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Z q2Y (x,t Y (x,t
Recall the Schrodinger equation: - Zmﬂ ﬂ>(<2 )+ V(XY (X t)= i 1 ‘I(Tt )

As we look at different physical situations, whathe only thing we expect to change ?
The potentialV(xt)
We will start with the simplest potential (thatnis potentialV(x,t) = 0) and gradually add complexity

What does it mean, in terms\dfx,t) andE, for a particle to be bound ?

The Zero Potential

dV(x
If V(x,t) = O for our particle, what force does it expecer? F=- d§< ) =
. s , . . 2 d%y(x) _
The time-independent Schriédinger’'s equation fa taise is e Ey (X)
X
/ 2
or, with k :ﬂ we have - d ygx) =K% (X). What are some solutions ?

Most obvious: y(x) = Acoskx) + Bsinkx) - we will pick y ;(x) = €= coskx) + isin(kx)

recall that the full solution is of the form | Y (x,t) =y (x)e '¢" "

So, our full solution is Y (x,t) =€® "V

What is this physically ?
traveling wave, propagating in the& elirection But, a traveling wave propagating in thrediection

is also a solution with energg ¥/ ,(x) =™ Y (x,t) = g



Since an ordinary™ order differential equation has two
linearly independent solutiong, (x) andy ,(x) arethe

two solutions, so most general solution of the time
independent equation is

y (X) - Ayl(X) + Byz(x) — Aékx +Be ikx

For our traveling wave propagating in thedrection ,
Y (x,t) should look like

What will Y *(x,t) Y (x.t) look like ?
Y * (X,t)Y (X,t) —g i (kx- Wt)ei(kx- wt) =1

We should now consider the physical interpretation
of the solutions:

First, let’'s evaluatep> for the particle-wave moving in the<tlirection:

(what would you naively expect $2/om=¢ p=+2mE )

Since Py, =- 1 1 PopY =-1 T pdtow =4 ky =+/2mEY
X fix

+¥
<p>= Y *VJ2mEY dx=+2mE
-¥

+¥
<p>= Y *p,Ydx

-¥

For a wave traveling
in the x direction

(p)=-+2mE




What about our particle’s location xt?

clue #1 Our wavefunctions have a single valu&kdand thereforg sincep = h/2pk)
clue #2 * ¢ describe a beam of infinite length: P&)Y *Y = const.

The uncertainty principle is also satisfied heexduse aBp® 0,Dx ® ¥ .
Similarly for E andt: Since there is no uncertaintyiywe need an infinitét to measure the
energy of the particle in the infinite beam.

Although these plane wave solutions @mealizedwavefunctions, many particle beams can be
approximateds plane waves, e.g., monoenergetic beams, ef, n, etc, emerging from a source
or accelerator.

However, idealized plane waves are mathematicatiplpmatic:

+¥ +¥ +¥
If we try to normalize the wavefunction, we getY *Ydx=A* Adx=A*A dx=1
-¥ -¥ -¥

+¥
One solution is the introduction Biirac’s delta functionax): ax) =0 for allx® 0,and  d(x)dx=1
(This is, however, beyond the scope of this course) ¥

Thinking about the actual physical situation, tbkigon is obvious: the particle is clearly confih
to some region (i.e. accelerator + detector), adimensional box froml=2 to +./2.

(D

Box normalizationyhich stipulates that is a plane wave forl-£2 £ x £ +L/2 and 0 elsewhere.

AlthoughA is then dependent dn we will find that the result of calculating a meeshle quantity
will be independent of.



As we discussed in Chap. 3, we can obtain a more
realistic wavewhich is really a wave packet or a
bunch of wave packets (a stream of overlappisp
by adding a large number of waves of the form

Y (X,t) — ei(kx- wt)

each with a different value &fand w; so their
superposition will generate the group of waves
or wave packefChap. 3)

Taking a simple exampl®,”Y (=packet) moves in
the # direction and spreads (uncertainty principle)

The location of the group at any tirhis given by <Xx>= Y * XY dx

m m

Due to the large number of Fourier componentspththematical description of the wave packet is
very complex. Therefore, wave packets are raredyl isr modeling.

