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ABSTRA CT . The expectedshortfall is anincreasinglypopular risk measurein nancial risk
managemeh and possessethe desiredsub-additivity property, which is lacking for the Value
at Risk (VaR). We considertwo nonparametric expected shortfall estimators for dependert
nancial losses. One is a sample averageof excessie losseslarger than a VaR. The other
is a kernel smoaothed version of the rst estimator (Scaillet, 2004 Mathematical Finance),
hoping that more accurate estimation can be achieved by smoothing. Our analysisreveals
that the extra kernel smaothing does not produce more accurate estimation of the shortfall.
This is di erent from the estimation of the VaR wheresmaoothing hasbeenshown to produce
reduction in both the variance and the mean square error of estimation. Therefore, the
simpler ES estimator basedon the sample averageof excessie lossesis attractiv e for the
shortfall estimation.
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dependert.
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1. INTR ODUCTION

The expectedshortfall (ES) and the value at risk (VaR) are popular measuresf nancial
risks for an assetor a portfolio of assets.Artzner, Delbaen,Eber and Heath (1999) shav that
VaR lacks the sub-additivity property in generaland henceis not a coheren risk measure.
In cortrast, ES is coherenn (Follmer and Sdied, 2001) and has becomea more attractiv e
alternative in nancial risk managemen

Let f X0, bethe market valuesof an assetor a portfolio of assetsover n periods of a
time unit. Let Y; = log(Xi=Xj 1) bethe negative log return (log loss)over the t-th period.
SupposefY:g', is a dependen stationary processwith the marginal distribution function
F. Givena positive value p closeto zero,the VaR at a con dencelevell pis

p=inffu:F(u) 1 pg (1)

whichisthe (1 p)-th quartile of the losedistribution F. The VaR speci es alevel of excessie
lossessudh that the probability of a losslarger than , is lessthan p. SeeDue and Pan
(1997) and Jorion (2001) for the nancial badground, statistical inferenceand applications
of VaR. A major shortcomingof the VaR in addition to not being a coheren risk measureis
that it providesno information on the externt of excessie lossesother than specifying a level
that de nes the excessielosses.In cortrast, ES is a risk measurewhich is not only coherert
but alsoinformative on the extend of lossedarger than .

The ES assaiated with a con dencelevel 1 p, denotedas ,, is the conditional expec-
tation of a lossgiven that the lossis larger than , that is

p= E(MyYe> p): (2)

Estimation of the ES canbe carried out by assuminga parametric lossdistribution, which
is the method commonlyusedin actuary studies. Frey and McNeil (2002) proposea binomial
mixture model approad to estimate ES and VaR for a large balancedportfolio. The extreme
value theory approad (Embredits, Kluppelberg and Mikosd, 1997) can be viewed as a
semiparametricapproad which usesthe asymptotic distribution of exceedancever a high
threshold to model the excessie losesand then carries out a parametric inferencewithin
the framework of the GeneralizedPareto distributions. Recerily, Scaillet (2004) proposes
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a nonparametric kernel estimator and appliesit for sensitivity analysisin the cortext of
portfolio allocation.

An advantage of the nonparametric method is its being model-free and henceis model
robust and avoids bias causedby using a mis-speci ed lossdistribution. Financial risk man-
agemen is primarily concernedwith characteristics of a tail part of the loss distribution.
Howewer, data are generally sparsein the tail and henceproposing a proper parametric loss
model which is adequatefor the tail part is not trivial. This is where the nonparametric
method can plays a signi cant role. Another advantage of the nonparametric approad is
that it allows a wide range of data dependence,which makesit adaptable in the cortext
of nancial losses. The nonparametric estimators consideredin this paper can accommo-
date data dependenceexplicitly sincethe e ect of the dependenceon the variance of the
ES estimation can be clearly spelt out in the variance formula. This is di erent from the
extremevalue approat asthe latter e ectiv ely treats high exceedancesasindependert and
identically distribution obsenations which is true asymptotically under the so-calledD and
D° conditions (Leadbetter, Lindgren and Rootzen, 1983). An empirical study by Bellini and
Figa-Talamanca(2002), by carrying out a nonparametric runs test, has shovn that nancial
returns can exhibit strong tail dependenceeven for large threshold levels. This indicatesthe
needfor consideringthe dependencdan nancial returns directly, which is the approad taken
by the nonparametric estimators consideredin this paper.

