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Chapter 5: Outline
Schrödinger’s Theory of Quantum Mechanics
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Need for a differential wave equation

We have discussed experiments which clearly show the existence of the wave-particle 
duality for microscopic particles 

–® our classical equations (i.e. Newton’s laws) are not sufficient

Although we had specific procedures which applied to specific cases, there was no
general procedure

As we discussed before, waves are typically governed by a “wave equation”

1926: In an attempt to extend the de Broglie hypothesis, Erwin Schrödinger 
proposes such an equation

Schrödinger’s theory goes on to specify the connection between the behavior 
of the wavefunction and the behavior of the particles (recall Max Born).

And, of course, it reduces to Newtonian physics in the macroscopic limit, just as the theory 
of relativity reduces to Newtonian physics in the limit c ® ¥ . 

Recall that the de Broglie postulate said that the motion of a microscopic particle is governed
by a wave, but it didn’t tell us how the wave propagates

It does predict the wavelength, but only in cases where the wavelength is essentially constant



Much of what we will do for the rest of the semester will involve the Schrödinger eqn:

- In this chapter we will identify some of its essential points

- In chapter 6 we will use it to treat several important situations such as transmission 
and reflection of particle waves incident on various potential barriers, and 
tunneling (a purely quantum mechanical phenomenon)

- In chapters 7, 8, 9, 10 we will treat the structure and properties of atoms in detail

- Next semester: molecules, solids, nuclei, elementary particles

Let’s look at some of the problems with the application of the de Broglie postulate in hopes of 
getting some clues about what is needed to solve them (attempt to motivate the Schrödinger eqn)

Recall (Chap. 3) the wavefunction we guessed for a free particle was
(or a linear combination of such) – we assumed 
“constant linear momentum p” which implied “constant l ” . 

But what do we do when a force is acting on a particle? 
p will change with position and time!
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The problem is that l is not even well-defined if it changes very
rapidly. For example, the separation between adjacent maxima 
is not even equal to that between adjacent minima. 



The general solution to this problem is the Schrödinger equation, which isa partial linear 
differential equation whose solution is the wavefunctionY(x,t)

Does everyone know what a partial differential equationis ?
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Example 5-1: Evaluate the partial derivatives (w.r.t. x and t) up to second order for 
our free particle wavefunction: 
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Depending on the potential or boundary and initial conditions, solution may be obtained 
by “separation of variables”: 
If the solution can be written as the product of single-variable functions, then the 
partial differential equation separates into ordinary (i.e., single-variable) equations.

Plausibility argument leading to Schrödinger’s equation

We are now looking for the equation that is the quantum 
mechanical analog of Newton’s equation of motion 2
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While the wave equation for a stretched string can be derived from Newton’s law, and 
the EM wave equation can be derived from Maxwell’s equations, 
we can’t expect to derive the quantum mechanical wave equation from classical physics. 

We will get some direction from the de Broglie-Einstein relations

l = h/p and n = E/h

The text lists four assumptions which should be met by our equation:

(1) It must be consistent with the de Broglie-Einstein postulates: l = h/p and n = E/h
(2) It must be consistent with the equation

E = p2/2m +V

(3) It must be linear in Y (x,t), so that if Y 1(x,t) and Y 2(x,t) are solutions of the equation, 
then c1Y 1(x,t) + c2Y 2(x,t) is also a solution ® so we can add wavefunctions to produce 
constructive and destructive interferences (basic characteristic of all waves and demonstrated 
by the various experiments (i.e. Davisson-Germer) to be valid for particle waves as well.

(4) The solution of the equation for a free particle, where l = h/p and n = E/h, should be a linear 
combination of sinusoidal traveling wave functions. 

