Equivalence of the Full Model/Reduced Model
and Hy:C3 = 0 Sums of Squares

In a regression context, consider a (full rank model matrix)

X =(1]x1|x2|...|xs)

nx(r+1)

For p < r, let
Xp = (Axafxa| ... [xp)

and

Uy = (Xpt1[xpr2] - [%r)
For

C= ( 0 | I )
(r=p)x(p+1) (r—p)x(r—p)

consider

S, = (Chovs)' (C (X'X)™" ') (Chovs)
which we invented for testing Hy:C3 = 0. The object here is to show that

SSu, = SSERecduced — SSEran
— Y (I-Px,)Y-Y (I-Px)Y
— Y'(Px-Px,)Y

To begin, note that with

A= (U, (1-Px,)U,) UL (1- Px,)

we have
C=AX
Then,
SSu, = (A\?)/(,ALPXA’)*1 (A?)
= Y'PxA'(APxPxA') 'APxY
Then write
PxA' = Px(I-Px,)U, (U, (1-Px,)U,)"

(U, ~Px,U,) (U} (I~ Px,) (I-Px,) U,) "

(Up - PXPUP) ((Up - PXpUp)l (UP - PXpUp)) )
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Use the abbreviation
uU;=0U,-Px U,

p P



and note that

_ _ _1\ 1 _
Ssu, = YU (Uy0;) Tt ((Uyoy) oy (Uye;)TY) (U)o
= YPuY

It then suffices to show that PU; =Px - Px,.

Christensen’s Theorem B.47 shows that Px — Px, is a perpendicular pro-
jection matrix. His Theorem B.48 says that C (Px — PX,,) is the “orthogonal
complement of C (X,) with respect to C' (X)” defined on his page 395. That
is,

C(Px —Px,)=C(X)NC(X,)"

so it suffices to show that C' (Uj;) = C(X)NC (XP)L.

Each column of U, — Px, U, is a difference in a column of U, and a lin-
ear combination of columns of Px, . Since C'(U,) C C(X) and C (Px,) =
C (X,) € C(X), each column of U, —Px, U, is in C (X) and C (U}) C C (X).

So then note that if v eC (U;;) 3 4 such that

v=U)y
For such a v
(I-Px,)v=(I-Px,)Ujy=(I-Px,) (I-Px,) Uy =(I-Px,)Uy=Upy=v

so v €C(X,)". Thus C (U) c C(X)NC (X,)".
Finally, suppose that v €eC (X)NC (Xp)l and for some

71
(p+1)x1

Y2
(r—p)x1

‘y:

write
v =Xy =(X,[Up)v = (X,|U} + Px,Up) v = Xp7, + (U} + Px, Up) 7
Then continuing
v =X,7 +Px,Up + Upys = Px, X7, + Px, Uy, + Uy,

SO
v=Px, (X,[Up)v+Upy, =Px, v+ Upy,

Since v LC (X,) we then have v = Uy, and thus v eC (Uj). So C(X) N
C (X,) € C(U;) and we're done.
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