STAT 511 Solutions to Homework 3 Spring 2003

1. (“«”) Assume ¢ € C(X'). For ¢ € C(X') and d € C(X')* then d L ¢ by definiton of C'(X')+.
(“=") Assume “c is special”. Write ¢ = Px.c+ (I — Px/)c= Pxic+ d".
If d = (I — Px/)c =0, then Px.c=cand c € C(X').
Suppose that d* = (I — Px/)c # 0. Then d* € C(X')*.
Compute ¢'d* = (Pxic+ d*)'d* = ¢ Px. d* + &' d* =0+ d" & = d* d* > 0 because d* £ 0.
But this contradicts “c is special”. Then d* = 0 and ¢ = Px.c. Therefore, ¢ € C'(X').

2. For Vi, (V*)' = (5/3,5/3,5/3,17,11,11)' and Cf = (5/3,17,11)",
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In Aitken model, generalized least squares estimators have smallest variance among linear unbiased estimators.
For Va, (Y*)' = (2,2,2,17,11,11)" and CB =(2,17,11)".
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3. For Aitken BLUE: Cov(Cp) = C(W'W)~C' = 0 1 0 |.
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For Gauss-Markov BLUE: Cov(CB,,, o) = C(X'X)~C" = 0o 1 o0 |[.
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In the Gauss-Markov model all observations are uncorrelated. In this Aitken model observations are uncorrelated between
groups, but they are correlated within groups, reducing the amount of “new information” provided by each additional
entry of the Y vector. Therefore, Cov(C) for the Gauss Markov model is better than for the proposed Aitken model.

4. 14 + o + ,81 + Oéﬁn and (aﬂm — Oéﬁn) — (OéBQQ — aﬂgl) are estimable.
Let Ql = (1, 0,0, 0,0, 0,0, 0)/ Then E(QIY) = E(Yill) = U + a1 + ,81 + a,BH.
Let ¢’ =(-1,0,1,0,1,0,—1,0)". Then E(a'Y) = E(=Y111 + Y121 + Yo11 — Ya21) = (af12 — afi1) — (afaz — afa1).

* Note that these vectors a are not unique.
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