 In other words, the equation we seek must be consistent with these postulates, at least for 
 free particles. 
 Note: we are not deriving Schrödinger’s equation, only providing a plausibility 
 argument for it; that equation itself is a postulate

x



Let’s look at the consequences of these assumptions
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Now recall Example 5-1 [and assumption (4)]:

2nd derivative of the traveling sine wave w.r.t. the spatial variable x: factor of –k2

1st derivative                                            w.r.t. the timet:                     factor of –w
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where the constants a and b are still to be determined. 

Seems ok ? Let’s test it with a constant potential V(x,t) = V0 (free particle)

Suspect that Schrödinger’s equation must contain the 2nd spatial and 1st temporal derivatives 
of Y (x,t). However, V(x,t) must also appear, and since every term in the equation must 
contain Y(x,t) or its derivative (to be linear), the equation should have the form



Putting inY(x,t) = sin(kx– wt) we get

- asin(kx – wt)k2 + sin(kx – wt)V0 = - bwcos(kx – wt)

This suggests that we might try a combination of sine and cosine functions: 

Y(x,t) = cos(kx – wt) + gsin(kx – wt)

The partial derivatives of Y (x,t) are 

¶2Y(x,t)/¶x2 = -k2cos(kx – wt) - k2gsin(kx– wt)
and 

¶Y(x,t)/¶t = wsin(kx – wt) - wgcos(kx – wt)

Substituting these derivatives into our differential equation we get

-ak2cos(kx– wt) - ak2gsin(kx – wt) +V0cos(kx– wt) + V0gsin(kx – wt)  
= bwsin(kx – wt) - bwgcos(kx – wt), 

or [-ak2 + V0 + bwg]cos(kx – wt) + [-ak2g+ V0g - bw]sin(kx – wt) = 0

This only works if   -ak2 + V0 = -bwg and  -ak2 + V0 = bw/g

So -bwg = bw/g ® g= -1/g ® g= ±i see App. F

ok ?

ugh– since sine is not proportional to cosine, this only works for special values of x and t.



Substituting   g= ±i into   -ak2 + V0 = -bwg we get    -ak2 + V0 = ±ibw.

Comparing with                              we conclude that  and    b = ±i�w�
�
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Although there are two possible choices for the sign, we will see that the choice is of no 
consequence, so by convention we choose the + sign

putting these values of a and b into our differential equation we find:
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This equation satisfies all of the four assumptions above on quantum mechanical wave motion.

Schrödinger’s equation is nonrelativistic.In 1928 Dirac developed relativistic quantum mechanics. 
He utilized the same postulates as Schrödinger but replaced the classical expression for the energy with
the relation
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As required, in the low-velocity limit the Dirac equation reduces to Schrödinger’s equation.           
The treatment of Dirac’s equation is beyond our scope, but we will describe some interesting features 
of Dirac’s theory qualitatively. One feature, namely pair production, has already been described. 

We were led to this equation by treating the special case of the free particle. 
We postulateit to be true for any V(x,t). The validity of the postulate is, of course, determined by the 
agreement between its predictions and experiment. 



Example 5-2: Verify that Schrödinger’s equation is linear in Y (x,t), i.e., that if Y 1(x,t) and Y 2(x,t), are 
solutions of the equation, so is any linear combination c1Y 1(x,t) + c2Y 2(x,t), where c1 and c2 are any 
complex numbers. 

We will at times pull solutions of the equation for a specific V(x,t) out of the hat, without 
showing how they were derived, but once given, it will be straightforward (albeit tedious) 
to verify that they do solve the equation for that potential. 

Example 5-3: The wavefunction describing a particle of mass m acted on by a linear 
restoring force of force constant C in its lowest energy state as a SHO is 

where A is real. Verify that this wavefunction is a solution to Schrödinger’s equation for 
the harmonic potential V(x,t) = Cx2/2. 

��Y (x,t) = Ae- i / 2( ) C / mte
- Cm / 2�( )x2

Born’s Interpretation of Wave Functions

If we now go back to Schrödinger’s equation for a free particle, we see that the 
wavefunction is 

Y(x,t) = cos(kx – wt) + gsin(kx – wt) = cos(kx – wt) + isin(kx – wt)

It is complex. The reason is obvious: the wave equation is a linear relation between the 
first time and second spatial derivativesof the wavefunction. 
This itself results from the linear relation between the energy and the square of the linear 
momentum. 