In this paper, we evaluate two nonparametric ES estimators. One is basedon a weighted
sampleaverageof excessie lossesde ned by a VaR estimator ”, basedon an order statistic.
Another is the kernel estimator proposedin Scaillet (2004) which employs kernel smaothing
in both the initial VaR estimation and the nal averagingof the excessie losses.We hope
that the kernel smaothing would make the estimation more accurateas obsened for the case
of VaR estimation by Chenand Tang (2005). Howewer, our analysisrevealsthat the variance
and the mean squareerror of the kernel estimator is not necessarilysmaller than that of a
sampleaverageestimator. As a result, for estimation of the ES, the simpler sampleaverage
of excessie lossess good enoughand there is no needto carry out kernel smaothing. This
may be surprising consideringthat kernel smaothing leadsto smaller variance in quartile
estimation for both independert (Sheather and Marron, 1990) and dependert (Chen and



Tang, 2005) obsenations. The underlying reasonfor obtaining these di erent e ects of
kernel smaothing lays on the fact that the ES is e ectiv ely a meanparameter, which can be
estimatedrather accurately by simple averaging.

The paper is structured asfollows. We introducethe two nonparametric ES estimatorsin
Section2. Their statistical properties are discussedn Section3. Section4 reports simulation
results, which is followed by an empirical study on two nancial seriesin Section5. All the
technical details are givenin the appendix.

2. NONP ARAMETRIC  ESTIMA TORS

A simplenonparametricestimator of the ESis a weighted averageof excessielossedarger
than ", where”y, = Yna py+1) Is the sampleVaR (quantile) estimator of , and Y,y is the
r-th order statistic of f Y;gi_, . Hence,it is

P
n_ YI Y N )@
rp= WO D) g0y 2 v (3)
t=1 I (Yt p) t=1

wherel () is the indicator function.

The kernel estimator proposed by Scaillet (2004) is the following. Let K be a kernel
function, which is a symmetric probability density function, and G(t) = Fil K (u)du and
Gh(t) = G(t=h) where h is a positive smoothing bandwidth. The kernel estimator of the
survival function S(x) = 1 F(x) is

S@=n"" Gz Y (@)

t=1
A kernelestimator of ,, denotedas ., is the solution of Sy(z) = p, asproposedin Gourier-
oux, Laurent and Scaillet (2000)? By replacing the indicator function and 7, with the
smoother G, and ", respectively in (3) Scaillet (2004) proposedthe following kernel esti-
mator
X
"o = (NP) YiGn("on Y1) (5)

t=1

2Its statistical properties and how to obtain the standard errors are consideredin Chen and Tang (2005).
Seealso Cai (2002) and Fan and Gu (2003) for kernel conditional quartile estimation. A kernel estimator
of conditional ES is proposedin Scaillet (2003). SeeFan and Yao (2003) for other applications of the kernel
method for nonlinear time seriesanalysis.



Basedon the improvemert of the kernelVaR estimator *,., over %, it is expectedthat the
kernel ES estimator ~,., would improve the estimation accuracyof the unsmathed estimator
~p. Con rming this or otherwiseis the focus of the next section.

3. MAIN RESUL TS

The properties of thesetwo nonparametric ES estimators are evaluated in this section.
We start with someconditions.
Let F| bethe -algebraof events generatedby fY;;k t Igforl > k. The -mixing
coe cien t introducedby Roserblatt (1956)is
(k) = sup jP(AB) P(A)P(B)j:

A2F [;B2F L

The seriesis said to be -mixing if limy, (k) = 0. The dependencedescriked by the
-mixing is the weakest as it is implied by other types of mixing; seeDoukhan (1994) for
comprehensie discussions.The following conditions are assumedn our study.
(i) Thereexistsa 2 (0;1)sudthat (k) C kforallk 1 anda positiveconstart C.
(i) The distribution F of Y; is absolutely cortin uouswith probability density f which has
cortinuoussecondderivativesin B( p), a neighborhood of ,; the joint distribution functions
of (Y1; Yk+1) Fx fork 1 haveall its secondpartial derivativesboundedin B( p); E(jY:j?* )
C for some > 0 and a positive constart C.
(ii) K isasymmetricprobability density satisfyingthe momert conditions Rll uK (u)du =
0 and Rll u?kK (u)du= 2 > 0, and K hasboundedand Lipschitz cortinuousderivative.
(iv) hsatisesh! 0,nh® ! 1 forany > Oandnh*log’(n)! Oasn! 1.

