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We extend the adaptive and rate-optimal test of Horowitz and Spokoiny (2001) for speci�cation
of parametric regressionmodels to weakly dependent time seriesregressionmodels with an empir-
ical likelihood formulation of our test statistic. It is found that the proposedadaptive empirical
likelihood test preservesthe rate-optimal property of the test of Horowitz and Spokoiny (2001).
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1. INTR ODUCTION

Considera time seriesheteroscedasticity regressionmodel of the form

Yt = m(X t ) + � (X t )et ; t = 1; 2; : : : ; n(1.1)

where both m(�) and � (�) are unknown functions de�ned over Rd, the data f (X t ; Yt )gn
t=1

are weakly dependent stationary time series,and et is an error processwith zero meanand
unit variance. Supposethat f m� (�)j� 2 � g is a family of parametric speci�cation to the
regressionfunction m(x) where � 2 Rq is an unknown parameterbelongingto a parameter
space�. This paper considerstesting the validit y of the parametric speci�cation of m � (x)
against a seriesof local alternatives,that is to test

H0 : m(x) = m� (x) versusH1 : m(x) = m� (x) + Cn � n(x) for all x 2 S;(1.2)

where Cn is a non-random sequencetending to zero as n ! 1 , � n(x) is a sequenceof
functions in Rd and S is a compactset in Rd. Both Cn and � n(x) characterizethe departure
of the local alternativefamily of regressionmodelsfrom the parametric family f m � (�)j� 2 � g.

There have beenextensive investigationson employing the kernel smoothing method to
form nonparametricspeci�cation testsfor a null hypothesislikeH0; seeH•ardle and Mammen
(1993),Hjellvik, Yaoand Tj�stheim (1998)and others. A commonfeatureamongthesetests
is that the test statistics are formulated basedon a single kernel smoothing bandwidth h
which convergesto 0 asn ! 1 . This leadsto a commonconsequencethat Cn , which de�nes
the gap betweenH0 and H1, has to be at least of the order of n� 1=2h� d=4 in order to have
consistent tests. In other words, these tests are unable to distinguish betweenH0 and H1

for Cn at an order smaller than n� 1=2h� d=4, which can be much larger than n� 1=2, the order
achievedby someother nonparametric tests for the above H0 versusH1 with � n(x) � �( x),
for instance the conditional Kolmogorov test consideredin Andrews (1997). The single
bandwidth basedkernel tests alsohasno built-in adaptability to the smoothnessof � n(�).

1Wewould like to thank Mr ChengYongTang for valuablecomputation assistancewho wassupported un-
der an National University of Singapore research grant R-155-000-026-112. The secondauthor acknowledges
support from an Australian Research Council Discovery Grant.
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In a signi�cant development, Horowitz and Spokoiny (2001)proposea test by combining
a studentized versionof the kernel basedtest statistic of H•ardle and Mammen (1993) over
a set of bandwidths. They establish in the more restrictive caseof � n(x) � �( x) that the
test is consistent for Cn = O(n� 1=2

p
loglog(n)) which almost reaches the order of n� 1=2.

Most remarkably, the test is adaptive to the unknown smoothnessof m in H1 which forms a
H•oldersmoothnessclassof functions. In particular, if functions in the H•older classpossessan
unknown s-order derivatives, the test is consistent for Cn = Of (n� 1

p
loglog(n)) � 2s=(4s+ d)g

for s � max
�
2; d

4

�
, which is the optimal rate of convergencefor Cn in the minimax senseof

Spokoiny (1996) and Ingster and Suslina(2003).

We considerin this paper two extensionsof the adaptive test of Horowitz and Spokoiny.
One is to include weakly dependent observations; the other is to usethe empirical likelihood
(EL) of Owen (1988) to formulate the test statistic, which is designedto equip the test
statistic with somefavorablefeaturesof the EL. We show that the above mentioned optimal
or near optimal rates for Cn establishedby Horowitz and Spokoiny (2001) are maintained
under theseextensions.

The rest of this paper is organizedas follows. Section 2 proposesthe adaptive empir-
ical likelihood test and presents the rate-optimal property of the test. Section 3 presents
simulation results. All the technical proofs are provided in the appendix.

2. AD APTIVE EMPIRICAL LIKELIHOOD TEST

Like existing kernel basedgoodness-of-�t tests, our test is basedon a kernel estimator
of the conditional meanfunction m(x). Let K be a d-dimensionalboundedfunction with a
compactsupport on [� 1; 1]d. Let h be a smoothing bandwidth satisfying

h ! 0 and nhd=log6(n) ! 1 as n ! 1 ;(2.1)

and K h(u) = h� dK (u=h).

The Nadaraya-Watson (NW) estimatorsof m(x) is

m̂(x) =
P n

t=1 K h(x � X t )YtP n
t=1 K h(x � X i )

:

Let ~� be a consistent estimator of � under H0. Like H•ardle and Mammen (1993), let

~m~� (x) =
P n

t=1 K h(x � X t )m~� (X t )P n
t=1 K h(x � X t )

be a kernel smooth of the parametric model m� (x) with the samekernel and bandwidth as
in m̂(x). This is to avoid the bias of the kernel estimator in the goodness-of-�t test.