However, we’ll consider one very specific case:evdV(x) [ 0] changes so slowly that it's almost
constant over ong. In that case it can be shown that

22227 8 VWS ) d’x - <dV(x)/dx> _ <F(x)> Schrodinger’s eqf
d dt  dx m atz m R ® Newton’s Law
in classical limit

—

Newton’s Law is a special case of Schrodinger’s aqnd




The Step potential: energy < step height

So what'’s a step potential ? V, ifx>0
V(X) =
0 ifx<0

A real physical system with such a potential wdudda
charged particle moving along the axis of two aytinal
electrodes held at different potentials

Consider a particle of massand energykE <V, moving
in the #x direction towardx = 0.

Classically what do we expect ?

The particle is free until it hits the wall, wheteebounds,
andp®- p

Mathematically, we see that it has to bounce battkthe
X < 0 region because if it were to continue intoxte0

. I 2
region we would get e :2L+V(x) <V(X) p><0
m



So, how should we solve this quantum mechanically ?

Solve forx < 0, solve forx > 0, then join the two solutions
atx =0 in such a way as to satisfy the requiremergsugised

N Chap-5 g ih 1(x) anddy/dx must be finite
single-valued
continuous
2 d2y 2 2 )
- 1 — For x>0 -— +V, X) =Ey ., (X
For x<0O o Ey.(X) X om dx? V(X)) =By ,(X)

2 2
We just solved this one, who remembers the This can be rewritten as— Ay, _ v, - E)y,(X)
2m

2
general (time independent) solution ? X

ikyX - ik, X . - 2
y.(X)= Ad +Be ™ or, with k, = J2mlVs - E) = % =k ,(¥)
X
where k, :—“ZmE : , kX KX
What's the general solution ¥ ,(x) =Ce™ + De

What can we say abo(t? C =0, otherwise
V*y®¥ asx®¥

And sincey(X) must be continuous at= 0, what additional constraint do we have A+ B =D

. d H ik, X - ik X d - KoX
We also have thaty/dx must be continuous at= 0: (j;l =ik, (Ae" - Be™*) % =- k,De "



Equating these derivatives»t 0 we get:ik,(A—B) =-k,D or (k/k)D=A-B

D ik D ik
inceD = A + A=— 1+-2 B=— 1- -2
But sinceD = A+ B ) > K > K

So only one of the four constants remains undetexdnD),
and it is the normalization constant

D . ik, x : - kg X
J/(X):E[(1+|k2/k1)ek +(1- ik, 7k )e ] X£0
De-kzx X3 0

We'll see that useful results can usually be olew@iwithout carrying through the normalization
procedure that would speciby (for most interesting quantities the normalizatoamcels out)

The complete wavefunction is Y (X,t)

Let’s interpret this physically ...

for x £ 0: what does thestlterm describe ? a particle moving in thextdirection
what does the"term describe ? a particle moving in thex direction

So, we can interpret thé'term as the wavefunction of tivecident particleand 29term as the
wavefunction of theeflected particle.
The reflection coefficient R the probability that the incident particle Wk reflected:

R=B"B_ (@+ik, Tk)A- 1k, k) —1 in agreement with
A*A (- ik, /k)A+ik,/k) classical behavior




Now recall our time independent solution ¥ (X) = 2

substituting €™ =cosk,x+isink,x we find

D cosk,x- D(k, /k,)sink;x XEOQ
y(x) — kl D _k2x 1 1 ]
e x3 0
So, Y (xt) =y (x)e™ is notavieling wave but is

instead a standing wave, since it has standingshatdaill
pointsx which satisfy cols x —(k,/k,)sink,x = 0

So, forx £ 0 our solution is in complete agreement with
the classical predictions

However, forx > 0, we have a radical departure from
classical physics

y (x)=De "

P(x)=Y"Y =D De ***

AlthoughP(x)decreases rapidly with increasixgt is nonzero
the particle penetrates the classically forbiddesgron !

B[(1"' ik, / kl)eiklx + (1' ik, / kl)e- iklx]

De

XEO
x30



When we deposit additional atoms on a clean surtdeetrons will reflect from them,
and the wavefunctions will interfere with each otbexating standing waves of electron
densities.

