


Basic F eatures:

1. Y

1

; Y

2

; � � � ; Y

n

a re indep endent

2. Y

j

has a distribution in the exp onential

family of distributions, j = 1 ; 2 ; � � � ; n .

The joint lik eliho o d has the fo rm (canoni-

cal fo rm):

L ( � ; � ; Y ) = �

n

j =1

f ( Y

j

; �

j

; � )

where

f ( Y

j

; �

j

� ) = exp f

Y

j

�

j

� b ( �

j

)

a ( � )

g

fo r some functions

a () ; b () ; and c () :

Here, �

j

is called a canonical pa rameter.
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3. (Systematic pa rt of the mo del)

There is a link function h () that links

the conditional mean of Y

j

given X

j

=

( X

ij

; : : : ; X

pj

)

T

to a linea r function of un-

kno wn pa rameters, e.g.

h ( E ( Y

j

j X

j

)) = X

T

j

� = �

1

X

1 j

+ : : : + �

p

X

pj

Memb ers of the exp onential family of dis-

tributions available in

S-PLUS: glm() function

SAS: PROC GENMOD
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No rmal distribution: Y � N ( �; �

2

)

f ( Y ; � ; � ) =

1

p

2 � �

2

exp

(
� ( Y � � )

2

2 �

2

)

= exp

8><>: Y � �

�

2

2

�

2

�

1

2

"
Y

2

�

2

+ log(2 � �

2

)

#9>=>;
" C ( Y ; � )

Here

E ( Y ) = � � � b ( � ) =

�

2

2

and

V ar ( Y ) = �

2

= � a ( � ) = �
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Binomial Distribution: Y � B in ( n; � )

f ( Y ; � ; � ) =

�
n

Y

�
�

Y

(1 � � )

n �Y

=

�
n

Y

� �
�

1 � �

�
Y

(1 � � )

n

= exp

(
Y log

�
�

1 � �

�
+ n log (1 � � )+ log

�
n

Y

�)
" C ( Y ; � ).

Here

� = log

�
�

1 � �

�
) � =

e

�

1 + e

�

and

b ( � ) = n log (1 � � ) = n log (1 + e

�

) :

There is no disp ersion pa rameter, so w e will

tak e � � 1 and a ( � ) = � � 1.
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P oisson distribution: Y � P oisson ( � )

f ( Y ; � ; � ) =

�

Y

Y !

e

��

= exp

n
Y log ( � ) � � � log( Y !)

o
" C ( Y ; � ).

Here

� = log ( � ) ) � = exp( � )

and

b ( � ) = � = exp( � )

and there is no additional disp ersion pa rameter.

W e will tak e � � 1 and a ( � ) = � � 1.

Then,

f ( Y ; � ; � ) = exp f Y

�

� exp( � ) � log(�( Y + 1)) g
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Tw o pa rameter gamma distribution: Y � gamma ( �; � )

f ( Y ; � ; � ) =

Y ��1 exp(�Y=�)

���(�)

= exp

n
�Y
�

+ ( � � 1) log( Y ) � � log( � ) � log (�( � ))

o
= exp

�Y ��1
��

�
+log

�
1

�
�
�

��1

+

�
( � � 1) log( Y ) + �

�1
log( �

�1
) � log(�( � ))

�	
" C ( Y ; � )

Here, � =

�1

��

� = �

�1
; b ( � ) = � log( �� ) ; a ( � ) = �
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Inverse Gaussian Distribution: Y � I G ( �; �

2

)

f ( Y ; � ; � ) =

1

p

2 � �

2

Y

3

exp

(
� ( Y � � )

2

2 �

2

�

2

Y

)

fo r Y > 0 ; � > 0 ; �

2

> 0

also E ( Y ) = �; V ar ( Y ) = �

2

�

3

exp

8><>:
Y

(

�1

2 �

2

)

�

1

�

�

2

+

�
1

2 �

2

Y

�

1

2

log(2 � �

2

Y

3

)

�9>=>;
" C ( Y ; � )

Here,

� =

� 1

2 �

2

b ( � ) = =

p

� 2 �

� = �

2

\disp ersion pa rameter"

a ( � ) = � = �

2
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Canonical fo rm of the log-lik eliho o d:

` ( � ; � ; Y ) = log ( f ( Y ; � ; � ))

=

Y � � b ( � )

a ( � )