Chen, H•ardle and Li (2003) proposea test statistic basedon the EL as follows.2 Let
Qt(x) = K h(x � X t )f Yt � ~m~� (x)g. At an arbitrary x 2 S, let pt (x) be nonnegative real

2Other kernel based EL tests with a single bandwidth are Fan and Zhang (2004) and Tripathi and
Kitam ura (2004).
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numbers representing weights allocated to each (X t ; Yt ). The EL for m(x) evaluated at the
smoothed parametric model ~m~� (x) is

Lf ~m~� (x)g = max
nY

t=1

pt (x)(2.2)

subject to
P n

t=1 pt (x) = 1 and
P n

t=1 pt (x)Qt(x) = 0. As the EL is maximizedat pt (x) = n� 1,
the log-EL ratio is

`f ~m~� (x)g = � 2log[Lf ~m~� (x)gnn ]:

The EL test statistic at a given bandwidth h is

`( ~m~� ; h) =
Z

`f ~m~� (x)g� (x)dx;(2.3)

where� (�) is a non-negative weight function supported on the compactsetS � Rd satisfyingR
� (x)dx = 1 and

R
� 2(x)dx < 1 .

Let R(K ) =
R

K 2(x)dx, v(x) = R(K )� 2(x)f � 1(x) and

C(K ; � ) = 2R� 2(K )
Z �

K (2) (x)
� 2

dx �
Z

� 2(y)dy;(2.4)

whereK (2) is the convolution of K . Chen, H•ardle and Li (2003) show that asn ! 1

h� d=2

�
`( ~m~� ; h) � 1 � hd=2

Z
v� 1=2(x)� 2

n(x)� (x)dx
�

d! N (0; C(K ; � ))(2.5)

for the caseof � (x) = jSj � 1I (x 2 S) whereI is the indicator function and jSj is the volume
of S. An extensionof (2.5) to a generalweight function is automatic. Chen, H•ardle and Li
(2003) then proposesa singlebandwidth basedEL test basedon critical valuesobtained by
simulating a Gaussianrandom �eld.

Like all nonparametrickernel goodness-of-testsbasedon a singlebandwidth, the test is
consistent only if Cn is at the order of n� 1=2h� d=4 or larger, indicating that Cn hasto converge
to zeromoreslowly than n� 1=2. The latter is the rate establishedfor nonparametricgoodness-
of-�t tests basedon the residualswhen there is no smoothing involved. To reducethe order
of Cn , we employ the adaptive test procedureof Horowitz and Spokoiny (2001) for the EL
test as follows. Let

H n =
�

h = hmaxak : h � hmin ; k = 0; 1; 2; : : : Jn
	

(2.6)

bea setof bandwidths, where0 < a < 1, Jn = log1=a(hmax=hmin ) is the number of bandwidths

in H n , hmax = cmax (log log(n)) � 1
d and hmin = cmin n� 
 for 0 < 
 < 1

2d and somepositive
constants �1 < cmin ; cmax < 1 . The choiceof hmax is vital in reducingCn to almost n� 1=2

rate in the caseof � n(�) � �( �). The range of 
 allows hmin = Of n� 1=(4+ d)g, the optimal

3



order in the kernel estimation of m(x). In view of the fact that Ef `( ~m~� ; h)g = 1 under H0

and varf `( ~m~� ; h)g = C(K ; � )hd as given in (2.4) the adaptive EL test statistic is proposed
as follows:

Ln = max
h2H n

`( ~m~� ; h) � 1
p

C(K ; � )hd
:(2.7)

Let l � (0 < � < 1) be the 1� � quantile of L n where� is the signi�cance level of the test.
Motivated by the bootstrap procedureof Horowitz and Spokoiny, we proposethe following
bootstrap procedureto approximate l � :

1. For each t = 1; 2; : : : ; n, let Y �
t = m~� (X t ) + � n(X t )e�

t , where � n(�) is a consistent
estimator of � (�) and f e�

t g is sampledrandomly from a distribution with E[e�
t ] = 0,

E [e� 2
t ] = 1 and E

�
je�

t j4+ �
�

< 1 for some� > 0.

2. Let �̂ � be the estimateof � basedon the resamplef (X t ; Y �
t )gn

t=1 . Compute the statistic
L �

n by replacingYt and ~� with Y �
t and �̂ � accordingto (2.7).

3. Estimate l � by l �
� , the 1 � � quantile of the empirical distribution of L �

n , which can be
obtained by repeating steps1{2 many times.

The estimator � 2
n(�) can be the following kernel estimator

� 2
n(x) =

P n
t=1 K b(x � X t )f Yt � m̂(x)g2

P n
t=1 K b(x � X t )

(2.8)

with a bandwidth b such that nhmin bd ! 1 as n ! 1 .

The proposedadaptive EL test rejectsH0 if Ln > l �
� .

3. MAIN RESUL TS

The following theoremshows that the adaptive EL test hasa correct sizeasymptotically.