The fact that the wavefunction is complex implies that its physical interpretation is different 
from that of functions describing classical waves. So what is the physical meaning of Y (x,t) ?

The postulate: If the location of the particle associated with Y(x,t) is measured at time t, 
then the probability that it will be found in [x, x + dx] is Y*(x,t)Y (x,t)dx. 

Note that Y*(x,t)Y (x,t) is real and nonnegative, 
which is a necessary (and almost, but not quite 
sufficient) condition for it to be a probability function.

Following Born’s postulate (1926), the basic connection betweenY(x,t) and its associated 
particle is expressed in terms of the probability density P(x,t), which is

P(x,t) = Y*(x,t)Y (x,t)

where Y*(x,t) is the complex conjugate of Y (x,t). 

Example 5-4: Prove that Y*(x,t)Y (x,t) ³ 0

Note the analogy – and the distinction – between 
the probability densityof the particle wavefunction and the intensityof an EM wave, 
which is proportional to e2(x,t), where e is the amplitude of the electric field. 



Example 5-5: Evaluate the probability density of the ground statewavefunction of the simple 
harmonic oscillator given in Example 5-3.

What’s so special about this result ?

P is independent of time, even though Y(x,t) is a function of t

Note also: QM predicts that the particle will most likely be found in an element dx around  the 
equilibrium point (x = 0). However, there are no well-defined limits beyond which P = 0.

wavefunction is time-independent  Û particle is in a well defined energy state,
(i.e., its energy is a conserved quantity) 

Later we’ll see that
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Example 5-6: Evaluate the classical probability density of  our simple harmonic oscillator.

The probability of finding it in an element of the x axis is proportional to the amount of time it spends 
in that element, and this is inversely proportional to its velocity when it passes through the element:

v
B

P
2

= B2 = some constant

So, we need to find v in terms of x – how can we do that ?
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Note minimum at x = 0 : expected since the speed is maximal at that 
point. It also diverges at the turning points                   where v ® 0CEx /2±=

In the ground state of the classical SHO:
particle has zero kinetic energy and zero potential energy – it’s at rest at the equilibrium point. 

quantum mechanical result is obviously a manifestation of the uncertainty principle

Consider the differences between the classical and quantum probabilities

quantum probability is that of the ground stateof the SHO: 
particle is most likely be at the equilibrium point, but has a finite probability of being elsewhere. 



Example 5-7: Normalize the wavefunction of the ground  state of the simple harmonic oscillator 
given in Example 5-3.

Y vsY *Y:  given a wavefunctionY, Schrödinger equation 
determines exactly how it evolves for a given potential

However, initial form of Y cannot be specified completely via 
measurements, thus Y *Y gives only the relative probabilities

Born quote:  “The motion of particles conforms to the laws of probability, but the
probability itself is propagated in accordance with the laws of causality”
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This is because by initial measurement we learn only Y *Y, but not Y itself ! 



Modern formulation of quantum mechanics:

1. Every well defined observable in physics (A) has an associated operator (Â). 
An experiment measuring this observable can yield only those values (a) that 
are the eigenvalues of the operator Â: 

Âf a(x)=a f a(x)

f a(x) - is eigenfunction of the operator Â
a - is an eigenvalue of the operator Â

Momentum operator: 
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Energy operator: 
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Position operator: ˆ X = x ˆ X f (x) = x f (x)
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Examples of operators:



2. A measurement of observable A that yields value a leaves the system in 
state f a(x). Each immediate, consecutive measurement of A will yield 
therefore value a.

