STAT 511 Solutions to Homework 1 Spring 2003

1. Exercise 1.1. Write the following models in matrix notation:

(c) Two-way analysis of covariance (ACOVA) with no interaction.

Yijk :N+al+ﬁj+’ymz]k+ez‘7ka Z:172a37 ]:1527 k:152

[ Y111 ] (110 0 1 0 @111 | [ e1n1 ]
Y112 110 0 1 0 =12 €112
Y121 1 1 0 0 0 1 T121 - €121
Y122 1 1.0 0 0 1 =z (C'lj €122
Yo211 101 0 1 0 =z al €211
Y212 _ 1 01 0 1 0 = a2 " €212
Y221 - 1 01 0 0 1 m ,83 €221
Y222 1 01 0 0 1 a2 ,81 €222
Y311 1 001 1 0 =311 L > €311
Y312 1 001 1 0 =310 T €312
Y321 1 001 0 1 =39 €321

| Y322 | 11 0 01 0 1 =z | | €322 |

(d) Multiple polynomial regression.

yi = Boo + Proxi1 + BorTia + Boox?y + Poatis + PriTazi +e;, i=1,...,6.

Y1 1z z12 23 2l T11T12 Boo el
Yo 1 291 290 23, T35 ToiToo Bio €2
Y3 o 1 z31 T32 73, 3y T31732 Bo1 es
Y4 N 1z 4o 23 T3y Ta1Tao B20 + e4
Ys 1 @51 w50 23 1l 5150 Bo2 es
Y6 1 zg1 g2 TEH Ti Te1Te2 B11 eg

2. Exercise 1.11. For a linear model Y = X3 + e, E(e) = 0, Cov(e) = 021, the residuals are é = (I — M)Y, where M
is the perpendicular projection operator onto C(X).

(a) B(&)=(I -MEQY)=(I-MXf=(X-MX)s=(X-X)§=0.

(b) Cov(é) = (I — M)Cou(Y)(I — M) = (I — M)o>I(I — M) = o2(I — M)(I — M)' = o2(I — M).
(¢) Cov(é, MY) = Cov((I — M)Y,MY) = (I — M)o*IM' = o>(I — M)M = 0.

(d) E(e'é) = E(Y'(I — M)'(I — M)Y)

= EY'(I-M)Y)

= tr((I = M)o”I) + B'X'(I - M)XB  from Thm.1.3.2.
= o*tr(I-M)+p'X"(X - MX)3

= o*rank(I - M)+ B'X'(X — X)B

= o%[n—rank(X)]

(e) ée=Y'(I-M)YI-M)Y =Y'I-MY=YY-Y'MY.
(f) Rewrite (c) and (e) in terms of 3.

i. Cov(é,XpB) =0.

i, @6 =YY — (MY)'Y =Y'Y - B/X'Y = (Y — XB)'Y.

3. Exercise 1.5.2. Let Y = (y1,y2,y3)" with Y N(u, V) where p = (5,6,7) and V =
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(a) y1 ~ N(5,2).

o ln]~~(5]]55])
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= N (u1/2+ 2us/3+1/2,13/6).

(d) lyslyr = ua] ~ N(7+ 1(1/2)(u1 = 5),4 = 1(1/2)1) = N((1/2
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(f) Find the correlations pia, pi3, pa3.
i. p12 = 0//2(3) = 0.

ii. p1s = 1/v/2(4) = 1/(2v2).
iil. pog = 2/4/3(4) = 1/V3.

(g)z~N<[f . ”E(Y),[f . Hcov(y)

© Yslyr = ur,ys = Uy ~ N<7+[1 2 [2 0]1[“1_5],4—[1 2][3
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4. AG1A = A and AG5A = A then G; and G5 are generalized inverses for A.