Www.specs.de



This has been confirmed experimentally innumeréibies over the past ~70 yeats.

: : : : 2m\V, - E
The “penetration depth” is defined to be= 1k, and since k, = \/ Vo~ E)
Dx = which decreases rapidly
vam(Y, - E) with increasingv, — E

In the classical limit &(V; - E) is so large relative tbthatDx is immeasurably small

Example 6-1 Calculate the penetration depth for a small spheduast particle of radius
r=1nmm = 10°m, densityr = 10* kg/m?3, and speest = 1 cm/s = 1? m/s, impinging on a
potential barriel, = 2E = 2[p?/(2m)].

m= 4or3r/3 = 4 10%4kg, soOE=m¥/2 =2 1014J,so  Dx= AR » 2 10°m
0

Consider an experiment designed to measure thelioabdex in x > O:
SinceP(x) is appreciable only ibx above, we must hav@p ~ h/Dx ~ [2m(\, - E)]*2,

DE ~ (Dp)#(2m) ~ (Vo —E).

So, if a particle has penetrated the barrier, tieertainty in its energy is roughly equal to the
additional energy required to pass over the bammiéne classical case.

However, the phenomenon of tunneling, which requioarrier penetration, is very real and extremely
important in understanding various systems. It3e axtremely important technologically.




Example 6-2 A conductione in a block of Cu moves with ener@in a potentiaV » 0 inside the
block, which steps t¥, > E outside. The workfunction (energy required to remaneslectron from
the block) isf =V, —E = 4 eV. Estimate the penetratior of thee into the vacuum outside the metal.

_E= - 19 — 9 1 1031 Dx = »10°m —
V,—E=4eV~6101°J,m=9.1 103 kg, so Jomv,- B) 1A

Penetration of waves into forbidden regions, €&§l,waves into metals or into the forbidden region
of the reflector in total internal reflection is lWkenown, so the QM phenomenon is just another
manifestation of the wavelike properties of paetscl

Before moving on, let’'s see what the reflectiomira step potential actually looks like for a group
wavefunction describing a particle

Obtaining such solutions involves considerable
work on a computer — we were, however, able
to learn much by exploring the behavior of
simple wave functions

Key points: particle is reflected from the step with probapibne but there is some penetration into
the classically forbidden region




The Step potential: energy > step height

First question: what happens to a classical parficl

A particle moving in the x direction will simply slow
down atx = 0, fromv, = p,/m= [2E/m]2to
Vv, = p,/m=[2(E - V)/m] 12

What happens to a wave ?

A wavetraveling in the x direction and passing from the first medium togbeond medium will be
partially reflected and partially transmitted

So, the quantum mechanical interpretation for igarwould be ... ?

The particle has a certain probabilityf being transmitted and a probabilR= 1 —T of being reflected
The general solution here is, of course, the sarierghex < 0 part of thee <V, case:

A +BEM x<0 BrE ey
Y (X)) = x - ikyx where k = yZmE and k, = V2m(E - Vo)
Ce™" +De ™ x>0
Noting - the physical meaning of each term What can we say aboDt?
- that the particle is moving from<0 towardsx> 0 D=0

- that there is no particle moving x® O towardx < 0

And from the continuity o§/(x) atx = O what constraint do we have 2+ B=C

What do we get from the continuity df(x)/dxatx =0 ? ik (A-B) =ik,C m=) A-B-= k/k, C



k, C_ k+k, C 2k,
Adding these two equations we getA= 1+—=2 — = 2 — mm) C= A
’ ) ° k2 k2 k,+k,
k, C_ k-k, C k -k,
And subtracting B= 1- =% —= 2 Z m=) B=21—=A
K, k, 2 K, +k,
Forx £ 0, what does the firsj[ term rep_resent ? AKX+ A :1 B} tz o ikix <£O
incident particle ¥ (X) =  TK
and the second term ? AA glkex x3 0
reflected particle ki +k,
Forx3 0, what does the only term represent ?
transmitted particle choosing
k; = 2,
So, what doeP(x,t) =Y *Y look like ?
x £ 0: combination of a traveling plane wave
+ oscillatory standing wave
x 3 0: traveling plane wave
The reflection coefficienR is Ak k C*C
. 2 The transmission probability isT =1- R= L2 1
r=B'B_ k-k (o +lf A*A
A* A Kk +Kk .
1 2 C C ?