3. The state of the system at any moment is represented by wavefunction
Y(x,t). This function and its first derivative are finite, single valued and 
continuous. This wavefunction containes ALLphysical information about 
the system. If the system is in state Y(x,t), then an averaged value obtained 
in measurement of observable A is:

ˆ A = Y * ( x,t) ˆ A � Y(x,t)dx

ˆ A Is expectation value of observable A



4. Time evolution of the wavefunction associated with the system is 
described by equation:
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Expanding the energy operator:
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What is this called?



Expectation Values

We will now see that the wavefunction contains all of the information on the particle 
or system. 
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Example 5-8: Find <x> of a particle in the lowest energy 
state of our simple harmonic oscillator.

��Y * ( x,t)Y(x,t) = e
- Cm/ �( )x2

even

��Y * ( x,t)xY(x,t) = xe
- Cm/ �( )x2

odd So, <x> = 0

The average of observed values of a quantity (e.g., x coordinate, momentum, energy,  etc.) 
is called theexpectation valueof that quantity. In the case of the x coordinate, it will be

Note that this also means that if we have a very large number of identical noninteracting
particles with that wavefunction, the fraction that will most probably be in [x, x + dx] at 
time t is P(x,t)dx. 

P(x,t)dx= Y*(x,t)Y (x,t)dx

Consider a particle with wavefunctionY(x,t). 
The probability of finding it in the segment [x, x + dx] is, by Born’s postulate … ?



What do we expect for <x> in these cases ?

symmetric, centered at x = 0

symmetric, centered at x = x1 > 0

asymmetric (skewed slightly to the left), 
centered at x = 0

asymmetric (skewed more to the left), 
centered at x = 0

<x> = 0

<x> = x1

<x> slightly to right of equilibrium

<x> more to right of equilibrium



More generally, the expectation value of any physical quantity f(x) associated with the particle is
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For example, the expectation value of the potential energy of our SHO in the ground state is 
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Other dynamical quantities of primary interest are the momentum p and energy E
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where p is some function of x (i.e. p(x) = [2m(E – Cx2/2)]1/2 as we expect classically), but such a 
function is not possible in QM – why not ?

Uncertainty principle So, what to do to be able to evaluate <p> ?

For a clue, recall our free particle wavefunctionY(x,t) = cos(kx– wt) + isin(kx– wt) = ei(kx– wt) and note
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We obtained these relations by considering the case of a free particle, so we should ask whether they 
are restricted to the free particle case ?

Consider the general case: EtxV
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This is anoperator equation,so for any wavefunctionY(x,t) we have
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look familiar ?
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Now, going back to our attempt to determine <p> (which is what got us started on this) we find
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for <E>:



It should be clear that if we substitute the other side of our Schrödinger equation into our expression 
for <E>, we find
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This is an example of the general property that if f(x,p,t) is any dynamical quantity, then its expectation 
value is given by
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We’ve just seen that the wave function contains more info than just the probability density Y *Y
(i.e. <x>, <V>, <p>, <E>, and any dynamical quantity <f(x,p,t)>)

Key point: The wavefunction contains all the information that the uncertainty principle will allow 
us to learn about about the associated particle

Example 5-9: Consider a 1-d free particle confined to |x| < a/2, i.e., confined to the region 
[-a/2, +a/2]. We will see later that the ground-state wf of the particle is 
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where A is a normalization constant and E is its energy. Show that this Y (x,t) satisfies Schrödinger’s 
equation and find the lowest energy E. 



Since the particle is free within the box |x| < a/2, V(x,t) = const which we can choose = 0. 
Hence Schrödinger’s equation is
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putting in our expression for Y (x,t) we find
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Example 5-10: Evaluate the expectation values (a) <x>, (b) <p>, (c) <x2>, and (d) <p2> of the 
particle-in-a-box described in the previous example, when it’s in its ground state. 