> A <- matrix(nrow=3,ncol=4,c(4,1,2,0,1,1,5,15,3,1,3,5) ,byrow=T)
> G1 <- matrix(nrow=4,ncol=3,¢(0,0,0,0,-1.5,2.5,0,.5,-.5,0,0,0) ,byrow=T)
> G2 <- matrix(nrow=4,ncol=3,c(.25,rep(0,8),-.15,0,.2) ,byrow=T)
> AY*%G1Y*%A
[,11 [,2]1 [,3] [,4]
[1,] 4 1 2 0
[2,] 1 1 5 15
[3,] 3 1 3 5
> AY*%G2Y*%A
[,11 [,2]1 [,3] [,4]
[1,] 4 1 2 0
[2,] 1 1 5 15
[3,] 3 1 3 5

5. Exercise 1.5.8. (b) Show that for M is the projection operator onto C(X), where

1100 1/3 1/3 1/3 0 0 0
1100 1/3 1/3 1/3 0 0 0
1100 |13 13 13 0 0 0
X=11010] M= 0 0 0 1 0 o
100 1 0O 0 0 0 1/2 1/2
1001 0 0 0 0 1/2 1/2

i. C(X) is the set of all linear combinations of the columns of X.

1 1 0 0 ai + as a
1 1 0 0 ai + as a
1 1 0 0 _ aj; + as _ a
a1 1 + a2 0 + a3 1 + a4 0l = ay + as = b
1 0 0 1 ai + aq c
1 0 0 1 ai + aq c

Similarly, C'(M) also consists of vectors of the form (a, a,a, b, ¢, ¢)'. By inspection it is clear that M is symmetric (M' = M),
and using R, we can verify that M is idempotent (MM = M). Therefore, by Proposition B.33, M is a perpendicular
projection operator on C(M), and since C(M) = C(X), M is a perpendicular projection operator on C(X).

Or, if we note that the orthogonal complement of C(X) consists of vectors w of the form (d, d, —2d,0, e, —e)’" and that
- for v = (a,a,a,b,c,c)’ then Mv = v, and
- for w = (d,d, —2d,0, e, —e) then Mw = 0.



By Definition B.31, M is a perpendicular projection operator matrix onto C'(X) and by Proposition B.32 C(X) = C(M).

ii. Using the singular value decomposition to obtain (X'X)~ we compute M = X (X'X)~ X', which is the projection operator
onto C'(X) and, it matches the matrix proposed in the statement of this question.

> X <- matrix(nrow=6,ncol=4,c(rep(c(1,1,0,0),3),1,0,1,0,rep(c(1,0,0,1),2)),byrow=T)
> s <-svd(t(X)%*%X)

> d <- rep(0,length(s$d))

> for (i in 1:length(s$d)) {if (s$d[i] !'= 0) d[i] <- 1/s$d[il}

> ginvXtX <- s$vi*%diag(d)%*%t (s$u)

> M <= X)x%ginvXtX%*%t (X)

> round(M,2)

[,11 [,2] [,31 [,41 [,5] [,6]

[1,] 0.33 0.33 0.33 0 0.0 0.0
[2,] 0.33 0.33 0.33 0 0.0 0.0
[3,] 0.33 0.33 0.33 0 0.0 0.0
[4,] 0.00 0.00 0.00 1 0.0 0.0
[5,] 0.00 0.00 0.00 0 0.5 0.5
[6,] 0.00 0.00 0.00 0 0.5 0.5

6. For the same X as in question 5, suppose that Y’/ = (2,1, 3,17,10,12)". Find YV, the ordinary least squares estimate
of EY = X 3. Show that there is no sensible way to identify the OLS estimate of 3, by finding two different vectors

b with Xb=Y.

Let G and G be two different generalized inverses for (X'X), and let b; = G;X'Y fori =1,2.

/2 —-1/2 -1/2 0 00 0 0
G- | “Y2 5/6 12 0 G |0 130 0
YTl -2 12 3/2 o0 P70 0 1 0
0 0 0 0 0 0 0 1/2

Note that Y/ = Xb; = (2,2,2,7,11,11)' for i = 1,2; but &, = (11,-9,6,0)" and b, = (0,2,17,11)".