+ C ( Y ; � )

pa ratial derivatives:

(i)

@ ` ( � ;� ; Y )

@ �

=

Y �b

0
( � )

a ( � )

(ii)

@

2

` ( � ;� ; Y )

@ �

2

=

�b

00
( � )

a ( � )

Apply the follo wing results

E d

 
@ ` ( � ; � ; Y )

@ �

!
= 0

E

 
@

2

` ( � ; � ; Y )

@ �

2

!
+ E

"
@ ` ( � ; � ; Y )

@ �

#
2

= 0

to obtain

0 = E

 
@ ` ( � ; � ; Y

@ �

!
=

E ( Y ) � b

0
( � )

a ( � )
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which implies

E ( Y ) = b

0
( � )

F urthermo re, from (i), (ii) and (iv) w e have

0 = E

 
@

2

` ( � ; � ; Y )

@ �

2

!
+ E

 
@ ` ( � ; � ; Y )

@ �

!
2

=

� b

00
( � )

a ( � )

+ V ar

 
Y � b

0
( � )

a ( � )

!

=

� b

00
( � )

a ( � )

+

V ar ( Y )

[ a ( � )]

2

which implies

V ( Y ) = a ( � ) b

00
( � )

" "

function of the disp ersion called the

pa rameter va riance function
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No rmal distribution: Y � N ( �; �

2

)

b ( � ) =

�

2

2

b

0
( � ) = � ) � � E ( Y ) = �

b

00
( � ) = 1

a ( � ) = � = �

2

)
) V a r( Y ) = b

00
( � ) a ( � )

= (1) �

= � = �

2

" the va ri-

ance do es not dep end on the pa rameter that

de�ne the mean
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Binomial distribution: Y � B in ( n; � )

� = l og (

�

1 ��

)

b ( � ) = ( n ) l og (1 + e

�

)

b

0
( � ) =

ne

�

1+ e

� ) E ( Y ) =

ne

�

1+ e

� = n�

b

00
( � ) =

ne

�

[1+ e

�
]

2

a ( � ) � 1

9=; V a r( Y ) =

ne

�

[1+ e

�
]

2

(1)

= n

�
e

�

1+ e

�

��
1

1+ e

�

�
= n� (1 � � )

" V ar ( Y )

is completely determined b y the pa rameter that

de�nes the mean.
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P oisson Distribution: Y � P oisson ( � )

b ( � ) = exp( � )

b

0
( � ) = exp( � ) ) � = E ( Y ) = exp( � )

b

00
( � ) = exp( � )

a ( � ) = � � 1

)
V a r( Y ) = exp( � )

= E ( Y )

= �

Gamma Distribution:

b ( � ) = � l og ( � � )

b

0
( � ) = �

1

�

) E ( Y ) = �

1

�

b

00
( � ) =

1

�

2

a ( � ) = �

)
V a r( Y ) = a ( � ) b

00
( � )

=

�

�

2

= � [ E ( Y )]

2
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Canonical link function:

is the link function h ( � ) = X

T � that co rre-

sp onds to

� = X

T �

� = E ( Y ) =

@ b ( � )

@ �

= b

0
( � )

No rmal (Gaussian) distribution :

� = X

T �

� = b

0
( � ) = �

then E ( Y ) = � = � = X

T

�

and the canonical link function is the identit y

function

h ( � ) = � = X

T

�
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Binomial distribution :

� = X

T �

n� = E ( Y ) = b

0
( � ) =

ne

�

1 + e

�

) � = l og

�
�

1 � �

�
= X

T �

Hence, the canonical (default) link is the logit

link function

h ( � ) = l og

�
�

1 � �

�
= X

T �

Other available link functions:

Probit : h ( � ) = �

�1

( � ) = X

T �

where

� = �( X

T � ) =

Z
XT�

�1

1

p

2 �

e

�
u

2

2

du
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Complimenta ry log-log link (clog log):

h ( � ) = l og [ � l og (1 � � )] = X

T �

The inverse of this link function is

� = 1 � exp[ � exp( X

T � )]

The glm( ) function

glm(mo del, family , data, w eights, control)

family = binomial

family = binomial(link=logit)

family = binomial(link=p robit)

family = binomial(link=cloglog)
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P oisson regression (log-linea r mo dels)

Y � P oisson ( � )