Condition (i) meansthat the time seriesis geometric -mixing, which is satis ed by
many commonly used nancial time serieswhich include the ARMA, ARCH, the stochastic
volatility and di usion models. For instance Masry and Tj stheim (1995) establishedthe

-mixing for ARCH model; and Genon{Catalot, Jeartheau and Laredo (2000) for di usion
models. Conditions (ii) contains standard conditions which requiresunderlying smoothness
for the marginal and pair-wise joint densitiestogether with nite momerts for the absolute
returns. Conditions (iii) and (iv) are extra onesrequired by the kernel estimator. While



Condition (iii) hasthe usual requiremeris on the kernel, Condition (iv) speci es a range for
the bandwidth which includes O(n %), the optimal order for estimating VaR estimation.
These conditions are comparablewith conditions imposedby other authors. For instance,
Conditions (i), (ii), (iii) and (iv) correspnd to Assumption 3.2 (a), (b) and (f), Assumption
3.1(a) and (c), and (b) of Scaillet (2004) respectively.

Let (k) = Covf(Yr )l (Y1 p);(Mkex  p)l (Yker  p)g for positive integersk and

1

2oy = fvarf(, I (h g+2 (K
k=1

Assumption (i) and the Davydov inequality imply that 2(p;n) is nite for each n and is
corvergingasn! 1.

We start with ewvaluating the unsmaothed estimator ”, to provide a point of referencefor
the kernel estimators. Derivation givenin the appendix showns that under conditions (i) and
(i), and for an arbitrary positive

X
"p p = ptfn 1_ M I (e o) P(p PGt o(n =) (6)

This is a Bahadur type expansionwhich leadsto the following theoremregardingthe asymp-
totic normality of .

THEOREM 1. Under conditions (i)- (i), asn! 1

PR ot 91 N (D) (7)

The theorem indicates that the asymptotic variance of ~, is 3(p; n)=(np), which is the
variance of p fn 1P LY (Y o) P( p  p)g the leading order term in the
expansion(6). The dependencein the original time seriesis re ected in the asymptotic
variancethrough the covariancetermsin 3(p;n). This meansthat we needto accommalate
the dependencein further statistical inference(interval estimation and hypothesistesting)
for the shortfall estimation. We note alsothat the e ectiv e samplesizefor the ES estimation
is only np. As p is small ranging between 1% and 5% as commonly usedin nancial risk
managemety the ES estimator is subject to high volatilit y which is a commonchallengefor
statistical inferenceof risk measures.



The following theorem summarizesthe properties of the kernel estimator (5).
THEOREM 2. Under conditions (i)- (iv), asn! 1

PBi M) 01 N(0) (8)

and furthermore,
Bias("pn) =  1p ! Zhf( )+ o(h?) and 9)
Var(“pn) = p'n ' &pin)+ on *h): (10)

By comparingwith Theorem1, it is found that the kernelestimator hasthe sameasymp-
totic normal distribution asthe unsmothed sample estimator ”,. This is similar to the

correspnding resultsfor VaR estimation asreported in Chenand Tang (2005). We alsonote
P n or more preciselyat the rate of P np;
p

that both ~, and ", corvergesto |, at the rate of
whereasthe VaR estimators”, and ,., corvergeto , at the rate of = n or more preciselyat
the rate of P nf ( ;) wheref is the probability density of ;.

The secondpart of the theorem corveysa di erent story from VaR estimation. First of
all, unlike the VaR estimation, the kernelestimator doesnot o er a variancereduction at the
secondorder of n 'h asthe secondorder term vanishes. At the sametime, the smoothing
bringsin an biaswhich will leadto an overall increasen the meansquareerror. Therefore,for
the purposeof estimating the ES, the kernelsmaothing is courter-productive. The underlying
reasonis the fact that the ESis e ectiv ely a meanparameter,which can be estimatedrather
accurately without smaoothing. The situation is similar to nonparametric estimation of the
mean parameter, which can be well estimated by the samplemean.