woops! Why doesnT equal
is <1 wherk, <k; (E>V,) P y AU A A




The velocities are different in the two regions] #me convention is that transmission and
reflection coefficients are defined in terms ofaatof probability fluxes

A probability fluxis the probability per second that a particle Wwélfound crossing some reference
point traveling in a particular direction

Since the probability per second that a particléamss a given point is proportional to the veatigc

in addition to the intensity, according to thedtdefinition v,B* B B*B
R= " = as before
V,A* A A* A
2
v,C*C v, 2k : _Ph_ K _p_ k
T — 2 =_2 1 V -1l =_ 1 V - 1 & =___ £
and —le* A, —k1 K, and since Vv, o and V, - -
2 2
\Y; 2k k 2k 4k k
T=22 1 =2 L =—12 _=-1-R We also see th®®+T=1

Vl kl + k2 kl kl + k2 (kl + k2 )2

Note thatR andT are unchanged K, andk, are reverse® the same value d? andT will be
obtained if the particle is incident frox® 0 and travels in thex direction.

The wavefunction is partially transmitted and pditieeflected due simply to the discontinuity )
and not becauséincreases. This is just like waves on a string,remeflection occurs if a wave hits
a point where the density or tension on the sttimanges, or like light passing from medium 1 to
medium 2, whether to higher or lower

This is a property of all waves — in optics it isrsgiimes called theeciprocity property



To get a better feeling for this, let's look at hBvand T
behave as functions &V,

ForE<V, R=1,T=0 (aswe saw in the previous section)

and as=/V, increases] increases anR decreases
(as we would expect)

RewritingRin terms ofE andV, we have

2
1- 1-V,/E E
for—>1
1+,/1- V,/E V,

Question No real potential is a step function - when caeal potentiaV(x) be approximated by a step?

Answer If V(x) changes very gradualliR will be negligible since change of particle is gradual

- reflection arises from abrupt change/in

Specifically, if the fractional change in V(x) sry small when x changes by oh® R will be very small
For particles in atomic or nuclear systersan be very long relative to distance over whi€¢k) changes
- then the step approximation is valid.

R=1-T =

Example 6-3 A neutronn with E=5 MeV

(which is typical of a neutron generated by fisgion
enters a nucleus, where the bottom of the potengél
is at =50 MeV. EstimatR.

TakeV, = 50 MeV,E = 55 MeV

2 2
R= 1- J1- V,/E _ 1-41- 50/55 5 03

1+,1- V,/E 1++/1- 50/55




For x<O

_tdy,
" 2m dx?

Ey,(X)

V. (X) = A + Be

The Step potential: energy < step height

For x<O

= (v, By

¥ ,(X) = Ce“* + De ¥

N 2m(E- V
where K, _ V2mE k, = V2M(E - Vi) -
From the continuity of/(x) atx =0 From continuity ofdy/dxatx = O:
D=A+B ik,(A—B) =-k,D
A:R 1+|k_2 B :2 1- Ik_2
2 k 2 K,
iky X ik X
(%) = [(1+|k Ik e + (L- ik, 1k )e "]y
De ¥ X3 0

0



The Step potential: energy > step height

For x<0O For x<0O

2

d2y2 =-(E- Vo)y,(x)

2m dx? 2m dx?
yl(x) — Aeiklx + Be iky X J/z(X) — Ceik2X + De ikyX
= Y2mE A2ZME-V) g
2

From the continuity of/(x) atx =0 : From the continuity ofly(x)/dxatx = 0
A+B=C ik, (A-B)=ik,C == A-B=kjkC

Al + A—kl "k e Mo X£0

y(x)= 1+
2k1 ik, X
A e’ x30
k +k,




The Barrier potential

. . . Vo 0<x<a
What is a barrier potential ? | V(X) =
0 X<0, x>a

Classically what do we expect for particle travglin the « direction towards =0 ?
If E<V,, particle bounces back,B>V,, particle passes barrier, slow down in 8<a, speed ux>a

Quantum mechanically we find tunneling throughltiaerier where <V, with a probability which
(@) increases ds-V,increases and decreasesascreases.
(b) We will also find that inside the barrigfx) decays exponentially.

