, is spherically symmetric

If we break the spherical symmetry of the potential by, e.g., applying a uniform magnetic field, the 
energy eigenvalues and eigenfunctions will change, and they will no longer add up to a spherically 
symmetric sum

By convention, we define the preferred direction as the z axis

We will now show that l and ml are related to the orbital angular momentum L and its z component 
Lz through the relations 
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Comparing the Bohr and Schrodinger models, we note that in both cases the ground state
corresponds to n = 1, and they both give the same total energy

But in the Bohr model the ground state orbital angular momentum is
whereas in QM it is  

�� == nL

0)1( =+= �llL since l = 0 when n = 1

vast experimental evidence shows zero angular momentum for the ground state

Motion of the electron may be visualized as purely radial (could achieve L = 0 in Bohr model by letting
the electron travel back and forth along a diameter (through the nucleus)

Orbital angular momentum

Want to show that L = [l(l + 1)]1/2 � , Lz = ml. 
In doing so, we shall encounter the angular momentum relations,which are extremely important in 
atomic, molecular, nuclear, and condensed matter physics. 

The reason is that E and L are the only constants of atoms, nuclei, …

Recall that L = r ´́́́ p

i.e., Lx = ypz – zpy,   Ly = zpx – xpz,   Lz = xpy – ypx

This means that  Lx,op= -ih(y¶/¶z– z¶/¶y),   Ly,op= -ih(z¶/¶x – x¶/¶z),   Lz,op= -ih(x¶/¶y – y¶/¶x).

Or In polar coordinates (see Appendix M)
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What does this look like (i.e. what is it proportional to) ? –r2� [angular part of Ñ2]
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where dt is a volume element in 3-d space
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Example 7-6: Evaluate (a) <Lz> and  (b) <L2>
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Since Lop
2 is the same operator as the angular operator term in Ñ2, we immediately get that
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Since Lz is well-defined, Lx and Ly are not defined at all. 
In other words, y n,l,ml is not an eigenfunction of Lx or Ly

l = 2

The vector [l(l + 1)]1/2h lies anywhere on the cone, 
at an angle of cos-1{ ml/[l(l + 1)]1/2} with respect to 
the zdirection, so <Lx> = <Ly> = 0. 

As a matter of fact, <Lx> = <Ly> = 0

Even for ml = l the uncertainty in the direction 
of L is cos-1{ ml/[l(l + 1)]1/2}. 
This uncertainty becomes vanishingly small in the 
classical limit where the quantum number l is enormous