It should be noted that the above statemert is only applicablefor point estimation of ES.
For constructing con dence intervals and testing hypothesison , in the presenceof data
dependence the kernel smoothing can play a signi cant role in estimating 3(p;n) via the

spectral density estimation approad.
4. SIMULA TION STUD Y

In this sectionwe report results from a simulation study which evaluate the performance
of the nonparametricES estimators. The main objectiveis to con rm our theoretical ndings

in the previoussection.



The models chosenfor the log lossY; in the simulation are

an AR(1) model: Y;= 0:5Y; 1+ ¢ " N(O;1); (11)

an ARCH(1) model: Y= 05Y; 1+ ¢ 2=4+042 ,+ " N(@©:1): (12)
We are interestedin estimating .01, the 99%ES. In constructing the kernel estimator, the
Gaussiankernel K (u) = 912=exp( u?=2) is employed. The sample size consideredin the
simulation are 250and 500. The number of simulation is 1000.

Figures 1 and 2 display the variance and mean squareerrors of ~, and the kernel VaR
estimator ",;n over a set of bandwidth values. For comparison,the gures also include the
varianceand meansquareerrorsof the unsmmthed VaR estimator ~, and the kernelestimator
"o:n respectively. Although the samplesizeconsideredn these gures is 250,the samepattern
of results is obsened for the samplesize 500 as well. It is obsened that ~,, has a larger
varianceand, to a large extert, a larger MSE too than *, for both models. In cortrast, the
kernel VaR estimator "y, deliversboth varianceand meansquareerror reduction asrevealed
in Chen and Tang (2005). This con rms that there is no needto smaooth the data for ES
estimation.

5. EMPIRICAL STUD Y

We apply the proposedkernel estimator to estimate the ES of two nancial time series.
The two nancial seriesarethe CAC 40 and the Dow Jonesseriesfrom October 1st 2001to
Septenber 30th 2003,which consistof 5000bsenations (2 yearsdata). The log-return series
are displayed in Figure 3 together with their sample auto-correlation functions (ACF). To
con rm the existenceof dependencewe carry out the Box-Piercetest with the test statistic
Q=n i 29, A2(k) where”(k) is the sampleauto-correlation for lag k. The statistic Q takes
value 51:146 for the CAC 40 and 43001 for Dow Jones,which producesp-valuesof 0.0068
for CAC 40 and 0.0455for Dow Jonesrespectively. Therefore,the dependenceis signi cant
for both seriesat 5% signi cant level.

We carry out analysisover three periods on ead series,which are the rst year (2001-
2002),the secondyear (2002-2003),and the ertire two year (2001-2003) respectively. Table
1 preserts the ES estimates” .01 and their standard errors. The standard errors are obtained
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via a kernel estimation of the spectral density of f (Y;  )Gn(Y:  p)g, which resenblesthe

approad for obtaining standard errors for kernel VaR estimation consideredin Chen and

Tang (2005). The table also provides the kernel estimatesfor the 99% VaR. It is obsened
that for both indicesthe year 2001-2002had the largest estimates(risk) of the ES and the

VaR, and hencethe highestrisk, which re ected the high volatilit y after the burst of Internet

bubble and the Septenber 11. The level of risk settles down in the year 2002-2003.1t is

interesting to seethat the CAC was more risky than Dow Jonesas the estimatesof the ES
and the VaR were all larger than her courterparts in Dow Jones. The variability of the ES
estimatefor the Dows was much higher than that of the CAC in the year 2001-2002I1t seems
that this high variability migrated to CAC in the secondyear. We obsened as expectedthe

variability for the ES estimatesbasedon the ertire two year obsenations were smallerthan

those of eadh individual year.

We then extend the analysisfor 20 equally spacedlevels of p ranging from 0.01to 0.03.
The kernel estimatesof ~, and their 95% con dence bands are displayed in Figure 5. The
con dence bandsare constructed by adding and subtracting 1.96 times the standard errors.
Theseplots shaow that as expectedthe ES estimate declinesas p increases.For both indices,
the year2001-2002xperiencedthe largestrisk than the year2002-2003.t revealsagainthat
the CAC is more risky that Dow Jonesasthe ES estimatesare always larger than those of
Dows for ead of the three time periods and at eath xed p level.