Theorem 3.1. SupposeAssumptionsA.1 and A.2(i)(ii)(iv) hold. Then under H 0,

lim
n!1

P(Ln > l �
� ) = �:

In the following, we establishthe consistencyof the adaptive EL test against a sequence
of �xed, local and smooth alternatives,respectively. Let the parameterspace� be an open
subsetof Rq. Let M = f m� (�) : � 2 � g and f (x) be the marginal density of X i . We now
de�ne the distancebetweenm and the parametric family M as

� (m; M ) =
�

inf
� 2 �

� Z

x2 S
[m� (x) � m(x)]2 f (x)dx

�� 1=2

:(3.1)

The consistencyof the test against a �xed alternative is establishedin Theorem3.2 below.
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Theorem 3.2. Assumethat AssumptionsA.1 and A.2(i)(iii)(iv) hold. If there is a C� > 0
suchthat � (m; M ) � C� for n � n0 with somelargen0, then limn!1 P(Ln > l �

� ) = 1.

We then considerthe consistencyof the EL test against special from of H1 of the form

m(x) = m� (x) + Cn �( x)(3.2)

whereCn ! 0 as n ! 1 , � 2 � and for positive and �nite constants D1; D2 and D3,

0 < D1 �
Z

x2 S
� 2(x)f (x)dx � D2 < 1 and � (m; M ) � D3Cn :(3.3)

Theorem 3.3. AssumeAssumptionsA.1 and A.2(i)(iii). Let AssumptionA.2(iv) hold with
hmax = Ch(log log(n)) � 1

d for some �nite constant Ch. Let m satisfy (3.2) and (3.3) with
Cn � Cn� 1=2

p
loglog(n) for someconstant C > 0. Then

lim
n!1

P(Ln > l �
� ) = 1:

To discussthe consistencyof the adaptive EL test over alternativesin a H•older smooth-
nessclass,we introducethe following notation. Let j = (j 1; : : : ; j d) wherej 1; : : : ; j d � 0 are
integers,jj j =

P d
k=1 j d and D j m(x) = @j j j m(x)

@x j 1
1 ���@x

j d
d

whenever the derivative exists. De�ne the

H•older norm jjmjj H ;s = supx2 S

P
j j j� s (jD j m(x)j). The smoothnessclassthat we consider

consistof functions m 2 S(H; s) � f m : jjmjj H ;s � CH g for someunknown s and CH < 1 .
For s � max(2; d=4) and all su�cien tly large Dm < 1 , de�ne

BH ;n =
�

m 2 S(H; s) : � (m; M ) � Dm

�
n� 1

p
loglog(n)

� 2s=(4s+ d)
�

:(3.4)

Theorem 3.4. Assumethat AssumptionsA.1 and A.2 hold. Let m satisfy (1.2) under H 1

and (3.4). Then for 0 < � < 1 and BH ;n de�ned in (3.4), limn!1 inf m2 B H;n P(Ln > l �
� ) = 1.

4. SIMULA TION RESUL TS

We carried out two simulation studies which were designedto evaluate the empirical
performanceof the proposedadaptive EL test. In the �rst simulation study, we conducted
simulation for the following regressionmodel usedin Horowitz and Spokoiny (2001):

Yi = � 0 + � 1X i + (5=� )� (X i =� ) + � i ;(4.1)

where f � i g are independent and identically distributed from three distributions with zero
meanand constant variance,f X i g are univariate designpoints and � = (� 0; � 1)� = (1; 1)� is
chosenas the true vector of parametersand � is the standard normal density function.

The null hypothesisH0 : m(x) = � 0 + � 1x speci�es a linear regressioncorresponding to
� = 0, whereasthe alternative hypothesisH1 : m(x) = � 0 + � 1x + (5=� )� (x=� ) for � = 1:0
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and 0:5. Readersshould refer to Horowitz and Spokoiny (2001)for details on the designsX i ,
the three distributions of � i and other aspects of the simulation. We usedthe samenumber
of simulation, the bootstrap resamplesand estimation proceduresfor � as in Horowitz and
Spokoiny (2001). We also employed the samekernel, the samebandwidth set H n , and the
sameestimator � 2

n and the distribution for e�
i in the bootstrap procedureasin Horowitz and

Spokoiny (2001). Like Horowitz and Spokoiny, the nominal sizeof the test was 5%.

Table 1 summariesthe performanceof the adaptive EL test by adding one column to
Table 1 of Horowitz and Spokoiny (2001). Our results show that the proposedadaptive EL
test hasslightly better power than the adaptive test of Horowitz and Spokoiny (2001),while
the sizesare similar to thoseof Horowitz and Spokoiny (2001). This may not be surprising
as the two tests are equivalent in the �rst order. The di�erences betweenthe two tests are
(i) the EL test statistic carriesout the studentizing implicitly and (ii) certain higher order
featureslike the skewnessand kurtosis are re
ected in the EL statistic. Thesemight be the
underlying causefor the slightly better power observed for the EL test.

The secondsimulation study was conducted on an ARCH type time seriesregression
model of the form:

Yi = 0:25+ 0:5Yi � 1 + Cn cos(8Yi � 1) + 0:25
q

Y 2
i � 1 + 1 ei ;(4.2)

wherethe innovation f ei gn
i=1 waschosento be independent and identically distributed N (0; 1)

random variables. The samplesizesconsideredin the simulation weren = 300and n = 500.
The vector of parameters� = (�; � ; � 2) wasestimatedusingthe pseudo-maximum likelihood
method, which is commonly used in the estimation of ARCH models. In the bootstrap
implementation, we chosee�

i
iid� N (0; 1) and the estimator � 2

n(x) given in (2.8).

