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Need for a differential wave equation

We have discussed experiments which clearly shevexistence of the wave-particle
duality for microscopic particles

—® our classical equations (i.e. Newton’s laws) aresadficient

Although we had specific procedures which appleedgdecific cases, there was no
general procedure

Recall that the de Broglie postulate said thantleéon of a microscopic particle is governed
by a wave, but it didn’t tell us how the wave proates

It does predict the wavelength, but only in caskene the wavelength is essentially constant

As we discussed before, waves are typically govkhyea “wave equation”

1926: In an attempt to extend the de Broglie hygsig) Erwin Schrodinge
proposes such an equation

-

Schrédinger’s theory goes on to specify the conoedietween the behaviagr
of the wavefunction and the behavior of the parsi¢kecall Max Born).

__________________________________________________________________________________________________________________________________

. And, of course, it reduces to Newtonian physictheéxmacroscopic limit, just as the theory
. of relativity reduces to Newtonian physics in timeilt c ® ¥ .



Much of what we will do for the rest of the semestél involve the Schrédinger egn:
- In this chapter we will identify some of its esBahpoints

- In chapter 6 we will use it to treat several intpat situations such as transmission
and reflection of particle waves incident on vasi@otential barriers, and
tunneling (a purely quantum mechanical phenomenon)

- In chapters 7, 8, 9, 10 we will treat the struetand properties of atoms in detail

- Next semester: molecules, solids, nuclei, elenmgmarticles

Let’s look at some of the problems with the appilaaof the de Broglie postulate in hopes of
getting some clues about what is needed to sobsa (ittempt to motivate the Schrédinger eqn)

: : : X
Recall (Chap. 3) the wavefunction we guessed foea particle was Y (X,t) =sin2p —- rt
(or a linear combination of such) —we assumed /
“constant linear momentupi’ which implied “constant'” . ¥(5,t)

Fixed ¢

But what do we do when a force is acting on a plafi
p will change with position and time! /\ /\ /\ /\
The problem is that is not even well-defined if it changes very,

rapidly. For example, the separation between adfaoaxima
IS not even equal to that between adjacent minima.




The general solution to this problem is the Schwger equation, which ia partial linear
differential equatiorwhose solution is the wavefunctidi(x,t)

Does everyone know whatpartial differential equations ?
TY (x,1) TY (x,1) 1Y (x1) 1Y (x1)
X it x* Mt

eqn. containing terms of the form

Example 5-1 Evaluate the partial derivatives (w.xtandt) up to second order for

our free particle wavefunction; _ X _
Y (x,t) =sin2p 7 . =sinkx- ut)

by “separation of variables™:
If the solution can be written as the product ofgée-variable functions, then the

Depending on the potential or boundary and indgalditions, solution may be obtaine

L

partial differential equation separates into ordimgdi.e., single-variable) equations.

Plausibility argument leading to Schroédinger’'s dom

We are now looking for the equation that is therjuian
mechanical analog of Newton’s equation of motion dt dt?

E
e, TE, L TE, _ s

~ I
or of Maxwell's equation =— (N-E=—)
. x Ty Tz e &




While the wave equation for a stretched stringlmawlerived from Newton’s law, and
the EM wave equation can be derived from Maxweltisiations,
we can’t expect to derive the quantum mechanicakvemuation from classical physics.

We will get some direction from the de Broglie-E#ia relations

/ =h/pandn=FE/h

In other words, the equation we seek must be demdiw/ith these postulates, at least for
free particles.

Note: we are not deriving Schrddinger’'s equatiomlygroviding a plausibility
argument for it; that equation itself is a post@at

The text lists four assumptions which should be Inyebur equation:

(1) It must be consistent with the de Broglie-Eimsfostulates/ = h/p andn=E/h
(2) It must be consistent with the equation

E=p%2m+V

(3) It must be linear ity (x,1), so that ifY ;(x,t) andY ,(x,t) are solutions of the equation,
thenc,Y ,(x,t) +c,Y ,(x,1) is also a solutio® so we can add wavefunctions to produce
constructive and destructive interferences (bdsacacteristic of all waves and demonstrated
by the various experiments (i.e. Davisson-Gernebet valid for particle waves as well.

(4) The solution of the equation for a free paetielhere/ = h/p andn= E/h, should be a linear
combination of sinusoidal traveling wave functions.