� = X

T �

� = E ( Y ) = b

0
( � ) = exp ( � )

and the canonical link function is

� = l og ( � ) = X

T �

This is called the log link function. Other avail-

able link functions:

identit y link : h ( � ) = � = X

T �

squa re ro ot link : h ( � ) =

p

� = X

T �

glm(mo del, family , data, w eights, control)

family = p oisson

family = p oisson(link=log)

family = p oisson(link=identit y)

family = p oisson(link=sqrt)
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Gamma distribution :

� = X

T �

E ( Y ) = � =

� 1

�

the canonical link function is

h ( � ) =

� 1

�

= X

T �

This is called the \inverse" link.

glm(mo del, family , data, w eights, control)

family = gamma

family = gamma(link=inverse)

family = gamma(link=identit y)

family = gamma(link=log)
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Inverse Gaussian Distribution

� = X

T �

b ( � ) = �

p

� 2 �

b

0
( � ) =

1

p

� 2 �

= E ( Y ) = �

The canonical link is

� = h ( � ) =

� 1

2 �

2

= X

T �

This is the only built-in link function fo r the

inverse gaussian distribution.

glm(mo del, family , data, w eights, controls)

family = inverse.guassian

family = inverse.guassian(link=1 =�

2

)
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No rmal-theo ry Gauss-Ma rk ov mo del:

Y � N ( X � ; �

2

I )

o r Y

1

; Y

2

; : : : ; Y

n

a re indep endent with Y

j

�

N ( X

T

j

� ; �

2

). Then

f ( Y

j

; �
j

�

2

) =

p

2 � �

2

exp

8<: � ( Y

j

� X

T

j

� )

2

2 �

2

9=;

= exp

8>><>>:
( Y

j

)( X

T

j

� ) �

( XT
j � )

2

2

�

2

1

2

24 Y

2

j

�

2

+ l og (2 � �

2

)

35
9>>=>>;

" C ( Y

j

; �

2

)

Here,

b ( � ) =

( XT
j � )

2

2

� = �

2

and a ( � ) = �

E ( Y

j

) = �
j

= X

T

j

�
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The link function is the identit y function

h ( �

j

) = �

j

= X

T

j

�

The class of generalized linea r mo dels includes

the class of linea r mo dels:

(i) Systematic pa rt of the mo del (identit y link

function)

�

j

= E ( Y

j

) = X

T

j

�

= �

1

X

1 j

+ : : : + �

p

X

p j

(ii) Sto chastic pa rt of the mo del

Y

j

� N ( �

j

; �

2

)

and Y

1

Y

2

: : : Y

n

a re indep endent.
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Example 13.1 Mo rtalit y of a certain sp ecies of

b eetle after 5 hours exp osure to gaseous ca r-

b on disul�de (Bliss, 1935).

Numb er

Numb er of Numb er

Dose Log(Dose) killed survivo rs exp osed

(mg/l) ( X

j

) ( Y

j

) ( n

j

� Y

j

) n

j

49.057 3.893 6 53 59

52.991 3.970 13 47 60

56.911 4.041 18 44 62

60.842 4.108 28 28 56

64.759 4.171 52 11 63

68.691 4.230 53 6 59

72.611 4.258 61 1 62

76.542 4.338 60 0 60
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Logistic Regression :

� Y

1

; Y

2

; : : : ; Y

8

a re indep endent random

counts with

Y � B in ( n

j

; �

j

)

� l og

�
� j

1 �� j

�
= �

0

+ �

1

X

j

Comments :

* Here the logit link function is the canonical

link function

* Use of the binomial distribution follo ws

from

(i) Each b eetle exp osed to log-dose X

j

re-

sp onds indep endently

(ii) Each b eetle exp osed to log-dose X

j

has

p robabilit y �

j

of dying
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Maximum Lik eliho o d Estimation : Joint lik eli-

ho o d fo r Y

1

; Y

2

; : : : ; Y

k

L ( � ; Y ; X ) = �

k

j =1

f ( Y

j

; �

j

; � )

= �

k

j =1

exp

(
Y

j

�

j

� b ( �

j

a ( phi )

+ C ( Y

j

; � )

)
= �

k

j =1

exp

n
Y

j

( �

0

+ �

1

X

j

)