We chose the bandwidth set H n = f 0:3; 0:332; 0:367; 0:407; 0:45g with a = 0:903 for
n = 300 and H n = f 0:25; 0:281; 0:316; 0:356; 0:4g with a = 0:889 for n = 500. Both the
power and the sizeof the adaptive test are reported in Table2. We found the test had good
approximation to the nominal sign�ciance level of 5%, which con�rms Theorem3.1 and the
quality of the bootstrap calibration to the distribution of the adaptive EL test statistic. As
expectedwhenCn wasincreased,the power of the test wasincreased;and for a �xed level of
Cn , the power increasedwhenn wasincreased.The latter wasbecausethe distancebetween
H0 and H1 becamelarger when n was increasedalthough Cn waskept the same.

Department of Statistics, Iowa State University, Ames, IA 50010;songchen@iastate.edu;
http://www.public.iastate.edu/%7esongchen/workin gpapers.html

and
School of Mathematicsand Statistics, The University of Western Australia, Crawley WA

6009, Australia; jiti@maths.uwa.edu.au; http://www.maths.uwa.edu.au/~jiti
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APPENDIX

This appendix givesthe assumptionsand proofs of the theoremsgiven in Section3.

A.1. Assumptions

Assumption A.1 . (i) Assume that the process(X t ; Yt ) is strictly stationary and � -mixing with
the mixing coe�cient � (t) = supfj P(A \ B) � P(A)P(B)j : A 2 
 s

1; B 2 
 1
s+ t g for all s; t � 1,

where 
 j
i denotesthe � -�eld generated by f (X s; Ys) : i � s � j g. There exist constants a > 0 and

� 2 [0; 1) such that � (t) � a� t for t � 1.

(ii) Assume that for all t � 1, P (E [et j
 t � 1] = 0) = 1 and P
�
E [e2

t j
 t � 1] = 1
�

= 1, where

 t = � f (X s+1 ; Ys) : 1 � s � tg is a sequence of � -�elds generated by f (X s+1 ; Ys) : 1 � s � tg.

(iii) Let � t = Yt � m(X t ). There exists a positive constant � > 0 such that E
�
j� t j4+ �

�
< 1 .

(iv) Let � i (x) = E [� i
t jX = x], S� be a compact subset of Rd, Sf be the support of f and

S = S� \ Sf be a compact set in Rd. Let � be a weight function supported on S such that thatR
s2 S � (s)ds = 1 and

R
s2 S � 2(s)ds � C for some constant C. In addition, the marginal density

function, f (x), of X t and � i (x) for i = 2 or 4 are all Lipschitz continuous in S, and that all the
�rst two derivatives of f (x), m(x) and � 2(x) are continuous on Rd, inf x2 S � (x) � C0 > 0 for some
constant C0, and on S the density function f (x) is bounded belowby Cf and aboveby C� 1

f for some
Cf > 0.

(v) The kernel K is a product kernel as de�ned by K (x1; � � � ; xd) =
Q d

i=1 k(x i ), where k(�) is a
r -th order univariate kernel which is symmetric and supported on [� 1; 1], and satis�es

R
k(t)dt =

1;
R

t l k(t)dt = 0 for l = 1; � � � ; r � 1 and
R

t r k(t)dt = kr 6= 0 for a positive integer r > d=2. In
addition, k(x) is Lipschitz continuous in [� 1; 1].

Let the parameter set � be an open subsetof Rq. Let M = f m� (�) : � 2 � g. De�ne 5 � m� (x) =
@m � (x)

@� , 5 2
� m� (x) = @2m � (x)

@� @� 0 , and 5 3
� m� (x) = @3m � (x)

@� @� 0@� 00 whenever these derivatives exist. For any

q � q matrix D , de�ne jjD jj 1 = supv2 Rq
jj D vjj
jj vjj , where jj vjj 2 =

P q
i=1 v2

i for v = (v1; : : : ; vq) � .

Assumption A.2 . (i) The parameter set � is an open subsetof Rq for someq � 1. The parametric
family M = f m� (�) : � 2 � g satis�es: For each x 2 S, m� (x) is twice di�er entiable almost surely
with respect to � 2 � . Assumethat there are constants 0 < C1; C2 < 1 such that

E
�
sup
� 2 �

jm� (X 1)j2
�

� C1 and max
1� j � 3

E
�
sup
� 2 �

jj 5 j
� m� (X 1)jj 2

m

�
� C2;

where jjB jj 2
m =

P q
i=1

P q
j =1 b2

ij for B = f bij g1� i;j � q.

For each � 2 � , m� (x) is continuous with respect to x 2 Rd. Assume that there is a �nite
CI > 0 such that for every " > 0

Z

x2 S
inf

� ;� 02 �: jj � � � 0jj� "
[m� (x) � m� 0(x)]2 f (x)dx � CI "2:
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(ii) Let H0 be true. Then � 0 2 � and lim n!1 P
� p

njj ~� � � 0jj > CL

�
< " for any " > 0 and all

su�ciently large CL .