Let’s look at the consequences of these assumptions
2 2

putting (1) into 2) E = P +V (X,1) >+V(x,t)=hn
2m /
21,2
introducek = 2p/l and w=2pn +V(x,t)= w
2m
Now recall Example 5-1 [and assumption (4)]: note factor&? and w

2nd derivative of the traveling sine wave w.r.t. thatsgl variablex: factor of k2
1stderivative w.r.t. the timd: factor of i+

Suspect that Schrodinger’s equation must contair®thspatial and $temporal derivatives
of Y (x,t). However V(x,t) must also appear, and since every term in thatesgumust
containY (x,t) or its derivative (to be linear), the equatioowwd have the form

a —ﬂZY (;(’t) +V(x,1)Y (xt)=b v (x)
X qt

where the constantsand b are still to be determined.

Seems ok ? Let’s test it with a constant poteM{al) =V, (free particle)



Putting inY (x,t) = sinkx— ut) we get
- asin(kx— mt)k? + sinkx— mt)V, = - bucoskx— ut) ok ?

ugh- since sine is not proportional to cosine, thisyambrks for special values afandt.

This suggests that we might try a combination & find cosine functions:
Y (X,t) = coskx— mt) + gsin(kx— mt)

The partial derivatives of (x,t) are

12Y (X,0)/9x2 = -k2coskx — mut) - k2gsin(kx— mt)
and
MY (x,0)/9t = usin(kx— mt) - wgoskx— m)

Substituting these derivatives into our differeiniquation we get

-ak’coskx— ut) - ak?gsin(kx— ut) +V,coskx— ut) + V, gsin(kx — ut)
= busin(kx— ut) - buwgoskx— m),

or [-ak? + V, + bwdcoskx— mt) + [-ak?g+ V,g- bujsin(kx— ut) = 0

This only works if | ak?+V,=-bug| and ak®+V,= bulg

So -bwg = bwlg ® g=-1g ® g=ti see App. H




Substituting g=+i into -ak?+V,=-buwg we get ak?+\V,=Hbw.

21,2 2

+V,= w wechmethatga=-— | and 6= +i
2m 2m

Comparing with

Although there are two possible choices for tha,sige will see that the choice is of no
consequence, so by convention we choose the + sign

putting these values af andb into our differential equation we find:

2 TY () Y (x,©) Schrodinger’s
2m X HVY (otE | Mt equation

This equation satisfies all of the four assumptiabsve on quantum mechanical wave motion.

We were led to this equation by treating the sp&aise of the free particle.
We postulateit to be true for any/(x,t). The validity of the postulate is, of course,edatined by the
agreement between its predictions and experiment.

Schrodinger’s equation is nonrelativistio. 1928 Dirac developed relativistic qguantum meat&n
He utilized the same postulates as Schrddingerelmlﬂced the classical expression for the energly wi
the relation

E= \/c p? + moc B

As required, in the low-velocity limit the Dirac eation reduces to Schrodinger’s equation.

The treatment of Dirac’s equation is beyond oupscdut we will describe some interesting features
of Dirac’s theory qualitatively. One feature, naynpair production, has already been described.



Example 5-2 Verify that Schrodinger’s equation is linear¥ifx,t), i.e., that ifY ,(x,t) andY ,(x,1), are
solutions of the equation, so is any linear comamec, Y ,(X,t) + ¢,Y ,(X,1), wherec, andc, are any
complex numbers.

We will at times pull solutions of the equation BospecificV(x,t) out of the hat, without
showing how they were derived, but once given,ilitlve straightforward (albeit tedious)
to verify that they do solve the equation for thatential.

Example 5-3 The wavefunction describing a particle of masacted on by a linear
restoring force of force consta@tin its lowest energy state as a SHO is

Y (x,t) = Ae (12Tt (omi2 e

whereA is real. Verify that this wavefunction is a solutitmnSchrddinger’s equation for
the harmonic potential(x,f) = Cx?/2.

Born’'s Interpretation of Wave Functions

If we now go back to Schrédinger’s equation foreefparticle, we see that the
wavefunction is
Y (X,t) = coskx— mut) + gsin(kx— ut) = coskx— mt) +isin(kx— mt)

It is complex. The reason is obvious: the wave &#gnas a linear relation between the
first time and second spatial derivativafsthe wavefunction.

This itself results from the linear relation betwebke energy and the square of the linear
momentum.



The fact that the wavefunction is complex implieattits physical interpretation is different
from that of functions describing classical waves.what is the physical meaning\ofx,t) ?