� n

j

l og (1 + e

�

0

+ �

1

X j
) + l og

�
n

j

Y

j

�o
Since � = 1

a ( � ) = � = 1

�

j

= l og

�
� j

1 �� j

�
= �

0

+ �

1

X

j

b ( �

j

) = n

j

l og (1 + e

�

0

+ �

1

X j
)

C ( Y

j

; � ) = l og

�
n j

Y j

�

24



log-lik eliho o d function :

` ( � ) =

kX
j =1

"
Y

j

�

j

� b ( �

j

)

a ( � )

+ C ( Y

j

; � )

#

=

kX
j =1

h
Y

j

( �

0

+ �

1

X

j

) � n

j

l og (1 + e

�

0

+ �

1

X j
)

+ l og

�
n

j

Y

j

��

= �

0

kX
j =1

Y

j

+ �

1

kX
j =1

Y

j

X

j

�

kX
j =1

n

j

l og (1 + e

�

0

+ �

1

X j
) +

kX
j =1

l og

�
n

j

Y

j

�
T o maximize the log-lik eliho o d, solve the sys-

tem of equations obtained b y setting �rst pa r-

tial derivatives equal to zero.
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Estimating Equations (lik eliho o d equations):

0 =

@ ` (

^� )

@

^

� 0

=

8X
j=1

Y j �

8X
j=1

n j
exp (

^

� +

^

� 1 X 1

1 + exp (

^

� +

^

� 1 X 1 )

=

8X
j=1

( Y j � n j ^� j )

0 =

@ ` (

^� )

@

^

� 0

=

8X
j=1

X j Y j �

8X
j=1

n j X j
exp (

^

� +

^

� 1 X 1

1 + exp (

^

� +

^

� 1 X 1 )

8X
j=1

X j ( Y j � n j ^� j )

� Generally no closed fo rm exp ression fo r the solution

� If a solution exists in the interio r of the pa rameter

space (0 < � j < 1 fo r all j = 1 ; : : : ; k ) then it is

unique .
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The lik eliho o d equations (o r sco re function)

can b e exp ressed as

0 =

h
0

0

i
= X

T

( Y � m ) = Q

" sco re function where

X =

26664
1 X

1

1 X

2

.

.

.

1 X

k

37775 Y =

26664
Y

1

Y

2

.

.

.

Y

k

37775 m =

26664
n

1

�

1

n

2

�

2

.

.

.

n

8

�

8

37775
and from the inverse link function

�

j

=

exp ( �

0

+ �

1

X

j

1 + exp ( �

0

+ �

1

X

j

W e will use

^

Q; ^m , and ^�

j

to indicate when these

quantities a re evaluated at � =

^� .
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Second pa rtial derivatives of the log-lik eliho o d

function:

H =

2664
�@

2

` ( � )

@ �

2

0

�@

2

` ( � )

@ �

0

@ �

1

�@

2

` ( � )

@ �

0

@ �

1

�@

2

` ( � )

@ �

2

1

3775
= X

T

V X

- called

the Hessian

matrix

where

V =

264 n

1

�

1

(1 � �

1

)

.

.

.

n

k

�

k

(1 � �

k

)

375
= V ar ( Y )

W e will use

^

H = X

T

^

V X and

^

V to denote H

and V evaluated at � =

^� .
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Fisher Info rmation matrix:

H =

2664 � E

�
�@

2

` ( � )

@ �

2

0

�
� E

�
�@

2

` ( � )

@ �

0

@ �

1

�
� E

�
�@

2

` ( � )

@ �

0

@ �

1

�
� E

�
�@

2

` ( � )

@ �

2

1

�
3775

= E ( X

T

V X )

= X

T

V X = H

Since the second pa rtial derivatives do not de-

p end on Y = ( Y

1

; : : : ; Y

k

)

T

.
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Iterative p ro cedures fo r solving the lik eliho o d

equations:

� Sta rt with some initial values

^�
(0)

=

24 ^

�

(0)

0

^

�

(1)

1

35
=

"
log

(

P

1 �P

)

0

#

where

P =

P
k

j =1

Y

jP
k

j =1

n

j

� Newton-Raphson algo rithm

^�
( S +1)

=

^�
( S )

+

^

H

�1

^

Q

" these a re

evaluated at

^�
( S )
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� Fisher sco ring algo rithm

^�
( S +1)

=

^�
( S )

+

^

I

�1

^

Q

" fo r the

logistic regression

mo del with

binomial counts

^

I =

^

H

Mo di�cation :

- Check if the log-lik eliho o d is la rger at

^�
( S +1)

than at

^�
( S )

.