APPENDIX

Throughout this sectionwe useC and C; to denotegenericpositive constarts. The proof
of Theorems1 and 2 requiresthe following lemmas.

LEMMA 1. Under Condition (i), P (j”s p] n)! Oexponertially fastasn! 1.

PROOF: We only give the proof for ~, = #, asthat for ., can be treated similarly,
Let Cy = infyor, ,; .+ o1f (X). It is easilyshovn that

PG% o ) (A1)
PiFa( p+ n) F(p+ n)i>Cing+PfiFa(p ) F(p n)i>Cing

Let Xi = 1(Y;< o+ n) F( pt n). ClearlyE(X;) = OandjX;j 2. Chooseq= kyn ,,
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P i+ 2 . . .
p= n=(2q) and u?(g) = maxy j 2q 1 E l[(z‘“t)]ﬂ X, . From an equality givenin Yokoyama

(1980),u?(g) Cp. Apply Theorem1.3in Bosq(1998)for -mixing sequences,

PiFa( p+ n), F(p+ n)i>Cing
|

sexp SEn% L ox1s 8 20 fin=2alg (A.2)
8 2(g) Cin
where ?(g) = 2p 2u?(g)+ , = C ,. It is obvious that
|
Cf g
A.
4exp o T dexpf C, n0g (A.3)

whereC, > 0. Sincen 2! 1 meansq,! 1, the rst term in (A.2) corvergesto zero
exponertially fast. On the secondterm of (A.2), the geometric -mixing implies that

8 1=2

1n

221+ q f[n=(29)]g C  12q [ log H()=2] (A.4)

which cornvergesto zeroexponertially fast too. This completesthe proof of Lemmal. o
LEMMA 2. Under the conditions (i)-(ii) and for any > 0,

N D% M) (% 9)g= an B )

PROOF: Let W; = (Y; fL(Ye %) (M p)0. We rst ewaluate E(W;) Note that
E(Wt) = Itl + It2 where

la = Ef(M p)I(p i< )I(%> p)g and
le = Ef(Ye I Vi< I (%< p)o
Furthermore let I = I3+ lya2 @and lp = lo1 + 1122 Where,for a2 (0;1=2) and > 0,

Ef(Yy pI(p e<™)I("  p+n?)g

Itll

liiz = Ef(Y: (o Ye<™MI(p<™N< p+n?)g
lior = Ef(Y: )l (p>Ye I p N ?)g and
lioo = Ef(Y: ) (p>Ye "I (p>%> p n @)

Applying the Caudy-Swartz inequality, for k = 1 and 2,

. . q . .
k1) EM™ p?P(3{% 5 n2)
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Then Lemmal and the fact that E(®, )%= O(n 1) imply
lw1! O exponertially fast: (A.5)

To evaluate I 112, we note that jli1o) Ef(Y;  )I(p Yi< p+n 2 )g: This means

e | dvz  p)f(2)dz= O(n 22):

p

Using the exactly sameapproad we can shav that 11, = O(n ?2) aswell. Theseand (A.5)
mean, by choosinga= 1=2+ where > Ois arbitrarily small,

E(W) =on ™) (A.6)
for an arbitrarily small positive , which in turn implies
X
Ent (Y pfi(% %) 1M g =on'): (A7)

We now considerVar(W;). For a2 (0; 1=2),

E(W?) E( p4IM %) 20 WDIMY p) + 1 (Vi p)d

EY pD¥I(p>Y M)+ 1 (%> Y 00

E(Y i Vi< pfl(% p n2)+1(%< p, n?)g
+ E(Y (%> Ye p)fI(%h ptn )+ 1(p< p+n?)g:
Note that

EfI(% Vi< I (% p» n*)g P(G% o n®) and
EFL(%> Yo oI (%> ptn?)g P(G% o n?)

which cornvergeto zero exponertially fast asimplied by Lemma 1. Applying the Caudy-
Sdcwartz inequality, we have

Ef(Y, %% Vi< )I(™ p, n?)g and
Ef (Y p)2| ("> M o)l (% pt N )9
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convergeto zeroexponertially fast aswell. Then, applying the samemethod that establish
(A.6), we have

Ef(v p)I(% i< I » n*)g=0(n *) and
Ef(Ye I (%> Yo pI(%p< p+n ®)g=0(n *):

In summary we have E(W?) = o(n ¥2* ). This and (A.6) meanVar(W;) = o(n 2 ).
By slightly modifying the above derivation for Var(W;), it may be shown that for any t;;t;
Cov(W;,; Wy,) = o(n 32" ). Therefore,
varn (% afi(% ) 1% 9o = oln B2 ); (n.8)
i=1

This together with (A.7) readily establisheshe lemma.