Following Born’s postulate (1926), the basic conimecbetweerY (x,t) and its associated

particle is expressed in terms of the probabilepnsity P(x,t), which is

P(x,1) = Y *(x, )Y (x,1)

whereY *(x,t) is the complex conjugate ¥f(x,1).

The postulate: If the location of the particle asated withY (x,t) is measured at time t,
then the probability that it will be found in [x,#dx] isY *(x,t) Y (x,t)dx.

Note thatY *(x,t) Y (x,t) is real and nonnegative,
which is a necessary (and almost, but not quite
sufficient) condition for it to be a probabilityriation.

Example 5-4 Prove thaty *(x,})Y (x,f) 2 O

Note the analogy — and the distinction — between

]

|

\ A
\/

\J

the probability densitpf the particle wavefunction and the intengifyan EM wave,
which is proportional t@*(x,t), whereeis the amplitude of the electric field.




Example 5-5 Evaluate the probability density of theound statewavefunction of the simple
harmonic oscillator given in Example 5-3.

Y(X, t): AG (/Cm/2 )R -e(i/z)(m”

VY = A e—(Jﬁnlz ) ¥ é(i/Z)(\/C/ m)t-e(ﬁm(z ) %-e( 2y @ m

P(x)

P(x)

: . -V@Ee ° e
What's so special about this result ?

P is independent of time, even thougkx,t) is a function ot

Later we'll see that

wavefunction is time-independefit particle is in a well defined energy state,
(i.e., its energy is a conserved gquantity)

Note also: QM predicts that the particle will mbkely be found in an elemenlxaround the
equilibrium point k = 0). However, there are no well-defined limits beg whichP = 0.




Example 5-6 Evaluate the classical probability density of sunple harmonic oscillator.

The probability of finding it in an element of tkexis is proportional to the amount of time it spend
in that element, and this is inversely proportiadwals velocity when it passes through the element

BZ
P=—
V
So, we need to findin terms ofx — how can we do that ?
2
EoK 4y =MV, CC
2 2
2 2
V=\/21/E- Cx P(x) = B
m 2 \/? Cx?
= E-
m 2

Note minimum ak = O : expected since the speed is maximal at that

B2 = some constant

P(::?

P(x)

point. It also diverges at the turning poirts+/2e/C where ® 0

Consider the differences between the classicabaadtum probabilities

- +2EjC 0 ~2E/C

guantum probability is that @fhe ground statef the SHO:

particle is most likely be at the equilibrium pgibtit has a finite probability of being elsewhere.

In the ground state of the classical SHO:

particle has zero kinetic energy and zero potertigkgy — it's at rest at the equilibrium point.

guantum mechanical result is obviously a manifestain of the uncertainty principle



Y vsY'Y: given a wavefunctiol, Schrodinger equation
determines exactly how it evolves for a given pbo&tn

However, initial form ofY cannot be specified completely via
measurements, thi¥s'Y gives only the relative probabilities

This is because by initial measurement we leam oiYt, but noty itself !

Born quote: “The motion of particles conformshe taws of probability, but the
probability itself is propagated in accordance it laws of causality

Example 5-7Z Normalize the wavefunction of the ground statehef$imple harmonic oscillator
given in Example 5-3.

+¥ +¥ +¥
-(Wem/ W3
Pdx= Y*Ydx=A? & Fax=1
¥ ¥ ¥ Y'Y
¥ y IS even
Az g0 gy =opz g 0o gy =q
v 0
+¥Y ) f 1/8
From tables of integrals, e (ems ) dx = le A= (Cm)l/4
or Mathematica, or Maple, 0 Z(Cm) (,0 )

Cm)" ez ) @awerm
Y (x,t) =2 g (7ave/m

So, (,U )1/4 €



Modern formulation of quantum mechanics:

1. Every well defined observable in physigg pas an associated operataj.(

An experiment measuring this observable can yialg those valuesd) that
are the eigenvalues of the operator

Af (x)=af |(x)

f (x) - is eigenfunction of the operatér
a - is an eigenvalue of the operafor

Examples of operators:
Position operator: X = X X F(X) = x £(X)

Momentum operator: p, =-1i

%” D, F(x) = -1 %”f(x)

Energy operator:H = - %% +V(X) H7(X) =- %% f(X) +V(X)7(x)



2. A measurement of observaldlgéhat yields value leaves the system in
statef (x). Each immediate, consecutive measuremeAt\wfll yield
therefore valua.