- If it is, go to the next iteration

- If not, invok e a halving step

^�
( S +1)

new

=

1

2

(

^�
( S )

+

^�
( S +1)

ol d

)
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La rge sample inference : (see results 9.1-9.3)

F rom result 9.2,

^� _� N ( � ; ( X

T

V

�1

X )

�1

)

when n

1

; n

2

; : : : ; n

k

a re all la rge"
\la rge" is n

j

�

j

> 5

n

j

(1 � �

j

) > 5

#
Estimate the cova riance matrix as

d
V ar (

^� ) = ( X

T

^

V

�1

X )

�1

where

^

V is V evaluated at

^�
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F o r the Bliss b eetle data:

^� =

"
^

�

0

^

�

1

#
=

"
� 60 : 717

14 : 883

#
with

d
V ar (

^� ) =

24 S

2

^

�

0

S

^

�

0

;

^

�

1

S

^

�

0

;

^

�

1

S

2

^

�

1

35
=

"
26 : 84 � 6 : 55

� 6 : 55 1 : 60

#

33



W ald tests :

T est H

0

: �

0

= 0 vs. H

A

: �

0

6= 0

X

2

=

24 ^

�

0

� 0

S

^

�

0

352

=

�
� 60 : 717

5 : 18

�
2

= 137 : 36

p-value = P r f �

2

(1)

> 197 : 36 g < : 0001

T est H

0

: �

1

= 0 vs. H

A

: �

1

6= 0

X

2

=

24 ^

�

1

� 0

S

^

�

1

352

=

�
14 : 883

1 : 265

�
2

= 138 : 49

p-value = P r f �

2

(1)

> 138 : 49 g < : 0001
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App ro ximate (1 � � ) � 100% con�dence inter-

vals

^

�

0

� Z

�= 2

S

^

�

0

^

�

1

� Z

�= 2

S

^

�

1

" from the standa rd

no rmal distribution

Z

: 025

= 1 : 96
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Lik eliho o d ratio (deviance) tests:

Mo del A: l og

�
� j

1 �� j

�
= �

0

and Y

j

� B in ( n

j

; �

j

)

Mo del B: l og

�
� j

1 �� j

�
= �

0

+ �

1

X

j

and Y

j

� B in ( n

j

; �

j

)

Mo del C: l og

�
� j

1 �� j

�
= �

0

+ �

j

and Y

j

� B in ( n

j

; �

j

)

Mo del C simply sa ys that 0 < �

j

< 1 ; j =

1 ; : : : ; k
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Null: Deviance residual

Deviance

Null

= � 2

h
log-lik eliho o d

Mo del A

� -log-lik eliho o d

Mo del C

i
= 2

h kX
j =1

Y

j

l og ( P

j

=

�

P )

+

kX
j =1

( n

j

� Y

j

) l og

�
1 � P

j

1 �

�

P

�i
with ( k � 1) d:f :

where

P

j

=

Y

j

n

j

j = 1 ; : : : ; k

�

P =

� Y

j

� n

j

=

P
k

j =1

n

j

P

jP
k

j =1

n

j

a re the m.l.e.'s of �

j

under mo dels C and A,

resp ectively .
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LOOSE: deviance residuals

Deviance

LOOSE

= � 2

h
log-lik eliho o d

Mo del A

� -log-lik eliho o d

Mo del B

i
= 2

h kX
j =1

Y

j

l og

�
^�

j

�

P

�

+

kX
j =1

( n

j

� Y

j

) l og

�
1 � ^�

j

1 �

�

P

�i
= 272 : 7803 with (2 � 1) = 1 d:f :

where

^�

j

=

exp(

^

�

0

+

^

�

1

X

j

)

1 + exp(

^

�

0

+

^

�

1

X

j

�

P =

exp(

^

�

�

0

1 + exp(

^

�

�

0

=

P
k

j =1

Y

jP
k

j =1

n

j

38



LOOSE: DEV (Lack-of-�t test)

H

0

: l og

�
�

j

1 � �

j

�
= �

0

+ �

1

X

j

(mo del B)

H

A

: l og

�
�

j

1 � �

j

�
= �

0

+ �

j

(mo del C)