LEMMA 3. Let “= (np) *© YiGn(, Y and~= (nh) 1", YiKn( o o). Under the
conditions (i)-(iv),

@ Cov fp Sw( p)gff( ) f(p)g =on *h);
(b) Cov " (* )fp Su(p)g =o(n *h);
(€) Covip Sw(p)g(* )p Su(pg =on *h):

PROOF: We only presen the proof of (a) as the proofs for the others are similar. De ne

=E(").Let”  =nt" JW).f(,) f()=n1" (Y)+O(h)andp )=
nt” 3(Y;) + O(h?) for somefunctions ;, j = 1;2 and 3, such that Ef ;(Y;)g = 0. For
instance, »(Y;) = Kn( p Yi) EfKn(p Yi)gand 3(Y:)=Gn(p Yi) EfGh(p YO

Using the approad in Billingsley (1968,p 173),

A = JE (" )fp S paff(p) T
n? 7 Ef 1Y) oY) a(Yi)gilE]+ O hé+n 2h?)  (A9)

i 1 Li+j n
where[6] indicates all the six di erent permutations amongthe three indices. Let p= 2+
q=2+ ands'=1 p?! g ?for somepositive . From the Davydov inequality,

JEF 1(Y1) 2(M) s(Yiei)gi 121 (Ziipii 2(Y)) a(Zisj)iiq ()
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sincej s(Yi))j 2andEj o(Y)j%* Ch!
i 2(%) s(Yiediia  Cii 2Zisj)iia Ch =
This and the fact that jj (Y1)jjp = E¥j 1(Y1)j° C leadto
JEf 1(Y2) oY) s(Yij)gi 12Ch = = (i):
Similarly, JEf 1(Y2) o(Y)) 3(Yis;)gj 12Ch 5 7 (j). Therefore,
JEf 1(Y2) oY) s(Yie)gi  12Ch = minf = (i); = (j)g: (A.10)

From (A.9) and (A.10), and the fact that (k) is monotonic no increasing,

1+ IX 1
A Cn?h 2z (2j 1) 7 (j)+O(n h*+ n 2h?)
j=1

= O(n 2h )+ o(n *h) = o(n h)
since’ j 7 (j)< 1 asimplied by Condition (). o

LEMMA 4. Under the conditions (i)-(v) and for I;;1, = O or 1,

IXl
i© @ k=n) CovfY{"Gn(p Y)Ykt Gn(p  Yier)d
k=1

Covf Y1 (Y1 > p); Y&yl (Yeer > p)g = ofh):

PROOF: The caseof I, = |, = 0 hasbeenproved in Chen and Tang (2005) and the proofs

for the other casesare almost the same,and henceare not given here. o

P P
PROOF OF THEOREM 1: Let 1(t)=n 1 ", YI(Y; t)and ,(t)=n 1 " I(Y; 1)

Then, Ny = 1("p)= 2("p). Note that Ef 1( p)g = p p, Ef 2( p)g = pand (%) =
([np] + 1)=n. From Lemma 2, for an arbitrarily small positive

1(") = 1 p)+ of 2(") 2( p)g+ op(n = ): (A.11)

Theselead to

o= ptp M oa(p) PgtpP P 2( p)gt+ o(n F) (A.12)
X =4+
= p+pltnt (% o) (Vi 0 P(p p)g+ o(n ¥ )

i=1
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We are to employing the blocking technique and Bradley's Lemma in establishing the
asymptotic normality. Write ,X(p;n)®, = n 1P "1 Tin + 0p(n 3* ) where Ty, =
ot Y I ) p(e PO
Let k and k° be respectively positive integerssud that k°! 1, k%k! Oandk=n! 0
asn! 1. Letr beapositiveintegersothat r(k+ k% n < r(k+ k°+ 1). De ne the large
blocks