(a) As for the ground state of the SHO, we note that Y (x,t) = Acos(px/a)exp(-iEt/h) is an even function 
of x, and so is Y*(x,t)Y (x,t) = A2cos2(px/a). Therefore, Y*(x,t)xY (x,t) = A2xcos2(px/a) is an odd function 
of x, so as expected 
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Since the integrand is proportional to cos(px/a)sin(px/a), it 
is also an odd function of x, so as expected again, <p> = 0. 

dxaxxAdxaxxAdxtxxtxx
aa

a
���

++

-

+¥

¥-

==YY>=<
2/

0

222
2/

2/

22222 )/(cos2)/(cos),(),(* pp(c)

��
�

�
��
�

�
->=<��

�

�
�
�

�
�
�

�
�
�

�
�
�

�
�
�

�= �
+

1
64

      )/(cos2
2

2

3
22

2/

0

2
23

2 p
p

p
p

p
p

a
Ax

a
x

dax
a
xa

A
a using

tables



( ) ( )axdaxaAdxaxAdxtxtx
a

a

/)/(cos/2)/(cos),(),(*1
2/

0

22
2/

2/

22 pppp
p

���
++

-

+¥

¥-

==YY=

( ) ( )
a

A
aAa

AdaAdaA
2

      
2

0
4

2
2

2cos1
/2cos/2

2
2

2/

0

2
2/

0

22 =�=	


�
�


� +�
�

�
�
�

�=
+

== ��
p

p
q

q
pqqp

pp

Before continuing, we need to evaluate our normalization constant A
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Therefore, 

xrms is a measure of the fluctuation of x about <x> = 0. Generally, (<x2> - <x>2)1/2 is a measure of the 
fluctuation when <x> ¹ 0. 

Similarly for <p>, <p2>, and (<p2> - <p>2)1/2
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If we define <x2>1/2 = Dx and <p2>1/2 = Dp, we see that 
DxDp = <x2>1/2<p2>1/2 = 0.18a´ (p� /a) = 0.57� ³ � /2! 

)2/(2 ahp =><� …which is precisely the de Broglie value of p = h/l = h/(2a)!



Can we “see” the modulus of the wavefunctionY*(x,t)Y (x,t)? 

http://www.physics.leidenuniv.nl

Yes, well sort of … - example Scanning Tunneling Microscopy
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When we deposit additional atoms on a clean surface, electrons will reflect from them, 
and the wavefunctions will interfere with each other creating standing waves of electron 
densities.

www.specs.de
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Time-Independent Schrödinger Equation
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A common techniques for solving partial differential equations is separation of variables: 
searching for solutions which are products of functions, each of which is a single variable function. 
Let’s try this with Schrödinger’s equation: 

Recall Schrödinger’s equation:
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Dividing throughout by y (x)j (t) we get:

tt
i

GxxV
xmx ¶

¶
==	




�
�



�
+

¶
¶

-
j

j
y

y
y )(

)()(
2)(

1
2

22 ��

where G is the called the separation constant.First consider the equation for j (t): j
j
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We’ve seen this before and know its solution to be tGiet )/()( �-=j

Substituting this solution into the equation we get

We will find that this is the form of the solution to Schrödinger’s equation if the potential energy 
function does notdepend explicitly on t. 

We express the wavefunction as a product of two functions, one of x only, the other of t only: 

 Y (x,t) = y (x)j (t)
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This is an oscillatory function with n = G/h. But n = E/h, so G = E.
So, Schrödinger’s equation for y (x) becomes:

This is the time-independent Schrödinger equation. The functions y (x) which satisfy this equation 
are eigenfunctions of the equation.

The full wavefunction can now be written as tEiextx )/()(),( �-=Y y

Required properties of Eigenfunctions

Both y (x) and dy /dx must obviously satisfy the following conditions: 

In the following analyses we shall often see that these conditions lead us to the unique solution 
for y (x) for given initial and/or boundary conditions. 