G

2

= deviance

lack-of-�t

= deviance

NULL

� deviance

LOOSE

= 2

24 kX
j =1

Y

j

l og

�
P

j

^�

j

�

+

kX
j =1

( n

j

� Y

j

) l og

�
1 � P

j

1 � ^�

j

�35
= 11 : 42

on

[( k � 1) � 1] = k � 2 d:f :

(= 8 � 2 = 6 d:f : )

(p-value = 0 : 762)
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P ea rson chi-squa re test:

X

2

=

kX
j =1

( Y

j

� n

j

^�

j

)

2

n

j

^�

j

+

kX
j =1

( n

j

� Y

j

� n

j

(1 � ^�

j

))

2

n

j

(1 � ^�

j

)

=

kX
j =1

n

j

( P

j

� ^�

j

)

2

^�

j

+

kX
j =1

n

j

(1 � P

j

� [1 � ^�

j

])

2

1 � ^�

j

= 10 : 223

with d.f.= k � 2 = 6

p-value = .1155
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Estimates of exp ected counts under Mo del B.

j n

j

^�

j

n

j

(1 � ^�

j

)

1 3.43 55.57

2 9.78 50.22

3 22.66 39.34

4 33.83 22.17

5 50.05 12.95

6 53.27 5.73

6 59.22 2.78

8 58.74 1.26

Co chran's rule :

� All exp ected counts should b e la rger than

one.

� A t least 80% should b e la rger than 5.
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Estimate mo rtalit y rates:

^�

j

=

exp(

^

�

0

+

^

�

1

X

j

)

1 + exp (

^

�

0

+

^

�

1

X

j

Use the delta metho d to compute an app ro xi-

mate standa rd erro r

@ ^�

j

@

^

�

0

=

exp(

^

�

0

+

^

�

1

X

j

[1 + exp(

^

�

0

+

^

�

1

X

j

)]

2

= ^�

j

(1 � ^�

j

)

@ ^�

j

@

^

�

0

=

X

j

exp (

^

�

0

+

^

�

1

X

j

[1 + exp(

^

�

0

+

^

�

1

X

j

)]

2

= X

j

^�

j

(1 � ^�

j

)

42



De�ne

G

j

=

�
@ ^� j

@

^

�

0

@ ^� j

@

^

�

1

�
= [ ^ �

j

(1 � ^�

j

) X

j

^�

j

(1 � ^�

j

)]

Then, S

2

^� j
= G

j

[

d
V ar (

^� )] G

T

j

and an app ro xi-

mate standa rd erro r is

S

^� j
=

r
G

j

[

d
V ar (

^� )] G

T

j

An app ro ximate (1 � � ) � 100% con�dence in-

terval fo r �

j

is

^�

j

� Z

�= 2

S

^� j

43



Estimate the log-dose that p rovides a certain

mo rtalit y rate, sa y �

0

.

l og

�
�

0

1 � �

0

�
= �

0

+ �

1

X

0

)

X

0

=

l og

�
�

0

1 ��

0

�
� �

0

�

1

The m.l.e. fo r X

0

is

^

X

0

=

l og

�
�

0

1 ��

0

�
^

�

1

�

^

�

0
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Use the delta metho d to obtain an app ro ximate

standa rd erro r:

@

^

X

0

@

^

�

0

=

� 1

^

�

1

@

^

X

0

@

^

�

1

=

h
l og

�
�

0

1 ��

0

�
�

^

�

0

i
^

�

2

1

De�ne

^

G =

�
@

^

X

0

@

^

�

0

@

^

X

0

@

^

�

1

�
and compute

S

2

^

X

0

=

^

G

h d
V ar (

^� )

i
^

G

T
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The standa rd erro r is

S

^

X

0

=

r
^

G

h d
V ar (

^� )

i
^

G

T

and an app ro ximate (1 � � ) � 100% con�dence

interval fo r X

0

is

^

X

0

� Z

�= 2

S

^

X

0

Supp ose y ou w ant a 95% con�dence interval

fo r the dose that p rovides a mo rtalit y rate of

�

0

.

dose

0

= exp( X

0

)
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The m.l.e. fo r the do es is

d
dose

0

= exp(

^

X

0

)

Apply the delta metho d

@ exp(

^

X

0

)

@

^

X

0

= exp(

^

X

0

)

Then

S d
dose

0

= [exp (

^

X

0

)]