(iii) Let H0 be false. Then there is a � � 2 � such that limn!1 P
� p

njj ~� � � � jj > CL

�
< " for

any " > 0 and all su�ciently large CL .

(iv) Assume that the set Hn has the structure of (2.6) with hmax > hmin � n� 
 for some
constant 
 such that 0 < 
 < 1

2d and hmax = Ch(log log(n)) � 1
d for some�nite constant Ch > 0.

Assumption A.1 is quite standard in this kind of problem and Assumption A.2 corresponds to
Assumptions 1{2, 4 and 6 of Horowitz and Spokoiny (2001).

A.2. Technical Lemmas

From (2.6) of Chen, H•ardle and Li (2003), one may show that

`( ~m~� ; h) = nhd
Z

�U2
1 (x; ~� )v� 1(x)� (x)dx + op(hd=2)(A.1)

uniformly in h 2 Hn , where v(x) = R(K )f � 1(x)� 2(x) if the issueof boundary is not considered,
and

�U1(x; ~� ) = (nhd) � 1
nX

t=1

K
�

x � X t

h

�
f Yt � ~m~� (x)g:

Let Wt (x) = 1
nh d K

� x� X t
h

�
, ast = nhd

R
x2 S Ws(x)Wt (x)v� 1(x)� (x)dx, and � t (� ) = � (X t ; � ) =

m(X t ) � m� (X t ). De�ne

`0n(h) =
X

s;t

ast � s� t and Qn (� ) = Qn (� ; h) =
X

s;t

ast � s(� )� t (� ):(A.2)

Then the leading term in `n ( ~m~� ; h) is

`1n(h; ~� ) � nhd
Z

�U2
1 (x; ~� )v� 1(x)� (x)dx = `0n(h) + Qn ( ~� ) + � n ( ~� );(A.3)

where � n ( ~� ) = `1n(h; ~� ) � `0n(h) � Qn ( ~� ) is the remainder term. Without loss of generality, we
assumethat C(K ; � ) = 2R� 2(K )

R�
K (2) (x)

� 2
dx

R
� 2(y)dy = 1. In view of the de�nition of

L n = maxh2H n

`( ~m ~� ;h)� 1
hd= 2 and (A.3), de�ne

L 0n(h) =
`0n(h) � 1

hd=2
; L 1n(h) =

`1n (h; ~� ) � 1
hd=2

and L 2n(h) =
`1n(h; � � ) � 1

hd=2
;(A.4)

where � � = � 0 when H0 is true and � � is as de�ned in Assumption A.2(iii) when H0 is false.
Let L �

0n(h) and L �
1n(h) be the corresponding versionsof L 0n(h) and L 1n(h) with f (X i ; Yi )g and ~�

replacedby f (X i ; Y �
i )g and �̂ � respectively.

The following two Lemmas are presented without proof here, which can be found from the
proofs of Lemmas A.1 and A.6 of Chen and Gao (2004).
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Lemma A.1 . Suppose that Assumptions A.1 and A.2 hold. For each � 2 � and su�ciently
large n, we have that C1hd� (� ) � � (� ) � Qn(� ) � C2hd� (� ) � � (� ) holds in probability, where � (� ) =
(� 1(� ); � � � ; � n(� )) � and 0 < C1 � C2 < 1 are constants.

Lemma A.2 . Suppose that Assumptions A.1 and A.2 hold. Then as n ! 1

max
h2H n

L n(h) = max
h2H n

L 1n(h) + op(1) = max
h2H n

L 2n(h) + op(1);

max
h2H n

L �
1n(h) = max

h2H n
L �

0n(h) + op(1);

and maxh2H n L 1n(h) = maxh2H n L 0n(h) + op(1) under H0.

Lemma A.3 . Suppose Assumptions A.1 and A.2 hold. Then the asymptotic distributions of
maxh2H n L 2n(h) and maxh2H n L �

0n(h) are identical under H0.

Pro of: In view of Lemma A.2, in order to prove Lemma A.3, it su�ces to show that the
distributions of maxh2H n L 0n(h) and maxh2H n L �

0n(h) are asymptotically the same. Similarly to
the proof of Lemma A.2, we can show that

max
h2H n

h� d=2

 
nX

s=1

ass� 2
s � 1

!

= op(1) and max
h2H n

h� d=2

 
nX

s=1

ass� � 2
s � 1

!