They must be single-valuedThey must be finite They must be continuous



Energy Quantization in the Schrödinger Theory

We shall now try to gain some intuitive understanding of the solutions of the Schrödinger  equation 
by examining plots of V(x), Y (x), etc.. First, recall that 

��

d2y
dx2 =

2m
� 2 V(x) - E[ ]y (x)

The properties of y (x) depend on those of V(x) since 
classically F = - dV/dx.

This potential energy V(x) is typical for an atom 
bound to a similar atom in a diatomic molecule 
(e.g., H2, N2, O2, etc.). At the minimum in V(x), F = 0. 
For closer x, the atom will experience the “hard core”
repulsion from the other atom. For farther x, the atom 
will experience attraction to the other atom. 
When the molecule dissociates, V(x) = V0, F = 0. 

Now consider an atom with a total energy E. 
Classically, x’ and x” are the turning points so 
x’ £ x £ x”. Recall that d2y /dx2 tells us how the 
slopeof y is changing. Hence, if d2y /dx2 > 0 and 
y > 0, the slope is increasing and y is concave 
upwards, and vice versa. 



Now divide the x axis into three regions:

In region I(x < x’) V(x) – E > 0 so:
If y > 0, d2y /dx2 > 0 and y is concave 
upwards; if y < 0, d2y /dx2 < 0 and y is concave 
downwards. In both cases, y is convex toward 
the x axis 
In region IIthe behavior of y is opposite, and 
it is concave toward the x axis.
In region III it’s behavior is the same as in region I. 

dy /dx is increasing (becoming more positive),
therefore,d2y /dx2 > 0

dy /dx is decreasing (becoming more negative),
therefore,d2y /dx2 < 0



Assume that y > 0 and dy /dx < 0 at some x’ < x0 < x”. 
Then d2y /dx2 < 0 and y is concave downwards. 
If y is still > 0 at x = x”, it will start curving upwards at 
x > x” and grow without a bound, diverging as x ® ¥ (#1)
unacceptable

If y becomes negative at some x > x”, it will start
curving downwards and diverge to -¥ as x ® ¥ (#2)
also unacceptable

if y and dy /dxhave special values atx0 so thaty curves
upwards atx > x” but at a slower and slower rate, so
y® 0 as x ® ¥ , to yield an acceptable solution (#3) 

Let’s see if we can put some of these together into a solution:

In general, we will also have similar problems at x < x’. 
We will see that there are only special values ofE for which y ® 0 as x ® ±¥ , 0. 

This results in energy quantization “automatically,” so we find a set of eigenfunctionsy 1, y 2, y 3, …, 
with energyeigenvalues E1, E2, E3, …



y 1, y 2, and y 3 for the lowest energies E1, E2, and E3. 
y 1 behaves as #3 for large x, and also ® 0 for small x.
y 2(x0) = y 1(x0) but the magnitude of its second derivative 
|d2y /dx2| is larger, so it crosses the x axis at some point
x’ < x < x0. Then the sign of d2y /dx2 changes, and it turns 
from concave downwards to concave upwards. 
At x = x’ it reverses again, turning concave downwards 
and it approaches the x axis. 

The basic observation that should be noted here is that
122
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When the energy of the atom is E > Vl the situation changes: 
Classically, the atom is unbound; for all x > x’, V(x) - E < 0 
so y will be concave towards the x axis for all x
® it will oscillate! 

Similarly, E3 > E1. Note that E3 – E2 and E2 - E1 are finite, 
so the energy levels are discrete
Will be true as long as there are x’ and x” such that 
V(x) > E for x < x’ or x > x”

And since we can always cause y ® 0 asx ® ¥ by an appropriate choice of an initial value of dy /dx, 
we will find an eigenfunction for any value of E. Thus the set of allowed eigenvalues forms a continuum. 



Important point: when the relation between E and V(x) is such that classically the particle is bound, 
then Schrödinger’s equation leads to quantized energies. If classically the particle is not bound, the set 
of eigenvalues forms a continuum. 

Recall the assumptions which led us to the Schrödinger’s equation

Important question: Where did the energy quantization come from ?