3. The state of the system at any moment is represdy wavefunction

Y (x,t). This function and its first derivative aiaife, single valued and
continuous. This wavefunction containes Aphysical information about
the system. If the system is in staté,t), then an averaged value obtained
In measurement of observable A is:

<A> = Y*(xDAY (xt)dx

<A> Is expectation value of observalle



4. Time evolution of the wavefunction associatedwiiie system is
described by equation:

i%van:ﬁvun

Expanding the energy operator:

7 _ 2 F
| ﬂtY(X’t)_ 2 x

Y (X,t)+V(X)Y (X,1)

What is this called?



Expectation Values

We will now see that the wavefunction contains &lihe information on the particle
or system.

Consider a particle with wavefunctidf(x,t).
The probability of finding it in the segmem, x + d¥ is, by Born’s postulate ... ?

P(x,0)dx=Y *(x,1)Y (x,t)dx

Note that this also means that if we have a vagelaumber of identical noninteracting
particles with that wavefunction, the fraction tiaall most probably be inX, x + d¥ at
timetis P(x,)dx

The average of observed values of a quantity (eapordinate, momentum, energy, etc.)
Is called theexpectation valuef that quantity. In the case of theoordinate, it will be

< X>= _+: P(x,t)xdx= jY * (X, )XY (x,t)dx

Example 5-8 Find <x> of a particle in the lowest energy
state of our simple harmonic oscillator.

(e )

Y *(x)Y(xt)=e even

Y *(x,1)XY (x,t) = xe em } - odd So,<x>= 0



What do we expect forx> in these cases ?

symmetric, centered at=0

<=0

symmetric, centered at=x, > 0

<X> = Xl

asymmetriqskewed slightly to the lefy)
centered ax =0

<x> slightly to right of equilibrium
asymmetriqskewed more to the left)

centered at=0

<x> more to right of equilibrium



More generally, the expectation value of any phaisguantityf(x) associated with the particle is

< f(x)>= +¥Y *(x,t) (XY (x,t)dx

-¥

For example, the expectation value of the poterti@rgy of our SHO in the ground state is

<V(t) >= jY *(x,t)V(x,t)Y(x,t)dx:% j sz (emr b gy
Other dynamical quantities of primary interest i@ momentunp and energy
Forp, naively we would write < p >= _+:Y *(x,1) pY (x,t)dx
wherep is some function of (i.e. p(x) = [2m(E — Cx¥/2)]*2 as we expect classically), but such a
function is not possible in QM — why not ?

Uncertainty principle So, what to do to be able to evaluapz> ?

For a clue, recall our free particle wavefunctigifx,t) = coskx— ut) + isinkx— ut) = ékx-u and note

%:ikY AV AV

This is typically written as pLY (x,t)] =-i %[Y (x,1)]

® | there is an association between the linear momeptana the differential operator | 1

X




Y ) ) . E
Similarly, for the Energy we have.lI”—t =-iwY =-120nY =-1—Y

which is typically written as E[Y (x,t)] =i %[Y(X,t)]

® |there is an association between the En&rgnd the differential operator %

We obtained these relations by considering the chadree particle, so we should ask whether they

are restricted to the free particle case ?
2

Consider the general case: ZL +V(xt)=E and let’s insert our operators foandE
m
2 2 q2

NN +V (X,1) =i Al ) -—ﬂ—2+V(x,t):i Al

2m X 1t 2m 91X it
This is anoperator equationso for any wavefunctiolr (x,t) we have

2 2
R Z +V(X1)Y =i LS look familiar ?
2m qx it

Now, going back to our attempt to determi#pe> (which is what got us started on this) we find

< p>= Yy (X,1) Po, Y (X, 1)dX = -1 Yy (x,t)lY (x,t)dx
-¥ -¥ ﬂx

and similarly Ty R q
for <E>: <E>= " Y * (X )E,Y (X t)dx =i " Y * (x,t)ﬁY (x,t)dx



It should be clear that if we substitute the oside of our Schrodinger equation into our exprassio
for <E>, we find 2 g2

<E>= _+:Y*(x,t) -

me +V (x,1) Y (x,t)dx

This is an example of the general property thfkip,) is any dynamical quantity, then its expectation

value is given by +¥ .
<f>= Y (X)), (x-1 —, )Y (xt)dx
- ¥ ﬂX
We've just seen that the wave function containsemiofo than just the probability densi¥y'Y
(i.e.<x>, <V>, <p>, <E>, and any dynamical quantigf(x,p,t)>)

Key point The wavefunction contains all the information ttie uncertainty principle will allow
us to learn about about the associated particle