= op(1):(A.5)

Thus, it su�ces to show that maxh2H n

P
s6= t ast � s� t and maxh2H n

P
s6= t ast � �

s� �
t have the same

asymptotic distribution. For h 2 Hn , let ut = � t or � �
t and de�ne

Bhn (u1; : : : ; un) = h� d=2

2

4
X

s6= t

astusut

3

5(A.6)

Let Bn (u1; : : : ; un) be the sequenceobtained by stacking the corresponding Bhn (u1; : : : ; un)
(h 2 Hn ). Let G(�) = Gn(�) be a 3{times contin uously di�eren tiable function over RJn . De�ne

Cn (G) = sup
v2 RJ n

max
i;j;k =1 ;2;:::;Jn

�
�
�
�

@3G(v)
@vi @vj @vk

�
�
�
� :

Like Horowitz and Spokoiny (2001), there are two steps in the proof of Lemma A.3. First, we
want to show that

jE [G(Bn(� 1; : : : ; � n))] � E [G(Bn(� �
1; : : : ; � �

n))] j � C0Cn (G)
�

J 3
n

n

� 1=2

(A.7)

for any 3{times di�eren tiable G(�), some�nite constant C0, and all su�cien tly large n. Then in the
secondstep, (A.7) is usedto show that Bn (� 1; : : : ; � n) and Bn (� �

1; : : : ; � �
n) have the sameasymptotic

distribution.

Throughout the rest of the proof, we replaceast in (A.6) with ~ast (h) = h� d=2ast . Note that

jE [G(Bn(� 1; : : : ; � n))] � E [G(Bn (� �
1; : : : ; � �

n))] j(A.8)
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�
nX

t=1

�
�E

�
G(Bn (� 1; : : : ; � t ; � �

t+1 ; � � � ; � �
n))

�
� E [G(Bn (� 1; : : : ; � t � 1; � �

t ; : : : ; � �
n))]

�
� ;

where Bn (� 1; : : : ; � n ; � �
n+1 ) = Bn (� 1; : : : ; � n) and Bn (� 0; � �

1; : : : ; � �
n) = Bn (� �

1; : : : ; � �
n).

We now derive an upper bound on the last term of the sum on the right{hand side of (A.8).
Similar bounds can be derived for the other terms. Let Un� 1, � n and ~� n , respectively, denote the
vectors that are obtained by stacking

Uh;n =
n� 1X

s=1

n� 1X

t=1 ;6= s

~ast (h)� s� t ; � h;n = 2� n

n� 1X

s=1

~asn (h)� s; ~� h;n = 2� �
n

n� 1X

s=1

~asn (h)� s:

Using a Taylor expansion to the last term of the sum on the right{hand side of (A.8) about
� n = � �

n = 0 gives

jE [G(Bn(� 1; : : : ; � n))] � E [G(Bn(� 1; : : : ; � n� 1; � �
n))] j �

�
�
�E

h
G0(Un� 1)(� n � ~� n)

i �
�
�

+
1
2

�
�
�E

h
� �

nG00(Un� 1)� n � ~� �
nG00(Un� 1) ~� n

i �
�
� +

Cn (G)
6

n
E

�
jj � n jj 3�

+ E
h
jj ~� n jj 3

io
;

whereG0 and G00denotethe gradient and matrix of secondderivativesof G and Cn (G) is a positive
and �nite constant.

SinceE
h
� j
n j
 n� 1

i
= E

h
� � j
n j
 n� 1

i
for j = 1; 2, we have

E
h�

� n � ~� n

�
j
 n� 1

i
= 0 and E

h�
� n � �

n � ~� n ~� �
n

�
j
 n� 1

i
= 0:

This implies

jE [G(Bn (� 1; : : : ; � n ))] � E [G(Bn (� 1; : : : ; � n � 1; � �
n ))] j �

Cn (G)
6

n
E

�
jj � n jj 3�

+ E
h
jj ~� n jj 3

i o
:(A.9)

To estimate the upper bound of (A.9), we needthe following result:

ast =
1

nhd

Z
K

�
x � X s

h

�
K

�
x � X t

h

�
q(x)dx(A.10)

=
1
n

Z
K (u)K

�
u +

X s � X t

h

�
q(X s + uh)du =

1
n

L 2

�
X s � X t

h
; X s

�
;

where q(x) = v� 1(x)� (x) and L 2(x; y) =
R

K (u)K (u + x)q(y + uh)du.

Using Assumptions A.1{A.2 and (A.10), we have as n ! 1

X

h12H n

X

h22H n

E

2

4
n� 1X

s=1

n� 1X

t=1 ;6= s

~a2
sn (h1)~a2

tn (h2)� 2
s� 2

t � 4
n

3

5(A.11)
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�
X

h1 2H n

X

h2 2H n

1
n2hd

1hd
2

E
�
L 2

2

�
X s � X n

h1
; X s

�
L 2

2

�
X t � X n

h2
; X t

�
� 2

s � 2
t � 4

n

�

=
X

h1 2H n

X

h2 2H n

(h1h2)d

n2

Z
� � �

Z
L 2

2

�
x � z

h1
; x

�
L 2

2

�
y � z

h2
; y

�
u2v2w4f (x; y; z; u; v; w)dxdydzdudvdw

=
X

h1 2H n

X

h2 2H n

1
n2

Z
� � �

Z
L 2

2(x1; x3 + x1h1)L 2
2(x2; x3 + x2h2)u2v2w4

� f (x3 + x1h1; x3 + x2h2; x3; u; v; w)dx1dx2dx3dudvdw � C �
�

Jn

n

� 2

(1 + o(1)) ;

where f (x; y; z; u; v; w) is the joint density function of (X s; X t ; X n; � s; � t ; � n ) and 0 < C < 1 is a
constant.