2 d
V ar (

^

X

0

)

S d
dose

= [exp (

^

X

0

)] S

^

X

0

= (

d
dose

0

) S

^

X

0

and an app ro ximate (1 � � ) � 100% con�dence

interval fo r dose

0

is

exp(

^

X

0

) � Z

�= 2

[exp(

^

X

0

)] S

^

X

0
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Fit a p robit mo del to the Bliss b eetle data:

�

�1

( �

j

) = �

0

+ �

1

X

j

where

X

j

= l og (dose )

Y

j

= B in ( n

j

; �

j

)

j = 1 ; 2 ; : : : ; k

Note that

�

j

=

Z
�

0

+ �

1

X j

�1

1

p

2 �

e

�
1

2

t

2

dt
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Fit the complimenta ry log-log mo del to the

Bliss b eetle data

l og [ � l og (1 � �

j

)] = �

0

+ �

1

X

j

where

X

j

= l og (dose )

Y

j

= B in ( n

j

; �

j

)

Note that

�

j

= 1 � exp[ � e

�

0

+ �

1

X j
] j = 1 ; 2 ; : : : ; k
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P oisson Regression (Log-linea r mo dels)[.2in]

Example 13.2 :

Y

j k

= numb er of T A98 salmonella colonies on

the k-th plate with the j-th dosage

level of quinoline

X

j

= l og

10

(dose of quinoline ( �g ))

X

1

= 0

X

2

= 1 : 0

X

3

= 1 : 5

X

4

= 2 : 0

X

5

= 2 : 5

and k = 1 ; 2 ; 3 plates at each ??
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Indep endent P oisson counts:

Y

j k

� P oisson ( m

j

) j = 1 ; : : : ; 5 k = 1 ; : : : ; 3

where

P r f Y

j k

= y g =

m

y

j

y !

e

�m j

fo r y = 0 ; 1 ; 2 ; : : :

E ( Y

j k

= m

j

V ar ( Y

j k

) = m

j

Log-link function :

l og ( m

j

= �

0

+ �

1

X

j
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Joint lik eliho o d function

L ( � ) = �

5

j =1

�

3

k =1

m

Y jk

j

Y

j k

e

�m j

Log-lik eliho o d function

` ( � ) =

5X
j =1

3X
k =1

[ Y

j k

l og ( m

j

) � m

j

� l og ( Y

j k

!)]

=

5X
j =1

3X
k =1

[ Y

j k

[ �

0

+ �

1

X

j

] � e

�

0

+ �

1

X j

� l og ( Y

j k

!)]

= �

0

Y

00

+ �

1

5X
j =1

X

j

Y

j 0

� 3

5X
j =1

e

�

0

+ � X j

�

5X
j =1

3X
k =1

l og ( Y

j k

!)
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Lik eliho o d equations :

0 =

@ ` ( � )

@ �

0

= Y

::

� 3

5X
j =1

e

�

0

+ �

1

X j

0 =

@ ` ( � )

@ �

1

=

5X
j =1

X

j

Y

j:

� 3

5X
j =1

X

j

e

�

0

+ �

1

X j

Use the Fisher sco ring algo rithm:

Y =

26664
Y

1

1

Y

1

2

.

.

.

Y

53

37775 X =

26664
1 X

1

1 X

1

.

.

.

.

.

.

1 X

5

37775
Q =

264 @ ` ( � )

@ �

0

@ ` ( � )

@ �

1

375 = X

T

( Y � m )

where

m =

26664
m

1

m

1

.

.

.

m

5

37775 = exp( X � )
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Second pa rtial derivatives of ` ( � )

@

2

` ( � )

@ �

2

0

= � 3

5X
j =1

e

�

0

+ �

1

X j
= �

X
j

X
k

m

j

@

2

` ( � )

@ �

0

@ �

1

= � 3

5X
j =1

e

�

0

+ �

1

X j
= �

X
j

X
k

X

j

m

j

@

2

` ( � )

@ �

2

1

= � 3

5X
j =1

X

2

j

e

�

0

+ �

1

X j
= �

X
j

X
k

X

2

j

m

j
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Fisher info rmation matrix

H = E

2664
�@

2

` ( � )

@ �

2

0

�@

2

` ( �
@ �

0

@ �

1

�@

2

` ( � )

@ �

0

@ �

1

�@

2

` ( � )

@ �

2

1

3775
=

" P
j

P
k

m

j

P
j

P
k

X

j

m

jP
j

P
k

X

j

m

j

P
j

P
k

X

2

j

m

j

#
= X

T

� m X

where

V ar ( Y ) = � m =

2666666664

m

1

m

1

m

1

m

2

.