Vin = T ykekor1n+  + TG ke n for j =12,
the smaller blocks

0 .
Vin = TG pkekorkern v+ T pekorkeken for j =120 or

and the residualblock = T;k+kos1:n + + Tnn. Then

_ X LX o -
Sn = n 1=2 T|Yn =n 1=2 \/jn + n 1=2 \/jn + n 1=2 n = Snyl + Snyz + Sny3
i=1 j=1 j=1

We note that E(Sy.2) = E(Sp.3) = Oandasn! 1,

2( 1°
Var(Swy) = oK) 1 1yg1 0 and

np 4(p;n)
_ (n rk+Kk9) pn r(k+ k) -
Var(Sp3) = np 2(pi ) f1+ o(1)g! O
Therefore,for | = 2 and 3
Syy!” 0 as n! 1: (A.13)

We are left to prove the asymptotic normality of S,.;. From Bradley's lemma, there
exist independert and identically distributed random variablesW;, sud that eadh W, is
identically distributed asV,, and

P jVin Win] pﬁ=r 18 2®r%®n 1=5fE(Vj;2n )gt® (K9
Ci #on ¥ (k9 G P (k9 (A14)

P
Let ,=Sy1 n ¥ [, Wj,. Then

o X . . _ e e
PG nj> ) P jMin  Winj n=r Cs 2565 K (A.15)
j=1
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By choosingr = n? for a2 (0;1) and k°= n¢ such that c2 (0;1 a), we can shaow that the
left hand side of (A.15) convergesto Oasn! 1 . Hence

"0 as n! 1: (A.16)

P
Therefore,Sp1 = n 2 [ Wi + g5(2).

By applying the inequality estbalishedin Yokoyama (1980) and the construction of W, ,
we have E(Wj,)* = E(V) Cik® andVar(Wj,) = E(VZ) Cok. Thus,

" EiWni*  Caork |
frvar(Wp)g?2  r2k? -

asn ! 1, which is the Liapounos condition for the certral limit theorem of triangular
arrays. Therefore,

1—2Xr d
n ¥ W, !“NO01 as n! 1: (A.17)
i=1
Thus, the proof of the theorem is completed by combining (A.13), (A.16), (A.17) and the
Slutsky theorem.

PROOF OF THEOREM 2: We rst derive (9) and (10). From derivations givenin Chen

and Tang (2005), %, admits an expansion: Yy, p = %":)p + gy(n 1*2): From the bias of

"o:n givenin Chenand Tang (2005),
E(n)  p= 3 2f°(pf X ph?+ o(h?): (A.18)
The kernel ES estimator

Ponn = () T TYGh(p Y0 YKn(p YO(n )0+ Op(n D+ op(h): (A19)

t=1

Note that

X Z
E(mp) ' fYGu(p, Y)g = p! zGnw(, 2)f(2)dz
z, z, z
pl  K(uduf  zf(z2)dz+ "h zf (z)dzg
1 u

p

p
= o Ipth? 2f f°( )+ f(p)g+ ohd):  (A.20)

15



R

Let =Efp 'YiKn(Yt p)g=p*' (p hu)K(f(p hu)du=p* pf(p)+ O(h?).

Using a standard derivations for -mixing sequence$or instancethose givenin Bosq(1998),
we have Covf (np) 1P YiKn( p Yi);%h  pgd= O(n 1). Hence,from (A.18),

Ef(p) 1 YK (p YO(sn 90 = E(n g+ O(n Y
= Ip ! f°(p)h? 2 + o(h®) + O(n Y)A.21)

Combine (A.19), (A.20) and (A.21),
E("mn) = p 3P ' &h*f(p)+oh?)+0O(n Y
which establisheghe bias givenin (9).

: . P
We now derive the varianceof "o, Let Ap = (np) 1 L, fYiGn(p Yi) YiKn(p
Yi)("on  p)g be the leading order term of the expansion(A.19).
Then,

X
var(A) = Vart(np) 1 YGh(, Yoo+ VartA (o)
X
2Covf(np) * YiGn(p Y)iM%en  p)G: (A.22)

It is easyto seethat

X
Varf(np) ' Y:Gn( p, YO
K 1
= nlp?VarfYGy(, Y)g+2 (1 k=nCoviYiGn( p Y1);Yar1Gn( p Yis1) :
k=1