Similarly to the proof of Lemma C.2 of Gao and King (2001), we can show that as n ! 1

X

h1 ;h 2 2H n

1
(h1h2)d E

0

@
X

1� s6= t � n � 1

a2
sn (h1)asn (h2)atn (h2)� 3

s � t � 4
n

1

A = o
�

Jn

n

� 2

;(A.12)

X

h1 ;h 2 2H n

1
(h1h2)d E

0

@
X

1� s6= t;s 6= u;t 6= u � qn � 1

a2
sn (h1)atn (h2)aun (h2)� 2

s � t � u � 4
n

1

A = o
�

Jn

n

� 2

;

X

h1 ;h 2 2H n

1
(h1h2)d E

0

@
X

1� s6= t;s 6= u;s 6= v;t 6= u;t 6= v ;u 6= v � n � 1

asn (h1)atn (h1)aun (h2)avn (h2)� s � t � u � v � 4
n

1

A = o
�

Jn

n

� 2

using Assumption A.1(ii) that for every given x,

E
�
L 2

�
X t � x

h
; X t

�
� t

�
= E

�
L 2

�
X t � x

h
; X t

�
E [� t j
 t � 1]

�
= 0:(A.13)

Equations (A.11) and (A.12) then imply that as n ! 1

X

h1 2H n

X

h2 2H n

E

2

4
n� 1X

s;t;u;v =1

~asn (h1)� s~atn (h1)� t ~aun (h2)� u ~avn (h2)� v � 4
n

3

5 � C �
�

Jn

n

� 2

:(A.14)

Let ~Asn be the vector that is obtained by stacking ~asn (h) (h 2 Hn ). Equation (A.14) then
implies that as n ! 1

E
�
jj � n jj 3�

= 8E

2

4

�
�
�
�
�

�
�
�
�
�

n � 1X

s=1

~Asn � s� n

�
�
�
�
�

�
�
�
�
�

3
3

5 � 8

8
><

>:
E

2

4
X

h2H n

 
n � 1X

s=1

~asn (h)� s � n

! 2
3

5

2
9
>=

>;

3=4

(A.15)

= 8

(
X

h1 2H n

X

h2 2H n

E

"
n � 1X

s;t;u;v =1

~asn (h1)� s~atn (h1)� t ~aun (h2)� u ~avn (h2)� v � 4
n

#) 3=4

� C
�

Jn

n

� 3=2

:
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A similar result holds for E
h
jj ~� n jj 3

i
. Thus

E
�
jj � n jj 3�

+ E
h
jj ~� n jj 3

i
� 2C

�
Jn

n

� 3=2

:(A.16)

Step 2: Following the lines of Horowitz and Spokoiny (2001) by utilizing the above established
bound (A.16) and using (A.8), it can be shown that as n ! 1

�
�
�
�P

�
max
h2H n

Bhn (� 1; : : : ; � n) � x
�

� P
�

max
h2H n

Bhn (� �
1; : : : ; � �

n) � x
� �
�
�
� � C

�
J 3

n

n

� 1=2

! 0:(A.17)

This implies (A.7) and �nally completesthe proof of Lemma A.3.

Lemma A.4 . Suppose that Assumption A.1 holds. Then for any x � 0, h 2 Hn and all
su�ciently large n

P (L �
0n(h) > x) � exp

�
�

x2

4

�
:

Pro of: The proof is given as that of Lemma A.8 in Chen and Gao (2004).

For 0 < � < 1, de�ne ~l � to be the 1 � � quantile of maxh2H n L �
0n(h).

Lemma A.5 . Suppose that Assumption A.1 holds. Then for large enoughn

~l � � 2
p

log(Jn) � log(� ):

Pro of: The proof is similar to that of Lemma 12 of Horowitz and Spokoiny (2001).

Lemma A.6 . Suppose that Assumptions A.1 and A.2 hold. Suppose that

lim
n!1

P
�

Qn (� � ) � 2hd=2~l �
�

�
= 1(A.18)

for someh 2 Hn , where ~l �
� = max

�
~l � ;

q
2 log(Jn ) +

p
2 log(Jn )

�
. Then limn!1 P(L n > l �

� ) = 1.

Pro of: By (A.2), (A.3), (A.4) and Lemma A.2, L n can be replacedwith maxh2H n L 2n(h). By
LemmasA.2 and A.3, l �

� can be replacedby ~l � . Thus, it su�ces to show that

lim
n!1

P( max
h2H n

L 2n(h) > ~l � ) = 1;

which holds if limn!1 P(L 2n(h) > ~l � ) = 1 for someh 2 Hn . For any h 2 Hn , using (A.2), (A.3),
(A.4) and Lemma A.2 again we have

L 2n(h) = L 0n(h) + h� d=2Qn(� � ) + h� d=2� n(� � )(A.19)

= L �
0n(h) + h� d=2Qn(� � ) + h� d=2� n(� � ) + op(1)

= L �
0n(h) + h� d=2Qn(� � )(1 + op(1)) + op(1):

12



Condition (A.18) implies that as n ! 1

P
�

Qn (� � ) < 2hd=2~l �
�

�
! 0:(A.20)