.

.

m

5

3777777775
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Iterations :

� ( S +1)

= � ( S )

+ H

�1

Q

� Use halving steps as needed

� Sta rting values: Use the m.l.e.s fo r the

mo del with �

1

= 0, i.e.,

Y

ij

� P oisson ( m )

a re i.e.d. with m = e

�

0

. Then,

^m

(0)

=

�

Y

::

and

^

�

(0)

0

= l og (

�

Y

::

)

^

�

(0)

1

= 0
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La rge sample no rmal app ro ximation fo r the dis-

tribution of

^�

^� � N ( � ; H

�1

)

% estimate this b y

substituting

^� fo r � in

H to obtain

^

�
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Estimate the mean numb er of colonies fo r a

sp eci�c l og

10

(dose) of quinoline, sa y X �

The m.l.e. is

^m � = e

^

�

0

+

^

�

1

X �

Apply the delta metho d:

@ ^m �

@

^

�

0

= e

^

�

0

+

^

�

1

X �
= ^m �

@ ^m �

@

^

�

1

= X � e

^

�

0

+

^

�

1

X �
= X � ^m �
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De�ne

^

G =

h
@ ^m �

@

^

�

0

@ ^m �

@

^

�

1

i
= [ ^ m � X � ^m � ]

Then the estimated va riance of

^m � = e

^

�

0

+

^

�

1

X �

is

S

2

^m �
=

^

G

^

H

�1

^

G

T

=

^

G [ X

T

� m̂ X ]

�1

G

T

The standa rd erro r is S

^m �
=

q
S

2

^m �

and an ap-

p ro ximate (1 � � ) � 100% con�dence interval

is

^m � � Z

�= 2

S

^m �
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F our kinds of residuals:

Resp onse residuals:

Y

i

� ^mu

i

=

"
Y

i

n

i

� ^�

i

#
P ea rson residuals:

Y

i

� ^�

iq d
V ar ( Y

i

)

=

Y

i

� n

i

^�

iq
n

i

^�

i

(1 � ^�

i

)

(binomial)

=

Y

i

� ^�

i

p

^�

i

(P oisson)
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W o rking residuals:

Y

i

� ^�

i�
@ � i

@ � i

�
=

Y

i

� n ^�

i

n

i

^�

i

(1 � ^�

i

)

(binomial)

=

Y

i

� ^�

i

^�

i

(P oisson)

F o r the binomial family with logit link

�

i

= l og

 
�

i

1 � �

i

!
= l og

 
n

i

�

i

n

i

(1 � �

i

)

!
= X

T

i

�

�

i

= n

i

�

i

= n

i

exp( X

T

i

� )

1 + exp( X

T

i

�
= n

i

exp( �

i

)

1 + exp( �

i

)

@ �

i

@ �

i

= n

i

exp( �

i

)

[1 + exp( �

i

)]

2

= n

i

�

i

(1 � �

i

)
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Deviance residual :

e

i

= sign ( Y

i

� ^�

i

)

q
j d

i

j

where d

i

is the contribution of the i -th case to

the deviance

binomial family

G

2

= 2

kX
i =1

"
Y

i

l og

 
Y

i

n

i

^�

i

!
+ ( n

i

� Y

i

) l og

 
n

i

� Y

i

n

i

(1 � ^�

i

)

!#
and

e

i

= sign( Y

i

� n ^�

i

)

�

vuut�����2

"
Y

i

l og

 
Y

i

n

i

^�

i

!
+ ( n

i

� Y

i

) l og

 
n

i

� Y

i

n

i

(1 � ^�

i

)

!#�����

62



P oisson family

G

2

= (deviance )

= 2

kX
i =1

Y

i

l og

 
Y

i

^�

i

!
where

^�

i

= exp(

^

�

0

+

^

�

1

X

1 i

+??)

l og ( �

i

) = �

0

+ �

1

X

1 i

+ : : :

then

e

i

= sign ( Y

i

� ^�

i

)

vuut
2 Y

i

l og

 
Y

i

^�

i

!
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