Solving Schrodinger’s equation fg1(x):

Looking first at the regions< 0 andx > a, what are the general solutions ?

A + Bg X< 0 V2mE
Y(X)=_ -k X where K =——
Ce™ +De ™ X>a

And since there is no particle movingxm a towardsx < a, what can we say abobDt? D=0

What info do we need before we can write down #eegal solution for the region Ox< a ?
WhetherE<V,orE>V, We’'ve already examined both cases — let’s start iV,
So what's the general solution in the regionX<a with E <V, ?

- koX + kX 2m = E . . ..
y(x)=Fe“+Ge™* where  k,= V2m(Ys - E) What are our continuity conditions ?




A+B=F+G
ik,(A - B) = k,(-F + G)

Ce“® = Fe' ' + Ge™*
ik,Ce"® =k {Ge™ - Fe "}
As expected, we have indeed 4 linear equationsarbtunknown#\, B, C, FandG.

To solve, first express andG in terms ofA andB, thenC in terms ofA andB, then finallyB in terms ofA

What doesr 'Y look like ?

* ka _ o ka ¥ - ) -1
ForT wefind T=Y"C= 14 (e © ) -1+ sinh”k,a
ViA*A  16(E/V)(1- ENV) 4(EIV)(L- EIV,)
: E E .
and Isza > 1then T »16— 1- V_ g 2k
0 0

T decreases exponentially with increasing barrietmad The last two results provide the
essence of barrier penetrationtwnneling phenomenahich are purely quantum mechanigal




Note that since k,a= is extremely large for classioal a,

a,2m{V, - Ei_\/zmaz\/o L E

2 Vo
andV,, the probability for tunneling of classical maaropic particles is vanishingly small

Now let’s go back and look at the case wHereV,in the region 0 x<a
J2M(E - V)
K, =

What's the general solution ? y (x) = Fe “* +Ge™*  where
-1
N alka _ o ikza 2 . 5 -1
So. TouC*C_ ( ) - 14 sin’k,a with  ka= 2ma22\/O E
V,A* A 16(E/V,)(E/V, - 1) 4(EIV,)(E IV, - 1) V,

Example 6-4.An e is incident on a rectangular barriéy= 10 eV and thickness= 1.8 101°m (= 1.8 A)
EvaluateT andR as functions of the enerdyof the incidene

omev, 2797 10%710° 1.6 10%°° (1.8" 10*)
0 5 » 9

2 10 68

Note that folE >V, T = 1 whenevek,a = np— a result of
destructive interference between reflectionsa and ak = a.
This is reminiscent of thRamsauer effecin whiche of certain
energies of a few eV pass through a nobel gas sslifdthe solid
wasn’t there T = 1), and of scattering afwith certain energies in
the MeV range from nuclei — this is ts&ze resonance.



Finally, we note that the time-independent Schrgelirequation is of the same form as that governing
classical wave motion: For EM waves of frequericgassing through a medium with an index of
refractionm )

wherey is either the electric fiel& or the magnetic fiel@®. Comparing to the time-independent

2 2
Schradinger equation Y™+ (E- V(X)) =0 we find /mX) :ﬁ\/—m[E' V(X)]

so the behavior of an optical system wilx) should be identical to that of a mechanical sysiath
V(X) related tor§x). One example is the coating of lenses to obtamy faigh light transmission

Another example is in the imaginamfx) encountered in total step
internal reflection, which shows how we detstrated total internal
reflectionwhen the layer of air wedged between the two saéids

very thin. Detailed treatment shows th#x) along ABC is real on

AB but imaginary on BC. There are EM waves in BQ, their

amplitude decreases exponentially with distance ait They are

alsostanding waveso their Poynting vectd® = 0, so the light is

totally reflected. But if we add another block ¢dgs, we find barrier
propagation of the wave through tH¥ glass, which is frustrated

total internal reflection. Frustrated total intdrreflection was first

observed by Newton ca 1700!

And you can even see this with water waves ...