Observe that

P(L 2n (h) > ~l � ) = P
�

L 2n(h) > ~l � ; Qn(� � ) � 2hd=2~l �
�

�

+ P
�

L 2n(h) > ~l � ; Qn(� � ) < hd=22~l �
�

�
� I 1n + I 2n :

Thus, it follows from (A.19) that as n ! 1

I 1n = P
�

L �
0n(h) + h� d=2Qn (� � ) + h� d=2� n (� � ) > ~l � jQn(� � ) � 2hd=2~l �

�

�
P

�
Qn (� � ) � 2hd=2~l �

�

�

= P
�

L �
0n(h) + h� d=2Qn (� � )(1 + op(1))) > ~l � jQn(� � ) � 2hd=2~l �

�

�
P

�
Qn(� � ) � 2hd=2~l �

�

�

� P
�

L �
0n(h) > ~l � � 2~l �

� jQn(� � ) � 2hd=2~l �
�

�
P

�
Qn (� � ) � 2hd=2~l �

�

�
! 1

becauseL �
0n(h) is asymptotically normal and therefore bounded in probabilit y and ~l � � 2~l �

� ! �1

as n ! 1 . Becauseof (A.20), limn!1 I 2n � P
�

Qn(� � ) < 2hd=2~l �
�

�
= 0. This �nishes the proof.

A.3. Proofs of Theorems 3.1{3.4

Pro of of Theorem 3.1: By Lemma A.2, maxh2H n L 1n(h) = maxh2H n L 2n (h) + op(1). By
Lemma A.3, under H0, maxh2H n L 2n(h) � maxh2H n L �

0n(h) ! 0 in distribution as n ! 1 . Us-
ing Lemma A.2 again implies maxh2H n L �

1n(h) = maxh2H n L �
0n(h) + op(1). This implies that

maxh2H n L 1n(h) � maxh2H n L �
1n(h) ! 0 in distribution as n ! 1 . This, along with equations

(A.1){(A.4), �nishes the proof.

In order to prove Theorems 3.2{3.3, in view of Lemma A.6, it su�ces to verify (A.18). Using
Lemma A.1, it su�ces to verify

lim
n!1

P
�

hd� (� ) � � (� ) � 4~l �
� hd=2

�
= 1:(A.21)

Pro of of Theorem 3.2: In view of the de�nition of ~l �
� , equation (A.21) follows from the fact

that as n ! 1 ,
1
n

� (� ) � � (� ) � � (m; M ) ! 0(A.22)

holds in probabilit y and nhd � C0~l �
� hd=2 for someconstant 0 < C0 < 1 and n large enough.

Pro of of Theorem 3.3: Using the de�nition of ~l �
� , (A.22),

1
n

nX

t=1

� 2(X t ) ! ES
�
� 2(X 1)

�
=

Z

x2 S
� 2(x)f (x)dx � D1 > 0 as n ! 1 ;(A.23)
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and the fact that
1
n

� (� ) � � (� ) =
C2

n

n

nX

t=1

� 2(X t ) � D1C2
n(A.24)

holds in probabilit y, one can seethat (A.21) holds when h = hmax = (log log(n)) � 1
d . This �nishes

the proof of Theorem 3.3.

Pro of of Theorem 3.4: In order to verify (A.18), we needto intro ducethe following notation:

h1 =
�

n� 1~l �
�

� 2
4s+ d . This implies nh

4s+ d
2

1 = ~l �
� . Chooseh 2 Hn such that h1 � h < 2h1. We then

have
4h

d
2 ~l �

� = 4nh
d
2 h

4s+ d
2

1 � 4nh
4s+ d

2 + d
2 = 4nh2s+ d:(A.25)

Thus, in order to verify (A.18), it su�ces to show that

Qn (� � ) � 4nh2s+ d(A.26)

holds in probabilit y for the selected h 2 Hn and � � 2 �. The veri�cation of (A.26) can be
done using similar techniques detailed in the proof of Lemma A.1 given in Chen and Gao (2004).
Alternativ ely, one may follow the proof of (A13) of Horowitz and Spokoiny (2001) by noting that
all the derivations below their (A13) hold in probabilit y for random X i .
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TABLE 1
SIMULA TION RESULTS ON MODEL (4.1)

Probabilit y of Rejecting Null Hypothesis

Andrews' H•ardle-Mammen Horowitz-Spokoiny EL
Distribution � � Test Test Test Test

Null Hypothesis Is True
Normal 0.057 0.060 0.066 0.053
Mixture 0.053 0.053 0.054 0.05

Extreme Value 0.063 0.057 0.055 0.057

Null Hypothesis Is False
Normal 1.0 0.680 0.752 0.792 0.90
Mixture 1.0 0.692 0.736 0.796 0.898

Extreme Value 1.0 0.600 0.760 0.820 0.924

Normal 0.25 0.536 0.770 0.924 0.929
Mixture 0.25 0.592 0.704 0.932 0.919

Extreme Value 0.25 0.604 0.696 0.968 0.989

TABLE 2
SIMULA TION RESULTS ON MODEL (4.2)

Cn n = 300 n = 500
Null Hypothesis 0 0.064 0.049

Alternativ e Hypothesis 0:03 0.18 0.252
Alternativ e Hypothesis 0:04 0.306 0.412
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