Example 5-9 Consider a 1-d free particle confinedxpqa/2, i.e., confined to the region
[-a/2, +a/2]. We will see later that the ground-state wflot particle is

PX\ it
Acos(g)e for x| <a/2

Y (x,t) =

0 otherwise

whereA is a normalization constant akds its energy. Show that th¥(x,t) satisfies Schrodinger’s
equation and find the lowest eneigy



Since the particle is free within the bak<{ a/2, V(x,t) = const which we can choose = 0.
Hence Schrodinger’s equation is

I A |
2m qx° qt
putting in our expression fof (x,t) we find
2 2 2 2 2 2
-5 111;:+/29 éYzi -iEY /29 éY:EY 2 2
m " " which is indeed satisfied if E = g :
Mme

Example 5-10 Evaluate the expectation values (a»<(b) 9>, (c) <x*>, and (d) $%> of the
particle-in-a-box described in the previous examyleen it's in its ground state

(a) As for the ground state of the SHO, we noté Yn(@&,t) = Acos(px/a)exp(4Et/h) is an even function
of x, and so iy *(x,1)Y (x,t) = A2co(ox/a). ThereforeY *(x, )XY (x,t) = A%xco(px/a) is an odd function
of X, so as expected +a/2

<x>= A?> xcos’(px/a)dx=0

-al2

+a/2

_ l Since the integrand is proportional to gog4)sin(ox/a), it
<p>=-i Y *(x,1)—Y (x,t)dx _ _ ) !
(b) <P s (% X (x.) is also an odd function of so as expected again><= 0.
+¥ +al/2 +a/2
(€) <X°>= Y *(xt)xY (x,t)dx=A? x*cos’(px/a)dx=2A> x*cos (px/a)dx
-¥ -al2 0
3+a/2 2 3 2 using
=2a2 2 PX cos?(px/a)d X < x2>= A? 2 > P_. tables
p , a a 40 6



Before continuing, we need to evaluate our normaéittm constanf

+¥ +a/2 +p 12
1= Y *(x1)Y (xt)dx= A> cos(ox/a)dx=2A%(a/p) cos(ox/a)d(ox/a)
-¥ -al2 0
P2 721+ cos2q a p A’a 2
=2A%(a/ >gdg = 2A%*(a/ ————Tdg=2A* — £ +0 = A= |=
(ap)ocosaq ( p)o S dq 2 > :
Therefore,

3 2 3 2 2 2
cxts=p B P 22 Py o @ P ,003%2 x,,=v<x’>=018
4p° 6 adp 6 20° 6

XIS @ measure of the fluctuationofbout > = 0. Generally, (&> - <x>2)12is a measure of the
fluctuation when x> 1 0.

Similarly for <p>, <p2>, and (92> - <p>2)1/2

+¥ 2 +¥ 2 2 +¥ 2
@ <p?>= Y*(i PA = 2 v+ gy 2Py uyax= £
-¥ ﬂx - ¥ ﬂx a Y a

J< p°>=h/(2a) ...which is precisely the de Broglie valuef h// = h/(2a)!

If we define «?>12= Dx and 92>2= Dp, we see that
DxDp = <x2>12%<p2>12=0,1&" (p /a) = 0.57 3 /2!



Can we “see” the modulus of the wavefuncthot(x,0)Y (x,t)?

Yes, well sort of ... - example Scanning Tunneling Msaopy

http://www.physics.leidenuniv.nl



When we deposit additional atoms on a clean surtdeetrons will reflect from them,
and the wavefunctions will interfere with each otbexating standing waves of electron
densities.

Www.specs.de



Www.specs.de



Time-Independent Schrodinger Equation

Recall Schrodinger’s equation - _zﬂ_zy(x,t) +V (X, 1Y (x,t) =i 1Y(x,t)
2m x° It

A common techniques for solving partial differehggquations is separation of variables:
searching for solutions which are products of fiomg, each of which is a single variable function.
Let’s try this with Schrddinger’s equation:

We express the wavefunction as a product of twotfans, one ok only, the other of only:

Y (X0 =y )/ (1)

We will find that this ighe form of the solution to Schrédinger’s equatiorié ppotential energy
functiondoes notdepend explicitly on.