Deeper






Examples of Barrier penetration by particles

e tunneling through a thin film of SIDAI,O,, or CuQ (e.g., from one wire to another).
Oxide layers are typically 20 — 30 A thick, so witlhéunneling we would constantly face problems
of connections becoming disconnected.

a emission froma-emitting nucleiHistorically, a's with E = 8.8 MeV emitted fron#12Po and
scattered from®®U showed tha¥/(r) = 2Z€%/(4pe,r) for distances 3 r” = 3" 1014 m, where

V(r") = 8.8 MeV. Butz3J alsoemitsa’s (4.2 MeV!). So classically emission should not occur.
In 1928 the problem was solved by Gamow, Condot,Gurney.

Recall that fole <V, & k,a>> 1 we obtained

T »16(E/V,)[A- E/V,)exp[- 2k,a] ~ eXp[ 2\/2m(\/0 - B)/ 2)a]

Gamow, Condon, and Gurney then approximated
the coulomb potential as a sequence of adjacent
rectangular barriers of heigW(r;) & width Dr;.

In the limitDr; ® O they found

T ~ exp- 2r" \/2m(VO - E)/ 2)dr

Now T is the probability that in one trial theewill penetrate the barrier. If the is moving at speed
inside the nucleus the number of attempts per skitonakes to penetrate the barrieNis v/(2r’) so
the a decay rate should be

R~ %exp- 2rr \/2m(\/0 - E)/ )dr



Usingv as the speed of theafter it escapes and~ 9 F = ~9 101> m, yields an agreement between
the calculated and observied

However,R varies tremendously among nuclei,
from 5 10 8 sec for 238U to 2 1P sec? for #1%Po.
This variation is due primarily to tHeof thea

The periodic inversion of thd atom inNH;

-the oscillations of the N atom between the twoiman
-occur atn= 2.3786 10'° Hz when the molecule is in

-the ground state, which is much lower than theatibns
-without barrier penetration. Due to its relativédy but
-fundamental value, this vibration was useddtmmic clocks

4mm | Atomic Clock!




Aside on the Ammonia (N@I atomic clock

How do we measure time ?
We count something — typically something with a dxgeriod (pendulum)

What do we typically call something with a fixedripe/frequency ? An oscillator

So, what are the main elements of any clock ?

(1) Oscillator
(2) Counting mechanism (accumulates the numbeyaés)
(3) Mechanism to display count

The stability of the oscillator is, of course, iwatl

1600’s 1700’s 1920’s 1940’s
: Water Pendulum Spring-driven Quartz Atomic
Sundial| — — — — —
clock clock watch clock clock
3-10 min 30 s/day 10 s/day 3 ns/yr

(non-cloudy)

Let’'s look in some detail at the Ammonia clock
(we’ll cover more modern atomic clocks when we dggcmasers next semester)



What does the potential look like ?

If we solve Schrodinger’s Egn, what do we expecandy ,
to look like ?

Assuming the molecule is in a superposition ofuts lowest energy states, what is the
time dependergolution ?

Y (% 1)= %wx) 65 4y (3 % ]

What does <x> look like oscillates



Y (% 1)= %wx) 6= 4y (3 % ]

What's the oscillation frequency ?

:Ez' E,
h

n

So, how to do this in practice ?
(hint: first appeared in the 1940'’s)

During WWII, the evolution of radar required thevdebpment of very sophisticated
microwave circuitry(i.e. the ability to control and measure microwavt\migh precisiol

Apply microwave beam near frequentyo Ammonia gas, tune

What happens whem=E, -E,/h ? Resonance

Apply Feedback circuit ta tuning to maintain resonance

Ammonia molecules are used asudtnasensitive regulator
of the frequency of the microwave frequency tramani

What well known device is this the basis for ?

MASER — Microwave Amplification through StimulatedriSsion of Radiation



Atomic clocks are so accurate that minute adjustsnenist be made
periodically to the length of the year to keep¢h&endar exactly synchronized
with the Earth's rotation, which has a tendencsiaav down. There have been
17 adjustments made since 1972 adding a total se20nds to the calendar. In
1997 the northern hemisphere's summer was longarubsual by one second.