R R
Letck = ; uK(u)du % K(v)dv. It may be shovn that

z
VarfYGn(p Yog =  Z°Gi(p 2)f(2)dz p® ;+ O(h?)
z, Z, Z, z
= K (u)du K (v)dvf  z%f (z)dz+ z°f (z)dzg
1 p p hv
Z, 1 z

+ K()dvf 2% (2)dz+ = 2%f(2)dzg p? 2+ O(h?)
hu P

u p

p
= VarfYid (Y, g 2h ( p)e + O(h?): (A.23)
Equation (A.23) and Lemma 3 mean
X
Varf(np) 1 YiGn( p Yi)g=p Varf 1(p)g 20 *h 2f( p)c (1) + ofn *h): (A.24)
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The secondterm on the right hand side of (A.22) is

Varf ("on p)9+ (* )("en )9
= Var("pn) + 2 Cov("on; (* )Men p)g+ Varf(® ) (Men p)G:

It may be shown by usingthe factthat = p * ,f( p) + O(h?)

X0
Var("on) = p 2 Varfn ' 1(i> p)g 2p *n 'b f( p)ok +on ') (A.25)

t=1

From the inequality givenin Yokoyama (1980)for -mixing sequences,
E(Mn p* Cn? and E(* )*=0(n %h 3):
Applying the Caudy-Scwartz inequality and Lemma 3,
Varf(®  )(%h  p)g= O(n ?h *2)=o(n *h) and (A.26)
Covf ("on  p)iP '™ )% p)g=o(n *h): (A.27)
Combine (A.25), (A.26) and (A.27),
VarfA(%en  p)g=p 2 2Varf o( g 2p 2n th 2 ( o+ ofn th):  (A.28)

From Lemma 3, the covarianceterm on the right hand side of (A.22) is

X
Covi(np) ' YiGn( oY) M("on p)d
1

—
1

= Cof(mp) T YGn(p YOI f )N L Ga(p Yo+ ofn ')

t=1 t=1
= (np?) ' p CovfYiGn( p Y)iGn(p YOG

x 1
+2 (1 k=n)CovfYiGh( p Y1);Gn( p Yks1)g + o(n *h)
k=1

SinceCovfiGh( p Y1);Gn(p Y)I=p(1 p) p 2 pf ( p)hck + o(h),

Cov(np)  YGn(p YD) 1 YiKn(p YO(wn  p)g  (A29)

t=1 i=1

= n'p?,Covf 1( ) 2( p)g 2n 'p 2 Sf( p)hcc + o(h):

17



Substitute (A.25), (A.28) and (A.29) to (A.22), we note that all the secondorder terms of
O(n *h) cancelout ea other and therefore

Var(®y) = p*n* §(p;n)+o(n *h); (A.30)

which establish (10).
The asymptotic normality of /., can be establishedfrom (A.19) by using the sameblock-
ing method asthat in the proof of Theorem 1.
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Figure 1. Simulated averagestandarddeviation (SD) and root meansquareerror (RMSE)
of the kernel 99% ES estimator "o.01:n in (a) and (b) and 99% kernel VaR estimator
b in (c) and (d), and their unsmaothed (legendedas sample) courterparts "0z in
(&) and (b) and %01 in (c) and (d) for the AR model with n = 250
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Figure 2. Simulated averagestandard deviation (SD) and root meansquareerror (RMSE)
of the kernel 99%ES estimator "o.01.1 in Panels(a) and (b) and 99%kernelVVaR estima-
tor ",;p in Panels(c) and (d), and their unsmoothed (legendedas sample)courterparts
"oz in (@) and (b) and ".p1 in (c) and (d) for the ARCH model with n = 25Q
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Figure 3. The two nancial return seriesin (a) and (c) and their sampleauto-correlation
functions (ACF) in (b) and (d).
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Figure 4. Expected shortfall estimatesand their con dence bands for the two nancial
return series.
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Table 1. Estimatesfor .01, 001 and Standard Errors (S.E.)

CAC Dow Jones

Year o1 Ap S.E. o1 Ap S.E.

2001-2002 0.0553 0.0571 0.0059| 0.0378 0.0424 0.0135
2002-2003 0.0461 0.0510 0.0207| 0.0292 0.0316 0.0231
2001-2003 0.0531 0.0567 0.0027| 0.0331 0.0394 0.0065
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