Substituting this solution into the equation we get

‘IU/ ‘[V
=i y(x
2m y)gr
Dividing throughout by (x)/ (t) we get:
1 ‘T i
Y +V(y (0 =G=— L
y(x) 2m J () Tt
. . . . . , 7“7/ _ IG.
whereG is the calledhe separation constarftirst consider the equation fp(t): 0 -—)

We've seen this before and know its solution to be(t) =e "¢/



This is an oscillatory function with= G/h. But 7= E/h, soG = E.
So, Schrddinger’s equation f@x) becomes: 2

Ty _
om0 V(XY (x) =Ey(X)

This is the time-independent Schrddinger equafitwe. functionsy (x) which satisfy this equation
are eigenfunctions of the equation.

The full wavefunction can now be written dsY (X,t) =y (x)e '(¢" !

Required properties of Eigenfunctions

Both y(x) anddy/dx must obviously satisfy the following conditions:

They must be finite They must be single-valued They must be continuous

In the following analyses we shall often see thase conditions lead us to the unique solution
for y(x) for given initial and/or boundary conditions.



Energy Quantization in the Schrédinger Theory

We shall now try to gain some intuitive understagdof the solutions of the Schrodinger equation
by examining plots o¥/(x), Y (x), etc.. First, recall that

dY ~2Mr -
—7 =2 V- El ()

The properties of/(x) depend on those (X) since
classicallyF = - dV/dx.

This potential energy V(x) is typical for an atom
bound to a similar atom in a diatomic molecule
(e.g., H, N,, O,, etc.). At the minimum iV(x), F = 0.
For closelx, the atom will experience the “hard core
repulsion from the other atom. For fartlxethe atom
will experience attraction to the other atom.

When the molecule dissociaté4x) =V, F = 0.

Now consider an atom with a total enekgy
Classically X and x” are the turning points so
X' £ x £ X". Recall thatd?y/dx? tells us how the
slopeof y is changing Hence, ifd?y/dx2 > 0 and
y > 0, the slope is increasing apds concave
upwards, and vice versa.




dy/dxis increasing (becoming more positive), dy/dxis decreasing (becoming more negative),
therefored?y/dx2 > 0 therefored?y/dx2 < 0

Now divide thex axis into three regions:

In region I(x < x’) V(X) —E > 0 so:

If yy>0,d?y/dx? > 0 andy is concave

upwards; ify < 0,d?y/dx? < 0 andy is concave
downwardsln both casesy is convex toward

the x axis

In region llthe behavior oy is opposite, and

it is concave toward the x axis.

In region lllit's behavior is the same as in region |.




Let’s see if we can put some of these togetherargolution:

Assume thay > 0 andd)y/dx < 0 at someX’ < x, <X".
Thend?y/dx? < 0 andy is concave downwards.

If yis still > 0 atx = x”, it will start curving upwards at
x> X" and grow without a bound, diverging a® ¥ (#1)
unacceptable

If )y becomes negative at some x’, it will start
curving downwards and diverge & asx® ¥ (#2)
also unacceptable

if ) anddy/dxhave special values g} so thaty curves
upwards ak > x” but at a slower and slower rate, so
y® 0as x® ¥ , to yield an acceptable solution (#3)

In general, we will also have similar problemsat x'.

We will see that there are only special valuek @dr which y ® 0as x® *¥, 0.

with energyeigenvalues EE,, E,, ...

This results in energy quantization “automaticalég we find a set ogigenfunctiong/,, y,, ya, ...




Y1 Vo andy; for the lowest energids,, E,, andE,.

¥, behaves as #3 for largeand alsa® O for smallx.

V(%)) = ,(X) but the magnitude of its second derivative
|d?y/dx?| is larger, so it crosses thaxis at some point

X < X< X,. Then the sign af?y/dx? changes, and it turns
from concave downwards to concave upwards.

At x = X it reverses again, turning concave downwards
and it approaches theaxis.

The basic observation that should be noted hdatats .
dx

4y, ‘>

Similarly, E; > E,. Note thate; — E, andE, - E; are finite,
so the energy levels are discrete

Will be true as long as there afeand x” such that

V(X) >Eforx<x or x>Xx"

When the energy of the atomks> V, the situation changes:
Classically, the atom is unbound; forak X', V(x) -E< O
so y will be concave towards theaxis for allx

® it will oscillate!

And since we can always caug® 0 asx® ¥ by an appropriate choice of an initial valuedgfdx,
we will find an eigenfunction for any value af Ehus the set of allowed eigenvalues forms a cantim



Important point: when the relation betwedhandV(x) is such that classically the particle is boun
then Schrodinger’s equation leads to quantizedgee®rlf classically the particle is not bound, sad
of eigenvalues forms a continuum.

Recall the assumptions which led us to the Schr@&iliagquation

Important question: Where did the energy quantization come from ?













