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Theorem 1 Suppose that X1, X, ..., X,, are #id random vectors and f(x|0) is either the marginal proba-
bility mass function or the marginal probability density. Suppose that © C R' and there erists an open
neighborhood of 6y, say O, such that

i) f(z|f) >0Vx and VO € O,

ii) Vz, f(x|0) is differentiable at every point 6 € O, and

iii) Eg,In f(X|0) exists V0 € O and Eg, In f(X|0y) < oco.
Then for any € > 0, the Oy probability that the likelihood equation

£0) = 0a(0) = 25 "I f(X110) = 0 (1)

has a root within € of 0y converges to 1.

Corollary 2 Under the hypotheses of Theorem 1, suppose further that © is open and that Vz, f(z|0) is
positive and differentiable at every point 6 € O, so that the likelihood equation (1) makes sense at all 6 € ©.
Define 6,(X) to be the root of the likelihood equation when there is exactly one (and make any convenient
definition for other cases). If with 6y probability approaching 1 the likelihood equation has a single root, then
0, (X) is consistent in probability for 6 at y.

Corollary 3 Under the hypotheses of Theorem 1, if {T,,(X)} is a sequence of estimators consistent for 0 in
probability at 6y, and

51 (X) = T,.(X) if the likelihood equation has no roots
" | the root closest to Tp,(X) if the likelihood equation has at least one root

then 6,,(X) is consistent in probability for 0 at 0.

Notation 4 In an i#id model, i.e. where X = (X1,...,Xy), let I1(00) be the Fisher Information Matriz at
0o for a single observation. That is, with marginal distribution specified by f(x|0),

0_00>

Theorem 5 Suppose that X1, Xo, ..., X, are iid random vectors and f(x|0) is either the marginal probability
mass function or the marginal probability density. If the model for Xy is FI reqular at 0y and withX =
(X1,...,Xn), 1(00) is the Fisher Information Matriz for X at 0y,

0 0
11(6o) = <E90 %lnf(Xl\G) Wlnf(XIW)
i 0=0o J

1(90) = nll(eo) -

Theorem 6 Suppose that X1, Xo, ..., X, are #id random vectors and f(x|0) is either the marginal proba-
bility mass function or the marginal probability density. Suppose that © C R' and there exists an open
neighborhood of 0y, say O, such that

i) f(x]0) >0Vz and V0 € O,

i) Yz, f(x|0) is three times differentiable at every point 6 € O,



iii) 3 M(z) > 0 with Fp, M (X1) < 0o and)d%lnf(x\ﬁ)‘ < M(z) Vezand¥0 e O
iv)
0= Z if(:c|9)’ and 0 = Z d—Qf(x\G)’ in the discrete case
z do 6=00 - do? 0=>0o
or

0= if(x|9)’ dx and 0—/d—2f(m|9)‘
— ] de 0o ] 4 0

'U) 11(9()) S (0,00) Vo € O.
Then if with Oy probability approaching 1, §,(X) is a root of the likelihood equation and is consistent for 6
in probability at 0y, under the 0y distribution for X

dx in the continuous case, and
0

1

\/’I_L((SH(X) - 00) é) N(O’ Fg))

Corollary 7 Under the hypotheses of Theorem 6, if I (8) is continuous at 0y, then under the 0y distribution
for X
nly(0,(X)) - (0n(X) —6o) £ N(O,1)

Corollary 8 Under the hypotheses of Theorem 6, and the 0y distribution for X

—£5(0n(X)) - (9n(X) = 00) £ N(O,1)

Useful Fact If Y ~Ny(u, ), then (Y — p)'S~HY — p) ~ x3 .

Theorem 9 Under the hypotheses of Theorem 6 if

Ln(6n(X))

o) = 20,00, ()) ~ (80

A5 (X) = 21n<

then under the 0 distribution for X,
(X)) £ X

=