An extra second was added to the world's timeextigely 23 hours, 59
minutes, and 60 seconds on 30 June 1997. The mdjnstvas called for by the

International Earth Rotation Service in Paris, \mmeonitors the difference
between Earth time and atomic time.



The Square Well potential

V, X< -al2 orx>al2
V(X) =
0 -al2 <x<al2

What do we expect classically ?

If E <V, then classically (i) the particle will be bound
to the well, ifE3 V, particle is free...

Many systems can be approximated with a square well
potential (i.e. many closely space ions in a line)

The general solution of Schrédinger’s equationdeghe well is

A 2mE

¥y (X) = Ad“* + Be ¥ where k, =

Alternatively, the two independent solutions cambsigten as
y(X) =B'coskx and y(x) =A’'sinkx so the general solution is
Y(X) = A'sink x + B'cosk X
Outside the well, foE < V,, we have ¥ (x) =Ce**+Def* X< -a/2

y(x)=Fe"*+Gegh*  X> a2

What can we immediately say abdauandF ? Both zero

k :\/Zm(\/o— E)




As usual, the relations between A’, B’, C, and & @etermined by the continuity gfand
dy/dxatx = xa/2

So, we now have 4 equations and ohlynknowns — this is a problem. Why ?

We need to leave one constant free for amplitudd éa we can satisfy the normalization condition)

To solve this, we treat the total energy as antemhdil constant that can be adjusted as necessary
(where we will find tha& can only take on certain values)

The general solution to the square-well potensi@uite complex and involves a transcendental
equation — see Appendix H

three bound eigenvalues three bound eigenfunctions

Note alternating parity!



Before moving onto the next section, it is instretto consider what happens as wegbecomes
very large

moderate height

infinite height



The Infinite Square Well potential

¥ X< -al2 orx>al2
V(x) =
0 -al2 <x< al2

For -a/2 <x < a/2 the general solution is still

v2mE
y(X) = Asinkx + Bcokx  where K = VemE
What are the boundary conditions ? y/(x) = 0 atx = +a/2 Asin(kal2) +Bcos(kal2) = 0

Asin(ka/2) + Bcoskal2) =0
adding, we find Btoska/2) =0

subtracting we find Asinka/2) =0
Since we require tha# or B be different from zero, we get two classes of sohs

Class OneA =0, coska/l2) = 0 Class T®e 0, sinka/l2) =0
¥ (X) = Bcoskx) y(X) = Asin(kx)
kal2 =pl2, 302, 502, ... kal2 =np
k,=ngla, nodd k,=npla, nevent 0.




2 2,2

e =P ke_p®in
" 2m 2m 2me?

considerk,: This is the lowest energy — the particle
cannot have zero energy — basically due to the tanngr
principle. Equivalently, there must be zero-poim¢gy
because there must be zero-point motion

Note alternating parity! (again) compare classical (dashed) with QM



The Simple Harmonic Oscillator potential

This case is so important because the local motion
about any stable equilibrium poixjcan be approximated
by simple harmonic motion. To show this, we shoat th
the potential energy can be approximated as thatSHO

V=Vt et T )

dx?

X=Xq X=Xg

Since the potential has a minimunmxgtthe E'derivative ofV(x) is zero ak, and we can choose
V(X,) = 0, so we get

look
familiar ?

1 dZV 2 1 2
V(X) ” S (X- %) :EC(X- )

X=%o

Quantum mechanically, Planck already predicted that
E.=nhn,n=0,1, 2,3, ..., but the solution to Schrédinger’s
equation yield&, = (n+%)hn,n=0,1, 2, 3, ...,

wheren= (C/m)Y3/(2p) is the classical frequency (see Appendix I)

Therefore E, = ¥An is the zero-point energy

Was Planck wrong ?Yes (although only the energy differences were irg)

However, in 1914 he published a speculation (baseentropy

considerations) that the zero point energy shoalshi? How to draw energy levels ?



What should the wavefuntions look like ?

1/4
With u= (C\r/n—) X

Once again we see that the number of nodes =

Note thaty;(X) contain two terms:

a polynomial responsible for the oscillationsyox);

a term exp[u?/2] responsible for the decay gf(x) in the
classically forbidden region.

Also note that the parity gf,(x) switches from even for
evennto odd for oddh.












